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Welcome to the Second Edition of College Algebra with 
Applications for Business and the Life Sciences! We are 
always excited about a new edition, but with this edition, 

We are even more excited. We had a single goal in mind with 
this revision—to provide you with a book that is both real 
and relevant. This book has a bright business-oriented design 
that complements the multitude of business and life sciences 
applications found throughout. 


The theme for the revision is “IT'S ALL ABOUT YOU.” 
The pedagogy of the book is rock solid and is based on 
years of teaching, years of writing, and years of feedback 
from instructors and students. Please pay special attention 
to the study aids with a red U. These study aids will help 
you learn algebra, use technology, and prepare for tests. 
For an overview of these aids, check out ALGEBRA & YOU 
on page 0). 


In each exercise set, quiz, and test, be sure to notice 

the reference to CalcChat.com. At this free site, you 

can download a step-by-step solution to any odd-numbered 
exercise. Also, you can talk to a tutor, free, during the hours 
posted at the site (20 hours a week in the summer, 40 hours 
a week during the school year). 
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and Graphs 


2.1 Graphs of Equations 

2.2 Lines In the Plane 

2.3 Linear Modeling and Direct Variation 
2.4 Functions 

2.5 Graphs of Functions 

2.6 Transformations of Functions 





2.7 The Algebra of Functions 





Example 8 on page 189 shows how 
a. scatter plot can be used to find a linear 
model that approximates the number of 
alternative-fueled vehicles in use in the 
United States for a given year. 
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New To This Edition 


NEW Chapter Opener 

Each Chapter Opener highlights a real-life problem 
from an example in the chapter, showing a graph related 
to the data and describing the math concept used to 
solve the problem. 


NEW Section Opener 

Each Section Opener highlights a real-life problem in 
the exercises, showing a graph for the situation with 
a description of how you will use the math of the 
section to solve the problem. 


NEW SUMMARIZE 

The Summarize feature at the end of each section helps 
you organize the lesson’s key concepts into a concise 
summary, providing you with a valuable study tool. 


x Preface 


NEW ALGEBRA TUTOR 


The Algebra Tutor appears throughout each chapter and 
offers algebraic support at point of use. This support is 
revisited in a two-page algebra review at the end of the 
chapter, where additional details of example solutions 
with explanations are provided. 


NEW HOW DO YOU SEE IT? Exercise 


The How Do You See It? exercise in each section presents 
a real-life problem that you will solve by visual inspection 
using the concepts learned in the lesson. 


REVISED Exercise Sets 


The exercise sets have been carefully and extensively 
examined to ensure they are rigorous, relevant, and cover 
all topics suggested by our users. The exercises have 
been reorganized and titled so you can better see the 
connections between examples and exercises. Multi-step, 
real-life exercises reinforce problem-solving skills and 
mastery of concepts by giving you the opportunity 

to apply the concepts in real-life situations. 
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1.3 Quadratic Equations 


® Solve a quadratic equation by factoring 

® Solve a quadratic equation by extracting square roots. 

® Construct and use a quadratic model to solve an application problem. 
Solving Quadratic Equations by Factoring 


In the first Ovo sections of this chapter, you studied linear equations in one variable, In 
this and the next section, you will study quadratic equations. 


Definition of a Quadratic Equation 


A quadratic equation in x is an equation that can be writen in the generil form 
- oe ax + hetc=0 


where a, &, and ¢ are real numbers with a # 0. Another name for a quadratic 
equation inv is a second-degree polynomial equation in x. 


There are three basic techniques for solving quadnatic equations: factoring, extracting 
square roots, and the Quadratic Formula. (The Quadratic Formula is discussed in the 


: . next section.) The factoring technique is based on the following property 
In Exercise 87 on page 103, 
you will use a quadratic mode! to 


determine the population of the Zero-Factor Property 
United States. 
Ifab = 0, then a = Oorb = 0. 
To use this property, rewrite the left side of the general form of a quadratic equation as 
the product of two linear factors, Then find the solutions of the quadratic equation by 
setting each linear factor equal to zero. 
ieChyc@m Solving a Quadratic Equation by Factoring 
STUDY TiP 





Solve x w= 1060. 
a mn s SOLUTION 
" " ' Vx =0 Write original equation 
which one side of the equation 
is zero). So, be sure that all (e = 5) en) 
terms are collected on one $=0 aaa 
side before factoring. For 
instance, in the equation 0 r=-2 Set od factor equal to 0. 
S\r + 2)=8 The solutions are xe © $ and x 2. Check these in the original equation. 






it is ncorreet to set each 
factor equal to 8, Can you 


I 
¥ Checkpoint 1 
solve this equation correct! ; =~ 


Solve each equation. 





88. HOW DO YOU SEE IT? Each figure shows a 
person or a ball about to go into motion through 
the air. Match each figure with the position 
equation that represents the situation. Without 
calculating, compare the terms of the equations 
to determine which situation involves the least 
amount of time in the air. Explain your reasoning. 





(a) s = —16f + 33¢ 
(b) s = —16f + 10 
(GY SS HUGE = BO 32 10 


Calc Chat 


For the past several years, an independent website— 
CalcChat.com—has been maintained to provide 

free solutions to all odd-numbered problems in the 
text. Thousands of students have visited the site for 


practice and help with their homework. For this edition, 


information from CalcChat.com, including which 
solutions students accessed most often, was used to 
help guide the revision of the exercises. 


Table of Contents Changes 

We have moved Section 2.8 (Inverse Functions), 
to the beginning of Chapter 4 (Exponential and 
Logarithmic Functions) as the new Section 4.1, 
Section 7.7 (Mathematical Induction) is now 
Appendix D and has been moved to the student 
website at www.cengagebrain.com. 


Trusted Features 


Section Objectives 

A bulleted list of learning objectives provides you 
the opportunity to preview what will be presented 
in the upcoming section. 


Definitions and Theorems 
All definitions and theorems are highlighted for 
emphasis and easy recognition. 


Checkpoint 


Paired with every example, the Checkpoint problems 


encourage immediate practice and check your understanding 


of the concepts presented in the example. Answers to all 
Checkpoint problems appear at the back of the text to 
reinforce understanding of the skill sets learned. 


Business Capsule 

Business Capsules appear at the end of selected sections. 
These capsules and their accompanying research project 
highlight business situations related to the mathematical 
concepts covered in the chapter. 


STUDY TIP 


These hints and tips can be used to reinforce or 
expand upon concepts, help you learn how to study 
mathematics, caution you about common errors, 
address special cases, or show alternative or additional 
steps to a solution of an example. 


TECH TUTOR 


The Tech Tutor gives suggestions for effectively using tools 
such as calculators, graphing calculators, and spreadsheet 
programs to help deepen your understanding of concepts, 
ease lengthy calculations, and provide alternate solution 
methods for verifying answers obtained by hand. 


93. Project: Expenditures For a project involving 
the personal expenditures for Internet access in the 
United States from 2000 to 2009, visit this text’s 
website at www.cengagebrain.com. (Source: 
Bureau of Economic Analysis) 





| Section 2.4 | Project: Expenditures | 


Project: Expenditures The ( 
Internet access in the United Stat 





personal expenditures & (in billions of dollars) for 
to 2009. 


ata. Then graph | 
(the data better? 


(f) Use ict the expenditures in 20(2 and 2013 
{ 


(g) Which model d 
your reasoning 


nk should be used to predict expenditures for future years? Explain 
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Business Capsule 


AS is a leader in business software and 

services. Using SAS forecasting technologies, 
customers can accurately analyze and forecast 
processes that take place over time. SAS/ETS 
software contains popular forecasting methods 
such as regression analysis and trend extrapolation. 


67. Research Project Use your campus library, 
the Internet, or some other reference source to 
find information about a company or small 
business that generates software which uses 
regression analysis to predict trends. Write a 
brief paper about the company or small business. 


SKILLS WARM UP 


The Skills Warm Up appears at the beginning of 
the exercise set for each section. These problems 
help you to review previously learned skills that 
you will use in solving the section exercises. 


Project 

The projects at the end of selected sections involve 
in-depth applied exercises in which you will work 
with large, real-life data sets, often creating or 
analyzing models. These projects are offered online 
at www.cengagebrain.com. 


Instructor Resources 





Print 


Complete Solutions Manual 

ISBN-13: 978-1-133-62844-6 

The Complete Solutions Manual provides worked-out solutions for all exercises in the 
text, including Checkpoints, Quiz Yourself, Test Yourself, and Tech Tutors. 


Media 


PowerLecture 

ISBN-13: 978-1-133-10926-6 

This comprehensive CD-ROM provides dynamic media tools designed to help you 
teach. PowerLecture includes Solution Builder, Diploma Computerized Testing, 
Microsoft® Powerpoint® lecture slides, and all art from the text. 


Solution Builder 

www.cengage.com/solutionbuilder 

This online instructor database offers complete worked-out solutions of all exercises 
in the text. Solution Builder allows you to create customized, secure solutions 
printouts (in PDF format) matched exactly to the problems you assign in class. 


Diploma Computerized Testing 

Diploma is an easy-to-use assessment software containing hundreds of algorithmic 
questions derived from the text exercises. With Diploma, you can quickly create, 
customize, and deliver tests in both print and online formats. Diploma is available 
on the PowerLecture CD. 


a> eg 

WebAssign 
www.webassign.net 
WebAssign’s homework delivery system lets you deliver, collect, grade, and record 
assignments via the web. Enhanced WebAssign includes Cengage YouBook interactive 
eBook, Personal Study Plans, a Show My Work feature, Answer Evaluator, quizzes, 
videos, and more! 


Cengage YouBook 

YouBook is an interactive and customizable eBook! Containing all the content from 
the printed text, YouBook features a text edit tool that allows you to modify the textbook 
narrative as needed. With YouBook, you can quickly re-order entire sections and chapters 
or hide any content you don’t teach to create an eBook that perfectly matches your 
syllabus. You can further customize the text by publishing web links. Additional media 
assets include: animated figures, video clips, highlighting, notes, and more! YouBook is 
available in Enhanced WebAssign. 

=® 

# CourseMate 

www.cengagebrain.com 

Interested in a simple way to complement your text and course content with study 
and practice materials? CourseMate brings course concepts to life with interactive 
learning, study, and exam preparation tools that support the printed textbook. 
CourseMate includes Engagement Tracker, a first-of-its-kind tool that monitors 
student engagement. Watch student comprehension soar as your class works with 

both the printed text and text-specific website. 


xii 


Student Resources 





Print 


Student Solutions Manual 

ISBN-13: 978-1-133-10901-3 

The Student Solutions Manual provides complete worked-out solutions to all 
odd-numbered exercises in the text. In addition, the solutions of all Checkpoint, 
Quiz Yourself, Test Yourself, and Tech Tutor exercises are included. 


Media 


=a® 

4 CourseMate 

www.cengagebrain.com 

Interested in a simple way to complement your text and course content with study 
and practice materials? CourseMate brings course concepts to life with interactive 
learning, study, and exam preparation tools that support the printed textbook. 
CourseMate includes: an interactive eBook, quizzes, flashcards, Excel guide, 
videos, and more! 


WebAssign 
www.webassign.net 
Enhanced WebAssign is an online homework system that lets instructors deliver, 
collect, grade, and record assignments via the web. Enhanced WebAssign includes 
Cengage YouBook interactive eBook, Personal Study Plans, a Show My Work feature, 
Answer Evaluator, quizzes, videos, and more! Be sure to check with your instructor 
to find out if Enhanced WebAssign is required for your course. 


CengageBrain.com 

To access additional course materials and companion resources, please visit 
www.cengagebrain.com. At the CengageBrain.com home page, search for the ISBN 
of your title (from the back cover of your book) using the search box at the top of 
the page. This will take you to the product page where free companion resources 
can be found. 
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ALGEBRA & YOU 


PES SES 
Every feature in this text is designed to help you learn algebra. Whenever you see 
a red U, pay special attention to the study aid. These Study aids represent years of 
experience in teaching students just like you. | 


STUDY TIP The Study Tips occur at point of use throughout the text. 
They represent common questions that students ask me, 
insights into understanding concepts, and alternative ways 
to look at concepts. For instance, the Study Tip at the left 
provides insight into evaluating functions using function 
notation. 





In Example 3(c), note that 
g(x + 2) is not equal to 
g(x) + g(2). In general, 
g(u + v) # g(u) + gly). 


TECH TUTOR The Tech Tutors give suggestions on how you can use 
various types of technology to help understand the material. 
This includes graphing calculators, computer graphing 


programs, and spreadsheet programs such as Excel. 





You can write a 
program for a graphing 
utility to solve equations 








using the Quadratic Formula. For instance, the Tech Tutor at the left points out that some 
Use a program to solve the calculators and some computer programs are capable of 
equation in Example 2. solving equations using the Quadratic Formula. 
ALGEBRA TUTOR Throughout years of teaching, I have found that the greatest 

for stumbling block to success in mathematics is a weakness in 
For help in solving algebra. Each time you see an Algebra Tutor, please read 
equations similar to the one in| it carefully. Then, flip ahead to the referenced page and give 
Example 2, see the review of | yourself a chance to enjoy a brief algebra refresher. It will 
solving equations on page 148. } be time well spent. 


y 


- The How Do You See It? question in each exercise set helps you 
HOW DO YOU SEE IT’ | visually summarize concepts without messy computations. 


The Summarize outline at the end of each section asks you 
to write each learning objective in your own words. 


SKILLS WARM ) The Skills Warm Up exercises that precede each exercise set 
will help you review previously learned skills. 
The Summary and Study Strategies, coupled with the Review 
Exercises are designed to help you organize your thoughts as 


STUDY STRATEGIES you prepare for a chapter test. 

The Quiz Yourself occurs midway in each chapter. Take each 
QUIZ YOURSELF |} of these quizzes as you would take a quiz in class. 

The Jest Yourself occurs at the end of each chapter. All 
TEST YOURSELF questions are answered so you can check your progress. 


SUMMARIZE 


SUMMARY AND 





O Fundamental 
Concepts of 
Algebra 


USA First Class 


0.1 Real Numbers: Order and Absolute Value 
0.2 The Basic Rules of Algebra 
0.3 Integer Exponents 


=~ 
5 
O 
"e) 
(=| 
Tee, 
o 
en 
xs 
s 
an 
ie) 
to) 
n 
Nn 
3 
= 
[s) 
Pa 
n 
a=| 
fy 


0.4 Radicals and Rational Exponents 
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oe a ge Re a 0.5 Polynomials and Special Products 
1980 1985 1990 1995 2000 2005 2010 


eae 0.6 Factoring 


0.7 Fractional Expressions 








Example 9 on page 26 shows how the 
compound interest formula can be used 
to determine the average annual rate 
of inflation for a first class postage stamp 
over a 26-year period. 
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@ Classify real numbers as natural numbers, integers, rational numbers, or irrational 
numbers. 





m Use the real number line and inequalities to order real numbers and to denote 
subsets of real numbers. 





@ Find the absolute value of a number and use absolute value to find the distance 
between two numbers. 


26 0 63 Real Numbers 


The formal term that is used in mathematics to refer to a collection of objects is the 
word set. For instance, the set 


feline 3, 


contains the three numbers 1, 2, and 3. Note that a pair of braces { _ } is used to enclose 
the members of the set. In this text, a pair of braces will always indicate the members 
of a set. Parentheses (__) and brackets [ | are used to represent other ideas. 

The set of numbers that is used in arithmetic is the set of real numbers. The 
term real distinguishes real numbers from imaginary numbers. (You will learn about 
imaginary numbers in Chapter 3.) 

A set A is called a subset of a set B if every member of A is also a member of B. 
Here are some examples. 


eH [283 Ser SUbSetOn is 2, a. 





In Exercise 81 on page 9, you can 

use a number line to determine the 

range of temperatures for a city in 
a given month. 


Ww 
ts oss 
(Ge) Sane anaes 


e {0, 4} is a subset of {0, 1, 2, 
¢ {0,5 


| is not a subset of {0, 4} because 


pe 
5 is not a member of {0, 1, 2, 3 


A}. 
One of the most commonly used subsets of real numbers is the set of natural 
numbers or positive integers 


ele agar Te Set of positive integers 


Note that the three dots indicate that the pattern continues. For instance, the set also 
contains the numbers 5, 6, 7, and so on. 

Positive integers can be used to describe many quantities that you encounter in 
everyday life. Here are some examples. 


¢ You are taking four classes this term. 
¢ You are paying $700 per month for rent. 
* You are working 20 hours per week. 


But even in everyday life, positive integers cannot describe some concepts accurately. For 
instance, you could have a zero balance in your checking account, or the temperature 
could be — 10° (10 degrees below zero). To describe such quantities, you need to 
expand the set of positive integers to include zero and the negative integers. The 
expanded set is called the set of integers, which can be written as shown. 





Zero 
{ a3 2, soe Ogeal, 2; Seat st 
a 
Negative integers Positive integers 


The set of integers is a subset of the set of real numbers. This means that every integer 
is a real number. 


leolintang/Shutterstock.com 


( STUDY TIP 


*) 





Make sure you understand 
that not all fractions are 
rational numbers. For 


; : pe 
instance, the fraction <8 1S 


not a rational number. 
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Even with the set of integers, there are still many quantities in everyday life that 
you cannot describe accurately. The costs of many items are not in whole dollar 
amounts, but in parts of dollars, such as $1.19 or $39.98. You might work ae hours, or 
you might miss the first half of a movie. To describe such quantities, the set of integers 
is expanded to include fractions. The expanded set is called the set of rational 
numbers. Formally, a real number is called rational if it can be written as the ratio p/g 
of two integers, where g # 0. (The symbol # means not equal to.) Here are some 
examples of rational numbers. 


2 i 
sl 0.333 ...= 3 
1 125 
0.125 = 8 VI2612055. = M1 


- Real numbers that cannot be written as the ratio of two integers are called irrational. 


For instance, the numbers 
/2= 14142135... 
and 
qm = 3.1415926... 


are irrational numbers. The decimal representation of a rational number is either 
terminating or repeating. For instance, the decimal representation of 


; = 0.25 Terminating decimal 
is terminating, and the decimal representation of 
= = 0.363636... Repeating decimal 

= 0.36 


is repeating. (The line over “36” indicates which digits repeat.) 

The decimal representation of an irrational number neither terminates nor repeats. 
When you perform calculations using decimal representations of nonterminating 
decimals, you usually use a decimal approximation that has been rounded to a certain 
number of decimal places. For instance, rounded to four decimal places, the decimal 
approximations of 2 and 7 are 


» 
ae 0.6667 


and 
qr = 3.1416. 


The symbol ~ means approximately equal to. 
The Venn diagram in Figure 0.1 shows the relationships between the real numbers 
and several commonly used subsets of the real numbers. 


Real Numbers 


Rational Numbers 


Whole Numbers 





FIGURE 0.1 
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The Real Number Line and Ordering 


The real number line can be used to represent the real numbers. It consists of a 
horizontal line with a point (the origin) labeled as 0 (zero). Points to the left of zero are 
associated with negative numbers, and points to the right of zero are associated with 
positive numbers, as shown in Figure 0.2. The real number zero is neither positive nor 
negative. So, when you want to talk about real numbers that might be positive or zero, 
you can use the term nonnegative real numbers. 


Origin 
—— SS > 
—3 —2 = 0 il 2 3 


€ Negative numbers Positive numbers » 


The Real Number Line 
FIGURE 0.2 














Each point on the real number line corresponds to exactly one real number, 
and each real number corresponds to exactly one point on the real number line, as 
shown in Figure 0.3. The number associated with a point on the real number line is the 
coordinate of the point. 


3 0.75 T 
—t oe —_—_|—_—-e-|—____|_—___+e—_> 
-3 =2 =| 0 l 2 i) 


Every real number corresponds to a point 
on the real number line. 


FIGURE 0.3 


The real number line provides you with a way of comparing any two real numbers. 
For instance, if you choose any two (different) numbers on the real number line, one of 
the numbers must be to the left of the other number. The number to the left is less than 
the number to the right, and the number to the right is greater than the number to 
the left. 
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Definition of Order on the Real Number Line 


If the real number a lies to the left of the real number b on the real number line, a 
is less than b, which is denoted by 


a) {6} 


as shown in Figure 0.4. This relationship can also be described by saying that b is 
greater than a and writing b > a. 

The inequality a < b means that a is less than or equal to b. This relationship 
can also be described by saying that > is greater than or equal to a and writing 
b= a: 


a<b 


a is to the left of b. 
FIGURE 0.4 
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The symbols <, >, <, and = are called inequality symbols. Inequalities are useful in 
denoting subsets of real numbers, as shown in Examples | and 2. 


*<etsjel(-wem Interpreting Inequalities 


a. The inequality x < 2 denotes all real numbers that are less than or equal to 2, as 
shown in Figure 0.5(a). 


b. The inequality —2 < x < 3 means that x = —2andx < 3. This double inequality 
denotes all real numbers between —2 and 3, including —2 but not including 3, as 
shown in Figure 0.5(b). 


c. The inequality x > —5 denotes all real numbers that are greater than —5, as shown 
in Figure 0.5(c). 


Sade 2| 2 ect <3] a 
if / / 4 
wd fe - -—___—__ | OX 7 Bs f 7 
o ob Bos 4 5 st iy alll BG ey eee 
(a) (b) (Cc) 
FIGURE 0.5 ee 


ay chackealnt 1 





Give a verbal description of the subset of real numbers represented by x = 7. g 


In Figure 0.5, notice that a bracket is used to include the endpoint of an 
interval and a parenthesis is used to exclude the endpoint. 


Js eree(-wam Inequalities and Subsets of Real Numbers 


a. “c is nonnegative” means that c is greater than or equal to zero, which you can write 
as.c =. (); 


b. “b is at most 5” can be written as b < 5. 


€. d is negative can be written as d < 0; and d is greater than —3” can be 
written as —3 < d. Combining these two inequalities produces —3 < d < 0. 


d. “x is positive” can be written as 0 < x, and “x is not more than 6” can be 
written as x = 6. Combining these two inequalities produces 0 < x S 6. 


oo Checkpoint 2 





Use inequality notation to describe each subset of real numbers. 
a. x is at least 5. 
b. y is greater than 4, but no more than 11. 


c. zis greater than or equal to — | and less than or equal to 10. a 


The following property of real numbers is called the Law of Trichotomy. As the “tri” 
in its name suggests, this law states that for any two real numbers a and b, precisely one 
of three relationships is possible. 


Gi Sle th =e, Oe Gh S b Law of Trichotomy 
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STUDY TIP 





Be sure you see from the 
definition that the absolute 
value of a real number is 
never negative. It is either 
positive or zero. For instance, 
if a = —5, then 

(= 5| (5) — 5. 
Moreover, 0 is the only real 
number whose absolute value 
is zero. That is, |0| = 0. 








Absolute Value and Distance 


The absolute value of a real number is its magnitude, or its value disregarding its sign. 
For instance, the absolute value of —3, written |—3], has the value of 3. 

















Ie OWS APSA EE EA A SRA OLS GA PEA ESS FREIND LO AS EIR PIED NEILL TRIN NR ITN IOS 


Definition of Absolute Value 


mis 





Let a be a real number. The absolute value of a, denoted by |a 


imesh 1d nO) 
ed ee teas gr a-ak) 


)Screyey(-aem Finding Absolute Value 


a. |-7|/=7 b. |-48/=48 c. —|-9| =—(9) =-9 


*/ Checkpoint 3 





Evaluate |— 12]. a 


Comparing Real Numbers 


Place the correct symbol (<, >, or =) between the two real numbers. 


a. |—4| l4( 1) bell=5| SIE Carli hal 
SOLUTION 
a. |—4| = |4|, because both are equal to 4. 


b. |—5| > 3, because |—5| = 5 and 5 is greater than 3. 


Cen Sale 





, because —|—1| = —1 and |—1| = 1. 


n/ Chackeoint 4 





Place the correct symbol (<, >, or =) between the two real numbers. 


a. -|-6| ME —l6! ob. — (5 | R55 8 
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Properties of Absolute Value 





Let a and b be real numbers. Then the following properties are true. 


1. |a| = 0 2. |—al| = |a| 


3. |ab| = |a| |d| 4. 











Absolute value can be used to define the distance between two numbers on the real 
number line. To see how this is done, consider the numbers —3 and 4, as shown in 
Figure 0.6. To find the distance between these two numbers, subtract either number 
from the other and then take the absolute value of the difference. 


The distance between —3 and 4 is 7. 


FIGURE 0.6 


(Distance between —3 and 4) = |—3 — 4| = |—7| =7 
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STRAT D RAYA ANOS ETE I CE EATERS OIE IN 


Distance Between Two Numbers 
Let a and b be real numbers. The distance between a and b is given by 


Distance = |b — al = |a — DI. 


/eereyel(- Distance Between Two Numbers 


a. The distance between 2 and —6 is |2 — (—6)| = |8| = 8. 


y 


b. “The distance between x and 2 is at least 3” can be written as |x — 2| = 3. 


Wo Checkpoint 5 





Find the distance between —5 and 3. a 


€ setulae Budget Variance 


For each type of expense, a home health care company wants the absolute value of the 
difference between the actual and budgeted amounts to be less than or equal to $500 
and less than or equal to 5% of the budgeted amount. By letting a represent the actual 
expenses and b the budgeted expenses, these restrictions can be written as 


la — b| $ 500 and |a— dl < 0.05d. 


For travel, office supplies, and wages, the company budgeted $12,500, $750, and 
$84,600. The actual amounts paid for these expenses were $12,872.56, $704.15, and 
$85,143.95. Are these amounts within budget restrictions? 


SOLUTION Create a table. 


Budgeted Actual 

Expense, b Expense, a =D 0.05b 
Travel $12,500 12, Size 6 $372.56 $625.00 
Office supplies $750 $704.15 $45.85 $37.50 
Wages $84,600 $85,143.95 $543.95 $4230.00 


From this table, you can see that travel expenses pass both tests, so they are 
within budget restrictions. Office supply expenses pass the first test but fail the second 
test, so they are not within budget restrictions. Wage expenses fail the first test but pass 
the second test, so they are not within budget restrictions. cnn 


v/, Checkpoint 6 





In Example 6, the company budgeted $28,000 for medical supplies, but actually paid 
$30,100. Is this within budget restrictions? a 


SUMMARIZE (Section 0.1) 


1. Describe the commonly used subsets of the real numbers (pages 2 and 3). 


2. Describe how to use the real number line to denote subsets of real numbers 
(pages 4 and 5). For examples of using the real number line to denote subsets 
of real numbers, see Examples 1 and 2. 


3. State the absolute value of a real number (page 6). For examples of using 
absolute value, see Examples 3, 4, 5, and 6. 
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Exercises 0.1 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Classifying Real Numbers In Exercises 1-6, determine 
which numbers in the set are (a) natural numbers, (b) 
integers, (c) rational numbers, and (d) irrational numbers. 





8 
6. {25, -17, 4, V9, V8, -— V8} 


Writing Fractions as Decimals In Exercises 7-10, 
use a calculator to find the decimal form of the rational 
number. If the number is a nonterminating decimal, then 
write the repeating pattern. 


2 9 
ies rr 

14 49 
2 Ote0 


Identifying Points on the Real Number Line In 
Exercises 11 and 12, approximate the two plotted 
numbers and place the correct symbol (< or >) between 
them. 


11. $= | i 


—7 —6 —5 —4 =3 =) =Al 0 


Comparing Numbers on the Real Number Line In 
Exercises 13-18, plot the two real numbers on the real 
number line and place the appropriate inequality symbol 
(< or >) between them. 


13. —6,7 14, —4,-8 
15. 1,-3.5 16. 4.3, | 
bee 18. —§, —3 


Using a Calculator to Order Numbers _ In Exercises 
19-22, use a calculator to order the numbers from least 
to greatest. 


eye 204 
UE PA GY ie 


559 x 
20. =} 1.12, —, —, 
500 2 99 
7071 584 
* 5000413’ ~~’ 33’ 90 








26 
22. 


Writing an Inequality In Exercises 23-26, write an 
inequality that describes the graph. 


3. 4+ Fs 


5) 6 


24.) +——__+ x 


—3 -2 -l 0 | 
25) span eee as 
= «OP 1 2. 30 4 
26. 4 {—» X 


ee et ee ee 


Interpreting Inequalities In Exercises 27-36, give a 
verbal description of the subset of real numbers that is 
represented by the inequality, and sketch the subset on 
the real number line. See Example 7. 


Pile se SAV) hss, je << D 

oD ee SUR AE ew 
Slee 83 32. x = 4.5 
S3emeee eae 342.0 ss 
she Hill Swe < 0 

36.0 =x =6 


Inequalities and Subsets of Real Numbers In 
Exercises 37-44, use inequality notation to describe the 
subset of real numbers. See Example 2. 


37. x iS positive. 

38. tis no more than 20. 

39. y is greater than 5 and less than or equal to 12. 
40. m is at least —3 and at most 8. 

41. The graduate assistant’s age A is at least 21. 

42. The yield Y is no more than 42 bushels per acre. 


43. In the last decade, the annual rate of inflation r was at 
least —0.5%, but no more than 3.8%. 


44. A bank may charge up to $4.00 for an ATM transaction. 


Finding Absolute Value In Exercises 45-54, evaluate 
the expression. See Example 3. 





45. |—10] 46. |0| 
47. -3-|-3 
2 2 
l 2 
ie a a 
49. —0.8|-2| 50. —6|—0.2| 
—5 —4 
SI. 3 pe 
58. ager cml 54. |4 — a 


Section 0.1 


Comparing Real Numbers In Exercises 55-60, place 
the correct symbol (<,>, or =) between the two real 
numbers. See Example 4. 


55. |-7| —|7| 56.-5 —|5| 
57. |—3| "-|-3| 58. —|-6|  |-6| 
59, |— 2) ae — |2/ 60. -(-2) 2 


The Distance Between Two Numbers In Exercises 
61-70, find the distance between a and b. See Example 5. 


61. a=-1 b=3 
ee 
=i 0 1 2 3 
62. a=-3 b=0 
ae 
=3 = =i 0 
634 — —3 64a 
6Sga—s > — () 66. a= 3,b=9 
67. a = 126,b = 75 RG = =126,0 == 
OD — 14570. a — 9.34) b = —5.65 


Using Absolute Value Notation In Exercises 71-78, 
use absolute value notation to describe the sentence. 
See Example 5. 


71. The distance between z and 6 is greater than 1. 
72. The distance between x and ; is no more than 3. 
73. The distance between x and — 10 is at least 6. 
74. The distance between z and 0 is less than 8. 

75. y is at least six units from 0. 

76. x is less than eight units from 0. 

77. x is more than five units from m. 


78. y is at most two units from a. 


79. Travel While traveling on the Overseas Highway in 
the Florida Keys, you pass mile marker 108 at Jewfish 
Creek, and then mile marker 27 at Ramrod Key. How 
far do you travel between the mile markers? 


Onn HOW DO YOU SEE IT? Match each 
~~ description with its graph. [The graphs are labeled 
(i) and (i1).] Which types of real numbers shown 


in the Venn diagram on page 3 may be included in 
a range of prices? a range of lengths? Explain. 


(i) 
1.87 1.89 1.90 1.92 1193 
(ii) 
1.87 1.88 1.89 190 191 192 1.93 
(a) An item is priced within $0.03 of $1.90. 


(b) The distance between the prongs of an electric 
plug may not differ from 1.9 centimeters by more 
than 0.03 centimeter. 
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Temperature In Exercises 81 and 82, the record 
January temperatures (in degrees Fahrenheit) for a city 
are given. Find the distance between the numbers to 
determine the range of temperatures for January. 


81. Milwaukee, Wisconsin: lowest: — 26°F 
highest: 63°F 
82. Fairbanks, Alaska: lowest: — 61°F 
highest: 52°F 


Budget Variance In Exercises 83-86, the accounting 
department of an Internet start-up company checks 
whether various actual expenses differ from the budgeted 
expenses by more than $500 or by more than 5%. 
Complete the missing parts of the table. Then determine 
whether the actual expense passes the “budget variance 
test.” See Example 6. 


Budgeted _—_ Actual 
Expense, b Expense, a la—b| 0.05b 
83. $30,000 $29,123.45 
84. $125,500 $126,347.85 
85. $12,000 $11,735.68 
86. $8300 $8632.59 


Quality Control In Exercises 87-92, the quality control 
inspector for a tire factory tests the rim diameters of 
various tires. The inspector rejects any tire that differs by 
more than 0.02 inch or by more than 0.12% of the 
expected diameter measure. Complete the missing parts 
of the table. Then determine whether the tire passes the 
test. 


Expected Actual 
Diameter, b Diameter, a ia =| 0.00126 
87. 14 in. 13209 Sun: 
88. 15 in. tS. 01 250: 
89. 16 in. 12973 10 
90. 18 in. 18.027 in. 
OU isin: 13,0220; 
Dry iMag Ua, 16.992 in. 


93. Think About It Describe the real number values of 
u and v for which |u + v| is greater than, less than, and 
equal to |u| + |v]. 

94. Think About It _ Is the set of nonnegative real numbers 
the same as the set of positive real numbers? Explain. 


95. Writing For what real numbers a is |a| = —a? 
Explain. 
96. Writing Describe the differences among the sets 


of natural numbers, integers, rational numbers, and 
irrational numbers. 


10 Chapter O 





National Defense 20.7% 


Oiher 16.6% } 


] 


Hidveation and Vetere Henelite 50% 


In Exercise 69 on page 19, 
you will use a circle graph to analyze 
the expenses of the federal 
government 


0.2 The Basic Rules of Algebra 


m Fundamental Concepts of Algebra 


m Identify the terms of, and evaluate, an algebraic expression, 
m@ Identify basic rules of algebra and perform operations on real numbers. 
m@ Develop an understanding of the properties of equality. 
a 


Use a calculator to evaluate an expression. 


Algebraic Expressions 


One of the basic characteristics of algebra is the use of letters (or combinations of 
letters) to represent numbers, The letters used to represent numbers are called 
variables, and combinations of letters and numbers are called algebraic expressions. 
Some examples of algebraic expressions are 


wpe Ph 3 may ANd 97% = Vy, 


Algebraic Expression 


A collection of letters (called variables) and real numbers (called constants) that 
are combined using the operations of addition, subtraction, multiplication, and 
division is an algebraic expression. (Other operations can also be used to form an 
algebraic expression, ) 


The terms of an algebraic expression are those parts that are separated by addition. 
For example, the algebraic expression 


has three terms: x2, ~— 5x, and &, Note that — 5.x, rather than 5x, is a term, because 


The terms x? and — Sx are the variable terms of the expression, and 8 is the constant 
term of the expression, The numerical factor of a variable term is the coefficient of the 
variable term, For instance, the coefficient of the variable term — Sx is —5, and the 


coefficient of the variable term x? is 1, 


eee wan Identifying the Terms of an Algebraic Expression 


Algebraic Expression Terms 
a. Ax y 4x, —3 
Di 2x. 4y = 5 2x, 4y, —5 


c. 7 + 6p" — p* 7, 6p", p° 


Y checkpoint 1 





Identify the terms of each algebraic expression. 


a. & 15x 


Cc, z 10z* + | is 


Ariposa Adan Borkowski/Shutterstock com 


ALGEBRA TUTOR 


For help in evaluating 5) 


the expressions in Example 2, 
see the Chapter 0 Algebra 





TECH TUTOR 





To evaluate the 


Tutor on page 62. 





a 


expression 3 + 4x for the 
x-values 2 and 5, use the last 
entry feature of a graphing 
utility. 


1. 
2. 


Evaluate 3 + 4: 2. 


Press [ENTRY ] 
(recalls previous 
expression to the home 
screen). 


. Cursor to 2, replace 2 with 


5, and press (ENTER). 
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Se <ehn}e)(-wam Symbols of Grouping 


a. 1 4 = 2) = 7 = 3(2) 
= 7 — 6 


b. (4 — 5) — (3 — 6) = (-1) — (-3) 
=-1+3 


=2 


a/checknont 2 





Simplify the expression 5(7 — 3) + 9. 8 


The Substitution Principle states, “If a = b, then a can be replaced by b in any 
expression involving a.” You use this principle to evaluate an algebraic expression by 
substituting numerical values for each of the variables in the expression. In the first 
evaluation shown below, 3 is substituted for x in the expression —3x + S. 








Value of Value of 
Expression Variable Substitution Expression 
Nit) x=3 =a) Paes, sa fig a aati 
See Bh 8 pie | S(t) (— 1) — J Suelo Ji) 
te 4) x=-2 (ed) (aes) —2(—2)(2) = 8 
=2 z is undefined 
Fel x= ae 9 is undefined. 


esteem Evaluating Algebraic Expressions 


Evaluate each algebraic expression at x = —2 and y = 3. 
a. 4y — 2x be. Sate Cao 79" 
SOLUTION 
a. When x = —2 and y = 3, the expression 4y — 2x has a value of 
4(3) — 2(—2) = 12 + 4 
= 16. 
b. When x = —2, the expression 5 + x? has a value of 
5 (=2)= 5 44 
= 9. 
c. When y = 3, the expression 5 — y* has a value of 
Smo (3) = eee 9 


= -4, lt aT 


o/ Checkpoint 3 





Evaluate each algebraic expression at x = 4 and y = —5. 


a. 1X — y b. 3y + x7 Cry a 
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Basic Rules of Algebra 


The four basic arithmetic operations are addition, multiplication, subtraction, and 
division, denoted by the symbols +, x or+, —, and +, respectively. Of these, addition 
and multiplication are considered to be the two primary arithmetic operations. 
Subtraction and division are defined as the inverse operations of addition and 
multiplication, as follows. 


Subtraction: Add the opposite. 
OG Di dep) 


Division: Multiply by the reciprocal. 


Ifb#0,thena+b= (5) =—-, 
In these definitions, —b is called the additive inverse (or opposite) of b, and 1/b is 
called the multiplicative inverse (or reciprocal) of b. In place of a + b, you can use 
the fractional form a/b. In this form, a is called the numerator of the fraction and b is 
called the denominator. 


STUDY TIP Basic Rules . inches ae ee ee es bh 





Let a, b, and c be real numbers, variables, or algebraic expressions. 
Remember that the basic 


rules of algebra are true for 
variables and algebraic 
expressions as well as for real 


Property Example 
Commutative Property of Addition 


ee a 





er eae atb=bta Age ye xe Ax 
Se ee 4 Commutative Property of Multiplication 
ab = ba (Age) (Ae) 


Associative Property of Addition 
(a + 5) oma +i(b oc) (=x +)5).4+ 2° = =2 5 Ga 


Associative Property of Multiplication 


(ab)c = a(be) (2x + 3y)(8) = (2x)Gy" 8) 
Distributive Property 

alb + c) = ab + ac 3x(5 4+ 2x) = 3x0 5 + Sais 

(a + b)c = ac + be (er S) yn ice Seay) 


Additive Identity Property 

a+O=a 5y? + 0 = Sy? 
Multiplicative Identity Property 

Gul = «@ (4x2)(1). = 4x2 
Additive Inverse Property 

a+(-a)=0 5x° + (—5x*) = 0 


Multiplicative Inverse Property 





1 
Sah ee oe +4(sta) = 





STUDY TIP 


Note that in Example 4(e), it is 
important that x be a nonzero 
number. If x was allowed to be 
zero, then you would have 0 
in the denominator, and the 
reciprocal of zero is undefined. 
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Because subtraction is defined as “adding the opposite,” the Distributive Property is 


also true for subtraction. For instance, the “subtraction form” of a(b + c) 
a(b — c) = alb + (-c)] 
= ab + a\—c) 


= ab — ac. 


fe <eise(-w a Identifying the Basic Rules of Algebra 


Identify the rule of algebra illustrated by each statement. 
a. (4x7)5 = 5(4x?) 

ba(2y ey) (2) 4 y) = 0 

c. (4 x*) + 3x7 = 4 + G2 + 327) 

ee et x (7 x) 


x#0 


© 
iS 


; Des i 
SOLUTION 


a. This statement illustrates the Commutative Property of Multiplication. 


b. This statement illustrates the Additive Inverse Property. 

c. This statement illustrates the Associative Property of Addition. 

d. This statement illustrates the Distributive Property in reverse order. 
ab + ac = a(b + c) Distributive Property 


(x —5)7 + @-—5)x = (« — 5)7 + x) 


= ab + acis 


Cr bnis-statementallustrates the Multiplicative INVersesPrODCity,. c__—_—_——_—- 


oS checkpoint 4 





Identify the rule of algebra illustrated by each statement. 
Pye Shen Oh a) She 


bh x27+5=5+x 


The following three lists summarize the basic properties of negation, zero, and 
fractions. When studying these lists, do not only memorize a verbal description of each 


property, but try to gain an understanding of why each property is valid. 


COPANO SC SEAT FHA TEES 2ST OES FSET AIAET LS EI ELIE BAIN PILE IP UBL IE SEA LA IE DETTE NE EG OIL NTS ATE SE BEGT IE ITE SERIES IY CIES TEER E be RPE ELE LN 


Properties of Negation 


Let a and b be real numbers, variables, or algebraic expressions. 


Property Example 
1. (-l)la = -a (—1)7 = -7 
2.2 (=a) =a —(—6) =6 
3. (—a)b = —(ab) = a(—b) (=-5)3 = —=(5 « 3) = 5(=3) 
4, (—a)(—b) = ab (—2)(-—6) =2-6 
5. —(a + b) = (—a) + (-D) —(3 + 8) = (—3) + (-8) 
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Be sure you see the difference between the opposite of a number and a negative 
number. If a is negative, then its opposite, —a, is positive. For instance, ifa = —5, then 
== =(5) = 5. 


Properties of Zero 


Let a and b be real numbers, variables, or algebraic expressions. Then the 
following properties are true. 


la+O=a and a—-O=a 


2.a°0—0 


35 — (ce) 


4. . is undefined. 


5. Zero-Factor Property: If ab = 0, then a = 0 or b = 0. 


The “or” in the Zero-Factor Property includes the possibility that both factors are 
zero. This is called an inclusive or, and it is the way the word “or” is always used in 
mathematics. 


Properties of Fractions 


Let a, b, c, and d be real numbers, variables, or algebraic expressions such that 
b # Oandd # 0. Then the following properties are true. 





‘ he < 
1. Equivalent fractions: rane if and only if ad = be. 
2 
a Sti a =H oi 
2; Rules ofsicns.. —= = See 
yf $18 bolt) pee pve ch 
: heaps Ca 
3. Generate equivalent fractions: — = —, c#0 
; by Loe 
: ; : a c QETC 
4. Add or subtract with like denominators: — + — = 
baa b 
: : Gh G ad + be 
5. Add or subtract with unlike denominators: — + = = 
by al bd 
CuGeO 
6. Multiply fractions: — + = = — 
ply f bd bd 
ee } te, Ll Ci aad 
7. Divide fractions: ==> => =—, c= 0 
: iy, Gh Ia eC 





In Property 1 (equivalent fractions), the phrase “if and only if” implies the two 
statements below. 


° If; = - then ad = be. 


¢ If ad = bc, where b # O andd # 0, then = : 
ioe 


nitriy Pochitalin/Shutterstock.com 
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|e <ehs}J(e yy Properties of Zero and Properties of Fractions 











0 
A BG = E =x-O=x Properties 3 and 1 of zero 
b. Se OME 5 
i= SS Se Ss enerate equivalent fractions. 
5 iG 15 quivalent fractions 
Dome RN. 30D) 1559 tex 
c. 3 ar 5 = 15 Property 5 of fractions 
1% oo 
= Simplify. 
15 plit) 
d gp Te) 2) 14 hints 
Bo hae a ON ivide fractions. 
Bf 2 x 3 Bx ET: STE PSS EP EET 


Rcheckpolnt 5 





Simplify the expression i + = & 


If a, b, and c are integers such that ab = c, then a and b are factors or divisors of 
c. For example, 2 and 3 are factors of 6 because 2 - 3 = 6. A prime number is a 
positive integer that has exactly two factors: itself and 1. For example, 2, 3, 5, 7, and 
11 are prime numbers, whereas 1, 4, 6, 8, 9, and 10 are not. The numbers 4, 6, 8, 9, and 
10 are composite because they can be written as the products of two or more prime 
numbers. The number | is neither prime nor composite. The Fundamental Theorem 
of Arithmetic states that every positive integer greater than | is a prime number or can 
be written as the product of prime numbers in precisely one way (disregarding order). 
For instance, the prime factorization of 24 is 


PN aL, yee Vinee 


When you are adding or subtracting fractions that have unlike denominators, you 
can use Property 4 of fractions by rewriting both of the fractions so that they have the 
same denominator. This is called the least common denominator method. 


Seessj(aeme Adding and Subtracting Fractions 








STUDY TIP 
To find the LCD, first factor Evaluate epee: Be Be 
the denominators. 1S gabegen? 
15te 3 5 SOLUTION Begin by factoring the denominators to find the least common denominator 
(LCD). Use the LCD, 45, to rewrite the fractions and simplify. 
9 = 3? 
| Re ay ee 4-9 
aa 15000 M5 ee Sioa ce (e520 
The LCD is the product of the =| eee 2 GY 
prime factors, with each factor | a i | mia 
given the highest power of its 
occurrence in any denomina- AD 
tor. So, the LCD is 45 Ce ne 
32-5 = 45. | 


sf Ghackpolnt 6 








Bm 2 1 
ab a, 
Evaluate 3 5 


4 


16 
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Equations and Calculators 

An equation is a statement of equality between two expressions. So, the statement 
at+b=ct+d 

means that the expressions 
O4- b sande qed 


represent the same number. For instance, because | + 4 and 3 + 2 both represent the 
number 5, you can write 


Lap 4S 342, 
Three important properties of equality follow. 
Properties of Equality 
Let a, b, and c be real numbers, variables, or algebraic expressions. 
1. Reflexive: a =a 
2. Symmetric: If a = b, then b = a. 


3, Transitive: Ifa = band b =c, thena =c. 


In algebra, you often rewrite expressions by making substitutions that are permitted 
under the Substitution Principle. Two important consequences of the Substitution 
Principle are the following rules. 


1 lies De theniae | Gu—— De. 
2. Ifa = b, then ac = be. 


The first rule allows you to add the same number to each side of an equation. The 
second allows you to multiply each side of an equation by the same number. The 
converses of these two rules are also true and are listed below. 


1. Ifat+c=b++c,thena = b. 
2. If ac = be andc # O, then a = b. 


So, you can also subtract the same number from each side of an equation as well as 
divide each side of an equation by the same nonzero number. 

The table below shows keystrokes for several similar functions on a standard 
scientific calculator and a graphing calculator. These keystrokes may not be the same 
as those for your calculator. Consult your user’s guide for specific keystrokes, 


Graphing Calculator Scientific Calculator 
©) 


For example, you can evaluate the expressions 10? and 13° on a graphing calculator or 
a scientific calculator as shown. 


Expression Graphing Calculator Scientific Calculator 
10? 10 ENTER 10 iC) 


133 13 (4) 3 (ENTER) 130936 





TECH TUTOR 


Be sure you see the 
difference between the 
change sign key or ©) 
and the subtraction key (-), 
as used in Example 7(a). 
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meceevey(-wam Using a Calculator 


Scientific Calculator 








Expression Keystrokes Display 
me 2 100 12@)G5)0 100 © —244 
b. 24 = 2? 2446 2036 3 
Gs AMO 42) ae 3B) O 0B 4W0B 26 —9 
d. 37% of 40 37 40 © 14.8 
Graphing Calculator 

Expression Keystrokes Display 
a Se Ge ©) 12 &) © 100 (ENTER) — 244 
biee4e 2 24 ©) 2) 3 ENTER) 3 
Cali -t42) a2 30 10 © 4 &) 0) G2 ENTER) =) 
d. 37% of 40 37 &) 40 14.8 


n/ Checkpoint 7 


Write the keystrokes you can use to evaluate 6(8° — 481) on a graphing calculator or 
a scientific calculator. Ri 


When rounding decimals, look at the decision digit (the digit at the right of the last 


digit you want to keep). Round up when the decision digit is 5 or greater, and round 
down when it is 4 or less. 


jecrte(-wsm Rounding Decimal Numbers 


Rounded to 


Number Three Decimal Places 

a. DQ = WW Ala Disysy oo 1.414 Round down because 2 < 4. 
7 

b. 9 = OVW o a « 0.778 Round up because 7 > 5. 


R/icheckpolrt 8 


2 . 
Use a calculator to evaluate 4(2 a =| Then round the result to two decimal places. & 


SUMMARIZE | (Section 0.2) 
4 


State the definition of an algebraic expression (page 1/0). For an example of 
evaluating an algebraic expression, see Example 3. 


2. State a basic rule of algebra, a property of negation, a property of zero, and a 
property of fractions (pages 12-]4). For examples that use these properties, 
see Examples 4, 5, and 6. 


3. State the properties of equality (page 16). 


David Gilder/Shutterstock.com 
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ee a ee re) The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM ; 0.2 these skills in the exercise set for this section. For additional help, review Section 0.1. 





In Exercises 1-4, place the correct inequality symbol (< or >) between the two 
real numbers. 


1. —4 =) 20 3 3. —4 13 4, —¥ Lt 


9 


| 


In Exercises 5-8, find the distance between the two real numbers. 
Sh AL e 6 iO. = 5 eh = ll 








Exercises 0.2 role(s VAVANVA Of=l(e1@1nr-\merolanin (ol@nive)a,<-lefre)0) ax-ve)(U ldo) atom comele(ebialUlanlel=1¢-1e m=) (<1 (elisioom 
Identifying the Terms of an Algebraic Expression 25. -—15+15=0 26. «+ 2)-G@+2)=0 
In Exercises 1-6, identify the terms of the algebraic 27, 2G 43) = 2x et 6 28. (5 + 9)(6) = 5(6) + 9(6) 
expression. See Example 1. 1 

29. 2(4) = 1 
il, Whe a= my, ie = © ji 
3. x7 — 4x + 8 4.40 +x-5 30. gt ah hz=—6 
oh ee A -4 3 we 

Dip 2x Oars 6. 3x7 De | hi N alc 32, (7=2) 0 =e 
Symbols of Grouping In Exercises 7-10, simplify the 33. 57° 1 = 57 34.1: (+x) = Nie 
expression. See Example 2. Sh 8 a2 (0) se 3) = (Sh se 9) aie 

7. (2-7) +3 8. —3 — (5 = 2) 36. x + (y + 10) = @ + y) + 10 

ON (Ag) ao) 105 ole Oe) 37. x(3y) = (x - 3)y = (Bx)y 


Eg) oes Sani = 1h 1) es We 
Evaluating Algebraic Expressions In Exercises 
11-16, evaluate the expression at each value of x. (If not 


Writing the Prime Factorization In Exercises 39-42, 
possible, state the reason.) See Example 3. 


write the prime factorization of the number. 

















Expression Values 39. 48 40. 24 
il. 44 — 6 (a) x= -1 (b) x =0 41. 240 42. 150 
1PA, B= Bue (a) x = —-3 (b) x = 2 
Rene ee ae | (ee D (or e=2 Properties of Zero and Properties of Fractions In 
, Exercises 43-48, simplify the expression. See Example 5. 
(iA), =x) o> De = || (ay x= 0 (b) x = 2 0 0 
x AS Ga 3% 44, —(x + 1 
hie @4=—2  )x=2 7 po 
oa" see nS 
as 45, 46,.> +e= 
16. Ee (@) x=3 (b) x = —3 4 5 8 36 
; ; . 47. $ eS z 48. oe = 2 
Evaluating Algebraic Expressions In Exercises canes 4 2 
17-22, evaluate the expression at x = 3, y = —2, and 
z = 4. See Example 3. Operations with Fractions In Exercises 49-56, perform 
bp ache, 18, 624+ 5x — 3y the indicated operation(s). (Write fractional answers in 
(dered Ree eae simplest form.) See Examples 5 and 6. 
Ao ae ange 21g 21335 
21.2 : y 39. 1 2y 49. aT 50. — a 
az 20x 
51.3+4-32 52. 47 ieieeeae 
Identifying the Basic Rules of Algebra In Exercises 53, 2-7 54, (4) 
23-38, identify the rule(s) of algebra illustrated by the mee (2 2 8) Hf (3 ; 3) 
statement. See Example 4. : is 
56. (5 + 3) - (6 - §) 


23.3 +4=4+3 24.x+9=9+%x 


Using a Calculator |n Exercises 57-64, use a calculator 
to evaluate the expression. (Round to two decimal 
places.) See Examples 7 and 8. 


S7a3(=p + 3) Sh, last A 
6a 5.37 ~8.31 + 4.83 

aaa 3.91 a Sere 

Gia 108. 3° 62, — 80 = 2 


635518 — 2°) + 10 646. = | 


Using a Calculator In Exercises 65-68, use a calculator 
to solve. See Example 7. 


65. 35% of 68 
67. 125% of 37 


66. 35% of 820 
68. 147% of 44 





! +, 69. Federal Government Expenses The circle 
eZ graph shows the types of expenses of the federal 
government in 2008. 
Management and Budget) 


National Defense 20.7 % 
Social Security 
2 


Other 16.6 % 


Health and 
Medicare 22.5% 
Income Security 14.5% 


Education and Veterans’ Benefits 5.0% 


(a) What percent of the total expenses was spent on 
Social Security? 


(b) The total 2008 expenses were $2,982,900,000,000. 
Find the amount spent for each category in the 
circle graph. (Round to the nearest billion dollars.) 





COTE 


70. Research Study The percent of people in a research 
study who have a particular health risk is 39.5%. The 
total number of people in the study is 12,857. How 
many people have the health risk? 

71. Clinical Trial The percent of patients in a clinical 
trial of a cancer treatment showing a decrease in tumor 
size is 49.2%. There are 3445 patients in the trial. How 
many patients show a decrease in tumor size? 


72. Calculator Keystrokes Write the expression that 
corresponds to each set of keystrokes. 





(a) 5 2.70940) © Scientific 
5 2.70 9.4 Graphing 
(b) 2 4 i ©) Scientific 
2( ©) 4 & 2 OD) ENTER) Graphing 


The symbol | indicates an exercise in which you are instructed to use 
graphing technology or a spreadsheet software program. The solutions of 
other exercises may also be facilitated by use of appropriate technology. 


AP Photo/Gerry Broome 





fe) 


(Source: U.S. Office of 
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73. Pet Spending The data below show pet spending in 
the United States in 2009. Find the percent of total pet 
spending for each category. Then use a spreadsheet 
software program to make a circle graph for the percent 
data. (Source: American Pet Products Association) 
Total pet spending (2009): $45.53 billion 

Food: $17.56 billion 

Vet care: $12.04 billion 
Supplies/OTC medicine: $10.41 billion 

Live animal purchases: $2.16 billion 
Grooming and boarding: $3.36 billion 


On) HOW DO YOU SEE IT? You eam $7.25 per 
hour for each of two work study jobs. You work a hours 


as an office assistant and } hours as an events coor- 
dinator. The area model represents the situation. 


a b a b 


(a) What quantity does the area of the gold rectangle 
represent? the blue rectangle? the green rectangle? 


(b) What rule of algebra does the model illustrate? 








Business Capsule 


JP oathat, the largest pet store chain in the U.S. 
and Canada, has grown by offering pet lodging 
services in 180 of their 1187 stores. PetsHotels provide 
supervised play areas with toys and slides, blankets, 
TV, and snacks. Special fee services (grooming, 
training, and phoning pet parents) are also provided. 
Sales for these services have increased an average 
of 19% each year since PetsHotels began in 2004. 


75. Research Project Use your campus library, the 
Internet, or some other reference source to find 
information on a “special services” company 
experiencing strong growth, and write a brief 
report about the company. 
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).3 





m Use properties of exponents. 


m@ Use scientific notation to represent real numbers and use a calculator to evaluate 
exponential expressions. 


@ Use interest formulas to solve application problems. 





Private Four-Year Colleges 


Properties of Exponents 





Repeated multiplication of a real number by itself can be written in exponential form. 


in dollars) 


~ 


ts 0 | | d Here are some examples. 
- 10,000 | Repeated Multiplication Exponential Form 
a | | Noy P 
sss og GE a-a-"a- a a> 
(—4)(—4)(—4) (4a). 
(2x)(2x)(2x)(2x) (2x)? 


Exponential Notation 


Let a be a real number, a variable, or an algebraic expression, and let n be a 
positive integer. Then 





In Exercise 83 on page 28, you will use nie 

the compound interest formula to find daca Magia ae i (2 
the average rate of inflation for the 
yearly costs of attending a private 

four-year college in the United States. where n is the exponent and a is the base. The expression a” is read as “a to the 


nth power” or simply “a to the nth.” 


n factors 


When multiplying exponential expressions with the same base, add exponents. 


q” A a” — qnrn 


Add exponents when multiplying. 
For instance, to multiply 2? and 23, you can write 


Two Three Five 


factors factors factors 





DEES 9) Mm OMe) WA) Dees O39) 9) 9) 5 


= 92+3 — 95 


i) 
tO 


On the other hand, when dividing exponential expressions with the same base, subtract 
exponents. That is, 


an 
a 0 ae Ce Subtract exponents when dividing. 
a 


For instance, to divide 3+ by 37, you can write 


Four factors 





— 7 Two factors 
| 
cere ee lie Sor ne nem 
eT Bor a: 
) l 1 
Two factors 
= 94-2 — 32 


These and other properties of exponents are summarized on the following page. 


GLUE STOCK/Shutterstock.com 
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DEMGTIAA 





Properties of Exponents 
Let a and b be real numbers, variables, or algebraic expressions, and let m and n be integers. (Assume all 
denominators and bases are nonzero.) 


Property Example 
ead gee 32 9 BS) 32 14 36 Product of Powers 
es = ay 
76 fac” hia a Quotient of Powers 
a XxX 
3. (ab)” = a"p™ Shep Se Sere Pere Power of a Product 
y (s m e. q” 2) D3 8 3 : 
Ae ‘hea : Pat ie ae ower of a Quotient 
b be s Se Pre so 
Saya a" OP) = ye =y | Power of a Power 
=n 1 —4 i te ‘ 
6a" = a ee y4 Definition of negative exponent 
7.@=1, a#0 (aia oat Definition of zero exponent 


ioe) 
eS 
S/S 
Sa Se 
3 

ll 
aN 
SIS 
eee 
a = 

Q 

th 

S 

Sa 

th 

iS 
EEE Se 
WN |W 
Se 
o 

ll 


(3) 


9. |a?| = jal? = a (22) =-)2|2 = 22 


Notice that these properties of exponents apply for all integers m and n, not just 
positive integers. For instance, by the Quotient of Powers Property, 











=. = 34—(—5) = 34+5 — 2) 
Using Properties of Exponents 

STUDY TIP | 

oma Mags = 3 4 3 27 
It is important to recognize 
the difference between | b. ss eee ee 52 eens 
exponential forms such as | a 
(2) 2and —2*.In (—2)*, 5\3 93 3g 
the parentheses indicate that G: 5(2] = 5° <3 So oe ee 32 25 
the exponent applies to the a 
negative sign as wellastothe [| d. (—5- 23)? = (—5)? > (23)? = 25 - 2° = 25 - 64 = 1600 

nae Ae nee (cy 4 

ee eae ae ee |e. (—3ab4)(4ab-*) = —3(4)(a)(a\(b*)(b-9) = — 120°b 
2. Similarly, in (5x)°, the EF £ 3a(—4a2)° = 3a(1) = 3a, a #0 
parentheses indicate that the | 53\2 5%x3)2 25x86 
exponent applies to the 5 as  ¢g. (=) = —— = 
well as to the x, whereas in Ri _ a ee 
5x = 5(x), the exponent | 
applies only to the x. ] oy Checkpoint 1 





“cape SEE oS coerce 


Evaluate each expression. 

a. (23)2 

b. 8-1 + 43 + 42 

CeO) ee 8 
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ccreste)(-w4am Rewriting with Positive Exponents 
STUDY TIP 























Rarely in algebra is there only ax l= = Definition of negative exponent 
one way to solve a problem. j 

Don’t be concerned if the steps 1 ME) 

you use to aie problem b. 3x2 = 3 The exponent —2 applies only to x. 
are not exactly the same as x2 

the steps presented here. The = 3 Simplify. 


important thing is to use steps 
that you understand and that, 
of course, are justified by the 


leh -* 2 12a? * a? 
dab 4b + b 





Definition of negative exponent 


















rules of algebra. For instance, on 
you might prefer the follow- = GR Product of Powers Property 
ing steps to simplify Example 
2(d). See. alse: 
Ge |p ——= = = Power of a Quotient and Power of a Product Properties 
3x? = ny ys ‘ : 
y ’ = yn? Power of a Power Property 
ye 
= 32,4 Definition of negative exponent 
y2 
cat eer Simplify. 
Ox4 
nf -Checkooint 2 
;' mene 
Rewrite (5) with positive exponents and simplify. Bi 
mae 





The volume V and surface area S of a sphere are given by 


4 
Veet: and SS = 44772 


where r is the radius of the sphere. A spherical weather balloon has a radius of 2 feet, 
as shown in Figure ().7. Find the ratio of the volume to the surface area. 


SOLUTION To find the ratio, write the quotient V/S and simplify. 














v= torr 
S ear 
a 
FIGURE 0.7 we uke 
472° 
_ 4m: 2? 
Brag 
| 2 
= —(2)== 
(2) 3 
A Checkpoint 3 
57 
Evaluate ——~ at x = 7. a 


25x> 
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Scientific Notation and Calculators 


Exponents provide an efficient way of writing and computing with very large (or very 
small) numbers. For instance, a drop of water contains more than 33 billion billion 
molecules—that is, 33 followed by 18 zeros. 


33,000,000,000,000,000,000 
It is convenient to write such numbers in scientific notation. This notation has the form 
Georg 


where 1 < c < 10 and nis an integer. So, the number of molecules in a drop of water 
can be written in scientific notation as 


3.3 x 10,000,000,000,000,000,000 = 3.3 x 101”. 


The positive exponent 19 indicates that the number is /arge (10 or more) and that the 
decimal point has been moved 19 places. A negative exponent in scientific notation 
indicates that the number is small (less than 1). For instance, the mass (in grams) of one 
electron is approximately 


9.0 x 10-78 = 0.0000000000000000000000000009. 
— | 


28 decimal places 





Seite ms Converting to Scientific Notation 


a. 0.0000572 = 5.72 x 10~° Number is less than 1. 
b. 149,400,000 = 1.494 x 108 Number is greater than 10. 
C326) 553.2015. ~< 105 Number is greater than 10. 


a/ Checkpoint 4 


Write each number in scientific notation. 


a. 6,318,000 b. 0.00345 ] 


Secreto Converting to Decimal Notation 


ator 2566107993) 2)5 Number is greater than 10. 
b. 3.73 x 10~° = 0.00000373 Number is less than 1. 
c. 7.91 x 10° = 791,000 Number is greater than 10. 


sAGheakpalnt 5 





Write each number in decimal notation. 


a. 4.28 x-10° pao eels. & 


Most calculators automatically use scientific notation when showing large (or 
small) numbers that exceed the display range. Try multiplying 86,500,000 x 6000. If 
your calculator follows standard conventions, then its display should be 


SmOmenia or =sLORI Ie. 


This means that c = 5.19 and the exponent of 10 is n = 11, which implies that the 
number is 5.19 x 10!!. To enter numbers in scientific notation, your calculator should 
have an exponential entry key labeled or (EE). 
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€ Scream The Speed of Light 


The distance between Earth and the sun is approximately 93 million miles, as shown in 
Figure 0.8. How many minutes does it take for light to travel from the sun to Earth? Use 
the fact that light travels at a rate of approximately 186,000 miles per second. 






’ 


93,000,000 miles 
Seay SOLUTION Use the formula distance = (rate)(time) to find the time. 





distance _ 93 million miles 
rate 186,000 miles per second 





time = 


9.3 x 10’ miles 
1.86 x 10° miles/second 





= 5 x 10? seconds 


Not drawn to scale 


= 500 seconds 
























FIGURE 0.8 
~ 8.33 minutes 
Note that to convert 500 seconds to 8.33 minutes, you divide by 60 because there are 
60 seconds in one minute. ee 
vA Checkpoint 6 
The distance between Mars and the sun is approximately 142 million miles. How 
many minutes does it take for light to travel from the sun to Mars? B 
One of the most useful features of a calculator is its ability to evaluate exponential 
expressions. Consult your user’s guide for specific keystrokes. 
js <erse)(-wam Using a Calculator to Raise a Number to a Power 
Scientific Calculator 
Expression Keystrokes Display 
Pi MBE sie 13 0)4@5© 28566 
Diao oe 30) 2.62) 2) AUG) S) 0.361111111 
B+ 7S NOs 
: 1.0001 19005 
“75 — J 07@5010©8 : 
Graphing Calculator 
TECH TUTOR Expression Keystrokes Display 
Make sure you include a. 134 +5 130)4@5 28566 
parentheses as needed when =9 =I 
3 24 A} ((-) A} \(- 5 
entering expressions in your b. 3 a 3 2 4)4 &)©)1 ENTER) 3611111111 
calculator. Notice the use of Pat TA)SOIO@ 1000119005 
parentheses in Example 7(c). a 7 — 1 (07(@)501 i 





A, Checkpoint 7 





Use a calculator to evaluate each expression. 
BSF Ss ace 


44 —6 
ns 25 + 18 
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Applications 


One of the most familiar investment problems is finding the balance in a savings 
account. The formulas below can be used to find the balance in a savings account that 


earns simple interest or compound interest. You will learn more about interest in 
Chapter 4. 


Balance in an Account 


The balance A in an account that earns an annual interest rate r (in decimal form) 
for t years is given by one of the following. 


Ness (HC) ae wine, Simple interest 


r nt 
A= Pi a ") Compound interest 
n 


In both formulas, P is the principal (or the initial deposit). In the formula for 
compound interest, n is the number of compoundings per year. Make sure you 
convert all units of time f to years. For instance, 6 months = 2 year. $0, ¢ = x 


€ eeree}e)(-Mea Finding the Balance in an Account 


A family receives a tax refund of $6000 and wants to invest it for 5 years. Which 
savings plan will earn more money? 


a. 2% simple annual interest 
b. 1.5% annual interest compounded quarterly 
SOLUTION 
a. The balance after 5 years is 
A = P( + rt) 
6000[1 + 0.02(5)] 
= $6600. 


II 


b. The balance after 5 years is 


r nt 
Ae P(t + ") 
n 


moe 


6000 ( 4 





~ $6466.40. 
Savings plan (a) will earn 
6600 — 6000 = $600 
and savings plan (b) will earn 
6466.40 — 6000 = $466.40. 


So, plan (a) will earn more money. —————— 


of Checkpoint 8 





In Example 8, how much money would the family earn in a savings plan with 3.4% 
annual interest compounded monthly? & 


Yuri Arcurs/Shutterstock.com 


26 Chapter 0 m Fundamental Concepts of Algebra 


The compound interest formula can also be used to determine the rate of inflation. 
To apply the formula, you must know the costs of an item in two different years, as 
demonstrated in Example 9. 


€ 1 '<osee}e)(-eM Finding the Rate of Inflation 


In 1984, the cost of a first class postage stamp was $0.20. By 2010, the cost had 
increased to $0.44, as shown in Figure 0.9. Find the average annual rate of inflation for 
a first class postage stamp over this 26-year period. (Source: U.S. Postal Service) 


First class postage 
(in dollars) 








A+ } { + 4 {+—> 
1980 1985 1990 1995 2000 2005 2010 
Year 


FIGURE 0.9 


SOLUTION To find the average annual rate of inflation, use the formula for compound 
interest with annual compounding. So, find the value of r that will make the following 
equation true. 


ip nt 
Ave P(1 - 4 
nh 


0.44 = 0.20(1 + r)?6 


II 


You can begin by guessing that the average annual rate of inflation was 4%. Entering 
r = 0.04 in the formula, you find that 0.20(1 + 0.04)? ~ 0.5545. Because this result 
is more than 0.44, try some smaller values of r. Finally, you can discover that 


0.20(1 + 0.031) = 0.44. 


So, the average annual rate of inflation for a first class postage stamp from 1984 to 2010 


was about 3.1%. See 


oY Checkooint 9 


In a certain year, the registration fee for the Medical College Admission Test (MCAT) 
was $210. Four years later, the fee was $235. What was the average annual rate of 
inflation over this four-year period? x 


SUMMARIZE (Section 0.3) 


1. Make a list of the properties of exponents (page 2/). For examples that use 
these properties, see Examples 1, 2, and 3. 


2. State the definition of scientific notation ( page 23). For examples of scientific 
notation, see Examples 4, 5, and 6. 





3. State the formulas for simple and compound interest (page 25). For applications 
of these formulas, see Examples 8 and 9. 


David Gilder/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 0.3 these skills in the exercise set for this section. For additional help, review Section 0.2. 


In Exercises 1-10, perform the indicated operation(s) and simplify. 


2. (4)(5)(4) 


—_ 
fears 
WIN 
— 
4 
iw 
— 


Sy0\27)+ 11(-4) 4. 11(-4) +3 
zi = (—2) Gee a) 
ee 5 See Press 

9.5 — +4) 10. (3-3) +6 





Exe rcises 0.3 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Using Properties of Exponents In Exercises 1-14, Rewriting with Positive Exponents In Exercises 
evaluate the expression. Write fractional answers in 37-50, rewrite the expression with positive exponents 
simplest form. See Example 17. and simplify. See Examples 7 and 2. 

(i GPADEe ode Set ee 375 8(-—2)7 44 8856 eee 
a yl 39. (3) 40.) 

2° 5° 41. 5-1 - 27! 42, 4-1 — 2-2 
5137)? 6. (2°) 43. 4x~? 44, —7x"! 

seh 8. (—3)? 9a2b~? 10x4y~4 


45. 





; : OV 
9, (23 - 32) 10. 


( ade 
(3 Sra) xy 
3\3/5\2 —5\3/4\? mc! y\2 
i. (-2) (3) 1. (=) 4) 47. (+) 4s. (2) 
jiey ke 1455(42)2 49. (=) 50). (=) 
5 y 


Using Properties of Exponents In Exercises 15-36, 























simplify the expression. See Example 1. Evaluating Expressions with Exponents In 
15. (—5z)3 16. (—2w)> Exercises 51-54, evaluate the expression for the indicated 
17. (8x4)(2x3) 18. 5x4(x2) value of x. See Example 3. 
19. 10(x2)? 20. 2(4x4)3 Expression Value Expression Value 
ni, (Ta ead 22. (6y")(2y*)? Sil, x=-6 52. 4x3 x= 2 
25y8 54 10x? aS 
cash - “Ax6 53. 7x? x=4 54, 8x9 — (8x)9 x =-7 
25. (4)(2) 26. (2)(2) 55. Discovery Using your calculator, find the values of 
OY Z/ \% 103, 102, 10', 10°, 10~!, and 107”. What do you notice? 
ike 32° 56. Error Analysis Describe the error. 
ile ina: 28. =f y 
an ob oad (Ges 01 
29, —— 30 ee 
a a 
‘x an Converting to Scientific Notation In Exercises 57-62, 
31. 3” + 3° 32, 2" + 2: write the number in scientific notation. See Example 4. 
9 Same 57. Land Area of Earth: 57,300,000 square miles 
M(x + 3)" 58. Water Area of Earth: 139,500,000 square miles 
as 5) 
xy a 59. Light Year: 9,460,000,000,000 kilometers 
=e 


60. Mass of a Bacterium: (0.0000000000000003 gram 
61. Thickness of a Soap Bubble: 0.000000! meter 
62. One Micron (millionth of a meter): 0.00003937 inch 


35. (2x°)9, x #0 
36. (x + 5)®,. x # =5 
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Converting to Decimal Notation In Exercises 63-66, 
write the number in decimal notation. See Example 5. 


63. Number of Air Sacs in the Lungs: 3.5 = 10% 
64. Temperature of the Core of the Sun: 

1.5 x 107 degrees Celsius 
65. Charge of an Electron: 1.602 x 10~'? coulomb 
66. Width of a Human Hair: 9.0 x 107° meter 


Operations with Scientific Notation In Exercises 
67 and 68, evaluate each expression without using a 
calculator. See Example 6. 


6.0 x 108 

x OSS: 7 tel ee 

G7 (a) ean. 0)4) (Sasa Ome) (b) 3.0 x 103 
9.0 x 105 

; ens 7 ENN ee 

OS. (2923 Om=) (Brea) (b) 45 x 1072 


Operations with Scientific Notation In Exercises 69 
and 70, write each number in scientific notation. Perform 
the operation and write your answer in scientific notation. 


69. (a) 48,000,000,000(250,000,000) 





0.0000064 Pe Nii 
- (a) 0.00000034(0. BUA On 
70. (a) 0.00000034(0.00000006) (b) 5455 ogg 


Using a Calculator to Raise a Number to a Power 
In Exercises 71-76, use a calculator to evaluate the 
expression. See Example 7. 








71. 115 + 49 72. 17? + 5° 

9 (bP eae Deo aera 74. 3-4 + 647! 
44+ ] 54 = ] 

5. . 

(Gharins | mb SP tel 


Using a Calculator In Exercises 77-80, use a calculator 
to evaluate each expression. Write your answer in 
scientific notation. (Round to three decimal places.) 


77. (a) 0.000345(8,900,000,000) 


67,000,000 + 93,000,000 
0.0052 


78. (a) 0.000045(9,200,000) 


0.0000928 — 0.000002 1 
0.0061 








(2.414 x 10*)® 
(1.68 x 105)5 

(3.28 x 107°)10 
(5.34 x 1073)22 


TAA) AO 2 Or Gale 10-4). « (b) 





SO. (ay (1.2% 107)7(573 x 107") © (b) 


81. Balance in an Account You deposit $10,000 in 
an account with an annual interest rate of 3.75%. 
Determine the balance in the account after 12 years 
when the interest is compounded (a) daily (n = 365), 
(b) weekly, (c) monthly, and (d) quarterly. How is the 
balance affected by the type of compounding? 


Om) HOW DO YOU SEE IT? Each bar graph 
represents the value y of a $1000 investment after 


x years. One investment earns simple interest and 
the other earns compound interest. Which type of 
interest does each graph show? Explain. 














(a) (b) 

y y 

h h 
5000 -- 5000 +- 
4000 -- 4000 ++ 
eee 3000 
2000 -- 2000 
1000 + x [ 1000 

FF Ga lerecite oat » XxX 

OTe PS ae XG 


83. College Costs The average yearly cost of tuition, 
fees, and room and board at private four-year colleges 
in the United States was $22,896 for the academic 
year 2001/2002 and $30,778 for the academic year 
2007/2008. Find the average annual rate of inflation 
over this seven-year period. (Source: U.S. National 
Center for Education Statistics) 

84. Becoming a Millionaire The compound interest 
formula can be rewritten as 


A 


— 
Carn) 


Find the principal P that you need to invest on the day 
your child is born at 4.5% annual interest compounded 
quarterly to make your child a millionaire on his or her 
21st birthday. 


85. The Speed of Light The closest distance from Earth 
to Neptune is 2.68 billion miles. At this distance, how 
long does it take for the image of Neptune to reach 
Earth, given that light travels about 186,000 miles per 
second? 


86. Electron Microscopes Electron microscopes provide 
greater magnification than traditional light microscopes 
by using focused beams of electrons instead of visible 
light. It is the extremely short wavelengths of the electron 
beams that make electron microscopes so powerful. The 
wavelength A (in meters) of any object in motion is 
given by 


ee O:620) 20 LOn 


MV 


where m is the mass (in kilograms) of the object and v is 
its velocity (in meters per second). Find the wavelength 
of an electron with a mass of 9.11 x 1073! kilogram 
and a velocity of 5.9 x 10° meters per second. 
(Submitted by Brian McIntyre, Senior Laboratory 
Engineer for the Optics Electron Microscopy Facility at 
the University of Rochester.) 








In Exercise 100 on page 38, you 
will use a bar graph to find the 
annual depreciation rate of an 

ultrasound machine. 


a tzleller-| (mre lalem at-1ilelar-]m —>.4ele)al—ai a) 
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@ Evaluate expressions involving radicals and develop an understanding of the 
properties of radicals. 


m@ Simplify a radical and rationalize a denominator. 
m Use properties of rational exponents and use a calculator to evaluate a radical. 


Radicals and Properties of Radicals 


A square root of a number is defined as one of its two equal factors. For example, 5 is 
a square root of 25 because 5 is one of the two equal factors of 25. In a similar way, a 
cube root of a number is one of its three equal factors. Here are some examples. 


Number Equal Factors Root 

25 = (—5)2 (5) ls) —5 (square root) 
—64 = (—4)3 (—4)(—4)(—4) —4 (cube root) 
81 = 34 SRS} REG 6) 3 (fourth root) 


Definition of nth Root of a Number 

Let a and b be real numbers and let n be a positive integer. If 
a= b" 

then b is an nth root of a. If 
n=2 

the root is a square root, and if 
n=3 


the root is a cube root. 


From this definition, you can see that some numbers have more than one nth root. For 
example, both 5 and —5 are square roots of 25. The following definition distinguishes 
between these two roots. 


Principal nth Root of a Number 


Let a be a real number that has at least one real nth root. The principal nth root 
of a is the nth root that has the same sign as a, and it is denoted by the radical 
symbol 


Ya. Principal nth root 


The positive integer n is the index (the plural of index is indexes or indices) of the 
radical, and the number a is the radicand. 


index 


‘ 


radicand 


If n = 2, omit the index and write /a rather than Ya. 


Poznyakov/Shutterstock.com 
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\%'coseeye)(-ae Evaluating Expressions Involving Radicals 


a. The principal square root of 121 is {121 = 11 because 117 = 121. 


3s hecanse (al) = ei 





b. The principal cube root of ie is 
c. The principal fifth root of —32 is /—32 = —2 because (—2)> = —32: 
d. —./49 =*=7 because 72 = 49. 


e. 2/—81 is not a real number because there is no real number that can be raised to the 
fourth power to produce — 81. 


/-Checkooint 1 





Evaluate each expression. 


i Ga 
“49 
b. 4/625 


= 


(oe) 


c. i 
From Example |, you can make the following generalizations about nth roots of a 
real number. 


1. If ais a positive real number and n is a positive even integer, then a has exactly two 
real nth roots, which are denoted by 2/a and — 2/a. 


2. If ais any real number and n is an odd integer, then a has only one (real) nth root. 
It is the principal nth root and is denoted by 2/a. 


3. If a is negative and n is an even integer, then a has no (real) nth root. 


Integers such as 1, 4, 9, 16, 49, and 81 are called perfect squares because they 
have integer square roots. Similarly, integers such as 1, 8, 27, 64, and 125 are called 
perfect cubes because they have integer cube roots. 


sae MA - Ate 5 SARC COCR ATO SOE ORI 


Properties of Radicals 


AREA IRR ITRIONG 


/ 


RE TEER GRRE PETE VETERE ROAD AT AER SE AUN RIOT TTP 





Let a and b be real numbers, variables, or algebraic expressions such that the 
indicated roots are real numbers, and let m and n be positive integers. Then the 
following properties are true. 


Property 
1. n a” = (v/a)” 
2. Ya-2/b = Yab SSN eee 5.0 Bae 35, 





6. Forn even, %/a" = |al. 


For n odd, n/qn =a. 


J 12) = |-12] = 12 
CF 12p = -12 


A common special case of Property 6 is /a* = |a|. 








STUDY TIP 


In Examples 2(c) and 2(d), 
note that the absolute value 
symbols are included in the 
answer because ¢/x* = |x| 


and /x? = |x|. 
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Simplifying Radicals 


seaeca ena ACORN ACETATE ET TT IT ET ET OTT 


Radical Expressions in Simplest Form 


An expression involving radicals is in simplest form when the following 
conditions are satisfied. 


1. All possible factors have been removed from the radical. 


2. All fractions have radical-free denominators (accomplished by a process called 
rationalizing the denominator). 


3. The index of the radical has been reduced as far as possible. 


To simplify a radical, factor the radicand into factors whose exponents are 
multiples of the index. The roots of these factors are written outside the radical, and the 
“leftover” factors make up the new radicand. 


Simplifying Even Roots 


dae 49 2h LOS 
= 3 
=243 
i, 4 Ieee — <P emsesh 
== <f((Gha ee be 





Find largest fourth-power factor. 
Rewrite. 

Find fourth root. 

Find largest square factor. 


Rewrite. 





= 5x ~/ 3x, x= 0 
ce. 4/(5x)* = |5x| = 5]x| 


a a = STx2 = alles 
‘ 9 9) 3 


of Checkpoint 2 
Simplify /18x°. a 


sername Simplifying Odd Roots 


Find largest cube factor. 
=e/2° «53 Rewrite. 


Find root of perfect cube. 


Find root of perfect square. 











] 
= 


be 2/320 = 324g 


i (Qaaye 2 (gi Rewrite. 


Find largest fifth-power factor. 


Find fifth root. 





ce. 3/—40x° = 3/(—8x*) - 5 
=e) (= 277) 5 Rewrite. 
= —2;? 3/5 


Find largest cube factor. 


Find root of perfect cube. 


o/ Checkpoint 3 
Simplify </54.+. % 
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Some fractions have radicals in the denominator. To rationalize a denominator 
of the form a + b./m, multiply the numerator and denominator by the conjugate 
a — bv/m. 


a+b/m and a-—bJ/m Conjugates 


When a = 0, the rationalizing factor of \/m is itself, \/m. 


seles}e}(-w ae Rationalizing Single-Term Denominators 


a. To rationalize the denominator of the following fraction, multiply both the numerator 
and the denominator by \/3 to obtain 











Leake 
ee he) 
Peo 
woh? 
RE 5 

2(3) Ge 


b. To rationalize the denominator of the following fraction, multiply both the numerator 
and the denominator by %/57. Note how this eliminates the radical from the 
denominator by producing a perfect cube in the radicand. 


oie ae ae 














 Chocknoint 4 





Simplify V4 by rationalizing the denominator. # 


ls <cije)(ee Rationalizing a Denominator with Two Terms 





2 = 2 ; a= V7 Multiply numerator and 
Rae e/a) ye Si 3 = i denominator by conjugate. 
23 = V7) Multiply fracti 
= * ultiply fractions. 
See 





2(3 — 
= ( = a) Simplify. 
PA) = 
= ee Divide out common factors. 
STUDY TIP 
aCe a) Simplify. 


such as ./2 + wT with 
/2 + 7. In general, 


af Chenkoolnt 5 








; = : | 
Don’t confuse an expression | 


VX ty FSX + +/y. 


10 
Simplify ————— by rationalizing the denominator. a 





STUDY TI 


The numerator of a rational 
exponent denotes the power 
to which the base is raised, 
and the denominator denotes 
the index or the root to be 
taken. It doesn’t matter which 
operation is performed first, 
provided the nth root exists. 


ee (8) = 27 = 48 
g3 = f= = 4 | 





STUDY TIP 





Rational exponents can be 
tricky. Remember, the 
expression b”/” is not defined 
unless 2/b is a real number. 
For instance, (—8)°/° is not 
defined because £/—8 is not 
a real number. And yet, 
(—8)?/ is defined because 


/ =8 = —2. 
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Rational Exponents and Calculators 


The definition below shows how radicals are used to define rational exponents. Unt! 
now, work with exponents has been restricted to integer exponents. 


soc or race Ser eT ee 


Definition of Rational Exponents 


If a is a real number and n is a positive integer such that the principal nth root of a 
exists, then a!/” is defined to be a!/" = ¢/a. 


If m is a positive integer that has no common factor with n, then 


qry/n = (ai/n)mn = (/a)" and qn = (a) 1/n = Nan. 


The properties of exponents mentioned in Section 0.3 also apply to rational 
exponents (provided the roots indicated by the denominators exist). Some of those 
properties are relisted here, with different examples. 


PLT ICT AO RECO TETT RSA SRNR LSAT EREDAR RTE TOA IR ARE VCIBAS TROT! 


Properties of Exponents 


Let rand s be rational numbers, and let a and b be real numbers, variables, or 
algebraic expressions. If the roots indicated by the rational exponents exist, then 
the following properties are true. 


Property Example 

1. aa =a’? 41/2 (41/3) = 45/6 

2,2 = ae) a = x2-(1/2) = 33/2 x #0 
a’ % 

3.. (ab)’ = a’b’ Qx)\h2 —= 21/21/2) 








xy" (4)" y 
[; > \x — xl/2 


seit Simplifying with Rational Exponents 


Ee OA lel 





= 3 
= | | 
—39)-4/5 = (5/—33 Se noe 
b. (32) Cee pacsre icy: 
c. (—5x2/3)(3x7 1/3) a 15x(2/3)— (1/3) 
= —15x1/3 x #0 


sf Checkoolnt 6 


Simplify (3!/7)(3°/7). x 
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1%'¢e400)e)(-Wvam Reducing the Index of a Radical 





a. £/at = a6 = 3 = a 
b. af /125 = (1251/4) Rewrite with rational exponents. 
= 125) 75 Multiply exponents. 
=a (5-) 42 Rewrite base as perfect cube. 
=yeu Multiply exponents. 
= 5472 Reduce exponent. 
= <5 Rewrite as radical. 
—<$_——$ 
YW Checkpoint 7 
Use rational exponents to reduce the index of the radical $/23, ‘a 


Radical expressions can be combined (added or subtracted) if they are like 
radicals—that is, if they have the same index and radicand. For instance, 2,/3x and 
| : ; ‘ 0 
5V 3x are like radicals, but 3/3x and 2./3x are not like radicals. 


> ereN(eeme Simplifying by Combining Like Radicals 
a. De Ohs ar BE) OF = GANG) OB) ae B/S) oS} Find square factors. 


= 2) 0 4/3 +3- 33 Find square roots. 
= 8/3+9/3 Simplify. 
= 17 oe Combine like terms. 











b. 3/16x — 3/54x = 37/8 - 2x — 3/27 - 
=2 3/2x = 3 </ Dee Find cube roots. 


is / 2x Combine like terms. 


Find cube factors. 


i 
tay 
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Simplify the expression \/25x + \/x. ia) 





You can use a calculator to evaluate radicals by using the square root key (_), the cube 
root key (¥_}, or the xth root key (_). You can also use the exponential key 4) or W). 


To use these keys, first convert the radical to exponential form. 


Evaluating a Cube Root with a Calculator 


Two ways to evaluate </25 using a calculator are shown below. 


Pas) (0163 =} Exponential key 
Y) 25 0) (ENTER Cube root key 
Most calculators will display 2.924017738. So, 25 ~ 2.924. 
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Use a calculator to evaluate </18. Round to three decimal places. w 
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Sertyewllme Evaluating Radicals with a Calculator 





=) 


Saeed 





TECH TUTOR 


ae 


Make sure you notice 


; a. Use the following keystroke sequence to evaluate </—4. 
4 1630 © Scientific 
| 4) ES) a) Graphing 
| The display is — 1.587401052. So, /—4 ~ —1.587. 
: 
! 


that there may be more than 
one way to evaluate an 
expression using a graphing 
calculator. For instance, you 
can also use the cube root 
key to evaluate 2/—4 in 
Example 10(a). 


b. Use the following keystroke sequence to evaluate (1.4)~?/>. 
14W ©2656) 00 Scientific 
1.4@ © © 2H 50) Enter) Graphing 

The display is 0.874075175. So, (1.4)~7/> ~ 0.874. 











Y Checkpoint 10 





Use a calculator to evaluate 6.7°/*. Round to three decimal places. er 


(Wee etesyey(weem Escape Velocity 





A rocket, launched vertically from Earth, has a velocity of 10,000 meters per second. 
The escape velocity, or the minimum velocity necessary for the rocket to escape the 
gravitational field of Earth, is 


oc x 10-1)(5.98 x 1024) 
6.37 x 10° 








meters per second. 


Will the rocket escape Earth’s gravitational field? 


SOLUTION The escape velocity is 


2(6 Gils) (5-08, 01025) ee eats 
wi 6.37 x 10° ~ 11,190.7 meters per second. 








The velocity of 10,000 meters per second is less than the escape velocity of 1190.7 
meters per second. So, the rocket will not escape Earth’s gravitational field. 


SS ET 
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Will an object traveling at 10,000 meters per second exceed the escape velocity of 
Venus, which is 


(fe x 10-")(4.87 x 1024) 
6.05 x 10° 








meters per second? e 


SUMMARIZE (Section 0.4) 


14. State the definitions of the nth root and principal nth root of a number 
(page 29). For an example of finding roots of numbers, see Example 1. 


2. State what is meant by a radical expression in simplest form (page 31). For 
examples of simplifying radical expressions, see Examples 2, 3, 4, and 5. 


3. State the definition of rational exponents (page 33). For examples of 
simplifying expressions with rational exponents, see Examples 6 and 7. 





Kurhan/Shutterstock.con 
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SKILLS WARM \/P 0.4 


In Exercises 1-10, simplify the expression. 


1. (4)(3)" 2. 3(—4)? 
3, (—2x) A, (eos (eens) 
5. (7x5)(4x) G.tor (2577) 
1276 24 \*(2x\"* 
are eI (2) (2 
9. (==), x#0, y #0 10. [(x + 2)2°(x + 2) 


Exercises 0.4 


The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Section 0.3. 


STelo MN AAA @r= (01 @) a¥=levere) anim (e)mnyiela <cle tele) mayo) lUid(e]al-mcomeleletalUlaalel-1¢-[e m=). (-1kel-\oi-p 





Finding the nth Roots of aNumber In Exercises 1-10, 
use a radical symbol to denote and evaluate the principal 
nth root (if it exists) of the number. Then find any other real 
nth roots of the number. See Example 7. 


Number n Number n 


1. 4 2 pea Z 
Sheets 3 4.8 ) 
Sera 3 6. S27 
1p I eh Z 
9. 64 6 10. 8] | 


Evaluating an Expression Involving Radicals In 
Exercises 11-20, evaluate the expression. See Example 1. 


lino 12. 2/64 
13, —3/—27 14. 3/0 
14 4/81 
15. —= 16. ae 
/49 6 
17. 4/—16 18. £/-1 


97 16 
19. 3 aS ; 4 Paty 
/ 125 ENT Rh 


Simplifying a Radical Expression In Exercises 21-30, 
simplify the expression. See Examples 2 and 3. 


21. 3/-—54 D216 

23. (3/—125)° 24. 4/5624 
25. 3/16x° 26. 3/96x5 
27. »/ (4°) 28. 4/3x2)4 


29. jz 
w. »/% 
a 


Evaluating an Expression Involving Radicals In 
Exercises 31-36, evaluate the expression at x = 2, 


y = 3, andz=5. 
33, 4/16x-4y*z4 
35. 3/z+ V2? 


Rationalizing a Denominator 


34. 3/243x5y-5z!5 
36. 2/y? + 


In Exercises 37-44, 


rewrite the expression by rationalizing the denominator. 
Simplify your answer. See Examples 4 and 5. 


Dike 


a0 





41. 
5 


3 


43, ———~ 
J5 + V6 


Converting Between Forms 


the missing form. 


Radical Form 
45.40/05 
46. 3/125 =5 
47. 
48. 
49. 3/—216 = -6 
50. 3/—243 = 
51. (4/81) = 27 
52. 4/81? = 27 
53. 
54. 





5 
38. Ji0 
5 
40 exp 
5x 
42. Faas 
5 
44. 2 /Ji0 — 5 —s 


In Exercises 45-54, fill in 


Rational Exponent Form 


3931/5 = 9 
— (1441/2) = —]2 
1257/3 =.25 


1657/4 = 32 
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Simplifying with Rational Exponents§ In Exercises 
55-70, simplify the expression. See Exarnple 6. 


55. 16!/2 56. 1251/3 
57, (18) °" 58. (2)7 7 
59. (-4) "° 60, (—133)-¥° 
61. 5!/2 + 53/2 62. 41/3 . 45/3 

93/2 51/2 
63. 5 64. za 

x2 x: x!/2 

65. in. 3 66. oe 
ik, (Oe vi 68. (xx!) 
69. (16x®y4)3/4 70. (27x®y?)?/3 


Reducing the Index of a Radical In Exercises 71-76, 
use rational exponents to reduce the index of the radical. 
See Example 7. 


11. 4/y? 72. Wx3 
TS R/O, Ame ee 


75. 8/(x + 1)° 76. ~©/(x + 2)* 


Simplifying by Combining Like Radicals In 
Exercises 77-82, simplify the expression. See Example 8. 
77. 5Jx — 3Vx 78. 3/x4+1+10/x+1 
79. 5/50 + 3/8 80. 2/27 -— /75 

81. 2/4y — 2/9y $2. 2/108x + V147x 


Evaluating Radicals with a Calculator In Exercises 
838-90, use a calculator to approximate the number. 
(Round to three decimal places.) See Examples 9 and 10. 


83. 3/45 84. /57 

85. 6.72/5 86. 18.4! 

87. (0.38)-°§ OS. (255 ¢ 
- —4+/ 

—— 28 fy ene ; s 


91. Calculator Write the keystrokes used to evaluate 


4—/7 
3 


in one step on your calculator. 


92. Calculator Write the keystrokes you can use to 
evaluate 


3 (—5) 


in one step on your calculator. 


Comparing Radical Expressions — In Exercises 93-96, 
complete the statement with <, =, or >. 


93. /5 + V3 J/5 + 3 
94. ./3 -— 2 J3-2 





3 ie 
3) 96. vies a: 
11 yale 


97. Geometry Find the dimensions of a square classroom 
that has 1100 square feet of floor space (see figure). 


95. /3- 473 


————— X ———> 


k 








On) HOW DO YOU SEE IT? Package A is a cube 


with a volume of 500 cubic inches. Package B is 
a cube with a volume of 250 cubic inches. Is the 
length x of a side of package A greater than, less 
than, or equal to twice the length of a side of 
package B? Explain. 





Declining Balances Depreciation In Exercises 99 
and 100, find the annual depreciation rate r by using the 
declining balances formula 


S\t/n 
r=1-(8) 


where rn is the useful life of the item (in years), S is the 

salvage value (in dollars), and C is the original cost (in 

dollars). 

99. A mammography machine with an original cost of 
$25,000 is depreciated over an eight-year period, as 
shown in the bar graph. 


Cost — 
$25,000 








__ Salvage value 
$2,500 


Value (in dollars) 
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100. An ultrasound machine with an original cost of 
$135,000 is depreciated over a 10-year period, as 


shown in the bar graph. 




















Cost 
$135,000 
140,000 ++ 
120,000 4 
Z Ll in 
3 100,000- 
3 80,000 
2 60,000 -| 
a ROOD Salvage value 
aero $15,000 
20,000 | i r] AN 
T T T T T Uae T T T [| > 
10} | De rl Ey TY th KD) 


Year 


101. Period of a Pendulum The period 7 (in seconds) 
of a pendulum is given by 


re "i 
T= ee 


where L is the length (in feet) of the pendulum. Find 
the period of a pendulum whose length 1s 4 feet. 

102. Period of a Pendulum Use the formula given in 
Exercise 101 to find the period of a pendulum whose 
length is 2.5 feet. 

103. Escape Velocity The escape velocity (in meters 
per second) on the moon 1s 





we 28e x 10-1)(7.36 x 102) 
1.74 x 10° 3 


A rocket, launched vertically from the moon, has a 
velocity of 2000 meters per second. Will the rocket 





escape the moon’s gravitational field? 

104. Erosion A stream of water moving at the rate of v 
feet per second can carry particles of size 
0.03 /v inches. 


Find the size of the largest particle that can be carried 
. ‘ Sle fi: 
by a stream flowing at the rate of 5 foot per second. 


Estimating Speed A formula used to help determine 
the speed of a car from its skid marks is 


S = /30Df 


where S is the least possible speed (in miles per hour) of 
the car before its brakes are applied, D is the length of 
the car’s skid marks (in feet), and f is the drag factor of 
the road surface. In Exercises 105 and 106, find the least 
possible speed of the car for the given conditions. 


105. Skid marks: 60 feet, drag factor: 0.90 
106. Skid marks: 100 feet, drag factor: 0.75 


Wind Chill A wind chill temperature is a measure of 
how cold it feels outside. The wind chill temperature W 
(in degrees Fahrenheit) is given by 


W = 35.75 + 0.62157 — 35.75v°'® + 0.4275Tv%"® 


where T is the actual temperature (in degrees Fahrenheit) 
and v is the wind speed (in miles per hour). In Exercises 
107 and 108, find the wind chill temperature for the given 
conditions. (Source: NOAA's National Weather Service) 
107. Actual temperature: 30°F, wind speed: 20 mph 


108. Actual temperature: 10°F, wind speed: 10 mph 


Notes on a Musical Scale In Exercises 109-111, find 
the frequency of the indicated note on a piano (see figure). 
The musical note A above middle C has a frequency of 
440 vibrations per second. If we denote this frequency by 
F,, then the frequency of the next higher note is given by 
F, = F, + 2'/'2, Similarly, the frequency of the next note is 
given by F, = Fa: 21/12, 





One octave above middle C 


Middle C 
109. Find the frequency of the musical note B above 
middle C. 
110. Find the frequency of the musical note C that is one 
octave above middle C. 
111. Which note would you expect to have a higher 
frequency? Explain your reasoning. 
(a) Musical note E one octave above the E above 
middle C 
(b) Musical note D one octave above the D above 
middle C 


112. Calculator Experiment 
number in your calculator and repeatedly take the 


Enter any positive real 


square root. What real number does the display appear 
to be approaching? 

113. Calculator Experiment Square the real number 
Py ./5 and note that the radical is eliminated from the 
denominator. Is this equivalent to rationalizing the 
denominator? Why or why not? 

114. Think About It How can you show that a°= 1, 
a#(? (Hint: Use the property of exponents 


q™ ae = a™ he 


115. Think About It Is it true that /4x? 
real number x? Explain. 
116. Think About It Explain why /2 + /3 # J5. 


2x for every 


@ Quiz Yourself 39 


Q U | Zz YO U rR > E L F See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this quiz as you would take a quiz in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, place the correct symbol (<, >, or =) between the two real 
numbers. 


Lew ae | PAY) eed 
3. Determine which numbers in the set 
MUR TE a 


are natural numbers, integers, rational numbers, and irrational numbers. 


4. Use inequality notation to describe the subset of real numbers: x is positive or x 1S 
equal to zero. 


5. Find the distance between the numbers —6 and 5. 


6. Identify the terms of the algebraic expression Bee a bea Pe 


In Exercises 7-10, perform the indicated operation(s). (Write fractional answers in 
simplest form.) 








3 
De Ae, (se 7 8 ae 
7) 

Be oa) Hise oe 
cis eae ND ce 
In Exercises 11 and 12, rewrite the expression with positive exponents and 
simplify. 
11 x) xe) 

Sy) 
eh [Sy 


13. A flea consumes 0.000014 liter of blood in one day. Write the number of liters in 
scientific notation. 


14. You deposit $5000 in an account with an annual interest rate OL 2.270, 
compounded quarterly. Find the balance in the account after 5 years. 


In Exercises 15 and 16, evaluate the expression. 


peal 
3 
16. (3/—64)° 


In Exercises 17-19, simplify the expression. 


17. 31/2 - 33/2 18. 3/81 — 43/3 19. 19/125 


20. Find the dimensions of a cube that has a volume of 10,648 cubic centimeters. 
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In Exercise 64 on page 47, you will find 
a polynomial that represents the total 
number of square feet in a floor plan. 


m Write a polynomial in standard form and perform operations with polynomials. 
@ Use special products to multiply polynomials. 
@ Use polynomials to solve application problems. 


Polynomials and Operations with Polynomials 


One of the simplest and most common types of algebraic expressions is a polynomial. 
Here are some examples. 


Dg Sey Bi hie see Be a eee es yan le 2) 


The first two are polynomials in x and the third is a polynomial in x and y. The terms of 
a polynomial in x have the form ax‘, where a is the coefficient and k is the degree of 
the term. Because a polynomial is defined as an algebraic sum, the coefficients take on 
the signs between the terms. For instance, the polynomial 


Pee Me hee Che ae (Nvaeal 


NaS COCHICICNISE aa OO wancule 


Definition of a Polynomial in x 


Let a,,. . ., 5, 4,, A) be real numbers and let n be a nonnegative integer. 
A polynomial in x is an expression of the form 


C0? a a ds 


where a, # 0. The polynomial is of degree n, and the number a, is the leading 
coefficient. The number a, is the constant term. The constant term is considered 
to have a degree of zero. 


Note in the definition of a polynomial in x that the polynomial is written in 
descending powers of x. This is called the standard form of a polynomial. 


)S'<ehveye)(-Wam Rewriting a Polynomial in Standard Form 


Polynomial Standard Form Degree 
DA OG ee at SS). ete se Sho 2) 3 
Bed 9x" —9x4 4 2 
cas 8 (8 = 8x°) 0 


of Checkpoint 1 





Rewrite the polynomial 
ae OX eto 


in standard form and state its degree. = 


Another way to describe a polynomial is that it is the sum of monomials. A 
monomial is an expression of the form ax*, where a is a real number and k is a 
nonnegative integer. The sum of two monomials is called a binomial. The sum of three 
monomials is called a trinomial. 


beboy/Shutterstock.com 


ALGEBRA TUTOR 





For help in finding the 

sums and differences in 
Example 3, see the Chapter 0 
Algebra Tutor on page 63. 
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A polynomial that has all zero coefficients is called the zero polynomial, denoted 
by 0. This particular polynomial is not considered to have a degree. For a polynomial 
in more than one variable, the degree of a term is the sum of the powers of the variables 
in the term. The degree of the polynomial is the highest degree of all its terms. For 
instance, the polynomial 5x*y — xy? + 2xy — 5 has two terms of degree 4, one term 
of degree 2, and one term of degree 0. The degree of the polynomial is 4. 


Identifying a Polynomial and Its Degree 


doy ox = is a polynomial of degree 3, 


b. ./x? — 3x is not a polynomial because the radical sign indicates a noninteger power 
Of, 


c. x? + 5x7! is not a polynomial because of the negative exponent. 


o Checkpoint 2 





Determine whether the expression 


Dee ae DS) 
ie 





is a polynomial. If it is, state its degree. i 


You can add and subtract polynomials in much the same way that you add and 
subtract real numbers—you simply add or subtract the like terms (terms having the 
same variables raised to the same powers) by adding or subtracting their coefficients. 
For instance, — 3x? and 5x? are like terms and their sum is given by 


—3x2 + 5x2 = (—3 + 5)x? = 2x?. 


seetnte(-Km Sums and Differences of Polynomials 


a. (5x9 — 7x2 — 3) + @ + 2x? — x + 8) 
= (65S Se ee) ek 1b) = Feat =) Group like terms. 
=O — OX" — Xe Combine like terms. 


b. (7x* = xe — 4% + 2).— Bx* — 4x74 3x) 


= Tx4 — x2 — 4x + 2 — 3x4 + 4x? — 3x Distributive Property 
= (7x) (Axe ei (de — 3x) 2 Group like terms. 
SrA a 32 ee Combine like terms. 


*/ Gtiackpolnt 3 


Find the sum (2x2 + x + 3) + (4x + 1) and write the resulting polynomial in 
standard form. wa 





A common mistake is to fail to change the sign of each term inside parentheses 
preceded by a minus sign. Here is an example. 


— (3x4 — 4x? + 3x) = —3x4 + 4x2 — 3x Correct 





Common mistake 


al ns 


NO 
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To find the product of two polynomials, you can use the left and right Distributive 
Properties. For example, treat (5x + 7) as a single quantity and multiply (3x — 2) by 
(Sx + 7), as shown. 


(3x — 2)(5x + 7) = 3x(5x + 7) — 2(5x + 7) 
==5 (3%) (Sx) (30) pa 2)( 5x) = (2) 7) 
= 15x? + 21x — 10x — 14 


= ae —— 
Product of Product of Product of Product of 
First terms Outer terms Inner terms Last terms 


= 15x? + 1llx -— 14 


You can use the four special products shown in the boxes above to write the product of 
two binomials in the FOIL form in just one step. This is called the FOIL Method. 


is <creyel(-wam Using the FOIL Method 


Use the FOIL Method to find the product of (2x — 4) and (x + 5). 


SOLUTION 
F O I Ie 
(Qa A) Cela tL ee ee) 
= 2) Ox 020) 

nf Checkpoint 4 
Find each product. 
Pes ae euler ae Ol 
b. Gx + 1)@ — 1) B 


When multiplying two polynomials, be sure to use the Distributive Property to 
multiply each term of one polynomial by each term of the other. The vertical format is 
a convenient way to multiply two polynomials. 


Using a Vertical Format to Multiply Polynomials 


Multiply @= — 2a 2)\by (x= 2), 





SOLUTION 
pera, he OE Standard form 
pe oe De SED) Standard form 
BO Dey My 2(x? — 2x + 2) 
2x? — 4x? + Ax Gx (x? — 2x + 2) 
2x2 — 4x +4 WM o2(x? — 2x + 2) 
x* + 0x9 + Ox? + 0x + 4=274+4 Combine like terms. 


So, (x? — 2x + 2)(x2 + 2x + 2) = x4 4+ 4. 


A Chackoolnt 5 


Multiply (x? x F 4) by 3x49 1). a 
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Special Products 


f ' . 
/ My Special Products 
Let u and v be real numbers, variables, or algebraic expressions. 


Special Product Example 


Sum and Difference of Two Terms 


(y+ vu — vy) =u? = (x + 4) — 4) = x? — 16 
Square of a Binomial 

(u + v)* = uw? + Qu + vy? (x + 3)? =x? + 6x +9 

(u — vy)? = u* — Quy + v? (Sa) Ox 1 4 


Cube of a Binomial 
(u + v)? = w + 3u2v + 3uv? + v3 (x + 2)3 = x9 + 6x2 + 12x + 8 


(u — v)? = 2 — 3u2v + 3uv? — v3 (x — 1)2 = x° — 3x2 + 3x -1 


Seeteye(-Meme um and Difference of Two Terms 





(5x + 9)(S5x — 9) = (5x)? — 92 


II 
i) 
Nn 
+ 

tN 

| 
(oe) 


ncheekooint 6 


Find the product (3 — x)(3 + x). 


je <oreye)(-Wam Square and Cube of a Binomial 
BY, (lene = Me — P(e ae ele 
= 36x* — 60x + 25 
b. (3x + 2)? = (3x)? + 3(3x)2(2) + 3(3x)(2)? + 23 


= 27x3 + 54x? + 36x + 8 asada 


e/ Checkoomt 7 
Find each product. 
a. (% + 4)? th, (ee as ea 


ecoeye)(-Memm Lhe Product of Two Trinomials 
Gobey — 2) y 2) [ee ey) ey) 2 | 
= (yy) ee 


Sto ea 


/chacksolnt 8 


Find the product (x + 5 — y)(x + 5 + y). 


Viorel Sima/Shutterstock.com 
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Applications 


€ eoreje(eme A Savings Plan 


At the same time each year for five consecutive years, you deposit money in an account 
that earns 7% interest, compounded annually. The deposit amounts are $1500, $1800, 
$2400, $2600, and $3000. After the last deposit, is there enough money to pay a 
$12,000 college tuition bill? 


SOLUTION Using the formula for compound interest, for each deposit you have 


-~\nt 
Balance = Pl “ *) 
nl 


= P(1 + 0.07) 
= P(1.07)'. 


For the first deposit, P = 1500 and t = 4. For the second deposit, P = 1800 and t = 3, 
and so on. The balances for the five deposits are as follows. 


Date Deposit Time in Account Balance in Account 
First Year $1500 4 years 1500(1.07)4 
Second Year $1800 3 years 1800(1.07)3 

Third Year $2400 2 years 2400(1.07)? 

Fourth Year $2600 1 year 2600(1.07) 

Fifth Year $3000 0 years 3000 


By adding these five balances, you can find the total balance in the account to be 
1500(1.07)* + 1800(1.07)? + 2400(1.07)? + 2600(1.07) + 3000. 


Note that this expression is in polynomial form. By evaluating the expression, you can 
find the balance to be $12,701.03, as shown in Figure 0.10. 











A 
14,000 + $ 12,701.03 
=> 12,000 + 
a 
= 10,000 + 9,066.38 
a] 
£ 8,000- 
o 6,043.35 
2 6,000-+ 
3 joo 3,405.00 
2,000 + 1,500.00 | 
T eaaraT Se | cam ile ay 
| 2 3 4 5 
Year 


FIGURE 0.10 


After the fifth deposit, there is enough money in the account to pay the college tuition 


a/ Gheokoolt 9 





In Example 9, suppose the account earns 5% interest. What is the balance in the 
account after the last deposit? @ 








20 — 2x 


FIGURE 0.11 
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€ le orerse)(-willy Geometry: Volume of a Box 


An open box is made by cutting squares from the corners of a piece of metal that 
measures 16 inches by 20 inches and turning up the sides, as shown in Figure 0.11. The 
sides of the cut-out squares are all x inches long, so the box is x inches tall. Write an 
expression for the volume of the box. Then find the volume when x = 1, x = 2, and 
x = 3 inches. 


SOLUTION 

Verbal : , 

Model: Volume = Length - Width - Height 

Labels: Height = x (inches) 
Width = 16 — 2x (inches) 
Length = 20 — 2x (inches) 


Equation: Volume = (20 — 2x)(16 — 2x)(x) 
= (320 — 72x + 4x?)(x) 
= 320 a 
When x = | inch, the volume of the box is 
Volume = 320(1) — 72(1)? + 4(1)? 
= 252 cubic inches. 
When x = 2 inches, the volume of the box is 
Volume = 320(2) — 72(2)? + 4(2)? 
= 384 cubic inches. 
When x = 3 inches, the volume of the box is 


Volume = 320(3) — 72(3)? + 4(3)3 


420 cubic inches. pie aS ae ie a 


a/-Chackpolrt 10 


In Example 10, suppose the original piece of metal is 10 inches by 12 inches. 
Write an expression for the volume of the box. Then find the volume when x = 2 
and x = 3 inches. a 


SUMMARIZE (Section 0.5) 


4. State the definition of a polynomial in x and explain what is meant by 
the standard form of a polynomial (page 40). For an example of rewriting 
polynomials in standard form, see Example 1. 


2. Describe how to add and subtract polynomials (page 4/). For examples of 
adding and subtracting polynomials, see Example 3. 


3. Describe the FOIL Method (page 42). For an example that uses the FOIL 
Method, see Example 4. 


4. Explain how to find the square and cube of a binomial (page 43). For an 
example of squaring and cubing a binomial, see Example 7. 


David Gilder/Shutterstock.com 


46 Chapter 0 m Fundamental Concepts of Algebra 





The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Section 0.3. 


SKILLS WARM -P 0.5 


In Exercises 1-10, perform the indicated operation(s). 





1. (7x?)(6x) 2. (5x3)(— 922) 3. (1023)(— 227") 4. (—3x4)(5x-) 
Dah oa 32x4 
sai 2\3 ee 2\3 : peste elle 
San) 6. r) 1972 8. or 





See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Rewriting a Polynomial in Standard Form In 21. (15x2 — 6) — (—8x* - 14x2 — 17) 
Exercises 1-6, rewrite the polynomial in standard form. 22. (15x4 — 18x — 19) — (13x4 — 5x + 15) 
Then identify the degree and leading coefficient of the 
polynomial. See Example 1. 





Multiplying Polynomials — In Exercises 23-52, find the 








1. 3x + 4x° + 2 2. x? — 4 — 3x" product. See Examples 4, 5, 6, 7, and 8. 
3. -8 +x 4.23 — x 23. 3x(x? — 2x + 1) 24. 2(222 + 3z + 1) 
Slr On es 2 25. —3x(—x)(3x -— 7) —-26. (2 — x°)(—2x)(4x) 
identifying a Polynomial and Its Degree In Exercises a7. (x + 3)n 4) 28. (x — S)(x + 10) 
7-12, determine whether the algebraic expression is a 29. (3x — 5) Vax a) 30. (7x — 2)(4x — 3) 
polynomial. If it is, write the polynomial in standard form 31. (x2 + 2x)\(x2? +x—-—3) 32. (3x - A)(x2 — 2x + 1) 
and state its degree. See Example 2. 33, (—x2 + x — 5)(3x2 + 4x + 1) 
I. 2% = 3x 8 §. 2x2 + x — 3x7! 34. (2 + 3x + 2)(2x2 — x + 4) 
9, set4 (9, ete 8 35. (x +5 is =*) 36. (ax + 2)(3x — 2) 
‘i _ 37. (x + € 38. (3x — 2)? 
11. w? — w4 + 2w? 20a) ye aye 39. (2x — ee 40 aera 
Evaluating a Polynomial In Exercises 13-16, evaluate 41. [(x — 3) + yP 42. [(@ + 1).— yP 
the polynomial for each value of x. Adicts) 2 Ad. (x2)? 
13. 4x + 5 (a)x=-2 (b)x=-!] 45x = 9) 46. (3x + 2y)° 
(c) x =0 (d) x =3 47, (3y? — 1)(3y? + 1) 48. (3x2 — 4y*)(3x2 + 4y’) 
14. -x2 +3 (a) x= =—3 (b+) x= 2 49. (m — 3 + n)Qn — 3 =n) 
(c) x =0 (d) x=1 50. (xty+Da@t+y-1) 
15 +3x+4 (yi ee (eed SV aon cL) ae ee 
()x=0 (d)x=1 Be (cee ee) (he 2) 
16. xP — 4° +x (a) x=—1 (6) x=0 
oy eee aaa Operations with Polynomials In Exercises 53-56, 


perform the indicated operation and write the result in 
standard form. 


A Sum or Difference of Polynomials In Exercises : . 
53. Find the product of (3x — 7) and (8x + Lh 


17-22, find the sum or difference and write the resulting 


polynomial in standard form. See Example 3. 54. Subtract (3x2 — 2) from (Sx? — 7x + 4). 
17. (6x + 5) — (8x + 15) 55. Find the sum of (4x + 6) and (6x? — 8x — 11). 
18. (3° By (2 = 2x a ) 56. Multiply (x? — 2x — 4) by (x + 3). 


19. —( + 5) + (Gx — 4%) 
20.. ~ (5x7 = Li tae oe 5) 


57. Error Analysis Describe and correct the error. 


58. 


5D: 


60. 


61. 


62. 


63. 


64. 


Section 0.5 m Polynomials and Special Products 


Error Analysis Describe and correct the error. 


OS) — ir tT 30 


Compound Interest After 3 years, an investment of 
$1000 earning an interest rate r compounded annually 
will be worth 1000(1 + r)? dollars. Write this expression 
as a polynomial in standard form. 


Compound Interest After 2 years, an investment of 
$800 earning an interest rate r compounded annually 
will be worth 800(1 + r)* dollars. Write this expression 
as a polynomial in standard form. 


Savings Plan At the same time each year for five 
consecutive years, you deposit money in an account that 
earns annually compounded interest. The deposits are 
$1200, $1700, $1500, $2200, and $3000. Is there enough 
money in the account after the last deposit to pay a $10,000 
college tuition bill when the rate of annually compounded 
interest is 4%? 3%? 2%? 


Savings Plan You have an investment that pays an 
annual dividend. Each January for six consecutive years, 
you reinvest this dividend in an account that earns 4% 
interest, compounded annually. The dividends are shown 
in the table. Is there enough money in the account after 
the sixth deposit for a $7000 down payment on a car? 


























Z $1000 
3 $780 

4 $1310 
5 $1020 
6 $1200 





Federal Student Aid The total amount (in millions 
of dollars) of federal student aid disbursed each year 
from 2000 through 2007 can be approximated by 


pelo t4x> + 6777.8x + 43,161 


where x represents the year, with x = 0 corresponding to 
2000. Evaluate the polynomial at x = 6 and x = 7. 
Explain the meaning of your results in the context of the 
situation. (Source: U.S. Department of Education) 


Geometry Find a polynomial that represents the 
total number of square feet in the floor plan. 


x ft x ft 12 ft 
I~ eat te je —| 





20 ft 
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65. Geometry A box has a length of (57 — 2x) inches, a 


width of (39 — 2x) inches, and a height of x inches. 
Find the volume when x = 4, x = 6, and x = 10 inches. 
Which x-value gives the greatest volume? 





(39 — 2x) in. 


Om 9) HOW DO YOU SEE IT? An open box has a 
length of (52 — 2x) inches, a width of (42 — 2x) 


inches, and a height of x inches, as shown. 








(42 — 2x) in. 


(52)= 2x) im: 


(a) Describe a way that the box could have been 
made from a rectangular piece of cardboard. Give 
the original dimensions of the cardboard. 


(b) What degree is the polynomial that represents the 
volume of the box? Explain. 


(c) Describe a procedure for finding the value of x 
(to the nearest tenth of an inch) that yields the 
maximum possible volume of the box. 


67. Project: Population For a project 
involving the population of the United States 
from 1990 to 2009, visit this text’s website at 
www.cengagebrain.com. (Source: U.S. Census 
Bureau) 


I ) | 
| [ Section 0.5 | Project; Population 

| | 

| 

Pro viel estlmatey of the LN. poration (in anilions), as uf 

| 
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0.6 Factoring 





m Factor a polynomial by factoring out common factors. 
mw Factor a polynomial in a special form. 

m Factor a trinomial as the product of two binomials. 

mw Factor a polynomial by grouping. 


Common Factors 








The process of writing a polynomial as a product is called factoring. It is an important 
too! for solving equations and reducing fractional expressions. 

(y+ 1) ft A polynomial that cannot be factored using integer coefficients is called prime or 
irreducible over the integers. For instance, the polynomial 





Area = (2x2 —x— 3) ft 


x2 -—3 





x 


is irreducible over the integers. [Over the real numbers, it can be factored as 
x2—3=(x+ J3\(x — /3).] 

A polynomial is completely factored when each of its factors is prime. For instance, 
Fo xe da 4 oe a) Completely factored 


is completely factored, but 





ie nee 4x #4 = (x - aa 4) Not completely factored 





is not completely factored. Its complete factorization iS 


In Exercise 85 on page 54, you will ee 5 ae WG Se 2)(x — 2). 

factor a polynomial expression for 

the floor space of a room to find an The simplest type of factoring involves a polynomial that can be written as the 
expression for the length of the room. product of a monomial and another polynomial. To factor such a polynomial, you can 


use the Distributive Property in the reverse direction. 


ab + ac = a(b + c) a is a common factor. 


es ewa Factoring Out Common Factors 


Factor each expression. 


a, Ox = 4% 
b. (x — 2)(2x) + (& — 2)(3) 
SOLUTION 


a. Each term of this polynomial has 2x as a common factor. 
6x = 4) = 2 Sx (2) 
=x 3x- 12) 
b. The binomial factor (x — 2) is common to both terms. 


(x = 2)(2x) + (x — 2)(3) = @& — 2)(2x + 3) 


Y Checkpoint 1 





Factor the expression 


(x + 1)? + 2x(x + 1). al 


EDHAR/Shutterstock.com 
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Factoring Special Polynomial Forms 


Factoring Special Polynomial Forms 


Factored Form Example 


Difference of Two Squares 


wu? — yp? = (u + v)(u — v) Ox? — 4 = (3x + 2)(3x — 2) 
Perfect Square Trinomial 

wu? + 2uv + v* = (ut v)? x2 + 6x +9 = (x + 3)? 

u2 — 2uv + v* = (u — v)? x? — 6x + 9 = (x — 3) 


Sum or Difference of Two Cubes 


uw + ys 


II 


(u + v)(u2 — uv + v?) + 8 = (x + 2)(x? — 2x + 4) 


ue — vw 


ll 


(u — v)(u2 + uv + v?) Qi en le (SX = 1 )(Oe Ski) 


STUDY TIP exert) (wa Factoring Out a Common Factor First 


= 7 Factor the expression 3 — 12x”. 
n Example 2, note that 


the first step in factoring a _ SOLUTION 
yolynomial is to check for 5 ; 
. lyr ao is to check fox 3 — 12x? = cee: 4x7) 3 is acommon factor. 
common factors. Once the 
~ . hs es 3 |? —_ ‘9 ee 2 ar 
common factor is factored = 3[ (2x)2] Difference of two squares 


out, it is often possible to 
oe : — 3(1 aie 2x)(1 = 2x) Completely factored 


recognize patterns that were 
Ee SE Se 


not obvious at first glance. 


mma ' / Checkpoint 2 


Factor the expression x7 — x. Bi 


erycwMm Factoring the Difference of Two Squares 


a. (x + 2)? — y? =[(x + 2) + yl[@ + 2) -y] 
=P 2 yet 2—y) 
=(¢ ay 2) eZ) 


b. The polynomial 16x — 81 can be factored by applying the difference of two 
squares formula twice. 


16x* — 81 = (4x7)? — 9 
= (dx? + 9)(4x2 — 9) First application 
= (4x2 + 9)[(2x)? — 37] 
= (4x2 + 9)(2x + 3)(2x — 3) Second application 


«/ Cheokpolnt “s! 





Factor the expression 100 — 4y?. 8 
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A perfect square trinomial is the square of a binomial, and it has the following 
form. Note that the first and last terms of a perfect square trinomial are squares and the 


middle term is twice the product of u and v. 


u2 + 2uv + v? = (u + v)? or 


4 


Same sign 





u2 — 2uv + v? = (u — v)? 


: 





Same sign 


eee Factoring Perfect Square Trinomials 


a. 16x? + 8x + 1 = (4x)? + 2(4x)(1) + 1 


= (4x + 1)? 
b. x2 — 10x + 25 = x2 — 2(x)(5) + 5? 
=p ar—nohy 


n/ Cheekpelnt 4 





Factor each expression. 
2.457 Ax 


8 oe a WE ao She) 


The next two formulas show that sums and differences of cubes factor easily. Pay 


special attention to the signs of the terms. 


Like signs 


(sta os) 


w+y= (ut v)\(u2 — uv + v?) 


roa 


Unlike signs 


Like signs 


w — v= (u — v)(u2 + uw + v’) 


| 


Unlike signs 


Factoring the Sum and Difference of Cubes 


Factor each expression. 
ae 
Diol 
SOLUTION 
ee) ak 
= (x= 3)? 3x49) 

b. 3x° + 192 = 302 + 64) 

= 3(x° +743) 

= 3(x + 4)(x?. — 4x + 16) 


 Checkcoint 5 





Factor each expression. 
ayes | 
bear = 40 


Rewrite 27 as 3°. 
Factor. 

3 is acommon factor. 
Rewrite 64 as 4°. 


Factor. 


Section 0.6 m Factoring a 


Trinomials with Binomial Factors 
To factor a trinomial of the form ax? + bx + c, use the following pattern. 


Factors of a 





ax? + bx +c = ( ae )( nals ) 





Factors of c 


The goal is to find a combination of factors of a and c such that the outer and inner 
products add up to the middle term bx. For instance, for the trinomial 6x i le 
you can write 


F O I ly 

ee tle Foal tea 

(256 45) (B50 1) Ox + ae 1x 5 
O+] 


| 


See -tee li) acts) 


Note that the outer (O) and inner (I) products add up to 17x. 


eeldcie Factoring a Trinomial: Leading Coefficient Is 1 


Factor the trinomial x2 — 7x + 12. 


SOLUTION For this trinomial, you have a = 1, b = —7, and c = 12. Because b is 
negative and c is positive, both factors of 12 must be negative. That is, 12 = (2) (6); 
12 = (—1)(—12), or 12 = (—3)(—4). So, the possible factorizations of x2 — 7x + 12 
are 


(x — 2)(x — 6), («—1)(@— 12), and (x — 3)(x — 4). 
Testing the middle term, you find that x2 — 7x + 12 = (x — 3)(x — 4). 


&// Checkpoint 6 


Factor the trinomial x? + x — 6. a 


ea wAN Factoring a Trinomial: Leading Coefficient Is Not 1 


Factor the trinomial 2x7 + x — 15. 


SOLUTION For this trinomial, you have a = 2 and c = —15, which means that the 
factors of — 15 must have unlike signs. The eight possible factorizations are: 


Ori 15) Or 115)" (2x Gee) (2x + 3)(x — 5) 
(Zea) uae) (2x + 5)(x — 3) (2x — 15)(x+1) (2x + 15)(x - 1) 


Testing the middle term, you find that 9x2 +x — 15 = (2x — 5)(x + 3). 


SII OS I STS 


sf Checkpoint if 


Factor the trinomial 2x? — 5x + 3. z 





+ oy 


STUDY TIP 


In some cases, several different 


proupings 


( 


will work. In 


Example &, a4 different 


grouping could have been 


used 





y, 
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Factoring by Grouping 


Sometimes polynomials with more than three terms can be factored by grouping. 


$eere-wme Factoring by Grouping 


\ Ws 3x + 6 (x3 - 2x7) — (3x — 6) Group terms. 
. bed be 2) Boe 7) Factor groups. 
(x 2) exe 3) Distributive Property 


of Checkpoint 8 


) 


Factor the polynomial x7 + x? + 5x + 5. g 


Factoring by grouping can save you some of the trial and error involved in factoring 
a trinomial. To factor a trinomial of the form ax? + bx + c by grouping, rewrite the 
middle term using the sum of two factors of the product ac that add up to b. This 
technique is illustrated in Example 9. 


$%eete)(-ee Factoring a Trinomial by Grouping 


Use factoring by grouping to factor 2x? + 5x — 3. 


SOLUTION In the trinomial 2x? + 5x — 3,a = 2 and c = —3, so the product ac is 
6. Notice that —6 factors as (6)(—1), and 6 — | = 5 = b. So, you can rewrite the 
middle term as 5x = 6x — x. 
2x* + 5x — 3 = 2x7 + Ox —x-3 Rewrite middle term. 
= (2.x? “fr 6x) me (x tr 3) Group terms. 
= 2x(x + 3) — (vx + 3) Factor groups. 
mere in 3) ee eee) 


Distributive Property 


The trinomial factors as 2x? + 5x — 3 = (x + 3)(2x — 1). 


+/ Cheokpoint 9 


Use factoring by grouping to factor 2x? + 5x — 12. te 


SUMMARIZE (Section 0.6) 


1. Describe what it means to completely factor a polynomial (page 48). For an 
example of factoring out common factors, see Example 1. 


2. Make a list of the special polynomial forms of factoring (page 49). For 
examples of factoring these special forms, see Examples 3, 4, and 5. 


3. Describe how to factor a trinomial of the form ax? + bx + c (page 51). For 
examples of factoring trinomials of this form, see Examples 6 and 7. 


4. Explain how to factor a polynomial by grouping (page 52). For examples of 
factoring by grouping, see Examples 8 and 9. 


David Gilder/Shutterstock.com 


SKILLS WARM UP 0.6 


In Exercises 1-10, find the product. 
1. 3x(5x — 2) 

3. (2x + 3)? 

5. (2x — 3)(x + 8) 

7, (2y + 1)(2y — 1) 

9, (x + 4)3 


Exercises 0.6 


Section 0.6 m Factoring 53 


The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Section 0.5. 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Factoring Out Common Factors In Exercises 1-6, 
factor out the common factor. See Example 1. 


ioc O Le OY = 30 
3. 3x° — 6x 4. 4x3 — 6x? + 12x 
5, 3xix — 5) + 8(x — 5) 6. 4(5x — 4)? + x(5x — 4) 


Factoring the Difference of Two Squares In 
Exercises 7-14, factor the difference of two squares. See 
Example 3. 


7. x2 — 36 8.2 -— 5 

9. 16x — 9y? 10. x2 — 49y7 

11. @&- 1)? - 4 12. 25 — (z + 5)? 
Lansix — | 14. x* — 256 


Factoring Out a Common Factor First In Exercises 
15-20, factor the expression. See Example 2. 


15,.3x%4,- 3 16. 8x* — 18 
17. 8x2 — 50y? 18. 48 — 27x 
ees 1) — x2(x — 1) 
20. 4x2(x + 2) — 36(x + 2) 


Factoring a Perfect Square Trinomial In Exercises 
21-26, factor the perfect square trinomial. See Example 4. 


21. x* — 4x + 4 22. x* + 10x + 25 
Zamaye + l2y + 9 DA. Oem 12x ha 
25, y2—4y +4 26. 2+zt4 


Factoring the Sum or Difference of Cubes In 
Exercises 27-32, factor the sum or difference of cubes. 
See Example 5. 


27, x2 — 8 28. x3 — 27 
29. y3 + 125 30. y3 + 1000 
31. x3 — 3 32. 3 + ps 


Factoring a Trinomial In Exercises 33-46, factor the 
trinomial. See Examples 6 and 7. 


3 342e> 6x 4-8 
35. w2 —-5w+ 6 36,25 20 
87. y7 + y = 20 Bip en ie dl 
390 = 30K = 200 AQ = aU 
Al aot cae AD Ot = eal 
AS Oe roe ae 4AM IOy 4 vier 
AS, Ox oO AG, ue + 13 6 


Factoring by Grouping In Exercises 47-56, factor by 
grouping. See Examples 8 and 9. 

AT x = tx = 2 AS 3 5x- — De 25 

AD 2 = x" = Ox 3 50. 5x37 — 10x? + 3x — 6 
51, 6 + ey yy" BIZ Or tera oe 
53,2004 ok 2 54, 3x7 + 5x — 2 

BS, 6x4 = 1% ay l0 56. 8x7 + llx +3 


Factoring Completely In Exercises 57-80, completely 
factor the expression. See Examples 1-9. 


By 4k On 5S 12x2 = Aax 

59, y3 — gy 60. x3 — fx 

61. 3x2 — 48 62. Ty? — 63 

63.5" = 2xrr 1 64,932 (6x5 1 
65. 1 — 4x + 4x? 66. 16 + 6x — x? 
67. 2y? — Ty? — 15y 68. 3x4 + x3 — 102 
69) 5x7 "dS 102 Sr 


5 x + 5x2 — x 
3u — 20? +6-—u? 
(f= 1)- = Ad 

(x? + 8)? — 36x? 
hee aA 


WN, 3x + x7 + 15x 5 ype 
73, x4 — Ae + x? — 4x 74. 
75,25 = (4 eS) 76. 
77. (x2 + 1)? — 4x? 78. 
79. 2 = 16 80. 


KA 
4 


Geometric Modeling In Exercises 81-84, make a 
“geometric factoring model” to represent the given 
factorization. For instance, a factoring model for 
Ox2 + 5x + 2 = (2x + 1)(x + 2) is shown below. 


x ae Xe Lee! 


rc 


ill 


oo 























81. x2 + 3x +2 = (x + 2)(x + 1) 
82. x2 + 4x +3 = @ + 3) + 1) 
83. 2x2 + Ix + 3 = (2x + 1)@ + 3) 
84. 3x2 + 7x + 2 = Bx + 1)(x + 2) 


. Geometry The room shown in the figure has a floor 
space of (2x? — x — 3) square feet. The width of the 
room is (x + 1) feet. What is the length? 


Area = (2x2 — x — 3) ft? x +1) ft 








86. Geometry The room shown in the figure has a floor 
space of (3x7 + 8x + 4) square feet. The width of the 
room is (x + 2) feet. What is the length? 


(x + 2) ft 








87. Choosing a Method Factor each trinomial. State 
whether you used factoring by grouping or factoring by 
trial and error. 

(aye + Lge 

(b) 3x2 + 7x — 20 

Think About It Find all integers b for which 
x? + bx + 24 can be factored. Describe how you found 
these values of b. 


88. 
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89. 


90. 


91, 


On 


Think About It Find all integers c > 0 for which 
x2 + 8x + c can be factored. Describe how you found 
these values of c. 


Error Analysis Describe and correct the error. 


Think About It Describe two different ways to 
factor 2a) 1) va LS. 


92. HOW DO YOU SEE IT? The figure shows a 


935 


large square with an area of a? that contains a 
smaller square with an area of b’. 


—<—— d —————> 


i 


b 
Y 


x b> 


(a) Describe the regions that represent a* — b*. How 
can you rearrange these regions to show that 


a — b* = (a — b)(a + b)? 

(b) How can you use the figure to show that 
(a — b)? = a? — 2ab + b*? 

(c) Draw another figure to show that 
(a b)7 =a" = Lab b-. 


Explain how the figure shows this. 


Geometric Modeling The figure shows a large cube 
with a volume of a> that contains a smaller cube with a 
volume of b°. When the smaller cube is removed, the 
remaining solid has a volume of 


a b3 


and consists of the three rectangular boxes labeled 
Box 1, Box 2, and Box 3. Explain how you can use the 
figure to obtain the factoring formula 


a? — b3 = (a — b\(a2 + ab + b?). 


Box 1 


Box 2 


Box 3 





Section 0.7 m Fractional Expressions 55 


‘Oy im ml (edi (e)at-| i >.40)¢-t-t-J (eats 








Percent of ‘th oxygen level 
& z 


Weitere OS. 6.7 3S Feld Mo 


Time (in weeks) 





In Exercise 72 on page 61, you will 
draw conclusions about the oxygen 
level of a pond based on a bar graph 
obtained using a rational model. 


STUDY TIP 


The domain of an algebraic 
expression does not include 
any value that creates division 
by zero or the square root of 











a negative number. 


m Find the domain of an algebraic expression. 
m Simplify a rational expression and perform operations with rational expressions. 
m Simplify a complex fraction. 


Domain of an Expression 


The set of all real numbers for which an algebraic expression is defined is called the 
domain of the expression. For instance, the domain of 


| 


Xx 


is all real numbers other than x = 0. Two algebraic expressions are equivalent if they 
have the same domain and yield the same values for all numbers in their domain. For 
instance, the expressions below are equivalent. 


[e+ 1) + @ + 2)] Ox 3 


etdcwen Finding the Domain of an Algebraic Expression 


a. The domain of the polynomial 
PO ioe ee 


is the set of all real numbers. In fact, the domain of any polynomial is the set of all 
real numbers (unless the domain is specifically restricted). 


b. The domain of the polynomial 
x2+5x+2, x>0 


is the set of positive real numbers, because the polynomial is specifically restricted 
to that set. 


c. The domain of the radical expression 
Vx 


is the set of nonnegative real numbers, because the square root of a negative number 
is not a real number. 
d. The domain of the expression 
bl she” 
"at 





is the set of all real numbers except x = 3, because the value x = 3 results in 
division by zero, which is undefined. ee 


+/ Gheckpoint 1 


ames 


Find the domain of each expression. 





c. 4x a 


Edyta Pawlowska /Shutterstock,com 
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Simplifying Rational Expressions 
The quotient of two algebraic expressions is a fractional expression. Moreover, the 
quotient of two polynomials such as 

| eee eel 


x27 +1 








is a rational expression. Recall that a fraction is in simplest form if its numerator and 
denominator have no factors in common aside from +1. To write a fraction in simplest 
form, divide out common factors. 





te b#=0, c=O0 


The key to success in simplifying rational expressions lies in your ability to factor 
polynomials. 


IS <eresse)(-WA Simplifying a Rational Expression 














pee Ann ee 
Write the expression a ae in simplest form. 
Ort 
SOLUTION 
x*+4x—12 (x + 6)\% —2) : a 
= Jact 0 pletely. 
ne = © 3(x — 2) ictor completely 
(oO) Ueno) aay ne 
fas /ide out cor actors. 
3(x—7Z) 1vide common tac Ss 
TEP 6 
Tn ate cig D2 Simplify. 


Note that the original expression is undefined when x = 2 (because division by zero is 
undefined). Because this is not obvious in the simplified expression, you must add 
the domain restriction x # 2 to the simplified expression to make it equivalent to the 
original expression. 
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2x2 — 
3 in simplest form. @ 
IX 


Wp 


Write the expression 


In Example 2, do not make the mistake of trying to simplify further by dividing out 
terms. 








Remember that to simplify fractions, you divide out factors, not terms. 

When simplifying rational expressions, be sure to factor each polynomial 
completely before concluding that the numerator and denominator have no factors in 
common. Moreover, changing the sign of a factor may allow further simplification, as 
demonstrated in part (b) of the next example. 


STUDY TIP 





In Example 3(b), note that 


when factoring completely, 
eek —(x'— 4). 
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¥ Checkpoint 3 


. 
: Napa! 
Write the expression in simplest form. 


2x* — 2 


Factor completely 
and divide out 
common factors. 
Factor completely 
and divide out 
common factors. 


Simplify. 


To multiply or divide rational expressions, use the properties of fractions (see 
Section 0.2). Recall that to divide fractions you invert the divisor and multiply. 


scernyycwen Multiplying Rational Expressions 


6x? — 6x Pe enO 
ge ab Phe —— 8} Dye 





6x(x — 1)(x + 3)(x — 2) 
~~ (x — 1) + 3)(2x 


_ 322 —Nle+3)(e — 2) 
(xT) (x +3) (24) 
= 3(0— 2), ke OS, Ka Oar 
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Multiply and simplify: 3 


serteaee Dividing Rational Expressions 


(hi We x? — 2x D5 x? = Onna 
Bab 16 ke de en = 

ag) oie?) ne) 

(3) — 4)(x)(@ — 2) 

(2k) (2-2) (x4) 

~ (3)(x—4)(4)@—2) 
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Divide and simplify: 


Original product 


Factor and multiply. 


Divide out 
common factors. 


Simplify. 


Invert and multiply. 


Factor and multiply. 


Divide out 
common factors. 


Simplify. 


SSS 
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To add or subtract rational expressions, use the least common denominator (LCD) 
method or the following basic property of fractions (see Section 0.2). 
Qe c! Suds De 
+ 


a ihe ie b#0,d#0 





This property is efficient for adding or subtracting two fractions that have no common 
factors in their denominators. 


|5Zeterhe)(-M-e ~©Adding Rational Expressions 


X ab js = x(x aie 4) a 20 = 3) Qe ad + be 
be OSE tapi un! (03) (Guat) bd bd 
eee oe 6 
(x — 3)(Gx + 4) 








Distributive Property 








3x? + 6x — 6 ree conceal 
— oOmbine like terms. 
(x — 3)(3x + 4) : ex 
3(x? + 2x — 2) is 
_— actor. 
(x — 3)(3x + 4) Ben 
nf Cheaknomt 6 
Subtract: ne cs a 
x 3 


For fractions with repeated factors in their denominators, the LCD method works well. 


Combining Rational Expressions: The LCD Method 
STUDY TIP 


aks 













D, ge x+3 
4 | Meee 
SOLUTION Using the factored denominators (x — 1), x, and (x + 1)(x — 1), you can 
see that the least common denominator is x(x + 1)(x — 1). 





Recall that the least common 
denominator of two or more 
fractions consists of the 
product of all prime factors 
in the denominators, with 


Perform the indicated operations and simplify: 
as 





: ; g) PIPE sages) 
each factor given the highest apo ae 
a Z ei mw = il 
power of its occurrence in 
any denominator, B(x) I) Ae ye) (ree) a) 









- x(x + U(x — 1) x(x + 1D)& = 1) i x(x + 1)(x - 1) 


3(x)(x + 1) — 2 + 1) — 1) + & + 3)(x) 
x(x + 1)(% = 1) 





3x? + 3x — 2x27 +24 x2 + 3x 
SiGe ax She => 1) 


2h? On 42 2(x7 ox 1) 


Kor I= 1) xe + 1) = 1) 
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Perform the indicated operations and simplify: 


Shy Ab ag 4 
OO 1 ay 








Section 0.7 m Fractional Expressions 59 


Complex Fractions 


Fractional expressions with separate fractions in the numerator and/or the denominator 
are called complex fractions. Here are two examples. 


and 


+] ( | 
x2 + 1 


A complex fraction can be simplified by combining the fractions in its numerator into a 
single fraction and then combining the fractions in its denominator into a single fraction. 
Then invert the denominator and multiply. 





Soret (-M-me Simplifying a Complex Fraction 


eanenaleres 


= : Combine fractions. 


























= &) Simplify. 
xl 
2 =X ee 
= * Invert and multiply. 
x Ke 
293k) ial 
a ( x)(x ) wy 
pal, = 8) 
checkpoint 8 
=) 
Simplify the complex fraction an: & 
bee 


Another way to simplify the complex fraction in Example 8 is to multiply the 
numerator and denominator by the LCD of all fractions in its numerator and 
denominator, as shown below. After simplifying, the same result is obtained. 





[SG DiSex (ew) 











SUMMARIZE (Section 0.7) 


1. State the definition of the domain of an algebraic expression (page 55). For 
an example of finding the domain of an algebraic expression, see Example 1. 


2. State the definition of a rational expression and describe how to simplify a 
rational expression (page 56). For examples of simplifying rational expressions, 
see Examples 2, 3, 4, 5, 6, and 7. 

3. State the definition of a complex fraction (page 59). For an example of 
simplifying a complex fraction, see Example 8. 


David Gilder/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
TEES WARM P 0.7 these skills in the exercise set for this section. For additional help, review Section 0.6. 


In Exercises 1-10, completely factor the polynomial. 





Lok ioe 2.0K 9 

3. 9x7 — 6x + 1 4.9 + 12y + 4y? 
5.2 +42+3 Gre 20 0K a LOO 
Te 3 8x — 3x2 8. 3x? — 46x + 15 
9, °° +s* —45—4 10) 25° — 128 



















































































| =><s) rcises 0. 7 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Checking Domain Values In Exercises 1-4, determine 2x Ox? + Ox 
whether each value of x is in the domain of the expression. 21. Ay +4 22. la) 
see 2 | a 5 Cae 
1. (a)x=-= (b) x=2 yy eee 14 
4x + 2 : ie 8x — 24 
Me Se 3) 3 Dees 216 
jm Qr=—— (bie 4 pg ae ae 26 
a 2 ee AM 
Se/ 2x FA CV PC a Je ee 5x2 em Gx Ps = 22 
4. /3x -—9 (a) x= —=3. (bys ; x2-4 : x = 9 
Pe : 5 ; Ve ee yale ieee = 0 
Finding the Domain of an Algebraic Expression In 29; aa ae 30. Lata 
Exercises 5-12, find the domain of the expression. See : ics : : ; = 
Example 1. 31. 2X Ten Suis 32. = 5 = = = 5 
Seat ae O06? 29 =: 0) a ‘i 2 ss 
és | IS ee Se 
| be in| 33 a 4. 
a oe: Dears z2+3z74+9 3 y? + 8 
ia 4x + 3 reer cee: aes . : 
9, 10. = Multiplying or Dividing Rational Expressions In 
xe — 4x x* — 36 Exercises 35-48, perform the indicated operations and 
le ae ae 1 12S simplify. See Examples 4 and 5. 
5 x-1 x13 Sa 
Equivalent Rational Expressions _ In Exercises 13-18, 35. ae 5) 36. 33 — ee 
find the missing factor and state any domain restrictions j ; 
necessary to make the two fractions equivalent. B7s (= mee 7) . 5 ss 
3 = 2 Bi oem 
a 2X 6x2 ; 4 a A(x ale 1) 38. a z a s) ( ae a Ag 2) 
15, 2t1_ +0) |, 3y-4_ Gy 4) aoe ae 
Soros x(x — 2) yd st) 39. Ao poe. ae 
oe MM) id, de i. ‘ ; : 
“x-3 2x2-x-6 "ga oa 41. Ee aes 42. z al = 4y 
pe se ye) Ge at 2y" y* =D VgaeO 
Simplifying a Rational Expression In Exercises 43 Sade Se ie a x 
19-34, write the rational expression in simplest form. See Bde ele ote on Se 
Examples 2 and 3. " x3 — 8 ej 
19 15x? ¢ 20 24y? “y+t+1 x3 — 3x2 + 2x 
10x S6y’ 45 B(x yy) ox ty 46, = + Zo, le 
: 4 ia 5 5-3) 5Gaee 


2 : 2 3 257 \2 
x x 4s. 2 1 _& 1) 


47. ; . 
u aah ee (x. +1) x x 








Finding the Least Common Denominator In 
Exercises 49-52, find the least common denominator of 
the expressions. 














10 5c ap Il x 3 
49. ‘ 

x+4 x? — 2x — 24 a xt+2x%+5x+6 

1 1 1 | 1 i 
Sil ‘ ae : 

x” x—-—1 x*-x ohh ie ye ee 


Adding or Subtracting Rational Expressions In 
Exercises 53-62, perform the indicated operations and 
simplify. See Examples 6 and 7. 


























53. — + 54. x -—* 
55, = 56. - 

51.4 + — 2) oe 0 
eee eee 
61. 2455 sa ee = aay 


Simplifying a Complex Fraction In Exercises 63-68, 
simplify the complex fraction. See Example 8. 














63. -—> 64. ; ; 7 
4 x 
65. Pees) E = 1 66. (aa) 1 
[a] oo 
= ) 
67. R=) “Ea 68. 5+) 


Monthly Payment In Exercises 69 and 70, use the 
formula for the approximate annual interest rate r of a 
monthly installment loan 


lee = S| 


a 


where N is the total number of payments, M is the 
monthly payment, and P is the amount financed. 





69. (a) Approximate the annual interest rate r for a four-year 
car loan of $18,000 with monthly payments of $415. 


Section 0.7 m Fractional Expressions 61 


(b) Simplify the expression for the annual interest 
rate r, and then rework part (a). 

70. (a) Approximate the annual interest rate r for a five-year 

car loan of $20,000 with monthly payments of $415. 


(b) Simplify the expression for the annual interest rate 
r, and then rework part (a). 


71. Refrigeration Food at a temperature of 75°F is placed 
in a 40°F refrigerator. A model for the temperature T (in 
degrees Fahrenheit) of the food after r hours is 


Ape lOt 1S 
r= 10 2 + 47+ 10 } ay 





Sketch a bar graph showing the temperature of the food 
at t = 0, 1, 2, 3, 4, and 5 hours. According to the bar 
graph, does it seem likely that the temperature of the 
food will drop to 40°F within 7 hours of being placed in 
the refrigerator? Explain. 


On HOW DO YOU SEE IT? The mathematical 


model 


?v—tt+1 
= —— = 
100 ee ) P= 0 


gives the percent P of the normal level of oxygen in a 
pond, where ¢ is the time (in weeks) after organic 
waste is dumped into the pond. The bar graph shows 
the situation. What conclusions can you draw from 
the bar graph? 





Percent of normal oxygen level 





> 





Wei. Or 7) BANS 
Time (in weeks) 


10 meee: 


True or False? In Exercises 73 and 74, determine 
whether the statement is true or false. Justify your answer. 


pee illest Beams She Se 

135 ee 1A ee See 
pee i etal 

75. Writing In simplifying a rational expression, when is 


it necessary to indicate domain restrictions? 


76. Think About It Is it true that 


ED ey 
bi 


for all nonzero numbers a and b? Explain. 
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ALGEBRA TUTOR 









TECH TUTOR 





Most scientific and 
graphing calculators use 

the same order of operations 
listed above. Try entering the 
expressions in Example | 
into your calculator. Do you 
get the same results? 






SeeETReEDN 


y 


Order of Operations 


Much of the algebra in this chapter involves evaluation of algebraic expressions. When 
you evaluate an algebraic expression, you need to know the priorities assigned to 
different operations. These priorities are called the order of operations. 


1. 


Perform operations inside symbols of grouping or absolute value symbols, starting 
with the innermost symbol. 


. Evaluate all exponential expressions. 
. Perform all multiplications and divisions from left to right. 


. Perform all additions and subtractions from left to right. 


)%'<esee}e)(-Wa Using Order of Operations 


Evaluate each expression. 


Fries Ihe 8) fale is PAVE PhO Bese lel 
ec 3+8+2-2 d. (7 — 2) - (4-5) 
e. 7 — [(5 + 3) + 23] f. 16 + (12 — |4 — 8]) 
SOLUTION 
cs ES) = 8) one = KS) — hes Multiply. 
= | Subtract. 
b. 20 = 92-3245 11h 20 =29 4-11 Evaluate exponential expression. 


1) emliOucian ul Multiply. 

=2+ 11 Subtract. 

715 Add. 
Divide. 
Multiply. 
Add. 


Subtract inside parentheses. 
Subtract. 


Multiply inside parentheses. 


= 7—-—[15 + 8] Evaluate exponential expression. 
= 7-23 Add inside brackets. 
= —16 Subtract. 
16 + 12/4 — 8|))= 16 +12 — |—4)) Subtract inside absolute value symbols. 
= 16+ (a = 4) Evaluate absolute value. 
= 16+8 Subtract inside parentheses. 
= 24 Add. 
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Simplifying Expressions 


A second algebraic skill studied in this chapter is simplifying expressions by combining 
like terms. 

Like terms have the same variables raised to the same powers. For instance, 5x° and 
7x2 are like terms. Constant terms, such as 8 and — 3, are also like terms. An expression 
is said to be simplified when it contains no symbols of grouping and all like terms 
are combined. The Distributive Property allows you to combine like terms by adding 
coefficients. For instance, 


TECH TUTOR 


Symbolic algebra 
systems can simplify 
algebraic expressions. If you 
have access to such a system, 
try using it to simplify the 
expressions in this Algebra 














5x2 + 7x2 = (5 + 7)x? = 12x”. 


Tutor. 









eilseea Simplifying Expressions by Combining Like Terms 


Simplify each expression. 

a, — 8x? + x2= 9x? 

bo / =x + 20 4x — 1 

Cl Aie xt 9x8 

d. x2 — 8x + x + 6x" — 3x 
Calle LOS ey 

f. 4(w + 9) — 5(w — 3) 

g. 3z + 1—622-z-4+ 112 


SOLUTION 


(—8 + 1 — 9)x? 
= — 16x? 


a. —8x2 + x? — 9x? 


bog 20 4 = (xe 4) 7 + 20° 1) 
= She an Xe) 
c. 4x8 + 5x2 — 9x3 — 2x2 = (4x3 — 92°) + (5x? — 227) 


—5x3 + 3x? 


do x — 8x + x + 6x2 — 3x = (2 + 6x2) + (—8x + x — 3x) 
re LOX 
e. 12x — 10y — 5x + y = (12x — 5x) + (—10y + y) 
= 1X = 9y 
f. 4(w + 9) — 5(w — 3) = 4w + 36 — Sw t 15 
= (Aw — 5w) + (36 + 15) 


Distributive Property 
Add coefficients. 
Group like terms. 
Combine like terms. 
Group like terms. 
Combine like terms. 
Group like terms. 
Combine like terms. 
Group like terms. 
Combine like terms. 
Distributive Property 
Group like terms. 


Combine like terms. 


Group like terms. 


Combine like terms. 


TLE L TEE EI 
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SUMMARY AND STUDY STRATEGIES 





After studying this chapter, you should have acquired the following skills. The 
exercise numbers are keyed to the Review Exercises that begin on page 66. 
Answers to odd-numbered Review Exercises are given in the back of the text.* 


Section 0.1 Review Exercises 
m Classify real numbers as natural numbers, integers, rational numbers, 

or irrational numbers. Ih 
gw Order real numbers. 3,4 

Use and interpret inequality notation. 5-10 

Find the absolute value of a number and use absolute value to find the distance 11-18 


between two numbers. 


Section 0.2 
m Identify the terms of an algebraic expression. 19, 20 
m Evaluate an algebraic expression. Zl oe 
mw Identify basic rules of algebra. 23-26 
m Perform operations on real numbers. 27-30 
m Use acalculator to evaluate an expression and round decimal numbers. 51.32 
Section 0.3 
m Use properties of exponents to simplify expressions with exponents. 
ae 

PEE = GRE oe eM (ap) an pe 

(ey = - (a Miao et at= = 

poe (2) 2 (7) |a2| = jal? = a? 33236 

b a 

m Use scientific notation. 37-40 

Use a calculator to evaluate exponential expressions. 41, 42 


m Use interest formulas to solve application problems. 


Simple interest: A = P(1 + rt) 


nt 
Compound interest: A = P(1 th *) 43 44 


* A wide range of valuable study aids are available to help you master the material in this chapter. 
The Student Solutions Manual includes step-by-step solutions to all odd-numbered exercises to 
help you review and prepare. The student website at www.cengagebrain.com offers algebra help 
and a Graphing Technology Guide, which contains step-by-step commands and instructions for 


a wide variety of graphing calculators. 


Section 0.4 


m Simplify and evaluate expressions involving radicals. 


J =(la”  va-vo-vm = 2/4 
w/b b 





m Summary and Study Strategies 


Review Exercises 


ta = PY/ a (x/a)" =a Forneven, */a" = |a|. For n odd, %/a" = a. 45—52 





m Rationalize a denominator by using its conjugate. aeh or! 
m Combine like radicals. 33) JO 
m Use properties of rational exponents. 57-60 
m Use acalculator to evaluate a radical. 61, 62 
Section 0.5 
m= Write a polynomial in standard form. 63-72 
mw Add and subtract polynomials by combining like terms. 63-66 
m Multiply polynomials using the FOIL Method or a vertical format. 67, 69, 70 
m Use special products to multiply polynomials. 

(u + v)(u — v) = wu? — v? (u + v)? = v2 + 2uv + vy? 

(ey) = ue + 3u°v + 3uv + v° OSL 2 
m Use polynomials to solve application problems. 73, 74 
Section 0.6 
m Factor a polynomial by factoring out common factors. 7, 76,775, 50 
m Factor a polynomial in a special form. 

uw — v2 = (ut+ v)(u — v) uw2 + 2uv + v2? = (u + v)? 

w+vy=(utv)(u2 = uw +t v?) 75-78 

Factor a trinomial as the product of two binomials. 79, 80 

Factor a polynomial by grouping. 81, 82 
Section 0.7 
= Find the domain of an algebraic expression by finding values of the variable that 

make a denominator zero or a radicand negative. 83-88 
m Simplify a rational expression by dividing out common factors from the 

numerator and denominator. 89-92 

Perform operations with rational expressions by using properties of fractions. 93-98 

Simplify a complex fraction. 99, 100 


NEL EOP SAI AA I III P ne nt SOS OSIM SSE IEE 


Study Strategies 


a Use the Skills Warm-Up Exercises Each exercise set in this text (except the set for Section 0.1) begins with a set 
of skills warm-up exercises. You should begin each homework session by quickly working through all of these exercises 
(all are answered in the back of the text). The “old” skills covered in these exercises are needed to master the “new” 
skills in the section exercise set. The skills warm-up exercises remind you that mathematics is cumulative—to be 


successful in this course, you must retain “old” skills. 


= Use the Additional Study Aids The additional study aids were prepared specifically to help you master the concepts 


65 


discussed in the text. They are the Student Solutions Manual, the Graphing Technology Guide, and the Instructional DVD. 
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Review Exercises 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises 





Classifying Real Numbers In Exercises 1 and 2, 
determine which numbers are (a) natural numbers, 
(b) integers, (c) rational numbers, and (d) irrational numbers. 


1. {9,-7, -2,3, V6,0.4} 2. {8, -8, -9, 0,.5.2, 5} 


Comparing Numbers on the Real Number Line In 
Exercises 3 and 4, plot the two real numbers on the real 
number line and place the appropriate inequality sign 
(< or >) between them. 


3, —4,-3 4, 4, 


nl 


) 


Interpreting an Inequality In Exercises 5 and 6, give 
a verbal description of the subset of real numbers that is 
represented by the inequality, and sketch the subset on 
the real number line. 


aay = 0 Peat) 


Inequalities and Subsets of Real Numbers In 
Exercises 7-10, use inequality notation to describe the 


subset of real numbers. 
7. x is nonnegative. 8. x is at most 7. 
9. x is greater than 2 and less than or equal to 5. 


10. x is less than or equal to —2 or x is greater than 2. 


Finding Absolute Value 
evaluate the expression. 


i 14) 


In Exercises 11 and 12, 
e477 


The Distance Between Two Numbers In Exercises 
13-16, find the distance between a and b. 


13. ¢=—-140 b= —15 1450 =—=—15 b> = —) 
15.a=2, b=-8 16.a=10, bD=-7 


Using Absolute Value Notation In Exercises 17 and 
18, use absolute value notation to describe the sentence. 


17. The distance between x and 7 is at least 4. 


18. The distance between x and —22 is no more than 10. 


Identifying Terms In Exercises 19 and 20, identify the 
terms of the algebraic expression. 


19. 5x? —2x +7 20. 7x° + 4x2 -— 8 


Evaluating Algebraic Expressions In Exercises 21 
and 22, evaluate the expression for each value of x. 
21. —4x? — 6x (a) x = | 


22. 12 — 5x? (a) x= -—2 (bo) x =3 


Basic Rules of Algebra In Exercises 23-26, identify 
the rule of algebra illustrated by the statement. 


23. 5(x? + x) = 5x? + 5x 
24. (x +6) +3=x+ (6 + 3) 


25. 3x +7 =7 + 3x 





| 
26; (x — | ( = 
(x ) oe | 
Properties of Zero and Properties of Fractions In 


Exercises 27-30, perform the indicated operation(s). 
(Write fractional answers in simplest form.) 





Sone 

215 = 3\0) 24S) 28. 9 — 5(2aeae) 
| | I > 3 
~+--—= +5 
ee Phe ae AE - We 


Using a Calculator In Exercises 31 and 32, use a 
calculator to evaluate the expression. (Round to two 
decimal places.) 
31. 4(£ — 5) 32, -2 + 3(5 — 4) 

Using Properties of Exponents In Exercises 33-36, 
simplify the expression. 





a 

33. ee 34. (—x)?(—3x)? 
2 

35. —t 36. 2x(5x2)" 


Converting to Scientific Notation In Exercises 37 
and 38, write the number in scientific notation. 


37. 308,700,000 38. 0.0002036 


Converting to Decimal Notation In Exercises 39 and 
40, write the number in decimal notation. 


39 7.26 ve LP 40. 8.4 x 10° 


Using a Calculator In Exercises 41 and 42, use a 
calculator to evaluate the expression. (Round to three 
decimal places.) 


41. 180011 + 0.08)?4 


(0.075% 48 
42. 50,000 os | 


Finding the Balance in an Account In Exercises 43 
and 44, you deposit $8000 in an account earning the 
interest described. Complete the table showing the 
balance over time. 


pas pep 
ae 


43. Annual interest rate of 4.5% compounded monthly 













44. Annual interest rate of 4% compounded quarterly 


Converting Between Forms In Exercises 45 and 46, 
fill in the missing form. 


Radical Form 
45. /16=4 
46. L634 = 2 


Rational Exponent Form 


Evaluating an Expression Involving Radicals In 
Exercises 47 and 48, evaluate the expression. 


47. 169 48. 3/125 


Simplifying a Radical Expression In Exercises 


49-52, simplify the expression. 


49. /4x4 50. 27/543 
51. /6/2 52. /6/3 


Rationalizing a Denominator In Exercises 53 and 54, 
rewrite the expression by rationalizing the denominator. 
Simplify your answer. 


I 
Sa 54. 
2) 


2 
3+ /5 


Simplifying Expressions In Exercises 55-58, simplify 
the expression. 
55. 2/x — 5x 
Smo) 7/2 


56, ./72 + /128 
58. 41/3 . 45/3 


Reducing the Index In Exercises 59 and 60, use 
rational exponents to reduce the index of the radical. 


59, 4/52 60. 8/x4 


Evaluating Radicals with a Calculator In Exercises 
61 and 62, use a calculator to approximate the number. 
(Round your answer to three decimal places.) 


61. ./127 62. 3/52 


Operations with Polynomials In Exercises 63-72, 
perform the indicated operation(s) and write the resulting 
polynomial in standard form. 

63. (x — 3) — (2x — 8) 64. (x2 + 2) + (2 — 4x) 

65. x(x — 2) — 2(3x +7) 66. 2x(x + 1) + 3(x? — x) 


67. (x + 1)(x — 2) 68. (2x — 5)(2x + 5) 
69. (x + 4)(x2 — 4x + 16) 70. (x — 2)(x? + 6x + 9) 
7c 4)" AON aod Ne 


73. Cell Sites The numbers of mobile telephone cell sites 
in the United States from 2005 through 2010 can be 
approximated by the polynomial 14,945.3x + LOSraeo 
where x represents the year, with x = 5 corresponding to 
2005. Evaluate the polynomial at.x = 10. Then interpret 
your result in the context of the situation. (Source: 
CTIA-The Wireless Association) 


Review Exercises 67 


74. Mobile Home Prices The average sale price (in 
dollars) of a newly manufactured residential mobile 
home in the United States each year from 2004 through 
2009 can be approximated by the polynomial 


—707.14x? + 10,104.3x + 29,311 


where x represents the year, with x = 4 corresponding to 
2004. Evaluate the polynomial at x = 4, x = 8, and 
x = 9. Interpret your results in the context of the situation, 
(Source: U.S. Census Bureau) 


Factoring Completely Exercises 75-82, completely 
factor the expression. 


75. 4x2 — 36 76. x° — 16x 
77. 8x° — 125 they, Pee lox? 
79. x* — 4x —5 80. —3x2 — 6x + 3x° 


81. x — 4x2 —2x +8 82. x? — 2x? — 9x + 18 


Finding the Domain of an Algebraic Expression In 
Exercises 83-86, find the domain of the expression. 


2x+ I] r—- 3 
oy) $4. - 

x — 4 T—x 
85. 2./x + 1 86. /x —5 


Equivalent Rational Expressions In Exercises 87 
and 88, find the missing factor and state any domain 
restrictions necessary to make the two fractions equivalent. 


4 At ) 5 5 ) 


Bo T(x + 2) 


oh Sey MRS 7 


Simplifying a Rational Expression In Exercises 
89-92, write the rational expression in simplest form. 


x? — 4 2x? + 4x 
89,.= - 90), 
2x + 4 Py 
x? — 9x x? + 64 
91. —— 92. 
i x3 — 4x2 + 3x x2 — x — 20 


Operations with Rational Expressions  |n Exercises 
93-98, perform the indicated operation(s) and simplify. 


93 phan A staat o4. 2 2 2x 4 
a +1 2x*-—7x+3 “x-4- 8x 
geese ent ie : 
“x - 1 r—-2 r+2 x-2 
» 4 ra) | 2 | 
97 + pecs 408 
i — x+ 1 ne | y=] \ x \ 


Simplifying a Complex Fraction In Exercises 99 and 
100, simplify the complex fraction. 


(= = _ 
x (x — 4) 


99, 100. 


(x = 1) | 


x 
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T i ST Y oO U R Ss E L F See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 








Year | Balance 


























Table for 2 





Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 
1. Evaluate the expression — 3x? — 5x atx = —3. 


2. Complete the table at the left given that $4000 is deposited in an account with an 
annual interest rate of 3.5%, compounded monthly. What can you conclude from 
the table? 


In Exercises 3-8, simplify the expression. 


3. 8(—2x2)3 Ay a 
5. Sur 5 6. 48 — /80 
thon) Wee 
2 
8. ae A 
In Exercises 9 and 10, write the polynomial in standard form. 
92 Cx-r He 


10. 3x(x + 5) — 2x(4x — 7) 


In Exercises 11-14, completely factor the expression. 
(bl, See C0) 

125A ale 

135 60> oS 

14, + 2x7 — 4 — 8 


Mie ae en O. 
15. Simplify: 3x4 12° 


sae Oy eo aew kt areal 
xP 3 9x? — 25 





16. Multiply and simplify: 





17. Add and simplify: = ‘ 





3 
18. Subtract and simplify: Suites eee! 


In Exercises 19 and 20, find the domain of the expression. 


19. 4./x — 10 


yea @ 





20. 











(2 = | 
baa | 
3 ee x) 
+ 
aed We ot a 
22. Movie Price The average price of a movie ticket in the United States each year 
from 2000 through 2009 can be approximated by the polynomial 0.223x + 5.35, 
where x represents the year, with x = 0 corresponding to 2000. Evaluate the 


polynomial at x = 0 and x = 9. Then explain the meaning of your results in the 
context of the situation. (Source: National Association of Theatre Owners) 


21. Simplify the complex fraction 


a 
an 2 
3 
oO 
42) 
oar 
° 
n 
(=| 
A 
c 
oC 
n 
o 
ca 
[=I 
o 
me 
o 
[a 


























Year (3 © 2003) 


Example 9 on page 99 shows how a 
quadratic equation can be used to 
approximate revenues for the electric 
power industry in the United States 
for given years. 
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1.1 Linear Equations 









y & 
‘ 
5 2 !0.000 ? 
5.000 
E if 


In Exercise 79 on page 79, 
you will use a linear model to determine 
the number of enrollees in a health 
insurance program. 


Classify an equation as an identity or a conditional equation. 


a 

@ Solve a linear equation in one variable. 

m Solve an equation involving fractional expressions. 
a 


Use a linear model to solve an application problem. 


Equations and Solutions 
An equation is a statement that two algebraic expressions are equal. Some examples of 
equations in x are 


85 — 5 =F. 0° —x—6=—0) and “25 —4. 


To solve an equation in x means to find all values of x for which the equation is true. 
Such values are called solutions. For instance, x = 4 is a solution of the equation 
3x — 5 = 7, because 3(4) — 5 = 7 is a true statement. 

An equation that is true for every real number in the domain of the variable is called 
an identity. Two examples of identities are 


2-9 =(¢+3)e—-3) and x # 0. 


cape 
ebee y ee 


The first equation is an identity because it is a true statement for all real values of x. The 
second equation is an identity because it is true for all nonzero real values of x. 

An equation that is true for just some (or even none) of the real numbers in the 
domain of the variable is called a conditional equation. For example, the equation 
x2 — 9 = Vis conditional because x = 3 and. x = —3 are the only values in the domain 
that satisfy the equation. 


| Example 1 | Classifying Equations 


Determine whether each equation is an identity or a conditional equation. 
a. 2(x + 3) = 2x + 6 

b. 2ixn + 3) =x+6 

Cs 2 3) = 2 43 

SOLUTION 

a. This equation is an identity because it is true for every real value of x. 


b. This equation is a conditional equation because x = 0 is the only value in the 
domain for which the equation is true. 


c. This equation is a conditional equation because there are no real number values of x 
for which the equation is true. ee 


RY Chackpolntt 1 





Determine whether the equation 4(x + 1) = 4.x + 4 is an identity or a conditional 
equation. a 


Equations are used in algebra for two distinct purposes: (1) identities are usually 
used to state mathematical properties and (2) conditional equations are usually used to 
model and solve problems that occur in real life. 


Maridav/Shutterstock.com 


Section 1.1. ™ Linear Equations iA. 


Linear Equations in One Variable 


The most common type of conditional equation is a linear equation. 


Definition of a Linear Equation 


A linear equation in one variable x is an equation that can be written in the 
standard form 


one te Dy = 


where a and b are real numbers with a # 0. 


A linear equation in x has exactly one solution. To see this, consider the following 
steps. (Remember that a # 0.) 


ax + b=0 Original equation 
ax = —b Subtract b from each side. 
b - 
ee Divide each side by a. 
a 


So, the equation ax + b = 0 has exactly one solution, 


To solve a linear equation in x, isolate x by forming a sequence of equivalent (and 
usually simpler) equations, each having the same solution as the original equation. The 
operations that yield equivalent equations come from the basic rules of algebra 
reviewed in Section 0.2. 


Forming Equivalent Equations 


A given equation can be transformed into an equivalent equation by one or more of 
the following steps. 


Given Equivalent 
Equation Equation 
1. Remove symbols of grouping, 2x -x=4 x=4 
combine like terms, or simplify 3 3% =. Ops 
one or both sides of the equation. 
2. Add (or subtract) the same xe || = x=5 
quantity to (from) each side x-4=3 x=7 
of the equation. 
3. Multiply (or divide) each side 2x = 6 x= 
of the equation by the same ieee, AD 
nonzero quantity. 8 ; 
4. Interchange the two sides of 2=x x=2 


the equation. 


The steps for solving a linear equation in x written in standard form are shown in 
Example 2. 





Edyta Pawlowska/Shutterstock.com 
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Ie erete(-am Solving a Linear Equation 


Solve 3x — 6 = 0. 
ALGEBRA TUTOR 





: SOLUTION 
* i 
t 5 — . 2 eee = ate 
For help in solving ax 6 0 Write original equation. 
equations similar to the one in | Ants ae a eeich ade 
Example 2, see the review of 
: : a) ivi ie ide It 
solving equations on page 148. | LMS id Divide each side by 35 ES 


TE aS 


, as Checkpoint 2 


ad 


Solve each equation. 
a: Soy = 15 beat Ont g 
After solving an equation, you should check each solution in the original equation. 


For instance, in Example 2, you can check that 2 is the solution by substituting 2 for x 
in the original equation 


3x —6=0. 
CHECK 
3x —-6=0 Write original equation. 
3(2) = 6 is 0) Substitute 2 for x. 
6-6= Solution checks. J 


Serre Solving a Linear Equation 


Solve 6(x — 1) + 4 = 3(7x + 1). 











SOLUTION 
STUDY TIP 
| 661) 4 S(aaa 1) Write original equation. 
You may think a solution ee) i 6x Oe Io Distributive Property 
problem looks easy when itis | 
worked out in class, but you 6x — 2 = 21x + 3 Simplify. 
may not know where to begin i = Sh" =] 5 Add 2 to, and subtract 21x from, each side. 
when solving the problem ' 
on your own. Keep in mind F 52 = = Divide each side by — 15. 
that many problems involve The solution is x = —- 
some trial and error before a : 
solution is found. | CHECK 
A 6(x — 1) + 4 = 3(7x + 1) Write original equation. 
9 
6(—+ = 1) a 3[7(—4) ar 1| Substitute -t for x. 
9 
6(—4) +4= 3(-2 Sie 1) Simplify. 
9 
an Nes so ea Pig?) Simplify. 
A Solution checks. J 
af CHeekpaint 3 





Solve each equation. 


a. 3(x + 5) =x —-7 b. 2(x + 2) + 6 = 4(2x — 3) Bi 


Section 1.1 m Linear Equations fe 
Some equations in one variable have infinitely many solutions. To recognize an 
equation of this type, perform the regular steps for solving the equation. If, when writing 


equivalent equations, you reach a statement that is true for all values in the domain of 
the variable, then the equation is an identity and has infinitely many solutions. 


i$ere}e)(-eae An Equation with Infinitely Many Solutions 


Solve x + 4(% — 2) = 3x + 2(@ — 4). 


SOLUTION 
04 Ale — 2) = "3x = 2 (x 4) Write original equation. 
gear doe = %} = Ske ar Dae = © Distributive Property 
Oe 5 Or = eS Simplify. 


—§ = —8 Subtract 5x from each side. 


Because the last equation is true for every real value of x, the original equation is an 
identity and you can conclude that it has infinitely many solutions. 


Checkpoint 4 


CESS > 


Solved) calito 8. c 
It is also possible for an equation in one variable to have no solution. When 


solving an equation of this type, you will reach a statement that is not true for any value 
of the variable. 


i3ere}e)(-ee An Equation with No Solution 


Solve 4x — 9 + 2(x + 8) = 1+ 6(x + 4). 


SOLUTION 
4x —-9 + 2(x+ 8) = 1+ 6x + 4) Write original equation. 
4x -—94+2x+ 16=1+ 6x + 24 Distributive Property 
6x te] — 6xer 25 Simplify. 
7 # 25 Subtract 6x from each side. 


Because the statement 
a) 


is not true, you can conclude that the original equation has no solution. 


R/Chackpaint 5 


RES 


Solve 1 + 4(x + 1) = 4(2 + x). Fa 
Equations in one variable with infinitely many solutions or no solution are not linear 
because they cannot be written in the standard form 
ax+b=0. 


Note that a linear equation in x has exactly one solution. 
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Equations Involving Fractional Expressions 


To solve an equation involving fractional expressions, you can multiply every term in 
the equation by the least common denominator (LCD) of the terms. 


TECH TUTOR 





Reese An Equation Involving Fractional Expressions 


Use the table feature 
of your graphing utility 
to check the solution in ; a Original equation 
Example 3. In the equation % 
editor, enter the expression to | 

the left of the equal sign in ; 

y, and enter the expression to | 

the right of the equal sign in Ax + 9x = 24 Simplify. 





(12 ye fea (nyo (12)2 Multiply each term by the 
3 least common denominator. 


Ya, as follows. ex 24! Combine like terms. 
wih = O(x = 1) + 4 94 
t 6S oS Divide each side by 13. 
yo ar 3(7x og 1) t 13 gE 


; 
Set the table feature to ASK 
mode. When you enter the 

F 


n/iCheckvolnt 6 


: ees 
solution —3 for x, both y, 
and y, are —4, as shown. 


4x =X 
Solve == = 9. = 
Se 
When multiplying or dividing an equation by a variable expression, it is possible 
to introduce an extraneous solution—one that does not satisfy the original equation. In 
such cases, a check is especially important. 





See TTT en yCWAy An Equation with an Extraneous Solution 


3 6x 
—2 xt2 +» -4 








Similarly, a graphing utility 
can help you determine if a 
solution is extraneous. For 
instance, enter the equation 
from Example 7 into the 
graphing utility’s equation = re a Write original equation. 
editor. Then, use the table 


Solve 
i 


SOLUTION The least common denominator is x7 — 4 = (x + 2)(x — 2). Multiply 
each term by this LCD and simplify. 
































feature in ASK mode to enter | i s . 3 - . 6x 
—2 for x. You will see that ose rhs + a)(4 = 2) = ae 5X + 2)(x — 2) — ies qh + 2)(x — 2) 
the graphing utility displays 
ERROR in the y, column. x +2 =3(%— 2) — 6x x F £2 Simplify. 
So, the solution x = —2 is eee ORO Distributive Property 
extraneous. 
4x = -8 Simplify. 
x= —2 Extraneous solution 
By checking x = —2, you can see that it yields a denominator of zero for the fraction 
3 
x+2 
So, x = —2 is extraneous, and the equation has no solution. pe 
a/_Checknolnt 7 
| | 4 
Solve aces , i) 
x-4 x xx-4) 








TECH TUTOR 


When using the 
equation editor of a graphing 
utility, you must enter equa- 
tions in terms of x. So, to 
enter an equation like the 
one shown in Example 8, 
replace y with x, as shown. 


a (3x — 2) (2x + 1) 
Hs (6x — 9)/(4x + 3) 





STUDY TIP 


Because of roundoff error, 

a check of a decimal solution 
may not yield exactly the 
same values for each side of 
the original equation. The 
difference, however, should 
be quite small. 









Section 1.1. m Linear Equations (ke 
An equation with a single fraction on each side can be cleared of denominators by 


cross-multiplying, which is equivalent to multiplying each side of the equation by the 
least common denominator and then simplifying. 


| eetseye) (Ma Cross-Multiplying to Solve an Equation 


3y-2 b6y-9 








OE ie 
SOLUTION 
See = oyias Write original equation. 
Zyl a4y 4 3 
(3y — 2)(4y + 3) = (6y — 9)(y + 1) Cross-multiply. 
Lye yO nl Dye ee 2 yee Multiply. 
l3y = -3 Isolate y-term on left. 
View ~~ Divide each side by 13. 
: 13 
The solution is y = —3. Check this in the original equation. 


R/Checkooint 8 


SESS IES 


Beas ONES 
SONOS roa 7 we a 





sere Using a Calculator to Solve an Equation 


i oh eee) 
O Be merc 0. 3 Hilde 





Solve 


SOLUTION To minimize roundoff error, solve for x in the equation before performing 
any calculations. The least common denominator is (9.38)(0.3714)(x). 








| See ss 
O39 03714 
(9.38)(0.3714)( leer — 3) ="(9338)(0.3714)( »( 2 
ee O39 Wien) ae ee ee Smid 


0.3714x — 3(9.38)(0.3714) = 5(9.38)(x), x #0 
[0.3714 — 5(9.38)]x = 3(9.38)(0.3714) 


__3(9.38)(0.3714) 
037145038) 











ip eS SVS Round to three decimal places. 
The solution is x ~ —0.225. Check this in the original equation. 
VY checkpoint 9 
5 1 4 
Solveeu = =.= is 


Xe 06 
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20.00 


a 


15.00 


10.00 


Hourly earnings (in dollars) 


5.00 
el lee fi 
Render eo1 iO! wale 
Year (3 © 2003) 
FIGURE 1.1 





Application 


a pereywll Hourly Earnings 


The mean hourly earnings y (in dollars) of employees in the manufacturing industry in 
the United States from 2003 to 2008 can be modeled by the linear equation 


y = 0.3884 14.585-3 Sera. 8 


where f represents the year, with t = 3 corresponding to 2003. Use the model to estimate 
the year in which the mean hourly earnings were $17.30. (Source: U.S. Bureau of 
Labor Statistics) 


SOLUTION To determine when the mean hourly earnings were $17.30, solve the 
model for t when y = 17.3. 





y = 0.3887 + 14.58 Write original model. 
17.3 = 0.388¢ + 14.58 Substitute 17.3 for y. 
2.72 = 0.388t Subtract 14.58 from each side. 
Des 
L= 0.388 Divide each side by 0.388. 
t~=7 Use a calculator. 


Because ¢ = 3 corresponds to 2003, it follows that t = 7 corresponds to 2007. See 
Figure 1.1. So, the mean hourly earnings were $17.30 10 2007, 


S/ checkpoint 10 





The mean hourly earnings y (in dollars) of employees in the trade, transportation, 
and utilities industry in the United States from 2000 to 2008 can be modeled by the 
linear equation 

Oras eh UNS pes 


where t represents the year, with t = 0 corresponding to 2000. Use the model to 
estimate the year in which the mean hourly earnings were $14.35. (Source: U.S. 
Bureau of Labor Statistics) i 


SUMMARIZE (Section 1.1) 


4. State the definitions of an identity and a conditional equation (page 70). For an 
example of identifying identities and conditional equations, see Example 1. 


2. State the definition of a linear equation and list the four steps that can be 
used to form an equivalent equation (page 71). For examples of solving 
linear equations, see Examples 2 and 3. 


3. Describe two methods for solving equations involving fractional expressions 
(pages 74 and 75). For examples of solving equations involving fractional 
expressions, see Examples 6, 7, 8, and 9. 


4. Describe a real-life example of how a linear equation can be used to analyze 
the mean hourly earnings of employees in a particular industry (page 76, 
Example 10). 


Johanna Goodyear/www.shutterstock.com 


Section 1.1. m Linear Equations re 


SKILLS WARM UP 1.1 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
- these skills in the exercise set for this section. For additional help, review Sections 0.5 and 0.7. 


In Exercises 1-10, perform the indicated operations and simplify your answer. 

















1. (2x — 4) — (5x + 6) 2. (3x — 5) + (2x — 7) 
3.2(x + 1) — (+ 2) 4, —3(2x — 4) + 7(x + 2) 
5 et 

i: x : I * : 4 : 

9, + eer ee 





| =>ds) rcises 1 =1 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Classifying Equations In Exercises 1-6, determine Equation Values 
whether the equation is an identity or a conditional 13. (x + 5)(x — 3) = 20 (a) x =3 (b) x= —2 


equation. See Example 7. 





(c) x =0 (d) x= —-7 
eae 14, (3x + 5)(2x-7)=0 (@)x=-§ (b) x= -5 
2. 3(x + 2) = 3x + 6 Onur Z fd) = 3 
3. 2x — 1) = 3x +4 15.43/23 = 3,=3 (a)x=6 (b)x=-3 
4. 3(¢+2)=2x +4 Che re 
eee) — 2x + | 16. ¥x—8 =3 (a) x=2 (b)x=-5 
6. 3(x + 4) = 3x + 4 


(GC) = 935 GS 


Checking Solutions In Exercises 7-16, determine 


; Solving an Equation In Exercises 17-32, solve the 
whether each value of x is a solution of the equation. g a 


equation and check your solution. (Some equations have 








Equation Values no solution.) See Examples 2, 3, 4, and 5. 
Toox = 3 = 3x +5 (a)x=0 (b) x = —-5 17.x+10=15 
(c)x=4 (d)x=10 18.9 -—x=13 
S27 =13x% = 5x -— 17 (a) x=-3 (b) x=0 19. 7 —2x = 15 
(c) x= 8 (d) x=3 A Fevhar Le Alte) 
9. 3x27 +2x-—5=2?-2 (a) x=-3 (b) x=1 21. 8x — 5 = 3x + 10 
(c) x=4 (d) x= -5 PPh. Yee Jes) = Sive —— 1G} 
10. 5x° + 2x — 3 = 406 + 2x- 11 2a ok ee 4 
(a) x =2 (b) x = -—2 2453 > 3 = 40 — ox 
(c) Xx =0 (d) x = 10 25. 4x — 8 = —4(2 — x) 
oan 4 20.55 (Sete ee 
11. Ae == re = 3 (a) x = a (b) x =4 a 7 Tee nee ey 
igiseeo (d) x= 5 28. 2(13t — 15) + 3(t — 19) =0 
29. 6[x — (2x + 3)] = 8 — Sx 
2 : ! an 4 (a) x =—1 () x= —2 30. 3[2x — (x + 7)] = S@ — 3) 
(c)x=0 (d)x=5 31. 6 = 3(2x + 3) = 8 — 5x 


32.9% =9101= Sx 2(2x =.5) 
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An Equation Involving Fractional Expressions In 
Exercises 33-48, solve the equation and check your 
solution. (Some equations have no solution.) See 
Examples 6, 7, and 8. 
































SX a. | 
eye a 
eG 
34. ra) =3 
5 3, of. = 2) 
35. 5% 5) = 4% + 24) 
SAG oO) = 10 
36. 5 4 x—Z) = 
37 100 — 4u Su +6 ay. 
ee 4 
I7+y  32+y 
38. be Y = 100 
) y 
5x -4 2 10x + 3 | 
39. vai ——$ = = 
5x ++ 4 3 5x + 6 Z 
13 Sy 
41, 10——=4-+=- 
a af 
5 ¢ 
42, 2 - 42243 
x Se 
43 | he | = Ale 
“x¥=—-3 «+3 #-9 
ree | pao a 4 
SS ae 5 a44+7%—6 
4s 6 .5 3 _ 4 
“) (x —3)x-—1) *«-3 x-1 
pl | 2 
A : zn =e - a — -+ a 
a6 (x—4)(%—2) x—4 x—2 
Dee at, Dg Hi) Ps 3 t+ 2 
47, —— = — 48, ——_ = = 
Diver | 2x + 4 y 6x 5 3x + 4 


Solving an Equation In Exercises 49-56, solve the 
equation and check your solution. (Some equations have 
no solution.) 


49. 0.25x + 0.75(10 — x) = 3 

50. 0.60x + 0.40(100 — x) 50 

51. (x + 2)? + 5 = (x + 3) 

52. (x + 1)? + 2% — 2) = (x + L(x — 2) 
53. (x + 2)? — x* = 4(x + 1) 

54. 4x + 1) —3x =x+5 

55. (2x + 1)? = 4(x2 + x + 1) 

56. (2x — 1)? = 4? — x + 6) 


The symbol | indicates an exercise in which you are instructed to use 
graphing technology or a symbolic computer algebra system, The solutions 
of other exercises may also be facilitated by use of appropriate technology. 


57. Error Analysis A student states that the solution of 
the equation 


t 
x= 2) x xX=—2 


is x = 2. Describe and correct the student’s error. 


58. Error Analysis A student states that the equation 


3(x + 2) 3x + 6 


is an identity. Describe and correct the student’s error. 
59. Writing Explain why a solution of an equation 
involving fractional expressions may be extraneous, 
60. Writing Describe two methods you can use to check a 
solution of an equation involving fractional expressions. 
61. Writing What is meant by “equivalent equations?” 
Give an example of two equivalent equations. 
62. Think About It For what value(s) of b does the equation 


Ix +3 = 7x + b have infinitely many solutions? no 
solution? 


Using a Calculator to Solve an Equation In 
Exercises 63-68, use a calculator to solve the equation. 
(Round your solution to three decimal places.) See 
Example 9. 


63. 0.275x + 0.725(500 — x) = 300 


64. 2.763 — 4.5(2.1x — 5.1432) = 6.32x + 5 
x XK 
| (QO 
65. 6321 0.0692 LOWY 
66. (x + 5.62)? + 10.83 = (x + 7)? 


D) 4.405 | 
* 7,398 ~ x 
x x 


Lo 
° 2.625 4.875 


69. Think About It What method or methods would you 
recommend for checking the solutions to Exercises 
63-68 using your graphing utility? 


70. Think About It In Exercises 63-68, your answers 
are rounded to three decimal places. What effect does 
rounding have as you check a solution? 


Roundoff Error In Exercises 71-74, evaluate the 
expression in two ways. (a) Calculate entirely on your 
calculator using appropriate parentheses, and then 
round the answer to two decimal places. (b) Round both 
the numerator and the denominator to two decimal 
places before dividing, and then round the final answer to 
two decimal places. (c) Then describe why roundoff error 
is introduced by the second method. 


ay, L+.0.73205 7, 1 +.0.8660 
"1 = 0.73205 * 1 — 0.86603 


1.98 
+ | ee 
oe 6.74 
73. poms 
315 
1.73205 — 1.19195 
74, 





Br (1. 73205)(1.19195) 


75. Personal Income _ The per capita personal income y 
(in dollars) in West Virginia from 2000 through 2009 
can be approximated by the linear equation 


etter + 21,952, OSts 9 


where f represents the year, with f = 0 corresponding to 
2000. Use the model to estimate the year in which the 
per capita personal income was about $32,000. 
(Source: Bureau of Economic Analysis) 


76. Annual Sales The annual sales S§ (in billions of 
dollars) of Oracle Corporation from 2004 through 2009 
can be approximated by the linear equation 
eee 90s, — 1,98, 45 ¢5 9 
where f represents the year, with ¢ = 4 corresponding to 
2004. Use the model to estimate the year in which 
Oracle’s annual sales were about $18 billion. (Source: 
Oracle Corporation) 

Forensics In Exercises 77 and 78, use the following 


information. The relationship between the length of an 
adult’s femur (thigh bone) and the height of the adult can 
be approximated by the linear equations 


y = 0.432x — 10.44 
y = 0.449x — 12.15 


Female 
Male 


where y is the length of the femur in inches and x is the 
height of the adult in inches (see figure). 








77. A crime scene investigator discovers a femur belonging 
to an adult human female. The bone is 18 inches long. 
Estimate the height of the female. 

78. Officials search a forest for a missing man who is 6 feet 
2 inches tall. They find an adult male femur that ts 
21 inches long. Is it possible that the femur belongs to 
the missing man? 





80. 
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79. Health Insurance The Children’s Health 
Insurance Program (CHIP) tracks the total number 
of children ever enrolled in the program, For the 
years 2002 through 2009, the total numbers ever 
enrolled y (in thousands) are shown in the bar 
graph and can be approximated by 


y = 322.5t + 4788, 2<1<9 


where ¢ is the year, with ¢ = 2 corresponding to 2002. 


(Source: Centers for Medicare and Medicaid Services) 
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Year (2 © 2002) 


(a) In what year did the total number of CHIP enrollees 
exceed 7 million? 


(b 


— 


Use the model to predict the year in which the total 
number of CHIP enrollees will reach 8.3 million. 


HOW DO YOU SEE IT? From 1997 through 
2006, the federal minimum wage was $5.15 

per hour. Adjusting for inflation, the federal 
minimum wage’s value y (in 1996 dollars) during 
each of these years is shown in the bar graph. 
(Source: U.S. Department of Labor) 
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(in 1996 dollars) 





Value of minimum wage 


(a) In which year was the value of the minimum 
wage equal to $4.85 in 1996 dollars? 

(b) By 2009, the minimum wage increased to $7.25, 
a value of $5.30 in 1996 dollars. Suppose it had 
not increased, Use the linear relationship shown 
in the bar graph to predict the value (in 1996 
dollars) of a 2009 minimum wage of $5.15 per 
hour. 
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4.2 Mathematical Modeling 











Cars Light trucks Other trucks 





In Exercise 37 on page 89, 
you will use a mathematical model to 
determine the number of new cars that 
were sold or leased in 2009. 


m Construct a mathematical model from a verbal model. 
@ Model and solve percent and distance problems. 

@ Model and solve mixture problems. 

m Use common formulas to solve geometry problems. 


Introduction to Problem Solving 


In this section, you will use algebra to solve real-life problems. To do this, you will 
construct one or more equations that represent each real-life problem. This procedure 
is called mathematical modeling. 

A good approach to mathematical modeling is to use two stages. First, use the 
verbal description of the problem to form a verbal model. Then, assign labels to each 
of the quantities in the verbal model and use the labels to form a mathematical model 
or an algebraic equation. 


Verbal Be Verbale = Algebraic 
description ~~ model ‘“— — equation 


When you are trying to construct a verbal model, it is helpful to look for a hidden 
equality—a statement that two algebraic expressions are equal. These two expressions 
might be explicitly stated as being equal, or they might be known to be equal (based on 
prior knowledge or experience). 


€ Using « Verbal Model 


You accept a job with an annual income of $47,800. This includes your salary and a 
$1000 year-end bonus. You are paid twice a month. What is your salary per pay period? 


SOLUTION Because there are 12 months in a year and you are paid twice a month, it 
follows that there are 24 pay periods during the year. 


Verbal 
ee re Income for year = 24 pay periods - Salary per pay period + Bonus 
Labels: Income for year = 47,800 (dollars) 
Salary per pay period = x (dollars) 
Bonus = 1000 (dollars) 
Equation: 47,800 = 24x + 1000 
46,800 = 24x 
1950 = x 


Your salary per pay period is $1950. 


CHECK 
47,800 = 24x + 1000 Write original equation. 
47,800 é 24(1950) + 1000 Substitute 1950 for x. 
47,800 = 47,800 Solution checks. W 





s/ Cheekpoint 1 





You accept a job with an annual income of $51,000. This includes your salary and 
a $1600 year-end bonus. You are paid weekly. What is your salary per pay period? @ 


Andresr/Shutterstock.com 


Section 1.2 m Mathematical Modeling 81 


Translating Key Words and Phrases 


Algebraic 
Key Words and Phrases Verbal Description Statement 
Consecutive 
Next, subsequent Consecutive integers xia ae Al 
Addition 
Sum, plus, greater, The sum of 5 and x 5 Xx 
increased by, more than, Seven more than y you7 
exceeds, total of 
Subtraction 
Difference, minus, Four decreased by b dl == Ip, 
less than, decreased by, Three less than z ZS 
subtracted from, reduced by, Five subtracted 
the remainder from w We == 5) 
Multiplication 
Product, multiplied by, Two times x DEG 
twice, times, percent of 
Division , 
Quotient, divided by, per The quotient of x and 8 8 





 Bxereye(-wam Constructing Mathematical Models 
a. A salary of $50,700 is increased by 6%. Write an equation that represents the new 


salary. 

Verbal Boe ay 
New salary = 6%(Original salary) + Original salary 

Model: 

Labels: — Original salary = 50,700 (dollars) 
New salary = S$ (dollars) 
Percent = 0.06 (percent in decimal form) 


Equation: S = 0.06(50,700) + 50,700 


b. An e-reader is marked down 10% to $225. Write an equation you can use to find the 
original price. 


. riginal Sal 
Verbal Diem — 10%(Original price) = oe 
Model: price price 
Labels: Original price = p (dollars) 
Sale price = 225 (dollars) 
Percent = 0.1 (percent in decimal form) 


Equation: p — O0.1p = 225 





a/-Checksoint 2 


A bid price of $6800 for an auction item is increased by 5%. Write an equation that 
you can use to find the new bid price. od 


In Example 2, notice that part of the labeling process is to list the unit of measure 
for each labeled quantity. Developing this habit helps in checking the validity of a 
verbal model. 
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The President presides over the 
executive branch of the federal 
government, which employs more than 
2.5 million people. 


Using Mathematical Models 


«. Finding the Percent of a Raise 


You accept a job that pays $12.50 an hour. You are told that after a two-month 
probationary period, your hourly wage will be increased to $13 an hour. What percent 
raise will you receive after the two-month period? 


SOLUTION 

Verbal Raise = Percent - Old wage 

Model: 

Labels: Old wage = 12.5 (dollars) 
Raise = 13 — 12.5 = 0.5 (dollars) 
Percent = r (percent in decimal form) 


Equation: 0.5 = r+ 12.5 
By solving this equation, you can find that you will receive a raise of 


0.5 


ols a 0.04 


r 


or 4%. oo SS 


oY Checkpoint 3 


You buy stock at $25 per share. You sell the stock at $30 per share. What is the 
percent increase of the stock’s value? e 


“fee $eoruy)(-wae Finding the Percent of Employees 


The number of people employed by the U.S. federal government for a recent year is 
2,730,040. The table shows the number of people employed in the executive branch of 
the federal government. What percent of employees in the U.S. federal government are 
in the executive branch? (Source: U.S. Office of Personnel Management) 





Number of Employees 


Executive Office of the President 1717 

Executive Departments 1,740,979 

Independent Agencies 923,744 

SOLUTION 

Verbal Executive branch Federal government 

—Pereeiiine 

Model: employees employees 

Labels: | Federal government employees = 2,730,040 (people) 
Executive branch employees = 2,666,440 (people) 
Percent = r (percent in decimal form) 


Equation: 2,666,440 = r + 2,730,040 


By solving this equation, you can find that the percent of federal government employees 
in the executive branch is r = 2,666,440/2,730,040, or about 97.7%. 


aA Ghasincint 4 





Your income last year was $42,000. By the end of the year, you paid a total of $648 
for parking fees. What percent of your income was paid for parking fees? os 


Vladislav Gurfinkel/Shutterstock.Com 





FIGURE 1.2 
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FIGURE 1.3 
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fe S<etesey(-wee Finding the Dimensions of a Room 


A rectangular family room is twice as long as it is wide, and its perimeter is 84 feet. 
Find the dimensions of the family room. 


SOLUTION For this problem, it helps to sketch a diagram, as shown in Figure 1.2. 


itae 2+ Length + 2- Width = Perimeter 
Labels: Perimeter = 84 (feet) 
Width = w (feet) 
Length = / = 2w (feet) 
Equation: 2(2w) + 2w = 84 
4w + 2w = 84 
6w = 84 
w = 14 feet 
1 = 2w = 2(14) = 28 feet 
The dimensions of the room are 14 feet by 28 feet. —————— 


R/GheEKpeint 5 


A rectangular driveway is three times as long as it is wide, and its perimeter is 
120 feet. Find the dimensions of the driveway. | 


A Distance Problem 


A plane travels nonstop from New York to San Francisco, a distance of about 
2600 miles. It takes 1.5 hours to fly from New York to Chicago, a distance of about 
700 miles (see Figure 1.3). Assuming the plane flies at a constant speed, how long does 
the entire trip take? What time (EST) should the plane leave New York to arrive in 
San Francisco by 5 p.M. PST (8 P.M. EST)? 


SOLUTION To solve this problem, use the formula that relates distance, rate, and time. 
That is, (distance) = (rate)(time). Because it took the plane 1.5 hours to travel a 
distance of about 700 miles, you can conclude that its rate (or speed) is 


distance 
Rate = — 
time 


_ 700 miles 
1.5 hours 





~ 466.67 miles per hour. 


Because the entire trip is about 2600 miles, the time for the entire trip is 


distance 





Time = 
rate 


¥ 2600 miles 
~ 466.67 miles per hour 





= 5.57 hours. 


Because 0.57 hour represents about 34 minutes, you can conclude that the entire trip 
takes about 5 hours and 34 minutes. So, the plane must leave New York by 2:26 p.M. EST 
in order to arrive in San Francisco by 8 p.M. EST. 





n/ Cheekpelnt 6 





A boat travels at full speed to an island 11 miles away. It takes 0.3 hour to travel the 
first 3 miles. How long does the entire trip take? ie 
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FIGURE 1.4 
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Another way to solve the distance problem in Example 6 is to use the concept of 
ratio and proportion. To do this, let x represent the time required to fly from New York 
to San Francisco, set up the following proportion, and solve for x. 


Time to San Francisco Distance to San Francisco 











Time to Chicago Distance to Chicago 


x _ 2600 

INS) 700 
x 2600 
OA 
5 be 700 

Bei yer 


Notice how ratio and proportion are used with a property from geometry to solve 
the problem in the following example. 


me 1<ehse}e)(-Wa An Application Involving Similar Triangles 
i 


To determine the height of Petronas Tower | (in Kuala Lumpur, Malaysia), you 
measure the shadow cast by the building to be 113 meters long, as shown in Figure 1.4. 
Then you measure the shadow cast by a 100-centimeter post and find that its shadow is 
25 centimeters long. Use this information to determine the height of Petronas Tower 1. 


SOLUTION To find the height of the tower, you can use a property from geometry that 
states that the ratios of corresponding sides of similar triangles are equal. 


Height of tower Height of post 


Verbal 
Model: 





Length of tower’s shadow Length of post’s shadow 


Labels: Height of tower = x 
Length of tower’s shadow = 113 
Height of post = 100 
Length of post’s shadow = 25 
Xx 100 


Equation: SS 
d Te) oes 


(meters) 
(meters) 
(centimeters) 
(centimeters) 


b 100 
3. = 3. — 
a 113 a 20 


be I ie a4} 
x = 452 meters 


The Petronas Tower | is 452 meters high. 


CHECK 
113 = 25 rite original equation, 
452 _ 100 ba Siriaas 
113 = 5 Substitute 452 for x. 
4=4 Solution checks. J 


7 Cheakpcin: ve 





A tree casts a shadow that is 24 feet long. At the same time, a four-foot tall mailbox 
casts a shadow that is 3 feet long. How tall is the tree? w 








TECH TUTOR 


You can write a 


program for a programmable 


calculator to solve simple 
interest problems. Use a 
program with Example 8 to 
find how much interest was 
earned on just the portion of 
the money invested at 25%. 





STUDY TIP 


In Example 8, notice the 
hidden products in the two 
terms on the left side of 
the equation. Both hidden 
products come from the 
common formula / = Prt. 
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Mixture Problems 


The next example is called a mixture problem because it involves two different 
unknown quantities that are mixed in a specific way. Watch for a hidden product in the 
verbal model. 


ee Sete A Simple Interest Problem 


You invested a total of $10,000 in accounts that earned 13% and 23% simple interest. 
In | year, the two accounts earned $207.50 in interest. How much did you invest in each 
account? 


SOLUTION The formula for simple interest is 
I = Prt 
where / is the interest, P is the principal, r is the annual interest rate (in decimal form), 


and f¢ is the time in years. 


Verbal Interest Interest’ _—«-_- Total 


Model: from 15% from 23% interest 


You can let x represent the amount invested at 13%. Because the total amount invested at 
15% and 23% is $10,000, you can let 10,000 — x represent the amount invested at 23%. 


Labels: | Amount invested at 15% =x (dollars) 
Amount invested at 23% = 10,000 — x (dollars) 
Interest from 15% = Pri (x)(0.015)(1) (dollars) 
Interest from 25% = Prt = (10,000 — x)(0.025)(1) (dollars) 
Total interest = 207.50 (dollars) 


Equation: 0.015x + 0.025(10,000 — x) = 207.50 
O:0 Lo aeie25 00.0252 9207.50 
—0.0lx = —42.50 
x = 4250 
So, the amount invested at 15% is $4250 and the amount invested at 25% is 
10,000 — x = 10,000 — 4250 
$5750. 


Check these results in the original statement of the problem. 








CHECK 
Interest from 15% Interest from 23% Total interest 
oe is => a 


9 
0.015(4250) + 0.025(10,000 — 4250) = 207.50 


o, 
63.75 + 143.75 = 207.50 
207.50 = 207.50 Solution checks. Jf 





*/ Ghackpoint 8 





You invested a total of $2500 in accounts that earned 1% and 2% simple interest. 
In 1 year, the two accounts earned a total of $38 in interest. How much did you 
invest in each account? a 
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Common Formulas 


Many common types of geometric, scientific, and investment problems use ready-made 
equations, called formulas. Knowing formulas such as those in the following lists will 
help you translate and solve a wide variety of real-life problems involving perimeter, 
area, volume, temperature, interest, and distance. 


Common Formulas for Area, Perimeter, and Volume 


Square 
A=s? 
P =4s 


.—<—— & — > I 


—— rt 


Cube 
V=s° 
} 
S 
{ 
fore 
<— § —I 


Rectangle 
A = lw 
P=21+ 2w 


Rectangular 
Solid 


V = Iwh 


Miscellaneous Common Formulas 


Temperature: 


Simple Interest: 


Distance: 


P2264 30 
5 
5 
= (pee 
c 9 32) 


F = degrees Fahrenheit 
C = degrees Celsius 


Circle 
A = wr 
C = 2ar 


2 


Circular 
Cylinder 


Vizs aren 


Fae SS | 


I = Prt I = interest 
P = principal 
r = interest rate 


t = time 

d=rt d = distance traveled 
? = rate 
t = time 


Triangle 


a c 
b 
Sphere 
V= jar 


(oh Se TREES O 


When working with applied problems, you often need to rewrite common formulas. 
For instance, the formula 


P=2]-- 2w 


for the perimeter of a rectangle can be rewritten or solved for w to produce 


Ni 


w= 


(P= 21). 


|x—12 in.—| 





FIGURE 1.5 
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ihe scree Using a Formula 
bes 


A cylindrical shipping container has a volume of 15,607 cubic inches and a radius of 
12 inches, as shown in Figure 1.5. Find the height of the container. 


SOLUTION The formula for the volume of a cylinder is V = arrh. To find the height 
of the container, solve for h. 





Then, using V = 15,607 and r = 12, find the height. 
15,607 








h= Substitute 15,607 for V and 12 for r. 
m(12)? 
15,607 oe 
= Simplify denominator. 
14477 a 
= 34.5 Use a calculator. 


So, the height of the container is about 34.5 inches. You can use unit analysis to check 
that your answer is reasonable. 


15,607 in 
~~ 34,5 in. 


144 7 in? ————————— 


W Checkpoint 9 


One cubic foot of water fills a cylindrical pipe with a radius of 0.5 foot. What is the 
height of the pipe? % 


Strategy for Solving Word Problems 


1. Search for the hidden equality—two expressions said to be equal or known to 
be equal. A sketch may be helpful. 


2. Write a verbal model that equates these two expressions. Identify any hidden products. 


3. Assign numbers to the known quantities and letters (or algebraic expressions) 
to the unknown quantities. 


4. Rewrite the verbal model as an algebraic equation using the assigned labels. 
5. Solve the resulting algebraic equation. 


6. Check that the answer satisfies the word problem as stated. (Remember that 
“solving for x” or another variable may not completely answer the question.) 


SUMMARIZE (Section 1.2) 

1. Describe the procedure of mathematical modeling (page 80). For examples of 
constructing and using mathematical models, see Examples I Be 3h, 2e Sh (eh aunver 1 

2. Describe a mixture problem (page 85). For an example of a mixture problem, 
see Example 8. 


3. State the definition of a formula (page 86). For an example that uses a volume 
formula, see Example 9. 


bayberry/Shutterstock.com 
David Gilder/Shutterstock.com 
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SKILLS WARM UP 1.2 


m= Equations and Inequalities 


The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Section 1.1. 


In Exercises 1-10, solve the equation (if possible) and check your solution. 


1 3x -—42=0 





3.2-3x=144+%x 
5. 5[1 + 2x + 3)] = 6 — 3@ — 1) 
veyed 
sei PeaaeY ees.’ 
2 Zz 
ya ee oe 10. 


| =>.<=) ge) [=> 4 


2. 64 — 16x = 0 
A] Ae oX eek 
6. 2 — 5(x — 1) = 2[x + 10(« — 1)] 





See www.CalcChat.com-for worked-out solutions to odd-numbered exercises. 





Writing an Algebraic Expression In Exercises 1-6, 

(a) use the verbal description to write a verbal model, 

(b) assign labels to the quantities in the verbal model, 

and (c) use the labels to write an algebraic expression. 

1. The sum of two consecutive natural numbers 

2. The product of two natural numbers whose sum is 25 

3. Distance Traveled The distance traveled in t hours by 
a car traveling at 50 miles per hour 

4. Travel Time The travel time for a plane that is traveling 
at a rate of r miles per hour for 200 miles 

5. Geometry The perimeter of a rectangle whose width is 
x and whose length is twice the width 











x 
The area of a triangle whose base is 
2() inches and whose height is / inches 








i 2x | 


6. Geometry 











as 20 in. 


Writing an Algebraic Equation In Exercises 7-12, 
write an equation that represents the verbal description. 
See Example 2. 

7. The sum of 5 and x equals 8. 

8. The difference of n and 7 is 4. 

9. The quotient of r and 2 is 9. 
10. The product of x and 6 equals —9. 
11. A salary of $60,000 is increased by 8%. 
12. A food processor is marked down 30% to $105. 


Constructing a Mathematical Model In Exercises 
13-22, (a) use the verbal description to write a verbal 
model, (b) assign labels to the quantities in the verbal 
model, (c) use the labels to write a mathematical model, 
and (d) solve the problem. See Examples 3 and 4. 


13. Find two consecutive numbers whose sum is 525. 


14. Find three consecutive natural numbers whose sum is 
804. 


15. One positive number is five times another positive 
number. The difference of the two numbers is 148. Find 
the numbers. 

16. One positive number is one-fifth of another number. The 
difference of the two numbers is 76. Find the numbers. 

17. Salary Your weekly salary increases from $440 to 
$506. What percent is your raise? 

18. Salary Your monthly salary increases from $2200 to 
$2376. What percent is your raise? 

19. Discount Rate A satellite radio system for your car 
has been discounted by $30. The sale price is $119. 
What percent of the original list price is the discount? 

20. Discount Rate The price of a shirt has been discounted 
by $20. The sale price is $29.95. What percent of the 
original list price is the discount? 


21. Weekly Paycheck Your weekly paycheck is 12% more 
than your coworker’s. Your two paychecks total $848. 
Find the amount of each paycheck. 

22. Weekly Paycheck Your weekly paycheck is 12% less 
than your coworker’s. Your two paychecks total $848. 
Find the amount of each paycheck. 


Movie Series In Exercises 23-28, use the table, which 
shows Harry Potter movies in the order of their releases. 
Find the percent increase or decrease in the U.S. gross 
revenue of the two indicated movies. 
Information Services) 


(Source: Nash 





















U.S. gross 


revenue 


$317,557,891 


Movie Title: 
Harry Potter and the... 





Sorcerer’s Stone (2001) 





Chamber of Secrets (2002) $261,987,880 





Prisoner of Azkaban (2004) | $249,538,952 
$290,01 3,036 | 


Order of the Phoenix ae $292,004,738 





Goblet of Fire (2005) 














Half-Blood Prince (2009) $301,959, 197 





23. Sorcerer’s Stone (2001) to Chamber of Secrets (2002) 

24. Chamber of Secrets (2002) to Prisoner of Azkaban 
(2004) 

25. Prisoner of Azkaban (2004) to Goblet of Fire (2005) 

26. Goblet of Fire (2005) to Order of the Phoenix (2007) 

27. Order of the Phoenix (2007) to Half-Blood Prince 
(2009) 

28. Sorcerer’s Stone (2001) to Half-Blood Prince (2009) 


Size Inflation In Exercises 29-32, use the following 
information. Restaurants tend to serve food in larger 
portions now than they have in the past. Several 
examples are shown in the table. Find the percent 
increase in size from the past to 2011 for the indicated 
food item. 



































Food or drink item | Past size | 2011 size 
Small soft drink 16 fl oz | 
Small French fries | 2.4 0z 2.5 0z Z| 
Large French fries | 3.5 oz 5.4 0z 
io 





29. Small soft drink 
30. Small French fries 
31. Large French fries 


32. Pizza (Compare the areas.) 





SBE 


36. 


. Comparing Calories 
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Comparing Calories 
deluxe cheeseburger, large fries, and a large soft drink 


A lunch consisting of a large 


contains 1560 calories. A lunch consisting of a small 
cheeseburger, small fries, and a small soft drink contains 
680 calories. Find the percent change in calories from the 
larger to the smaller lunch. 

One slice (or one-eighth) of a 
14-inch cheese pizza has 250 calories. One slice of a 
pepperoni pizza has 280 calories. Find the percent 
change in calories from a slice of the cheese pizza to a 
slice of the pepperoni pizza. 


. Salary You accept a new job with a starting salary of 


$35,000. You receive an 8% raise at the start of your 
second year, a 7.8% raise at the start of your third year, 
and a 9.4% raise at the start of your fourth year. 

(a) Find your salary for the second year. 

(b) Find your salary for the third year. 

(c) Find your salary for the fourth year. 

Salary You accept a new job with a starting salary of 
$48,000. You receive a 4% raise at the start of your 
second year, a 5.5% raise at the start of your third year, 
and an 11.4% raise at the start of your fourth year. 

(a) Find your salary for the second year. 

(b) Find your salary for the third year. 

(c) Find your salary for the fourth year. 


37. New Vehicle Sales In 2009, about 10,601,000 
new motor vehicles (cars, light trucks, and other 
types of trucks) were sold or leased in the United 
States. The bar graph shows the percent of vehicles 
sold or leased by type. U.S. Bureau of 


Economic Analysis) 


cot 
51.5% j 
50-++ ? 


(Source 


Percent of new 
U.S. vehicles 
wp 
Sas; 
= 





1.9% 


6 ha TT T ° = a) 


——— 


Cars Light trucks Other trucks 


(a) Determine the percent of new motor vehicles that 
were light trucks. 

(b) Determine the numbers of new cars, light trucks, 

and other types of trucks that were sold or leased in 


2009. 
(c) Determine the percent of new trucks that were light 
trucks. 


— 
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38. Media Usage It is projected that the average 
person will spend 3515 hours using various 
media in 2012. The bar graph shows these hours 
by media type (a person can use more than one 
type of media at a time). 
Suhler Stevenson) 


Veronis 


(Source: 


A 











[eerts 
1600 + 1597 
1400 + 
E 1200-4 
Z 
& 1000 + 929 
a 800+ 
a 
3 600+ 
3 401 
400+ 
| 197 249 
200 + ES 142 
T T T T | T a 
a ’ 2 eg ee 
L “ep a G, Ys 
by OY, ‘2, 
Ginn Oh “ey 
va ~ (3) 
a, 
Media type 


(a) Find the percent of the total 
media time spent reading print 
media. 

(b) Find the percent of the total 
media time spent on something 
other than reading print media. 


(c) Find the percent of the total media time 
spent playing video games and watching TV. 
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41. 


42. 


Geometry A picture frame (see figure) has a total 
perimeter of 3 feet. The width of the frame is 0.62 times 
its length. Find the dimensions of the frame. 


>| 





He 











Geometry A room is 1.5 times as long as it is wide, 
and its perimeter is 75 feet. Sketch a diagram of the 
room. Then find the dimensions of the room. 

Simple Interest You invest $2500 at 4.5% simple 
interest. How many years will it take for the investment 
to earn $1000 in interest? 


Simple Interest An investment earns $1075.20 
interest Over a seven-year period. What is the rate of 
simple interest on a $4800 principal investment? 





43. 


44. 


45. 


46. 


50. 


Course Grade _ To get an A in a course, you need an 
average of 90% or better on four tests that are worth 100 
points each. Your scores on the first three tests were 87, 
92, and 84. What must you score on the fourth test to 
get an A for the course? 


Course Grade _ To get an A in a course, you need an 
average of 90% or better on four tests. The first three 
tests are worth 100 points each and the fourth is worth 
200 points. Your scores on the first three tests are 87, 92, 
and 84. What must you score on the fourth test to get an 
A for the course? 


List Price The price of a swimming pool has been 
discounted 15%. The sale price is $1200. Find the 
original list price of the swimming pool. 

List Price The price of a home theater system has 
been discounted 10%. The sale price is $499. Find the 
original list price of the system. 


. Wholesale Price A store marks up an electric power 


drill 60% from its wholesale price. In a clearance sale, 
the price is discounted by 25%. The sale price is $21.60. 
What was the wholesale price of the power drill? 


. Wholesale Price A store marks up a picture frame 


80% from its wholesale price. In a clearance sale, the 
price is discounted by 40%. The sale price is $28.08. 
What was the wholesale price of the picture frame? 


. Weekly Salary Due to economic factors, your 


employer has reduced your weekly wage by 15%. 
Before the reduction, your weekly salary was $425. 


(a) What is your reduced salary? 


(b) What percent raise must you receive to bring your 
weekly salary back up to $425? Explain why the 
percent raise is different from the percent reduction. 


HOW DO YOU SEE IT? The number 

of Internet users in the world increased by 
approximately the same amount from 2004 

to 2007 as from 2007 to 2009, as shown in the 
bar graph. Was the percent increase from 2004 
to 2007 approximately the same as from 2007 
to 2009? Explain. (Source: ITU World 
Telecommunication) 


(in millions) 





World Internet users 





2004 


2007 
Year 


2009 
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52. 
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54. 
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56. 
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58. 


Travel Time You are driving to a college 150 miles 
from home. It takes 28 minutes to travel the first 
30 miles. At this rate, how long is your entire trip? 


Catch-Up Time Students are traveling in two cars 
to a football game 135 miles away. One car travels at an 
average speed of 45 miles per hour. The second car 
starts ; hour later and travels at an average speed of 
55 miles per hour. How long will it take the second car 
to catch up to the first car? 


Height of a Tree ‘To determine the height of a tree, 
you measure its shadow and the shadow of a five-foot 
lamppost, as shown in the figure. How tall is the tree? 





Height of a Building To determine the height of a 
building, you measure the building’s shadow and the 
shadow of a four-foot stake, as shown in the figure. 
How tall is the building? 














Radio Waves Radio waves travel at the same speed 
as light, 3.0 x 10* meters per second. Find the time 
required for a radio wave to travel from mission control 
in Houston to NASA astronauts on the surface of the 
moon 3.84 x 10* meters away. 


Distance to a Star Find the distance (in miles) to 
a star that is 50 light years (distance traveled by light in 
1 year) away. (Light travels at 186,000 miles per second.) 


Investment Mix You invest $15,000 in two funds 
paying 6.5% and 7.5% simple interest. The total annual 
interest is $1020. How much do you invest in each fund? 


Investment Mix You invest $30,000 in two funds 
paying 3% and 45% simple interest. The total annual 
interest is $1230. How much do you invest in each fund? 
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59. Stock Mix You invest $5000 in two stocks. In one 
year, the value of stock A increases by 9.8% and the value 
of stock B increases by 6.2%. The total value of the 
stocks is now $5389.20. How much did you originally 
invest in each stock? 


60. Stock Mix You invest $4000 in two stocks. In one year, 
the value of stock A increases by 5.4% and the value of 
stock B increases by 12.8%. The total value of the 
stocks is now $4401. How much did you originally 
invest in each stock? 


Production Limit In Exercises 61 and 62, use the 
following information. Variable costs depend on the number 
of units produced. Fixed costs are the same regardless of 
how many units are produced. Find the greatest 
number of units the company can produce each month. 


61. The company has fixed monthly costs of $15,000 and 
variable monthly costs of $8.75 per unit. The company 
has $90,000 available each month to cover costs. 


62. The company has fixed monthly costs of $10,000 and 
variable monthly costs of $9.30 per unit. The company 
has $85,000 available each month to cover costs. 


Rewriting Formulas In Exercises 63-70, solve for the 


indicated variable. 
63. Area of a Triangle 
Solve for h in A = Sbh. 
64. Volume of a Rectangular Prism 
Solve for Jin V = lwh 
65. Perimeter of a Rectangle 
Solve for Jin P = 2] + 2w. 
66. Markup 
Solve for Cin S = C + RC. 
67. Discount 
Solve for Lin S = L — RL. 
68. Investment at Simple Interest 
Solve for rin A = P + Prt. 


69. Investment at Compound Interest 
nt 
Solve for Pin A = Pi a *) : 


70. Area of a Trapezoid 
Solve for b in A = 3(a + b)h. 
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Length of a Tank The diameter of a cylindrical 
propane gas tank is 4 feet (see figure). The total volume 
of the tank is 603.2 cubic feet. Find the length of the tank. 


Pan l > 


PROPANE i Ofer 














. Monthly Sales’ The table shows the monthly sales of 
a sales team for the fourth quarter of the calendar year. 
Use a spreadsheet software program to find the average 
monthly sales for each salesperson. Then find the 
team’s average sales for each month. 


November | December 





October 





Williams 


. Water Depth A trough is 12 feet long, 3 feet deep, 


Gonzalez 


$20,000 
$24,200 





and 3 feet wide (see figure). Find the depth of the AWalters 


$31,900 


$25,100 
$23,600 
$23,800 





water when the trough contains 70 gallons of water. 


(1 gallon ~ 0.13368 cubic foot.) Gilbert 


$24,600 
$32,400 








$23,100 








$19,100 


$30,700 
$28,600 


. Mixture 





A 55-gallon barrel contains a mixture with a 
concentration of 40%. How much of this mixture must 
be withdrawn and replaced by 100% concentrate to 
bring the mixture up to 75% concentration? (See figure.) 


40% 100% 





Fuel Mixture You have two gallons of a fuel mixture 
that is 32 parts gasoline and | part two-cycle engine oil. 
How much gasoline do you need to add to form a new 
mixture that is 40 parts gasoline and | part oil? 


. Monthly Sales The table shows the monthly sales of 


a sales team for the second quarter of the calendar year. 
Find the average monthly sales for each salesperson. 
Then find the team’s average sales for each month. 


Name April May joe 


Williams | $25,000 | $28,800 | $21,000 


Gonzalez | $26,200 | $27,800 | $29,500 




















Walters i $26,600 | $23,400 | $26,900 
Gilbert $27,100 | $22,200 | $29,000 
Hart $23,100 | $27,400 | $22,800 








tikitty, Inc 








77. Think About It Textbooks usually give just the 


information that is needed to solve a problem. In real 
life, you must often sort through a greater amount of 
information and discard irrelevant facts, called red 
herrings. Find any red herrings in the following problem. 


Beneath the ocean surface, pressure changes at a rate 
of approximately 4.4 pounds per square inch for every 
10-foot change in depth. A diver takes 30 minutes to 
ascend 25 feet from a depth of 150 feet. What change in 
pressure does the diver experience? 





[i 
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Business Capsule 


itiKitty, Inc. was founded in 2005 by 26-year-old 

Rebecca Rescate after she moved into a small 
apartment in New York City with no place to hide 
her cat’s litter box. Finding no easy-to-use cat toilet 
training kit, she created one, and CitiKitty was born 
with an initial investment of $20,000. Today the 
company flourishes with an expanded product line. 
Revenues in 2010 reached $350,000. 


78. Research Project Use your school’s library, 
the Internet, or some other reference source to 
find information about the start-up costs of 
beginning a business, such as the example 
above. Write a short paper about the company. 
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1.3 Quadratic Equations 









p 
70,000 + 
= 60,000+ 
x | 
> 1 
.000- 1 F) Actual 
000 | Model 
x | 
20,000 +- 
10,000 + 
or 24 4 




















wee 7 82-9 


Year (0 < 1800, | 4+ 1810) 


X 


In Exercise 87 on page 103, 
you will use a quadratic model to 
determine the population of the 
United States. 


STUDY TIP 


mI 
The Zero-Factor Property 
applies only to equations 
written in general form (in 
which one side of the equation 
is zero). So, be sure that all 
terms are collected on one 
side before factoring. For 
instance, in the equation 


(x —5)\(x + 2) = 8 


it is incorrect to set each 
factor equal to 8. Can you 
solve this equation correctly? 


SER Eee SE aE ae RCE 






; 
| 
| 
: 


@ Solve a quadratic equation by factoring. 
B Solve a quadratic equation by extracting square roots. 
™ Construct and use a quadratic model to solve an application problem. 


Solving Quadratic Equations by Factoring 


In the first two sections of this chapter, you studied linear equations in one variable. In 
this and the next section, you will study quadratic equations. 


Definition of a Quadratic Equation 
A quadratic equation in x is an equation that can be written in the general form 


ax? + bx +c =0 


where a, b, and c are real numbers with a # 0. Another name for a quadratic 
equation in x is a second-degree polynomial equation in x. 


There are three basic techniques for solving quadratic equations: factoring, extracting 
square roots, and the Quadratic Formula. (The Quadratic Formula is discussed in the 
next section.) The factoring technique is based on the following property. 


aan ARISE OPAC ANE srISEEN s ass 


Zero-Factor Property 
If ab = 0, then a = Oorb = 0. 


To use this property, rewrite the left side of the general form of a quadratic equation as 
the product of two linear factors. Then find the solutions of the quadratic equation by 
setting each linear factor equal to zero. 


sertedwa Solving a Quadratic Equation by Factoring 


Solve x2 — 3x — 10 = 0. 


SOLUTION 
a Oe 10 =") Write original equation. 
(x = 5)(x == 2) ——(() Factor. 
v= >= eee ao) Set Ist factor equal to 0. 
wt? = 0 Es x= —2 Set 2nd factor equal to 0. 
The solutions are x = 5 and x = —2. Check these in the original equation. 


R/checkpaint 1 





Solve each equation. 
ae et () 


b. x2 + 10x + 24 = 0 @ 
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TECH TUTOR 


me 
To check the solution 
in Example 3 with your 
graphing utility, you should 
first write the equation in 
general form. 


9x? —- 6x +1=0 


Then enter the expression 
9x’ — 6x + 1 into y, of the 
equation editor. Now you 
can use the ASK mode of 
the table feature of your 
graphing utility to check 

the solution. For instructions 
on how to use the table 
feature, see Appendix A. 





m Equations and Inequalities 


8 rte)(-wam Solving a Quadratic Equation by Factoring 


Solve 6x? — 3x = 0. 


SOLUTION 
6x? — 3x = 0 
3x(2x — 1) =0 
3x = 0 
2h) =O 


The solutions are x = 0 and x 
CHECK 

Oxe 235 

6(0)? — 3(0) 


|| 


o/ Checkpoint 2 


Solve 4x2 — 8x = 0. 


So 


Nl— 


Write original equation. 
Factor out common factor. 
Set Ist factor equal to 0. 


Set 2nd factor equal to 0. 


Write original equation. 
Substitute 0 for x. 

First solution checks. / 
Substitute : for x. 


Second solution checks. / 





If the two factors of a quadratic expression are the same, the corresponding solution 
of the quadratic equation is a double or repeated solution. 


1S etse)(-eeee A Quadratic Equation with a Repeated Solution 


Solve 9x? — 6x = —1. 
SOLUTION 

O77 6x. 

Oy Ox ale — 0 

(3x — 1)? =0 

Ox 0) 


ll 
| 
er 










i= 


wh 


The only solution is x = a 


CHECK 
Ox? — 6x = -1 
9(3)° — (3) = 1 
ares 
—l=-1 


S/ Checkpoint 3 


Solve x? + 4x = —4., 





Write original equation. 
Write in general form. 
Factor. 

Set repeated factor equal to 0. 


Solution 


Write original equation. 
z . l 
Substitute 3 for x. 
Simplify. 


Solution checks. i 
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Extracting Square Roots 


There is a shortcut for solving equations of the form uv? = d, where d > 0. By factoring, 
you can see that this equation has two solutions. 


uz=d Write original equation 
u*—d=0 Write in general form 
(u + Jad)(u — Valeo Factor 
u+/d=0 u=—J/d Set Ist factor equal to 0 


u— Jd = 0 | i Jd Set 2nd factor equal to 0 


Solving an equation of the form uv? = d without going through the steps of factoring is 
called extracting square roots. 


Extracting Square Roots 
The equation u? = d, where d > 0, has exactly two solutions: 
u=J/d and u=-—Vd. 


These solutions can also be written as u = + Ja: 





eerycem Extracting Square Roots 


Solve 4x? = 12. 


SOLUTION 
AMP = \|(92 Write original equation 
x? = 3 Divide each side by 4. 


x=Ht wa Extract square roots. 


— ./3. Check these in the original equation. 


\| 


The solutions are x = We) and x 


of Cheakpoint 4 


Solve 2x2 = 8. z 


sernyceme Extracting Square Roots 


Solve (x — 3)? = 7. 


SOLUTION 
(x a 3)2 ii) Write original equation. 
> ate iia oe) Extract square roots 
ye cb 6) oe 7 Add 3 to each side 


The solutions are x = 3 + \/7. Check these in the original equation. 


EIST ENT LET 8 RES OT 


of Checkpoint 5 


ee 


Solve (x — 1)? = 16. a 
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Applications 
Quadratic equations often occur in problems dealing with area. Here is a simple example. 
A square room has an area of 144 square feet. Find the dimensions of the room. 


To solve this problem, let x represent the length of each side of the room. Then use the 
formula for the area of a square to write and solve the equation 


x? = 144 


to conclude that each side of the room is 12 feet long. Note that although the equation 
x? = 144 has two solutions, x = —12 and x = 12, the negative solution makes no 
sense (for this problem), so you should choose the positive solution. 


€ /%'<eseete)(-Mo Finding the Dimensions of a Room 
“SS s 


A rectangular sunroom is 3 feet longer than it is wide (see Figure 1.6) and has an area 
of 154 square feet. Find the dimensions of the room. 








FIGURE 1.6 


SOLUTION Use the same type of problem-solving strategy that was presented in 
Section 1.2. 


Verbal Width Length _ Area 

Model: ofroom © ofroom — of room 

Labels: | Area of room = 154 (square feet) 
Width of room = w (feet) 
Length of room = w + 3 (feet) 

Equation: w(w + 3) = 154 


w2 + 3w — 154 =0 
(w= 11)\(w + 14) =0 
w-11=0 > w= 


i 


wt+l14=0 > w=-14 


Choosing the positive value, you can conclude that the width is 11 feet and the length 
is w + 3 = 14 feet. Check this in the original statement of the problem, as shown. 


CHECK 


The length of 14 feet is 3 feet more than the width of 11 feet. / 
The area of the sunroom is (11)(14) = 154 square feet. J 


a Checkeolnt 6 





A rectangular kitchen is 8 feet longer than it is wide and has an area of 
84 square feet. Find the dimensions of the kitchen. a 


STUDY TIP 





The position equation 
described here ignores air 
resistance. This implies that 
it is appropriate to use the 
position equation only to 
model falling objects that 
have little air resistance and 


that fall over short distances. 
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FIGURE 1.7 
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Another application of quadratic equations involves an object that is falling (or is 
vertically projected into the air). The equation that gives the height of such an object is 
called a position equation, and on Earth’s surface it has the form 


S= —16f + vot + Sp. 


In this equation, s represents the height of the object (in feet), vy) represents the initial 
velocity of the object (in feet per second), sy represents the initial height of the object 
(in feet), and ft represents the time (in seconds). 


: ce ® Example 7 | Falling Object 


A construction worker accidentally drops a wrench from a height of 235 feet and yells 
“Took out below!” (see Figure 1.7). Could a person at ground level hear this warning 
in time to get out of the way of the falling wrench? 


SOLUTION Because sound travels at about 1100 feet per second, it follows that a 
person at ground level hears the warning within 1 second of the time the wrench iS 
dropped. To set up a mathematical model for the height of the wrench, use the position 
equation 


(Seale Wea Sie 


Because the object is dropped rather than thrown, the initial velocity is vo = 0 feet per 
second. Moreover, because the initial height is s, = 235 feet, you have the following 
model. 


s = —16f + (0)t + 235 
= —16P + 235 








After falling for 1 second, the height of the wrench is 
E161). 235 = 219 feet. 

After falling for 2 seconds, the height of the wrench is 
= 16(2)? + 235 =171 feet. 


To find the number of seconds it takes the wrench to hit the ground, let the height s be 
zero and solve the equation for f. 


i Nee Write position equation. 
C= —16r 4, 235 Substitute 0 for s. 
160° = 235 Add 167 to each side. 
A eS - , 
iP = se Divide each side by 16. 
16 
Noe) - 
i= etm Extract positive square root. 
t = 3.83 Use a calculator. 


The wrench will take about 3.83 seconds to hit the ground. If the person hears the warning 
within 1 second after the wrench is dropped, the person still has almost 3 seconds to get 


/Cheex pont 7 


You drop a rock from a height of 144 feet. How long does it take the rock to hit the 
ground? ” 
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A third type of application using a quadratic equation involves the hypotenuse of a 
right triangle. Recall from geometry that the sides of a right triangle are related by a 
formula called the Pythagorean Theorem. This theorem states that if a and b are the 
lengths of the legs of the triangle and c is the length of the hypotenuse (see Figure 1.8), 


gf 9 
e+h=c. Pythagorean Theorem 


Notice how this formula is used in the next example. 





FIGURE 1.8 


€ Scrse(-eeme Cutting Across the Lawn 


An L-shaped sidewalk from the athletic center to the library on a college campus is 
shown in Figure 1.9. The sidewalk was constructed so that the length of one sidewalk 
forming the L is twice as long as the other. The length of the diagonal sidewalk that cuts 
across the grounds between the two buildings is 32 feet. How many feet does a person 
save by walking on the diagonal sidewalk? 


SOLUTION Use the Pythagorean Theorem. 


a b= C7 Pythagorean Theorem 
x7 + (2x)? = 32? Substitute for a, b, and c. 
55° = 1024 Combine like terms. 
je = KEN Divide each side by 5. 
jp = Se /204.8 Take the square root of each side. 
x = /204.8 Extract positive square root. 
The total distance covered by walking on the L-shaped sidewalk is 
Ket 2h = 3% 
= 3,/204.8 
= 42.9 feet. 


Walking on the diagonal sidewalk saves a person about 


42.9 = 32 — 10,9 feet: 


of cheekpolnt 8 





In Example 8, suppose the length of one sidewalk forming the L is three times as 
long as the other. How many feet does a person save by walking on the 32-foot 
diagonal sidewalk? a“ 


A fourth type of application of a quadratic equation is one in which a quantity y is 
changing over time f according to a quadratic model. In the next example, y is exchanged 
with R because R is a better descriptor in the model. 
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“aus Example Ki ~Electric Power Revenues 






From 2003 to 2007, the yearly revenues R (in billions of dollars) for the electric power 
industry in the United States can be modeled by 


Ree 3 tenia 39.10 St] 


where ¢ represents the year, with t = 3 corresponding to 2003 (see Figure 1.10). 
Use the model to approximate the year that revenues were about $325,000,000,000. 
(Source: Edison Electric Institute) 


R 
A 


S50ie- 


325 + \ 
200%——— 
Qi 
a 
Z | : a. 
3 4 5 6 7 





Revenues (in billions 
of dollars) 





LA, 


Year (3 © 2003) 


FIGURE 1.10 


SOLUTION _ To solve this problem, let the yearly revenues R be 325 billion dollars and 
solve the equation for tf. 


2231t + 239,12 = 325 Substitute 325 for R. 
QB it = 185.08 Subtract 239.12 from each side. 
t? ~ 38.391 Divide each side by 2.237. 
be OOOO Extract positive square root. 
t ~ 6.196 Simplify. 


The solution is t ~ 6. Because t = 3 represents 2003, you can conclude that, according 
to the model, revenues were about $325 billion in the year 2006. 


checkpoint 9 


Use the model in Example 9 to predict the year that revenues will be about 
$500 billion. ae 


SUMMARIZE (Section 1.3) 


1. Describe how to solve a quadratic equation by factoring (page 93). For 
examples of solving a quadratic equation by factoring, see Examples |, 2, 
and 3. 


2. Describe how to solve a quadratic equation by extracting square roots 
(page 95). For examples of solving a quadratic equation by extracting square 
roots, see Examples 4 and 5. 


3. Describe how a quadratic model can be used to represent data, such as the 
revenues of a particular industry (page 99, Example 9). 


Stuart Miles/Shutterstock.com 
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RM UP 1 3 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WA : these skills in the exercise set for this section. For additional help, review Sections 0.4 and 0.6. 


In Exercises 1—4, simplify the expression. 


1. JZ 25 732 

3. JP FS? 4. Ji 43 

In Exercises 5-10, factor the expression. 

5k oe 674x425 

Te AG =e Eh) See aca lie 
9. 10x? + 13x — 3 10S 607 73x ca 











Exercises 5 | 3 ST=1-MVAWAWA Or (oi @1 al-\etere] anim colan elg,c-ve rele m-ve)|U] (ce) atm comeole lo bialUlaglo]-1-[eM-p<- cele 
Writing the General Form In Exercises 1-10, write the 37. 3x2 + 2(x2 — 4) = 15 
quadratic equation in general form. 38. x2 + 3(x2 — 5) = 10 
1. Dh = 3 a Sy D, Ax? A Ox = 9 39, 6x2 = 3(x2 as 1) = D2 
3. BE 19x 4. 10x- = 70 40. Ix2 a 5(x2 i= 2) - 29 
lir = Sp Ss) 6:12 —8 7) a= 
Texte 2) 3x Sat Ce eee) Choosing a Method In Exercises 41-62, solve the 
ee eG eet] quadratic equation using any convenient method. See 
A melee to US Examples 1, 2, 3, 4, and 5. 
41. x* = 64 42. 7x? = 16 
Solving a Quadratic Equation by Factoring In 43. x27 -2x+1=0 44, x27 -6x+5=0 
Exercises 11-22, solve the quadratic equation by ASG 0 46. 11x? + 33x =0 
factoring. See Examples 7, 2, and 3. se 
F : 47. 4x* — 12x +9 =0 
ees ee 8) (D4, x= = NOx ae © = © 
: . 48. x7 — 14x + 49 =0 
13. 6x" + 3x = 0 14..9x*) =) 1-0 Cs 2 
3 49. (x + 4)? = 49 50. (x — 3)? = 36 
Se LO eee — 0 A 
: 54 403 52. 80 + 6%. = 9x" 
16. 16x? + 56x + 49 = 0 ¥ 
E - 53.250 Sx" 3x7 54, 144 — 73x + 4x* = 0 
WS ot ex 0 18. 2x* = 19x 33 : 
= i BS 2 a 56. 26x = 8x? +15 
19, x7 + 4y= 12 20. x7 + 4x = 21 : 
. é 57.00% a0 eee — 0 
Pa TS oe wk el PN eee eye , 
58. 952 4 12% 3 = 0 
Extracting Square Roots In Exercises 23-40, solve 59.03) tie 60.0) = 2)7> 9 = 
the quadratic equation by extracting square roots. When 61. (x + 1)? = x? 62. @& + 1)? = 4x? 
a solution is irrational, list both the exact solution and its 
approximation rounded to two decimal places. See 63. Writing Consider the expression (x + 2)’. How 
Examples 4 and 5. would you convince someone in your class that 
FAG Fao ad (x + 2)? # x? + 4? Give an argument based on the 
ae on rules of algebra. Give an argument using your graphin 
PLN eee 26, 3 = 27 wy: : ? wa 
utility. 
27. 3x" = 36 28. 9x° = 25 64. Writing Consider the expression \/a? + b*. How 
29. (x — 12)? = 144 30. (x + 13)? = 225 would you convince someone in your class that 
31. (x + 2)? = 12 32. (x + 5)? = 20 J/a* + b> # a+ b? Give an argument based on the 
33, 12x2 = 300 34. 6x2 = 250 rules of algebra or geometry. Give an argument using 
Pree : a Pe our graphing utility. 
35. 5x? = 190 36. 15x? = 620 Ty aera! ‘ 


65. 


66. 


67. 


68. 


69. 


Geometry A one-story building is 14 feet longer than 
it is wide (see figure). The building has 1632 square feet 
of floor space. What are the dimensions of the building? 





Geometry A billboard is 10 feet longer than it is 
high (see figure). The billboard has 336 square feet of 
advertising space. What are the dimensions of the 
billboard? 


Be sure you 
get the one that 





Geometry A triangular sign has a height that is equal 
to its base. The area of the sign is 4 square feet. Find the 
base and height of the sign. 

Geometry The building lot shown in the figure has 


an area of 8000 square feet. What are the dimensions of 
the lot? 





Geometry A rectangular garden that is 30 feet long 
and 20 feet wide is surrounded on all four sides by a rock 
path that is x feet wide. The total area of the garden and 
the rock path is 1200 square feet. What is the width of 
the path? 











70. 


Section 1.3 m Quadratic Equations 101 


Geometry A rectangular pool is 30 feet wide and 
40 feet long. It is surrounded on all four sides by a 
wooden deck that is x feet wide. The total area enclosed 
within the perimeter of the deck is 3000 square feet. 
What is the width of the deck? 


KK >< 4() ft ————> «> 





In Exercises 71-76, assume that air resistance is 
negligible, which implies that the position equation 


Ss — 
TA 


72. 


Th 


74. 


oe 


76. 


—16t? + Vot + Sg is a reasonable model. 


Falling Object A rock is dropped from the top of a 
200-foot cliff that overlooks the ocean. How long will it 
take for the rock to hit the water? 


Royal Gorge Bridge The Royal Gorge Bridge near 
Canon City, Colorado is one of the highest suspension 
bridges in the world. The bridge is 1053 feet above the 
Arkansas river. A rock is dropped from the bridge. How 
long does it take the rock to hit the water? 


Olympic Diver The high-dive platform in the 
Olympics is 10 meters above the water. A diver wants to 
perform an armstand dive, which means she will drop to 
the water from a handstand position. How long will the 
diver be in the air? (Hint: 1 meter ~ 3.2808 feet) 


The Owl and the Mouse An owl is flying at a 
height of 100 feet and spots a mouse directly below. The 
owl folds up its wings and drops into a dive at the 
mouse. How long does the mouse have to escape? 


Wind Resistance At the same time a skydiver 
jumps from an airplane 13,000 feet above the ground, a 
steel ball is dropped from the plane. Because of air 
resistance, it takes the skydiver 67 seconds to freefall to 
a height of 3000 feet, where the parachute opens. The 
steel ball has relatively no air resistance, so its height 
can be modeled by the position equation. How much 
faster does the ball reach a height of 3000 feet than the 
skydiver? 

Wind Resistance At the same time a skydiver jumps 
from an airplane 8900 feet above the ground, a steel ball 
is dropped from the plane. Because of air resistance, it 
takes the skydiver 44 seconds to freefall to a height of 
2500 feet, where the parachute opens. The steel ball has 
relatively no air resistance, so its height can be modeled 
by the position equation. How much faster does the ball 
reach a height of 2500 feet than the skydiver? 


102 


dak 


78. 


Ihe 
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Geometry The hypotenuse of an isosceles right 
triangle is 6 centimeters long. How long are the legs? 
(An isosceles right triangle is one whose two legs are of 
equal length.) 

Geometry An equilateral triangle has a height of 
3 feet. How long are each of its legs? (Hint: Use the 
height of the triangle to partition the triangle into two 
right triangles of the same size.) 

Flying Distance A commercial jet flies to three cities 
whose locations form the vertices of a right triangle (see 
figure). The air distance from Atlanta to Buffalo is about 
703 miles and the air distance from Atlanta to Chicago 
is about 583 miles. Approximate the air distance from 
Atlanta to Buffalo by way of Chicago. 


Buffalo 


Chicago 


Atlanta 


In Exercises 80 and 81, use the following information. 
The sum of the angles of a triangle is 180°. Also, if two 
angles of a triangle are equal, then the lengths of the 
sides opposite those angles are equal. 


80. 


81. 


Depth of a Whale The sonar on a research ship 
detects a whale that is 3000 feet from the ship. The 
angle formed by the ocean surface and a line from the 
ship to the whale is 45° (see figure). How deep is the 
whale? 


Not drawn to scale 





Depth of a Whale Shark A research ship is tracking 
the movements of a whale shark that is 700 meters from 
the ship. The angle formed by the ocean surface and a 
line from the ship to the whale shark is 45°. How deep 
is the whale shark? 





83. 


84. 


85. 


82. Tennis The winnings W (in dollars) of the men’s 
singles champions of the Wimbledon Tennis 
Tournament from 2004 through 2009 can be 
approximated by the model 


W = 8258.93 — 60,437.5t + 717,732, 45459 


where f represents the year, with ¢ = 4 corresponding to 
2004. (Source: Wimbledon Championships) 


W 


1,000,000 i 
800,000 | 


600,000 
400,000 ~ 
200,000 > 
SAN = ay al) i alta t 
4 5 6 if 8 9 


Year (4 <> 2004) 


Winnings (in dollars) 





(a) According to the model, what is the first year the 
men’s singles champion won $1 million or more? 
(b) The Wimbledon men’s singles champion won 
$1 million in 2010. Based on your answer in 
part (a), do you think this is a good model for 
making predictions after 2009? Explain. 


Total Revenue The demand equation for a product is 
p = 36 — 0.0003x, where p is the price per unit and 
x is the number of units sold. The total revenue R from 
selling x units is given by 


R = xp = x(36 — 0.0003x). 
How many units must be sold to produce a revenue of 
$1,080,000? 


Total Revenue The demand equation for a product 
is p = 40 — 0.0005x, where p is the price per unit and 
x is the number of units sold. The total revenue R from 
selling x units is given by 


R = xp = x(40 — 0.0005x). 





How many units must be sold to produce a revenue of 
$800,000? 


Production Cost A company determines that the 
average monthly cost C (in dollars) of raw materials for 
manufacturing a product line can be modeled by 


C= .35,65F e+ 7205, ta) 0 


where f is the year, with ¢ = 0 corresponding to 2010, 
Use the model to estimate the year in which the average 
monthly cost will be about $10,000. 





86. Blue Oak The blue oak tree, native to California, is 


known for its slow rate of growth. Fencing enclosures 
protect seedlings from herbivore damage and promote 
faster growth. The height H (in inches) of an enclosed 
blue oak tree is expected to change according to the 
model 


Pear -- 25, 0s 1's'5 


where f represents the year, with ¢ = 0 corresponding to 
2010. Approximate the height of the tree in 2012. Then, 
use the model to approximate the year in which the 
height of the tree will be about 37 inches. 


thousands) of the United States from 1800 to 


1890 can be approximated by the model 
P= 694.597 + 6179, Osts9 


where f represents the year, with ¢ = 0 corresponding 
to 1800, t = | corresponding to 1810, and so on (see 











figure). (Source: U.S. Census Bureau) 
P 
A 
70,000 -- | 
& — 60,000 + 
5 -~ 
24 50,000 + 
as Ble , Sse 
23 40,000") 7 Actual 
oO 
SZ = 30,000+ | Model 
© 
—~ S 
H 20,000 
~ 
10,000-+ 
PUTT 
ieee wae 5) 6 78. 9 


Year (0 & 1800, 1 <— 1810) 


(a) Assume this model had continued to be valid up 
through the present time. In what year would the 
resident population of the United States have 
reached 250,000,000? 

Judging from the figure, would you say that this 
model is a good representation of the resident 
population through 1890? 


(b 


~— 


(c) Use the model to predict the resident population 
in 2010. How does your answer compare with the 
actual 2010 resident population of approximately 
310,000,000? 

(d) The U.S. Census Bureau predicts that the resident 
population in 2050 will be 439,010,253. Would 
you say that the model supports this prediction? 
Explain. 


88. 


89. 


90). 


91. 


92. 
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HOW DO YOU SEE IT? Each figure shows a 
person or a ball about to go into motion through 
the air, Match each figure with the position 
equation that represents the situation, Without 
calculating, compare the terms of the equations 
to determine which situation involves the least 
amount of time in the air, Explain your reasoning, 

(i) : (iti) 

A 
|) an 

(a) s = —16f + 331 

(b) ese 16ra 10 

(c) s = —16f — 20t + 10 

Monthly Cost A company determines that the average 


monthly cost C 
positions can be modeled by 


(in dollars) of staffing temporary 


C = 135.472 + 13,702, +20 


where f represents the year, with ¢ = 0 corresponding to 
2010. Use the model to predict the year in which the 


average monthly cost will be about $25,000, 


Education 
development program for a school district from 


The enrollment & in an early childhood 


2000 to 2012 can be approximated by the model 


E = 1,678 + 1025, Os?rs 12 


where f represents the year, with ¢ ~ O corresponding to 
2000, Use the model to approximate the year in which 
the early childhood enrollment was about 1160 children, 
Can you use the model to estimate early childhood 
enrollment for the year 1980? Explain, 

Meteorology The 
Fahrenheit) during a certain day can be approximated by 


temperature 7) (in deprees 


T= 0.3104 + 32.9, 7 srs 15 


where ¢ represents the hour of the day, with 4 7 
corresponding to 7 A.M, Use the model to approximate 
the time when the temperature was 85°F, Can you use 
this model to predict the temperature at 7 P.M.” Explain, 
Electromedical Exports 2004 
2009, the yearly exports / (in billions of dollars) of 


Prom through 
electromedical equipment from the United States can 
be approximated by 


E=0.11917 + 10.7, 4s1s9 


where f represents the year, with / 


2004. Use the model to estimate the year when the value 
ACA) 


4 corresponding: to 


of these exports was about $15 billion, (Source 
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5 i Ys @lUF-(elg-(em melanalelrs 





m@ Develop the Quadratic Formula by completing the square. 

m Use the discriminant to determine the number of real solutions of 
m” a quadratic equation. 

m Solve a quadratic equation using the Quadratic Formula. 


AA m Use the Quadratic Formula to solve an application problem. 
ed p 


& Development of the Quadratic Formula 


(7) Actual | 
| C) Model | In Section 1.3, you studied two methods for solving quadratic equations. These two 


4 6 7 8 9 10 II 


| | | tl methods are efficient for special quadratic equations that are factorable or that can be 

| | | | | | solved by extracting square roots. There are, however, many quadratic equations that 
| 

. general formula that can be used to solve any quadratic equation. It is called the 

Quadratic Formula. This formula is derived using a process called completing the 


cannot be solved efficiently by either of these two techniques. Fortunately, there is a 
square, 
ax? + bx+c=0 General form, a # 0 
ax* + bx = —-c Subtract c from each side. 
cpus el Cc 
NA ae ae i hee Divide each side by a. 
a ad 
oe le b \? c bp Ne 
\ Oe ea aad G Val i ae ll ee Complete the square. 


Yeur (2 «» 2002) 


| 


a 2a a 2a 
In Exercise 71 on page 112, | —h f 
you will use the Quadratic Formula ( If of b\? 
' Ki 
to determine the year when only 60% ra = 


of households still had VCRs. 


( b ) b? — 4ac 
xt —|) = — Simplify. 
4a- 


i. b Ee /b? — 4ac 
x eae —T o Extract square roots. 
2a 4a’ 


—b+ /b* — 4ac 


ae Solutions 


2a 





The Quadratic Formula 
The solutions of 
ax + bx +c=0, a#0 


are given by the Quadratic Formula, 


—b + ./b* — 4ac 
2a : 





To help you remember the Quadratic Formula, try to memorize a verbal statement of 
the rule, such as; 
“The opposite of b, plus or minus the square root of b squared minus 4ac, all 
divided by 2a.” 


Bla) Gabriel/ww.shutterstock.com 
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The Discriminant 


In the Quadratic Formula, the quantity under the radical sign, b* — 4ac, is called the 
discriminant of the quadratic expression ax? + bx + c. 


g) ° ° . 
lar = loge Discriminant 


It can be used to determine the number of real solutions of a quadratic equation. 


Salatlona: ot : Quadratic Equation pe 
The solutions of a quadratic equation 
ax? + bx + c=0, a0 
can be classified by the discriminant, b* — 4ac, as follows. 
1. If b> — 4ac > 0, then the equation has two distinct real solutions. 
2. If b? — 4ac = 0, then the equation has one repeated real solution. 


3. If b> — 4ac < 0, then the equation has no real solutions. 


If the discriminant of a quadratic equation is negative, as in case 3 above, then its 
square root is imaginary (not a real number) and the Quadratic Formula yields two 
complex solutions. You will study complex solutions in Section 3.5, 


/cesee)(-wam Using the Discriminant 


Use the discriminant to determine the number of real solutions to each of the following 
quadratic equations. 


a4 0c ae — 0) be Lox l= 0 c. 5x? = 8x 


SOLUTION 
a. Using a = 4, b = —20, and c = 25, the discriminant is 
b? — 4ac = (—20)? — 4(4)(25) 


= 400 — 400 = 0. 
Because b? — 4ac = 0, there is one repeated real solution. 
b. Using a = 13, b = 7, and c = 1, the discriminant is 
be aac =1(7)2 ==-A( a) (1) 
= 49 — 52 = -3. 
Because b? — 4ac < 0, there are no real solutions. 


c. In general form, this equation is 5x* — 8x = 0, with a = 5,b = —8, and c = 0, 
which implies that the discriminant is 


b* — 4ac = (—8)? — 4(5)(0) 
64, 


Because b2 — 4ac > O, there are two distinct real solutions. 


n/Ghenkeclat 1 


Use the discriminant to determine the number of real solutions of x? + 6x + 9 = 0. 
e 





Oo 
[@)) 







TECH TUTOR 





You can write a 
program for a graphing 
utility to solve equations 


using the Quadratic Formula. 


Use a program to solve the 
equation in Example 2. 
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Using the Quadratic Formula 


When using the Quadratic Formula, remember that before the formula can be applied, 
you must first write the quadratic equation in general form. 


| Example 2 | Two Distinct Solutions 


Solve x7 + 3x = 9. 


SOLUTION 
+ 3x=9 Write original equation. 
x7 + 3x —9=0 Write in general form. 





x 2 i) Quadratic Formula 
=6) ay </A'5 ees 
a = Simplify. 
m, 
—-34+3/5 aad 
x= Simplify. 
2, 
The solutions are 
—3 + 3/5 —3 -— 3/5 
ee and. 4. 
2, 2 
Check these in the original equation. ———— 


a/ Cheek polbt 2 


Solve x? + 2x = 2. & 


)eerrye)-wea ~One Repeated Solution 


Solve 8x? — 24x + 18 = 0. 
SOLUTION Begin by dividing each side by the common factor 2. 








Sx = 9245-18) Write original equation. 
Aye a) Dei Oa () Divide each side by 2. 
—~(—12)4 /H 12 — 4@@ 
of = ( a ( M Quadratic Formula 
22/0 | 
BB Simplify. 
8 
ve Pee: 
x 5 Repeated solution 


The only solution is 


i 


Nlw 


Check this in the original equation. 


Jf Checkpoint 3 
Solve 27x? — 18x = —3. © 
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The discriminant in Example 3 is a perfect square (zero in this case), and you could 
have factored the quadratic as 


4x? — 12x +9 =0 
(2x — 3)* =0 


and concluded that the solution is x = 3. Because factoring is easier than applying 
the Quadratic Formula, try factoring first when solving a quadratic equation. If factors 
cannot easily be found, then use the Quadratic Formula. For instance, try solving the 
quadratic equation 


x—x-12=0 


in two ways—by factoring and by the Quadratic Formula 
solutions either way. 

When using a calculator with the Quadratic Formula, you should get in the habit 
of using the memory key to store intermediate steps. This will save steps and minimize 
roundoff error. 





to see that you get the same 


leceteeycwm Using a Calculator with the Quadratic Formula 


Solve 16.3x2 — 197.6x + 7.042 = 0. 
SOLUTION In this case, a = 16.3, b = —197.6, c = 7.042, and you have 
—(—197.6) + /(— 197.6)? — 4(16.3)(7.042) 


oS i 


2(16.3) 








To evaluate these solutions, begin by calculating the square root of the discriminant, as 
follows. 


Scientific Calculator Keystrokes 
197.6 G5) 6) © 4 & 16.3 & 7.042 © 


Graphing Calculator Keystrokes 


197.60) G2) ©) 4 & 16.3 & 7.042 0) (ENTER) 


In either case, the result is 196.434777. Storing this result and using the recall key, you 
can find the following two solutions. 


197.6 + 196.434777 














x = 2(16.3) = 12.087 Add stored value. 
97.6 — 196.43 
x = ] 77.6 x ay nai = (),.036 Subtract stored value. 
of Cheokvolnt 4 
Solve 4.7x? — 3.2x — 5.9 = 0. a 
TECH TUTOR 


Try to calculate the value of x in Example 4 by using additional 
parentheses instead of storing the intermediate result, 196.434777, in your 
calculator. 
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Applications 


In Section 1.3, you studied four basic types of applications involving quadratic equations: 
area, falling bodies, the Pythagorean Theorem, and quadratic models. The solution to 
each of these types of problems can involve the Quadratic Formula. For instance, 
Example 5 shows how the Quadratic Formula can be used to analyze a quadratic model 
for a patient’s blood oxygen level. 


€ Pernice Blood Oxygen Level 
“thas 


Doctors treated a patient at an emergency room from 1:00 p.m. to 5:00 p.m. The 
patient’s blood oxygen level L (in percent) during this time period can be modeled by 


L = —0.25¢7 + 3.0% + 87, “Vs re3 


where f represents the time of day, with t = | corresponding to 1:00 p.m. Use the model 
to estimate the time when the patient’s blood oxygen level was 95%. 


SOLUTION _ To find the hour when the patient’s blood oxygen level was 95%, solve the 


equation 


95 = —0,252 + 3,0f + 87. 





To begin, write the equation in general form. 








A pulse oximeter helps monitor the - (0.2572 + 3.0 — 8 = 0 
oxygen saturation of an individual's 
blood, as well as his or her heart rate. Then apply the Quadratic Formula with a = =—(0.25,b = 3.0, andc= =a 
; 3+ /3? — 4(-0.25)(—8) 
2(—0.25) 
se SE 
=059 
it eck 
—(5 
4 or 8 


Of the two possible solutions, only t = 4 makes sense in the context of the problem 
because t = 8 is not in the domain of L. Because t = | corresponds to 1:00 P.M., it 
follows that ¢ = 4 corresponds to 4:00 P.M. So, from the model you can conclude that 
the patient’s blood oxygen level was 95% at about 4:00 P.M. Figure 1.11 shows the 
patient’s oxygen level recorded every 30 minutes. 


L 


ct 
@ noo 


Hour (1 © 1 P.M.) 


Oxygen level (%) 
s 





Y Checkpoint 5 





Use the model in Example 5 to estimate the time when the patient’s blood 
oxygen level was 92%. 3 
Rob Byron/Shutterstock.com 





STUDY TIP 





Note in the position equation 
feeeelOr -- vot + Sp 


that the initial velocity v, is 
positive when an object is 
rising and negative when an 
object is falling. 





TECH TUTOR 


Use the last entry 
feature of your graphing 
calculator to find the time in 
the air on Earth for the rock 
in Example 6. Simply 
replace — 2.7 with — 16 in 
the position equation. 











| 
E 
| 
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In Section 1.3, you learned that the position equation for a falling object is of the 
form 


s= —-162 + Vot + Spo 


where s is the height (in feet) of the object, vp is the initial velocity (in feet per second), 
tis the time (in seconds), and sv, is the initial height (in feet). This equation is valid only 
for free-falling objects near Earth’s surface. Because of differences in gravitational 
force, position equations are different on other planets or moons. The next example 
looks at a position equation for a falling object on our moon. 


pik 
« Bsn Throwing an Object on the Moon 
=f 


An astronaut standing on the surface of the moon throws a rock straight up at 
27 feet per second from a height of 6 feet. The height s (in feet) of the rock is given by 


s = —2.77 + 27t + 6 


where tf is the time (in seconds). How much time elapses before the rock strikes the 
lunar surface? 


SOLUTION Because s gives the height of the rock at any time f, you can find the 
time that the rock hits the surface of the moon by setting s equal to zero and solving 
for f. 














—2.7t7 + 27t+6=0 Substitute 0 for s 
p= W274 J/ (27)? — 4(=2.7)(6) D OEE dap 
— adratic FO f 
—2.7) Juadrati rmula 
STR ate SEs) 
= Simplify 
—5.4 
= 10.2 seconds Choose positive solution 


So, about 10.2 seconds elapse before the rock hits the lunar surface. 


o/ cheekpoint 6 


In Example 6, suppose the rock is thrown straight up at 13 feet per second from a 
height of 4 feet. The height s (in feet) of the rock is given by 


s = —2.7t2 + 13t + 4. 


How much time (in seconds) elapses before the rock strikes the lunar surface? © 


SUMMARIZE (Section 1.4) 


1. State the definition of the discriminant of a quadratic expression and 
describe how it is used to determine the number of real solutions of a 
quadratic equation (page 105). For an example of using the discriminant, 
see Example 1. 


2. Describe how to solve a quadratic equation using the Quadratic Formula 
(pages 106 and 107). For examples that use the Quadratic Formula, see 
Examples 2, 3, and 4. 


3. Describe a real-life example that uses the Quadratic Formula (pages 108 and 
109, Examples 5 and 6). 


Kurhan/Shutterstock com 
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haf 25.~ 405 )(— 2) 





The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Sections 0.4 and 1.3. 


2. /49 — 4(2)(3) 


152 + 4(9)(12) 


in Exercises 5-10, solve the quadratic equation by factoring. 


5.x? -x-2=0 
7.x7-4x=5 
9. x(x — 7) = —10 


Exercises 1.4 


6. 2x7 + 3x —9 =0 
8. 2x2 + 13x =7 
10. x(x — 3) =4 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Using the Discriminant In Exercises 1-8, use the 
discriminant to determine the number of real solutions of 
the quadratic equation. See Example 1. 


1. x7 —4x+4=0 pe Dea to Nm) 
3. 3x7 + 4x +1 =0 4a = 2x 4 0 
5, 2 = Sy SS 6. 3 — 6x = —3x? 
7. x2 +2x-8=0 8. 4x2 — 5x + 25 =0 


Using the Quadratic Formula In Exercises 9-30, use 
the Quadratic Formula to solve the quadratic equation. 
See Examples 2 and 3. 


Ge xs — to 10:22 —x= 10 
1 160. os = 127 257 — 20 3 
B56 4 14.2+2x=x 
15. x7 = 10x + 22 —0 16. x7 + 14x + 44=0 
17. x + 8x —4=0 18. 497 = 45 — 4=90 
19. 126 9 S39 20. 16x? + 22 = 40x 
21: 36 + 245 = 7 22. 3x +x? =1 
23. 4x7 + 4x =7 24. 16x* — 40x = =—5 
25. 28x — 49x* = 4 26. 9x? + 24x = —16 
a Ni a ad 28. 25h? + 61 = —80h 
29. (y — 5)? = 2y 30, + 6)2 = —2x 


Using a Calculator In Exercises 31-36, use a calculator 
to solve the quadratic equation. (Round your answer to 
three decimal places.) See Example 4. 


31, 5.14 = Le 3.2.=0 

32. —0.067x? — 0.852x + 1.277 = 0 
33. 12.67x? + 31.55x + 8.09 = 0 
34. 422x? — 506x — 347 = 0 

35. —0.003x2 + 0.025x — 0.98 = 0 
36. —0.005x? + 0.101x — 0.193 = 0 


Choosing a Method In Exercises 37-46, solve the 
quadratic equation using any convenient method. See 
Examples 2, 3, and 4. 

ghee I ein Yokel 
38072 = Ox = ee 
39740 40. 3x7 — 16 = 38 
Ala or 1 el) 42. #-+3x —-4=0 
43. x — 1)? =9 44. (x — 5)? = 16 
45. 3x2 + 5x — 11 = 4(x — 2) 

46. 2x2 + 4x — 9 = 2(x — 1) 


Writing Real-Life Problems In Exercises 47-50, solve 

the number problem and write a real-life problem that 

could be represented by this verbal model. For instance, 

an applied problem that could be represented by 

Exercise 47 is shown below. | 

The sum of the length and width of a one-story house is 

100 feet. The house has 2500 square feet of fioor space. 

What are the length and width of the house? 

47. Find two numbers whose sum is 100 and whose product 
is 2500. 

48. One number is | more than another number. The 
product of the two numbers is 72. Find the numbers. 

49. One number is | more than another number. The sum of 
their squares is 113. Find the numbers. 

50. One number is 2 more than another number. The 
product of the two numbers is 440. Find the numbers. 


Cost Equation In Exercises 51-54, use the cost 
equation to find the number of units x that a manufacturer 
can produce for cost C. (Round your answer to the nearest 
positive integer.) 

51. C = 0.125x? + 20x + 5000, C = $14,000 

52. C = 0.5x2 + 15x + 5000, C = $11,500 


SD. 
54. 


Soe 


56. 


Sis 


58. 


C = 800 + 0.04x + 0.002x?,  C = $1680 
C = 3125 — 10x + 0.4x?, C = $900 


Seating A lecture hall has 108 chairs arranged in 
rows with the same number of chairs in each row. You 
eliminate three rows by adding six chairs to each of the 
other rows. How many rows are there now? How many 
chairs are in each row? 


Child Care A child care center has 200 feet of 


fencing to enclose two adjacent rectangular safe play 
areas (see figure). 





(a) Write an expression for the total area A of the play 
areas in terms of x. 


(b) Find the dimensions for which the enclosed area is 
1600 square feet. 


Geometry An open box is made from a square piece 
of material by cutting two-inch squares from the corners 
and turning up the sides (see figure). The volume of the 
finished box is 200 cubic inches. Find the size of the 
original piece of material. 





Geometry The swimming pool shown is 4 feet deep 
and has a volume of 1024 cubic feet. Find the dimensions 
of the base of the pool. 





52. 


60. 


61. 


62. 


63. 
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Stratosphere You are at the Stratosphere Tower in 
Las Vegas. While riding the X-Scream tower ride, you 
accidently drop a coin from a height of 866 feet with an 
initial velocity of —5 feet per second. How long does it 
take the coin to hit the ground? 


Sports You throw a baseball straight up into the air at 
a velocity of 80 feet per second. You release the baseball 
at a height of 5.5 feet and catch it when it falls back to 
a height of 5.5 feet. 


(a) Use the position equation to write a mathematical 
model for the height of the baseball. 


(b) Find the height of the baseball after 1 second, 
2 seconds, and 3 seconds. What must have occurred 
sometime in the interval 2 < t < 3? Explain. 


(c) For how many seconds is the baseball in the air? 


On the Moon Ap astronaut on the moon throws a 
rock straight upward into space. The height s (in feet) of 
the rock is given by 


s= —2.7t? + 40t+ 5 


where the initial velocity is 40 feet per second, the 
initial height is 5 feet, and f is the time (in seconds). 
How long will it take the rock to hit the surface of the 
moon? Suppose a rock is thrown with the same initial 
velocity and height on Earth. How long will it take the 
rock to hit the ground? 


Hot Air Balloon Two people are floating in a hot 
air balloon 200 feet above a lake. One person tosses out 
a coin with an initial velocity of 20 feet per second. One 
second later, the balloon is 20 feet higher and the other 
person drops another coin (see figure). The position 
equation for the first coin is s = —16f + 20 + 200, 
and the position equation for the second coin is 
s = —16f + 220. Which coin will hit the water first? 
(Hint: Remember that the first coin was tossed one second 
before the second coin was dropped.) 





Comparing Gravity Does a rock thrown upward 
from an initial height of 6 feet with an initial velocity of 
27 feet per second take longer to reach the ground on 
Earth or on the moon? (See Example 6.) 


ae 
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64. Comparing Gravity Does a rock thrown downward 


from an initial height of 6 feet with an initial velocity of 
— 14 feet per second take longer to reach the ground on 
Earth or on the moon? (See Example 6.) 


65. Aviation A commercial jet flies to three cities whose 


locations form the vertices of a right triangle (see 
figure). The total flight distance (from Oklahoma City 


69. 


Flying Speed Two planes leave simultaneously 
from the same airport, one flying due east and the other 
due south (see figure). The eastbound plane is flying 
50 miles per hour faster than the southbound plane. 
After 3 hours the planes are 2440 miles apart. Find the 
speed of each plane. 


N 


to Austin to New Orleans and back to Oklahoma City) 

is approximately 1348 miles. It is 560 miles between 

Oklahoma City and New Orleans. Approximate the WwW 
other two distances. 






Airport 


Oklahoma C ity| 


' 
' 
ij 
i} 
i} 
1 
1 
! 
' 
i} 
iF 
i} 





70. Flying Speed Two planes leave simultaneously from 
the same airport, one flying due east and the other due 
south. The eastbound plane is flying 100 miles per hour 
faster than the southbound plane. After 2 hours the planes 
are 1500 miles apart. Find the speed of each plane. 


Austin New Orleans 


66. Distance from a Dock A windlass is used to tow a 
boat to a dock. The figure shows the boat when it is 75 feet 
from the windlass. How far is the boat from the dock? 

71. VCRs The percent P of homes in the United 
States with VCRs from 2002 through 2011 can be 


approximated by the model 


P= =0496 + 3.0]t + 37.2, 92.5 fee 


where f represents the year, with ¢ = 2 corresponding to 
2002. The bar graph shows the actual percents and the 
percents represented by the model. (Source: The 
Nielsen Company) 





67. Blood Oxygen Level Doctors treated a patient at an 
emergency room from 2:00 P.M. to 7:00 P.M. The patient’s 








blood oxygen level L (in percent) during this time ‘4 LJ Actual 
period can be modeled by 100 + Model 
S 80+ 
= 02108 =F 3591 ae 83.1) ote] S 60 
: : & 40-4 
where f¢ represents the time of day, with t= 2 Da, 
corresponding to 2:00 p.M. Use the model to estimate Rew alk [ae 





ple ce yen, Wh ave eh. MLO) Uhh 
Year (2 © 2002) 


the time (rounded to the nearest hour) when the 
patient’s blood oxygen level was 93%. 


68. Green Mountain Coffee Roasters The sales S (in 
millions of dollars) for Green Mountain Coffee Roasters 
from 2004 through 2009 can be approximated by 


5 = 31.61i 283404 776, 45159 


(a) Use the model to estimate the year when the 
percent of homes with VCRs was about 60%. 


(b) Use the model to estimate the year when the 
percent of homes with VCRs was about 80%. 
where f represents the year, with f = 4 corresponding to 
2004. Use the model to estimate the year when sales 
were about $340 million. 
Coffee Roasters, Inc.) 


(c) Use the model to predict the last year that 
VCRs will exist in U.S. households. Would 
you say that the model is valid to represent 
data up to that year’ 


(Source: Green Mountain 





72. 


TEE 


HOW DO YOU SEE IT? The bar graph 


shows the growth of a baby girl. A model that 
approximates her body length / (in centimeters) 
at m months of age is 


h=—(.0813m- + 3.028m + 50.0, 0 = m= 15. 


AUT 


100 
80 
60 
40 
20 


Body length (in 
centimeters) 


es 








T 
tS 


Age (in months) 


(a) During which 3-month period shown in the bar 
graph did the baby girl grow the most? 


(b) For / = 50 centimeters, the model simplifies to 
0 = —0.0813m? + 3.028m. 


Is the discriminant positive, negative, or zero? 


(c) Based on your answer in part (b) and the bar graph, 
will the original model work well for predicting the 
girl’s height as she gets older? Explain. 


Biology The metabolic rate of an ectothermic 
organism increases with increasing temperature within 
a certain range. The graph shows experimental data for 
the oxygen consumption C (in microliters per gram per 
hour) of a beetle at certain temperatures. The data can 


be approximated by the model 
(450° —~1.65x+ 50.75, 10 = x = 25 


where x is the temperature in degrees Celsius. 





Oxygen consumption (in 
microliters per gram 
per hour) 





| T Le 
25 


Air temperature (in degrees Celsius) 








The oxygen consumption is 150 microliters per 
gram per hour. What is the air temperature? 

(b) The temperature is increased from 10°C to 20°C. The 
oxygen consumption is increased by approximately 
what factor? 


— 


(a 
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74. Total Revenue The demand equation for a product is 


p = 60 — 0.0004x 


where p is the price per unit and x is the number of units 
sold. The total revenue R from selling x units is given by 


R = xp. 


How many units must be sold to produce a revenue of 
$220,000? 


75. Total Revenue The demand equation for a product is 


p = 50 — 0.0005x 


where p is the price per unit and x is the number of units 
sold. The total revenue R from selling x units is given by 


R = xp. 


How many units must be sold to produce a revenue of 
$250,000? 


76. Think About It When the Quadratic Formula is used 


to solve certain problems, such as the problem in 
Example 5 on page 108, why is only one solution used? 


77. Think About It The discriminants of two quadratic 


equations are 5 and —10. Can the equations have the 
same solutions? Explain. 


78. Writing List the methods you have learned for solving 


quadratic equations. Identify the type of quadratic 
equation that is most easily solved by each method. 
Give an example showing the solutions for each type. 


79. Project: Revenue For a project involving the 
revenues for Buffalo Wild Wings from 2002 to 2010, 
visit this text’s website at www.cengagebrain.com. 
(Source: Buffalo Wild Wings, Inc.) 


| Section 1.4 | Project: Revenues 


(in millions of dollars) for Buffalo Wild Wings from 
del 


Project: Revenues The 
1002 10 2010 can be 
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Q U q zZ YO WU R S E L iF See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this quiz as you would take a quiz in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-4, solve the equation and check your solution. 
1. 3(x — 2)— 4(2x% + 5) = 4 


OS ae 





5. Describe how you can check your answers to Exercises 1—4 using your graphing 
utility. 


In Exercises 6 and 7, use a calculator to solve the equation. (Round your solution 


to three decimal places.) 
Xx Xx 
aes Se 2 


725). 378i 0.757500 0) eels 





In Exercises 8 and 9, write an algebraic equation for the verbal description. Find 
the solution if possible and check. 


8. A company has fixed costs of $30,000 per month and variable costs of $8.50 per 
unit manufactured. The company has $200,000 available each month to cover 
monthly costs. How many units can the company manufacture? 


9. The demand equation for a product is p = 75 — 0.0002x, where p is the price per 
unit and x is the number of units sold. The total revenue R from selling x units is 
given by R = xp. How many units must be sold to produce a revenue of $300,000? 


In Exercises 10-15, solve the quadratic equation by the indicated method. 
10. Factoring: 3x* + 13x = 10 

11. Extracting square roots: 3x? = 15 

12. Extracting square roots: (x + 3)? = 17 

13. Quadratic Formula: 2x + x? = 6 

14. Quadratic Formula: 3x? + 7x — 2 = 0 

15. Quadratic Formula: 3x? — 4.50x — 0.32 = 0 


In Exercises 16 and 17, use the discriminant to determine the number of real 
solutions of the quadratic equation. 


16. 2x7 -—4x +9=0 
17, 9x2 — 3x +4 = 


18. Describe how you would convince a fellow student that (x + 3)? = x? + 6x + 9 
for all real values of x. 


19. A rock is dropped from a height of 324 feet. How long will it take the rock to hit 
the ground? 


20. An open box has a square base and a height of 6 inches. The volume of the box is 
486 cubic inches. Find the dimensions of the box. 
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prome ©) tal-) am AY, ol-\- ao) my mio [Ul-1e(e) al 


@ Solve a polynomial equation by factoring. 





m Rewrite and solve an equation involving radicals or rational exponents. 
™@ Rewrite and solve an equation involving fractions or absolute value. 





@ Construct and use a nonquadratic model to solve an application problem. 





Fe Polynomial Equations 
ee : In this section, you will extend the techniques for solving equations to nonlinear and 
ai nonquadratic equations. At this point in the text, you have three basic methods for 
caf Be HALE. solving nonlinear equations—factoring, extracting square roots, and the Quadratic 
16 17 18 19 20 21 22 23 24 25 Formula. So, the main goal of this section is to learn to rewrite nonlinear equations in 


Current age 


a form to which you can apply one of these methods. 


ie<ese¥)(-Wam Solving a Polynomial Equation by Factoring 


Solve 3x4 = 48x”. 





SOLUTION The basic approach is first to write the polynomial equation in general 
form with zero on one side, then to factor the other side, and finally to set each factor 
equal to zero and solve. 


3x4 = 48x? Write original equation. 
In Exercise 70 on page 124, 
you will solve an equation involving a oho = AES Write in general form. 
radical to determine a person’s age 


2} ae. a mo : 
given his or her life expectancy. aye (x? 16) 0 Factor out common factor. 
3x2(x + 4)(x — 4) = 0 Difference of two squares 
3x? = 0 > x= 0 Set Ist factor equal to 0. 
x+4= > x= 4 Set 2nd factor equal to 0. 





Gea (0) a> x=4 Set 3rd factor equal to 0. 

STUDY TIP Check these solutions in the original equation. 
When solving an equation, | CHECK 

id dividi wee ois 
eats eae soared By A By Write original equation. 
a common variable factor 
to simplify. You may lose ‘ 3(0)* = 48(0)? Substitute 0 for x. 
solutions. For instance, if E : Vi 
you divide each side by x? Oe BOS 
in Example 1, you lose the : 3(—4)* = 48(—4)? Substitute —4 for x. 
solution x = 0. Also, when ' y, 
solving an equation by 768 = 768 = checks. 
factoring, be sure to set each 4 3(4)4 = 48(4)? Substitute 4 for x. 
variable factor equal to zero 
to find all of the possible ‘ 768 = 768 4 checks. 7 
solutions. 


After checking, you can conclude that the solutions are 


x= 0,x = —4, and x = 4. 





/ checknelnt 1 


Solve 3x3 = 3x. a 


Blaj Gabriel/www.shutterstock.com 
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STUDY TIP 





When using the w-substitution, 


remember to substitute back 
to the original variable. If the 
original equation is in terms 
of x, the solutions should be 
in terms of x. 








i$ <etesse)(-wam Solving a Polynomial Equation by Factoring 


x 3x — ox + Oo = 0 Original equation 
re Gs = 3) = Bee = 3) = Group terms and factor. 
(x= Sie —3)= Distributive Property 
w= 3 = re x=3 Set Ist factor equal to 0. 
(oe Ne + /3 Set 2nd factor equal to 0. 


The solutions are 
x=3, x= wes Ala =e, 


Check these in the original equation. Notice that this polynomial has a degree of 3 and 
the equation has three solutions. — 


v Checkpoint 2 


Solve x? — x? — 2x +2=0. x 





Occasionally, mathematical models involve equations that are of quadratic type. 
In general, an equation is of quadratic type if it can be written in the form 


auw+ bu+c=0 


where a # 0 and uw is an algebraic expression. 


Sete (-e Solving an Equation of Quadratic Type 


Solve 2=a0 842 = 0): 
SOLUTION This equation is of quadratic type with u = x. 
(x2)? — 3(x7) +2 =0 
ee = Biecke eS) 


To solve, factor as the product of two second-degree polynomials. 


Vid Bie) i) Write equation. 
(u = 1)(u = D) ='() Factor. 
(x? — 1G? =2) =.0 “=x 
w+ De = Dot — 2) =0 Completely factor. 
x+1=0 es - X= =] Set Ist factor equal to 0. 
ee GEE> x= 1 Set 2nd factor equal to 0. 
Pie a? HO) ies > x= + /2 Set 3rd factor equal to 0. 


= il, er = Ihe i=) 2, and x= —~/2. 


Check these in the original equation. Notice that this polynomial has a degree of 4 and the 
equation has four solutions. ee 


a/cheoroant 3 


Solve x4 — 5x7 + 4 = 0. a 





STUDY TIP 


— 
The basic technique used in 
Example 5 is to isolate the 
factor with the rational 
exponent and raise each side 
to the reciprocal power. 

In Example 4, this is 
equivalent to isolating the 
square root and squaring 
each side. 









Section 1.5 m Other Types of Equations 117 


Solving Equations Involving Radicals 


The steps involved in solving the remaining equations in this section will often introduce 
extraneous solutions, as discussed in Section 1.1. Operations such as squaring each side 
of an equation, raising each side of an equation to a rational power, or multiplying each 
side of an equation by a variable quantity all create this potential danger. So, when you 
use any of these operations, checking possible solutions is crucial. 


seqeycwm An Equation Involving a Radical 
Solve 201197 =k 2. 


SOLUTION 
/ 2X ET x 
2 I= 2 
Dig han AeA 


0=x2+2x-3 


py Write original equation. 


Isolate the square root. 


II 
+ 
t 


Square each side. 

Write in general form. 
O = 6e-8 Nee = 10) Factor. 

x+3=0 > x-—-3 


Set Ist factor equal to 0. 


x-1=0 Be x=1 


Set 2nd factor equal to 0. 


By checking these values, you can determine that the only solution is x = 1. 


/ Checkpoint 4 


or 


Solve 3x — 6 = 0. a 





endcem An Equation Involving a Rational Exponent 


Solve 4x3/2 — 8 = 0. 


SOLUTION 
4x3/2 — 8 = Write original equation. 
Axe/2 = 8 Add 8 to each side. 
v2 = Isolate x*/?. 
wee Raise each side to the : power. 
R= 1.587 Round to three decimal places. 
CHECK 
Ax) 2 0) —=,0 Write original equation. 
A(22/3)3/2 as 8 Substitute 27/? for x. 
4(2) e 8 Power of a Power Property 
8 =8 Solution checks. J 





e/ cneckpalnt 5 


Solve 2x37/4 — 54 = 0. B 
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Equations Involving Fractions or Absolute Value 


In Section 1.1, you learned how to solve equations involving fractions. Recall that the first 
step is to multiply each term of the equation by the least common denominator (LCD). 


An Equation Involving Fractions 
2 3 
Solve = pals 1 
SOLUTION For this equation, the LCD of the three terms is 
x(x% — 2) 


so begin by multiplying each term of the equation by this expression. 








2 3 ; 
—— = jl Write original equation, 
iy ae a Ieee 
2 | 
CON 2 ee mee P18 2)(1) Multiply each term by LCD, 
x Opies 
2x = 2) = 3x —a0— 2), x # 0,2 Simplify. 
2 4 = = 47 5x Simplify. 
x = 3% = 4 = 0 Write in general form, 
(x= 4)e-+ 1) = 0 Factor. 
x-4=0 Ea > x=4 Set Ist factor equal to 0. 
je se i = a> x=] Set 2nd factor equal to 0. 


Notice that the values x = 0 and x = 2 are excluded from the domains of the fractions 
because they result in division by zero. So, both 


x=4 and x=-—l1 


are possible solutions. 





CHECK 
Z 5 ; 
== — | Write original equation. 
ee be ary 
ar Substitute 4 tan 
eg ae Substitute 4 for x. 
8 
5 = 5 — | 4 checks. J 
Des 3 
=) = Sie — | Substitute — | for x. 
| -1 checks, 


The solutions are 


x=4 and x=-—l1. 





Y Checkpoint 6 





3 
Solve — + =), a 
eee 
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To solve an equation involving absolute value, remember that the expression 
inside the absolute value signs can be positive or negative. This results in Avo separate 
equations, each of which must be solved. For instance, the equation 


|x — 2| = 3 

results in the two equations 
x-2=3 and -(x-2)=3 

which implies that the original equation has two solutions: 
SS eA eer 


When writing the negative expression, it is important to remember to place parentheses 
around the entire expression that is inside the absolute value signs. After you write the 
two equations, solve each one independently. 


ereycwan An Equation Involving Absolute Value 





Solve |x? — 3x| = —dy + 6. 


SOLUTION Because the variable expression inside the absolute value signs can be 
positive or negative, you must solve the following two equations. 


First Equation 


ye She 4x + 6 Use positive expression, 
x*7+x— 6 0 Write in general form, 
(x + 3)(x 2) 0) Factor, 
x+ 3 0 ce z ; eG 3 Set Ist factor equal to 0 
x 2=0 ret AF eee 2 Set 2nd factor equal to 0 


Second Equation 


—(x* — 3x) = —4x + 6 Use nepative expression 
x? — 7x +6 =.0 Write in general form, 
(x = lw 6) =0 Factor. 
x-1=0 = x= 1 Set Ist factor equal to 0, 
x-6=0 > x=6 Set 2nd factor equal to 0 
CHECK 
\(—3)? — 3(-3)| = —4(-3) + 6 checks, A 
|(2)? — 3(2)| # —4(2) + 6 2 does not check, 
(1)? — 3(1)| = —4(1) + 6 | checks, 1 
\(6)? _ 3(6)| # —A(6) + 6 6 does not check, 


The only solutions are 





x= = and Xx * Ls eae Soest 
of Checkpoint 7 
Solve |x? — 3| = 5x — 3. ® 
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Applications 


It would be virtually impossible to categorize all of the many different types of applications 
that involve nonlinear and nonquadratic models. However, from the few examples 
and exercises that follow, we hope you will gain some appreciation for the variety of 
applications that involve such models. 


€ Hott) eme Reduced Rates 


A group of friends purchase a television sports package at a cost of $350. To lower the 
cost per person, the group invites three more people to contribute to the purchase. As a 
result, the cost per person decreases by $15. How many friends were in the original 
group that wanted to purchase the sports package? 


SOLUTION Begin the solution by creating a verbal model and assigning labels. 


Verbal Cost per person * Total number of people = Cost of package 
Model; 
Labels; Cost of package = 350 (dollars) 
Number of people in original group = x (people) 
Total number of people = x + 3 (people) 
uae 350 
Original cost per person = —— (dollars per person) 
x 
350 
Cost per person = es a 15 (dollars per person) 
; 350 
hquation: . 15 (a + 3) = 350 Original equation 
Ss 
350 — 15x 
( = ac + 3) = 350 Rewrite first factor. 
vs 
(350 — 15x)(x + 3) = 350x, x #0 Mult 
side by x, 
350x + 1050 15x? — 45x = 350x Multiply factors. 
15x? — 45x + 1050 = 0 peel 
from each side. 
rh hae = Divide each 
x + 3x - 70 =0 yin 
(x + 10)(x — 7) =0 Factor. 
y+ 10 = () | } Y= — 10 Set Ist factor 


equal to 0. 
r Nat 2 ry 

- y/ = () | x= il Set 2nd factor 
" equal to 0. 


Only the positive x-value makes sense in the context of the problem. So, there were 
7 friends in the original group that wanted to purchase the sports package. 


CHECK 
350 ? 
( y 15)(7 t 3) 350) Substitute 7 for x, 
iH 
(35)( 10) 350 Simplify, 
350 350 Solution checks, / pe 
«f Qheokecint 8 





In Example 8, suppose the group of friends invites two more people instead of three 
to contribute to the purchase. As a result, the cost per person decreases by $20. How 
many friends were in the original group that wanted to purchase the sports package? #@ 





Section 1.5 m Other Types of Equations 121 


Interest earned on a savings account is calculated by one of three basic methods: 
simple interest, interest compounded 7 times per year, and interest compounded 
continuously. The next example uses the formula for interest that ts compounded n times 
per year, 


a \ TUB 
A= Pl) "| 
fl 


In this formula, A is the balance in the account, P is the principal (or original deposit), 
ris the annual interest rate (in decimal form), n is the number of compoundings per 
year, and f is the time in years. In Chapter 4, you will study the derivation of this formula 
for compound interest. 


ie 
é Serle Compound Interest 


Sok 

When you were born, your grandparents deposited $5000 in a savings account earning 
interest compounded quarterly. On your 25th birthday, the balance of the account ts 
$95,062.59. What is the average annual interest rate of the account? 





SOLUTION 
r nt 
Formula: A P| 1S 
n 
Labels: Balance = A = 25,062.59 (dollars) 
Principal = P = 5000 (dollars) 
Time = t = 25 (years) 
Compoundings per year = n = 4 (compoundings) 
Annual interest rate = (percent in decimal form) 
f r (25) 
Equation: 25,062.59 5000 1 | "| Substitute 
25,062.59 yh \ a 
5000 ( l + 4 Divide each side by SOOO 
, 100 
5) (ONL 275) Ih ; Use a calculator 
i 
(5.01 25) es Raise cach side to reciprocal power 
4 
la r 
(OM ay?) ho | Use a calculator 
, 
0.01625 | Subtract | from each side 
0.065 r Multiply cach side by 4 
The average annual interest rate is about 
().065 = 6.5%. 
Check this in the original statement of the problem. LS 
o/ Checkpoint 9 
You placed $1000 in an account earning interest compounded monthly. After 
3 years, the account balance is $1144.25. What is the annual interest rate of the 
account? * 


Stephen Coburn/Shutterstock.com 
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€ se etere)(-Will Market Research 
Sant 


The marketing department of a publishing company is asked to determine the price of 
a book. The department determines that the demand for the book depends on the price 
of the book according to the model 


p= 40 — /0.000Ix = 1 0 Si = 15,990,000 


where p is the price per book (in dollars) and x is the number of books sold at the given 
price. For instance, in Figure 1.12, note that if the price was $39, then (according to the 
model) no one would be willing to buy the book. On the other hand, if the price was 
$17.60, 5 million copies could be sold. The marketing department set the price at 
$12.95. How many copies can the publisher expect to sell? 


40- 
4 3074 i¢ 
20= 
TILL 
0 2 4 6 8 10 12 14 


Number of books sold (in millions) 


Price per book 
(in dollars) 





FIGURE 1.12 
SOLUTION 
p = 40- /0.0001x + 1 Write given model. 
12.95 = 40 — /0.0001x + 1 Set price at $12.95. 
/0.0001x + 1 = 27.05 Isolate the radical. 
0.0001x + 1 = 731.7025 Square each side. 
0.0001x = 730.7025 Subtract 1 from each side. 


x = 7,307,025 Divide each side by 0.0001. 
So, by setting the book’s price at $12.95, the publisher can expect to sell about 7.3 million 


¥ Checkpoint 10 









In Example 10, suppose the marketing department set the price at $19.95. How many 
copies can the publisher expect to sell? we 


SUMMARIZE (Section 1.5) 


1. Describe how to solve a polynomial equation by factoring (pages 115 and 116). 
For examples of solving polynomial equations by factoring, see Examples 1, 2, 
and 3. 


2. Describe how to solve an equation involving absolute value (page 1/9). For 
an example of solving an equation involving absolute value, see Example 7. 


3. Describe a real-life example that uses a nonlinear or nonquadratic model 
(pages 120-122, Examples 8, 9, and 10). 


Mrs.Blondy/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 1.5 these skills in the exercise set for this section. For additional help, review Sections 1.3 and 1.4. 


In Exercises 1-10, find the real solution(s) of the equation. 


1. x2 — 22x + 121 =0 2. x(x — 20) + 3(x — 20) = 0 
3. (x + 20)? = 625 AS 5x74 se =0 

5. 3x7 + 4x —4=0 6.2120 ae Se = 557 =10 
foot 45> = 0 8. 4x2 + 4x — 15 = 0 

Ox 3x + 1 = 0 10. x? —4x +2=0 


Exercises 1.5 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Solving a Polynomial Equation In Exercises 1-20, 
find the real solution(s) of the polynomial equation. 
Check your solution(s). See Examples 7, 2, and 3. 


1. x? — 2x? — 3x = 0 


20x — 125x = 0 

3. 4x* — 36x? = 0 

Ape 15x? + 18x? = 0 
Sex 101 = 0 

6. x° — 64 = 0 

7. 5x° + 30x + 45x = 0 
8. 9x4 — 24x3 + 16x? = 
ye ie — 4x + 28 = 0 


2x8 + 2x? 4+ 3x+6=0 
my et x 1 = 0 
me ee — 8x — 16 = 0 
. x4 — 12x7 + 11 =0 
. x4 — 29x? + 100 = 0 
Seer — 36 = 0 
. 4x* — 65x? + 16 = 0 
meee — 8 = 0 


—_— — 
ha Be KY = & 


16. x4 — 447 +3 =0 
18. 36r4 + 292 —7=0 
20. x6 + 3x°4+ 2 


— 
aI wm 


= 

\e 
ll 

on) 


An Equation Involving a Radical In Exercises 21-34, 
find the real solution(s) of the radical equation. Check 
your solution(s). See Example 4. 


Jim 2, — 10= 0 22. 4./x —3 =0 

23. /x 10 -4=0 274. /5-—x-3=0 
25. 3/2x+5+3=0 96. 2/3xck 1.150 
07. 2x+9J/x-5=0 28. 6x —-7/x -—3 =0 
29. x = /11x — 30 30.°2x— 15 = 4x = 0 
31. —./26 —11x+4=x 

807 44/31 — 9x = 5 

33. /x+1-3x=1 

34. /oxt+1lt+x=7 


An Equation Involving a Rational Exponent In 
Exercises 35-40, find the real solution(s) of the equation 
involving rational exponents. Check your solution(s). See 
Example 5. 


35. (x — 5)?/3 — 16 = 0 
36. (x + 3)43 — 16=0 
37. (x + 3/3/42 —-8 =0 
38. (x2 + 2)?7 —-9 =0 
39. (x2 — 5)?/3 = 16 

40. (x2 — x — 22)4/3 = 16 


An Equation Involving Fractions In Exercises 41-48, 
find the real solution(s) of the equation involving fractions. 
Check your solution(s). See Example 6. 


























41 th pts 4-1 42 ee a 3 
epee 7 ils Sa Pas 
A ee be wh Sy ies 
OSE OEE ONG paeaminiiet 
S, — Saeed es 
oy Geri Lae ae eA hala elle 
war 3 ee ih See Il 
DoDI ES oe g IES ; 0 
47. eters 0 48 3 WD 
An Equation Involving Absolute Value In Exercises 


49-56, find the real solution(s) of the equation involving 
absolute value. Check your solution(s). See Example 7. 


49. |x + 1| =2 

50. |x — 2| =3 
51,>\2x—1|-—5 =0 
5, [ax + 2/-7=0 
B35 ce eee eso 
54. Ax) =e ot oO 
55. |x — 10| = x2 — 10x 
56, |xer Theos 5 





mn 
oo 


Using a Calculator 
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Error Analysis Find the error(s) in the solution. 









—landx = oe 


Error Analysis Find the error(s) in the solution. 


V6 = 2x - 3 =0 


15 
a) 
2 


In Exercises 59-62, use a calculator 


to find the real solutions of the equation. (Round your 
answers to three decimal places.) 


59, 
. 7.08x® + 4.15x3 — 9.6 = 0 
Vix 6x0 —-5:6= 0 

. 4x + 8/x + 3.6=0 


64. 


66. 


67. 


. Sharing the Cost 


. Compound Interest 


32 goa a ha) 


A college charters a bus for $1700 
to take a group of students to the Fiesta Bowl. When six 
more students join the trip, the cost per student decreases 
by $7.50. How many students were in the original 
group? 

Sharing the Cost Three students plan to share equally 
in the rent for an apartment. By adding a fourth person, the 
cost per person decreases by $125 per month. How much 
is the monthly rent for the apartment? 


A deposit of $3000 reaches a 
balance of $3422.91 after 6 years. The interest on the 
account is compounded monthly. What is the annual 
interest rate for this investment? 


Compound Interest A _ sales _ representative 
describes a “guaranteed investment fund” that is offered 
to new investors. By depositing $15,000 in the fund, 
you will be guaranteed to receive a total of at least 
$40,000 after 20 years. Assuming that interest is 
compounded quarterly, determine the fixed annual rates 
of interest that yield 


(a) the minimum guarantee. 

(b) areturn of $48,000 after 20 years. 

Borrowing Money You borrow $300 from a friend 
and agree to pay the money back, plus $20 in interest, 
after 6 months. Assuming that the interest is compounded 
monthly, what annual interest rate are you paying? 





68. 


69. 


Cash Advance You take out a cash advance of 
$1000 on a credit card. After 2 months, you owe 
$1041.93. The interest is compounded monthly. What is 
the annual interest rate for this cash advance? 


Airline Passengers An airline offers daily flights 
between Chicago and Denver. The total monthly cost C 
(in millions of dollars) of these flights is modeled by 


C= /025x +1 


where x is the number of passengers flying that month 
in thousands (see figure). The total cost of the flights 
for a month is 3.5 million dollars. Use the model to 
determine how many passengers flew that month. 





Monthly cost 
(in millions of dollars) 




















0 5 LOR ts 20 
Number of passengers (in thousands) 


70. Life Expectancy The life expectancy of a 
person who is 16 to 25 years old can be modeled by 


y = /1.216x2 — 161.12x + 6197.8, 16 = oem 





where y represents the number of additional years the 
person is expected to live and x represents the person’s 
current age. (Source: U.S. National Centér for Health 
Statistics) 


Life expectancy 
(in additional years) 

















T > xX 


T T 
LG) 17 TS) U9) 20) 2 22592824 e 25 
Current age 


(a) Determine the life expectancies of persons who are 
18, 20, and 22 years old. 

(b) A person’s life expectancy is 55 years. Use the 
model to determine the age of the person. 


71. 


2s 


73. 


74. 


Life Expectancy The life expectancy of a person 
who is 50 to 65 years old can be modeled by 


y= V0.820x — 135.71x + 5672.1, 50 =x = 65 





where y represents the number of additional years the 
person is expected to live and x represents the person’s 
current age. A person’s life expectancy is 25 years. How 
old is the person? (Source: U.S. National Center for 
Health Statistics ) 


Fast-Food Industry The yearly revenues R (in billions 
of dollars) of fast-food restaurants in the United States 
from 2003 through 2009 can be approximated by 


R= 125.7 + 4.69t — ae ayes 


pe) 

where t represents the year, with t = 3 corresponding to 
2003 (see figure). Use the model to predict the year in 
which fast-food revenues will be about $172 billion. 
(Source: National Restaurant Association) 





Revenue (in billions 
of dollars) 











Year (3 < 2003) 


Market Research The demand equation for a 
product is modeled by 


pea 0— ~/0,.01x + | 


where x is the number of units demanded per day and p 
is the price per unit. Find the demand when the price is 
set at $13.95. Explain why this model is valid only for 
Omen" 159,900. 


Power Line A power station is on one side of a river 
that is mile wide. A factory is 6 miles downstream on 
the other side of the river. It costs $18 per foot to run 
power lines over land and $24 per foot to run them 
under water. The project’s cost is $616,877.27. Find the 
length x as labeled in the figure. 


Sa Pa aR 


Factory A 
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78. 
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Flour Production A company weighs each 16-ounce 
bag of flour it produces. After production, any bag that 
does not weigh within 0.4 ounce of 16 ounces cannot be 
sold. Solve the equation |x — 16] = 0.4 to find the least 
and greatest acceptable weights of a 16-ounce bag of 
flour. 


Sugar Production A company weighs each 80-ounce 
bag of sugar it produces. After production, any bag that 
does not weigh within 1.2 ounces of 80 ounces cannot 
be sold. Solve the equation |x — 80| = 1.2 to find the 
least and greatest acceptable weights of an 80-ounce 
bag of sugar. 

Work Rate With only the cold water valve open, it 
takes 8 minutes to fill the tub of a washing machine. 
With both the hot and cold water valves open, it takes 
5 minutes. The time it takes for the tub to fill with only 
the hot water valve open can be modeled by the equation 


i 1 
+-=-= 
t 5 


CO | 


where t is the time (in minutes) for the tub to fill. How 
long does it take for the tub of the washing machine to 
fill with only the hot water valve open? 


Community Service You and a friend volunteer to 
paint a house as a community service project. Working 
alone, you can paint the house in 28 hours. Your friend 
can paint the house in 25 hours working alone. How 
long will it take both of you, working together, to paint 
the house? 


Discovery Look back at your solutions in Exercises 
1-20 and recall what you learned in Sections 1.3 
and 1.4 about the numbers of solutions of quadratic 
equations. Make a conjecture about how the number of 
solutions of a polynomial equation in general form iS 
related to the degree of the polynomial. 


0 HOW DO YOU SEE IT? The figure shows a 


glass cube partially filled with water. The equation 
x*(x — 3) = 320 


represents the situation. 





x ft 


(a) What does the expression x(x — 3) represent? 


(b) Explain how you can use the given equation to 
find the capacity of the cube. 
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Linear Inequalities 


t 
| 


1 





Year (8 < 1998) 





In Exercise 85 on page 136, 
you will use an inequality to predict 
when the average National Football 

League player’s salary will exceed 
$2.2 million. 


@ Write bounded and unbounded intervals using inequalities or interval notation. 
™ Develop an understanding of the properties of inequalities. 

@ Solve and graph a linear inequality. 

® Solve an inequality involving absolute value. 

@ Construct and use a linear inequality to solve an application problem. 


Introduction 


Simple inequalities are used to order real numbers. The inequality symbols <, <, >, and 
= are used to compare two numbers and to denote subsets of real numbers. For instance, 
the simple inequality 


i¢ 2 3) 


denotes all real numbers x that are greater than or equal to 3. 
In this section, you will expand your work with inequalities to include more 
involved statements such as 


Spe = 7 > She ae 
and 
=3 = G& — i = 3. 


As with an equation, you solve an inequality in the variable x by finding all values of 
x for which the inequality is true. Such values are solutions and are said to satisfy the 
inequality. The set of all real numbers that are solutions of an inequality is the solution 
set of the inequality. For instance, the solution set of 


jae 3 SS Al 


is all real numbers that are greater than 1. 

The set of all points on the real number line that represent the solution set of an 
inequality is the graph of the inequality. Graphs of many types of inequalities consist 
of intervals on the real number line. The four different types of bounded intervals are 
summarized below. 


mrs ees CENSOR x NADIE ST OBA EN OTE ERD A PEL ANTETIT ASO GEG SS AIG IRENA TARVER IH SOP 


Bounded Intervals on the Real Number Line 





Let a and b be real numbers such that a < b. The following intervals on the 
real number line are bounded. The numbers a and b are the endpoints of each 
interval. 


Notation Interval Type Inequality Graph 
[a, b] Closed ed —_f{_—__} > . 
a b 
(a, b) Open aan bd —{———_) 
a b 
[a, b) C=  —-F—_Y- s 
a b 
a b 


Benjamin Thorn/Shutterstock.com 
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Note that a closed interval contains both of its endpoints and an open interval does 
not contain either of its endpoints. Often, the solution of an inequality is an interval on 
the real line that is unbounded. For instance, the interval consisting of all positive 
numbers is unbounded. The symbols ©0, positive infinity, and — oo, negative infinity, 
do not represent real numbers. They are simply convenient symbols used to describe the 


unboundedness of an interval such as (1, 00). 


oC See LETT snes wee ven ne. 


Unbounded Intervals on the Real Number Line 


oe 


a wo S == 0 


Let a and b be real numbers. The following intervals on the real number line are 


unbounded. 

Notation Interval Type 

la, oo) BG 2 V0) 
(a, co) Open x14 
(oo, b| ag < b 
(—co, b) Open ap 
(— 00, co) Entire real line 


Senta cwae Intervals and Inequalities 


Inequality 


Graph 


Write an inequality to represent each interval. Then state whether the interval is bounded 


or unbounded. 

a. (—3, 5] 

b. (—4, co) 

c. [0, 2] 

d. (—co, 0) 

SOLUTION 

a. (—3, 5] corresponds to —3 < x = 5. 
b. (—4, cc) corresponds to x > —4. 

c. [0, 2] corresponds to 0 <= x S$ 2. 


d. (—oo, 0) corresponds to x < 0. 


vA Checkpoint 1 


Bounded 


Unbounded 


Bounded 


Unbounded 


Write an inequality to represent each interval. Then state whether the interval is 


bounded or unbounded. 
a.[2s7) 
b. (— 00, 6) 


128 


Chapter 1 m Equations and Inequalities 


Properties of Inequalities 


The procedures for solving linear inequalities in one variable are much like those for 
solving linear equations. To isolate the variable, you can make use of the properties of 
inequalities. These properties are similar to the properties of equality, but there are two 
important exceptions. When each side of an inequality is multiplied or divided by a 
negative number, the direction of the inequality symbol must be reversed. Here is an 


example. 


Pie <b Original inequality 
fee) (meer, reenter) (0c) Multiply each side by —3 and reverse the inequality symbol, 
6 > lig Simplify. 


Notice in the example above that when the inequality symbol is not reversed, you 
obtain the false statement 


6 < lioy False statement 


Two inequalities that have the same solution set are equivalent. For instance, the 
inequalities 


oie ee oemAnCl ee 


are equivalent. To obtain the second inequality from the first, you can subtract 2 from 
each side of the inequality. The following list describes operations that can be used to 
create equivalent inequalities. 


— a enn oe ~~ _ “— oe ne en 


Properties of Inequalities 


Let a, b, c, and d be real numbers. 


Ll. Transitive Property 


a<bandd)<c ia << 


2. Addition of Inequalities 


a<bandc<d [>> at+c<bt+d 


3. Addition of a Constant 


a<b [> at+c<btc 


4. Multiplication by a Constant 
Force >0,a<b Be ac <be 


Forc <0,a< > Ee ace be Reverse direction of inequality symbol. 


Each of the properties above is true if the symbol < is replaced by < and the 
symbol > is replaced by =. For instance, another form of the multiplication property 
would be as shown. 


Forc>O.asbhb ac = be 
Forc<Oasb faker Tale 


On your own, try to verify each of the properties of inequalities by using several 
examples with real numbers, 


ALGEBRA TUTOR 





For help in solving 


inequalities similar to the one 
in Example 2, see the review 


of solving inequalities on 


page 149. 






oo 4S a 


6 7 8 


Solution Interval: (8, co) 


FIGURE 1.13 


0 | pl} 


Solution Interval: (— 


FIGURE 1.14 


| 
3 


co, 2| 
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Solving a Linear Inequality 


The simplest type of inequality to solve is a linear inequality in a single variable. For 
instance, 


Oy 3 4 


is a linear inequality in x. 

As you read through the following examples, pay special attention to the steps in 
which the inequality symbol is reversed. Remember that when you multiply or divide 
by a negative number, you must reverse the inequality symbol. 


ser CwAN Solving a Linear Inequality 


Solve 5x — 7 > 3x + 9. 


SOLUTION 
a) noe Write original inequality. 
Mee — Ff 5 89) Subtract 3x from each side. 
a) nto) Add 7 to each side and then divide each side by 2. 


The solution set is all real numbers that are greater than 8, which is denoted by (8, 00). 
The graph is shown in Figure 1.13. ee 


/ Checkpoint 2 





Solve 3x =< 20 -= I. B 


Checking the solution set of an inequality is not as simple as checking the solutions 
of an equation. You can, however, get an indication of the validity of a solution set by 
substituting a few convenient values of x to see whether the original inequality is 
satisfied. For instance, substitute several values of x that are greater than 8 into the 
original inequality in Example 2 and check to see if the inequality is satisfied. 


seieycwKe Solving a Linear Inequality 


y Sipe 
Solve | — 


5 ee 
SOLUTION 
he 
(b= 7 = Xx 4 Write original inequality. 
Pa th oat he 8 Multiply each side by 2. 
Phyo ip = 8 Subtract 2x from each side. 
ph = 10 Subtract 2 from each side. 
KeSeZ Divide each side by —5 and reverse inequality symbol. 


The solution set is all real numbers that are less than or equal to 2, which is denoted by 
(—co, 2]. The graph is shown in Figure 1.14, 


rR CRETE ES EEE SET SD 


+/, Cheokpoint 3 





< 2 — x. Then graph the solution set on the real number line. bs 


4x 
Solve -—— 
Solve Fi 
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Sometimes it is convenient to write two inequalities as a double inequality. 
For instance, you can write the two inequalities 


=4he 54 = 2 and oie nd 
more simply as 
=P ie ee 


This enables you to solve the two inequalities together, as demonstrated in Example 4. 


Solving a Double Inequality 


Solve —3 = 6x — 1 <3. 


SOLUTION — To solve a double inequality, you can isolate x as the middle term. 


= Se OX ees Write original inequality. 
=3 -ilps.6x — Lali el Add | to each part. 

ee OK <a, Simplify. 
eae Divide each part by 6 
Pera, Se iS oS ivide each part : 
6. G6 pie 

: = z Simplif 
Se Kee : 

3 3 implify 


The solution set is all real numbers that are greater than or equal to —} and less than 2 

C 9 ° : : p 2 a B : 
The interval notation for this solution set 1s —}, 2). The graph of this solution set 1s 
shown in Figure 1.15. 


Solution Interval: [-2, 3) 
FIGURE 1.15 — a 


¥ Checkpoint 4 


Solve —1 < 3 — 2x < 5. Then graph the solution set on the real number line. % 





The double inequality in Example 4 could have been solved in two parts as 


follows. 
== 6x eand Ox lea 
SEONG 6x < 4 
ae =—20 x < Z 
3 3 


The solution set consists of all real numbers that satisfy both inequalities. In other 
words, the solution set is the set of all values of x for which 


When combining two inequalities to form a double inequality, be sure that the 
inequalities satisfy the Transitive Property. For instance, it is incorrect to combine the 
inequalities 3 < x andx < —1as3 < x < —1. This is obviously wrong because 3 is 
not less than — 1. 


STUDY TIP 


ae” 





When an absolute value 
inequality is solved, the 
solution may consist of a 
bounded interval on the real 
number line (Example 5) or 
two unbounded intervals on 
the real number line 
(Example 6). 


2 units 2 units 





|x-5| <2 
FIGURE 1.16 
7 units 7 units 
tt x 
Bieasigiee —6 -4-2 0 2 4 6 
|x+3|27 
FIGURE 1.17 
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Inequalities Involving Absolute Value 


Aor 2 NNO BASINS NG PE YEON SPLINE FENCING INR NENT EL BRIO RELA OEE REL SPIRE I 


Solving an Absolute Value Inequality 


Let x be a variable or an algebraic expression and let a be a real number such that 
azn. 


1. The solutions of |x| < a are all values of x that lie between —a and a. 
jee a= it and only. ita <x <a. 


2. The solutions of |x| > a are all values of x that are less than —a or greater 
than a. 


xi >a ‘if andonlyifx < -aorx > a. 


These rules are also valid if < is replaced by < and > is replaced by 2. 


Solving an Absolute Value Inequality 


Solve |c Dh <2: 


SOLUTION 
|x = 5| <i), Write original inequality. 
SLR i et ey) Equivalent inequality 
SAE NE Ay ite 8 ig CO I) Add 5 to each part. 
an a) Simplify. 


The solution set consists of all real numbers that are greater than 3 and less than 7, 
which is denoted by (3, 7). The graph is shown in Figure 1.16. 


BELTS EE 


o/ Ghaokpoint 5 


Solve |x + 2| < 7. Then graph the solution set on the real number line. co 


Solving an Absolute Value Inequality 


Solver oi: 


SOLUTION 
|x = 3| 2 Write original inequality. 
ets OS Sei, or Xitel Equivalent inequalities 
Meso St 03 See Subtract 3 from each side. 
59 NY) x24 Simplify. 


The solution set is all real numbers that are less than or equal to — 10 or greater than or 
equal to 4, which is denoted by 


(—co, — 10] U[4, oo) 


(see Figure 1.17). The symbol U (union) means or. 


Checkpoint 6 


RETR 


Solve |x + 1| > 3. Then graph the solution set on the real number line. a 
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Applications 


€ %'eree}e)(-Wam Comparing Taxi Fares 


The cost of traveling by taxi in Las Vegas is $3.20 for the initial charge and $2 for each 
mile driven. The cost in Philadelphia is $2.30 for the initial charge and $2.10 for each 
mile driven. How many miles must a passenger travel by taxi in Philadelphia before the 
cost is more than the cost for a passenger to travel by taxi in Las Vegas? 


SOLUTION 

Verbal Cost for taxi in s Cost for taxi 

Model: Philadelphia in Las Vegas 

Labels: Miles driven = m (miles) 
Cost for taxi in Las Vegas = 3.2 + 2m (dollars) 
Cost for taxi in Philadelphia = 2.3 + 2.1m (dollars) 


Inequality; 2397 2m 3 2a 
0.1m > 0.9 
ig ae 
When a passenger travels more than 9 miles, the cost for a taxi in Philadelphia is more 


than the cost for a taxi in Las Vegas. ———————— 


yf Checkpoint 7 





In Example 7, suppose the initial charge for a taxi in Philadelphia is raised to $2.50 
and the cost per mile is raised to $2.20. How many miles must a passenger travel by 
taxi in Philadelphia before the cost is more than the cost for a passenger to travel by 
taxi in Las Vegas? @ 


€ Soreyeeeme Exercise Program 


A 225-pound man begins an exercise and diet program that is designed to reduce his 
weight by at least 2 pounds per week. Find the maximum number of weeks before the 
man’s weight will reach his goal of 192 pounds. 













SOLUTION 
Verbal Desired _ Current _ 2 pounds | Number 
Model: weight — weight per week of weeks 


Labels: Desired weight = 192 (pounds) 
Current weight = 225 (pounds) 
Number of weeks = x (weeks) 


Inequality: 192 <= 225 — 2x 
= 33 (S>- 2x 
LOD%2% 


It will take at most 165 weeks for the man to reach his goal. 


<A.cheekpaln 8 





In Example 8, find the maximum number of weeks before the man’s weight will 
reach 200 pounds. is] 


Rido/Shutterstock.com 


0.4 0.45 0.5 0.55 0.6 


Solution Interval: [0.46875, 0.53125} 
FIGURE 1.18 
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ane Jeosetye(-memme Accuracy of a Measurement 


You go to a candy store to buy chocolates that cost $9.89 per pound. The scale used in 
the store has a state seal of approval that indicates the scale is accurate to within one-half 
ounce. According to the scale, your purchase weighs one-half pound and costs $4.95. 
How much might you have been undercharged or overcharged due to an error in the 
scale? 


SOLUTION To solve this problem, let x represent the true weight of the candy. 
Because the scale is accurate to within one-half ounce (or = pound), you can conclude 
that the absolute value of the difference of the exact weight (x) and the scale weight 
( pound) is less than or equal to = pound. That is, 


< 











Ma 6 32 
15 17 
SS) ee 
32 32 


A 


0.46875 s x = 0.53125 


The graph of this solution set is shown in Figure 1.18. In other words, your “one-half” 
pound of candy could have weighed as little as 0.46875 pound (which would have cost 
0.46875 - $9.89 ~ $4.64) or as much as 0.53125 pound (which would have cost 
0.53125 + $9.89 ~ $5.25). So, you could have been undercharged by as much as $0.30 
or overcharged by as much as $0.31. ee 


/.Cheekpoint 9 


You go to a grocery store to buy ground beef that costs $3.96 per pound. The scale 
used in the store is accurate to within - ounce (or = pound). According to the scale, 
your purchase weighs 7.5 pounds and costs $29.70. How much might you have been 
undercharged or overcharged due to an error in the scale? 3 


SUMMARIZE (Section 1.6) 


1. Make a list of the different types of bounded and unbounded intervals on 
the real number line (pages 126 and 127). For an example on bounded and 
unbounded intervals, see Example 1. 


2. Make a list of the properties of inequalities (page 128). 


3. Describe how to solve a linear inequality (pages 128 and 129). For examples 
of solving linear inequalities, see Examples 2 and 3. 


4. State the definition of a double inequality (page 130). For an example of 
solving a double inequality, see Example 4. 


5. Describe how to solve an absolute value inequality (page /3/). For examples 
of solving absolute value inequalities, see Examples 5 and 6. 


6. Describe a real-life example that uses an inequality (pages 132 and 133, 
Examples 7, 8, and 9). 


Iryna Rasko/Shutterstock.com 
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In Exercises 1-4, determine which of the two numbers is greater. 


1. —3,-7 oy 


Sh Sq s 


1 


3> 6 
13 
4..>-6;=5 


In Exercises 5-8, use inequality notation to describe the subset of real numbers. 


. Xx is nonnegative. 

. zis strictly between —3 and 10. 
. P is no more than 2. 

. Wis at least 200. 


Oonr~rTN Wn 


In Exercises 9 and 10, evaluate the expression at each value of x. 


Oi 10 an, as 


Exercises 1.6 





Intervals and Inequalities In Exercises 1-6, write an 
inequality that represents the interval. Then state whether 
the interval is bounded or unbounded. See Example 1. 


1. [-1,5] 20) 

3.) (il sec) 

4. [—5, co) 

5. (—co, —2) 60 (— cong 

Matching — In Exercises 7-14, match the inequality with 


its graph. [The graphs are labeled (a), (b), (c), (d), (e), (f), 
(g), and (h).] 


=f Yeo Or a oe BA ss 
2 3 4 5 6 7 8 
(c) —_—________} — {— —t — > X 
2 2 4 a 6 
(d) fe =i > x 
Ke ty RMS AG ee SI ee =? 
(e) {—_—______j | 8 
—] 0 l 2 3 J Ss 
(je ee meee oe eee 
jee a OM ay Se ee aoe ie 
(g) t { =p ~ Xx 
5 -4 -3 2 -l 0 2 3 4 5 
(h) [|—______—> . 
4 5 6 7 8 


10. [27 — 3) ox = 1 


The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Sections 0.1 and 0.2. 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
mr? 


as 
4 


5 


Tee ee Sx = 6 
ene ne) 1050 se = 
11. |x| <4 125 ele 
BAk— Sie 2 14% |e) 8 


Checking Solutions 


In Exercises 15-22, determine 


whether each value of x is a solution of the inequality. 


15.5% De 0 








()x=3 (b)x=-3 ©e=2? Gee 
16s es 

(a) x=0 (0) x=2 () x= =2 @Geee 
17,.0<*—* <2 18. -1<2>* <1 

(a) x=4 (a) x =0 

(b) x = 10 (by x = 223 

(@p egw) (c) x = 1 

(d) x=9 (d) "5 
NO ee) a) 20.0 10ers 

(a) oe — 15 (a) x = 13 

(b) x = —4 (b) x = —1 

(c) x= (c) x = 14 

(d) x =8 (d) x =9 
21x ar ee aS 22. |i Ses 

(a) x = -—6 (a) x= —-3 

(b) x =0 (b) x = -2 

(c) x = 12 (c) x=4 

(d) x =7 (d) x = 10 


Solving an Inequality In Exercises 23-30, copy and 
complete the statement using the correct inequality 
symbol. 


Pomoc O,then x? 3. 


Dammit o> Oythenx —). — 3. 
PSlioomese Sthen xy 7 —4, 
2omliasie—e >. thenx. 2 —5. 


DieliMe—e ce — 10, thenx_ ? 3. 


Dseloove-e— then x 7? 4. 





29. If 3x = =, dneilss a @) 





V 


30. If -x | then ame LO, 


Solving a Linear Inequality In Exercises 31-44, solve 
the inequality. Then graph the solution set on the real 
number line. See Examples 2 and 3. 


3 2 
ik, =r = — 
3 5 9 32 5* > 
Sie Ox <4) 345 Ou) 
38, ox-7<8 36. 2x41 < 11 
Bo Die se WT SB ae Che ah, ie = Gb = D ae ee 
39. 2x —1=5x+1 40. 3x +12=2+%x 


Alem vet?) + 7 < 2x —3 

2m 7) — 4 = 5(x — 3) 
Hom3i4— 1) + 7 < 2x+8 
44.5 —3x > —5(x + 4) + 6 


Solving a Double Inequality In Exercises 45-52, 
solve the inequality. Then graph the solution set on the 
real number line. See Example 4. 


Bete 1 <7 Tig BFS rots cas 


Ajo ie= 1 4(x + 1) < 13 
femeege | — 3(x — 2) < 13 








=) aan ay pe ee 
3 D 

3 | 1 3 

pie eo 1 > LEN fine inl ey 


Solving an Absolute Value Inequality In Exercises 
53-70, solve the inequality. Then graph the solution set 
on the real number line. See Examples 5 and 6. 





S32) |x| < 6 S4 ax] =98 
55. E > 3 56. |Sx| > 10 
Spice t3| <5 SRielx "7 |< 6 
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59, |x — 5] <0 60. |x — 5| = 0 

61. |2x — 5] > 6 62. |2x — 20| < 

63. 2|x + 10| = 9 64. 3/4 — Sx| < 9 
bee ae 

65. {| > 5 Ge | <6 











67. |9—x]-2<-1 68. |x + 14/+3>17 
69. 2\2x-5|-4>6 70. 2|5 — 3x| +7 < 21 





Using Absolute Value In Exercises 71-78, use 
absolute value notation to define the solution set. 











73. | =a ; b> x 
4 5 6 7 8 9 10 12 1S 4 

74. ae { - ; —|——>+ x 
—7 6 5 4 3 2 1 0 1 2 3 





75. All real numbers at most 10 units from 12 
76. All real numbers at least 5 units from 8 


77. All real numbers whose distances from —3 are more 
than 5 


78. All real numbers whose distances from — 6 are no more 
than 7 


79. Annual Operating Cost A utility company has a 
fleet of vans. The annual operating cost C per van is 


Go S21 OO) 


where m is the number of miles traveled by a van in a year. 
What number of miles will yield an annual operating cost 
that is less than $12,000? 


80. 1Q Scores The admissions office of a college wants 
to determine whether there is a relationship between IQ 
scores x and grade-point averages y after the first year 
of school. An equation that models the data obtained by 
the admissions office is 


y = 0.068x — 4.753. 


Estimate the values of x that predict a grade-point average 
of at least 3.0. 


81. Brand Name Drugs The average prices B (in dollars) 
of brand name prescription drugs from 2005 through 
2009 can be approximated by 


B= 14516f¢4..24.65,0 5:5 =.9 


where f represents the year, with t = 5 corresponding to 
2005. Use the model to estimate the first year in which 
the average price exceeded $140. (Source: National 
Association of Chain Drug Stores) 
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. Generic Drugs The average prices G (in dollars) of 


generic prescription drugs from 2005 through 2009 can 
be approximated by 


G=2.649? + 15.00, 3 S720 


where f represents the year, with tf = 5 corresponding to 
2005. Use the model to estimate the first year in which 
the average price exceeded $30. National 
Association of Chain Drug Stores) 


(Source: 


. Comparative Shopping The cost of renting a car 


from Company A is $279 per week with no extra charge 
for mileage. The cost of renting a similar car from 
Company B is $199 per week, plus 32 cents for each 
mile driven. How many miles must you drive in a week 
to make the rental fee for Company B greater than that 
for Company A’? 

Comparative Shopping Your department sends its 
copying to a photocopy center, which bills your department 
$0.08 per page. You are considering buying a departmental 
copier for $2500. With your own copier, the cost per page 
would be $0.025. The expected life of the copier is 
4 years. How many copies must you make in the four-year 
period to justify purchasing the copier? 


85. Football Salaries The average National 
Football League player’s salary S (in millions of 
dollars) each year from 1998 through 2009 can 
be approximated by 


S = O1215re 0351) OS aly 


where ¢ represents the year, with 
t = 8 corresponding to 1998 

(see figure). 
Football League Players Association) 






(Source: National 


5 


~ 
\ 
r , on 


20's 


wall 


Se SOM a2! Sis Gye lsat o. 
Year (8 © 1998) 


Average salary (in 
millions of dollars) 





(a) Use the model to estimate the years when the average 
National Football League player’s salary was less 
than $1.5 million. Do your results agree with the bar 
graph? Explain. 


(b) Use the model to predict the first year that the 
average National Football League player’s salary 
will exceed $2.2 million. Do your results seem 
reasonable? Explain. 








86. Public College Enrollment The projected 
public college enrollment £ (in thousands) in 
the United States from 2012 to 2019 can be 
approximated by 


B= 265.31 = I41373 2 Sa 


where f represents the year, with t = 2 corresponding to 
2012 (see figure). U.S. National Center for 
Education Statistics) 


(Source: 
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(a) Use the model to predict the first year that the public 
college enrollment will be greater than 16 million 
students. Do your results agree with the bar graph? 
Explain. 

(b) Use the model to predict the first year that the public 
college enrollment will be greater than 17 million 
students. Do your results seem reasonable? Explain. 


87. Weight Loss Program A person enrolls in “ weight 


loss program that guarantees a loss of at least is pounds 
per week. The person’s weight at the beginning of the 
program is 180 pounds. Find the maximum number of 
weeks it will take for the person to attain a weight of 
130 pounds. 


8. Salary Increase You accept a new job with a starting 


~ 


“ number of years you must work before your annual 


salary of $34,800. You are told that you will receive an 
annual raise of at least $1500. What is the maximum 


salary will be $45,000? 


89. Maximum Width An overnight delivery company 


will not accept any package whose combined length and 
girth (perimeter of a cross section) exceeds 132 inches. 
The package shown is 72 inches long and has square 
cross sections. Describe the lengths of x for which the 
company will deliver the package. 





90. Break-Even Analysis The revenue R from selling 


91. 


2. )) HOW DO YOU SEE IT? 


x units of a product is 

R = 139.95x. 

The cost C of producing x units is 
C = 97x + 850. 


In order to obtain a profit, the revenue must be greater 
than the cost. 


(a) Complete the table. 


mm 1 | 20°] 30 | 40 | 50 | 60 








(b) For what values of x will this product return a profit? 


Break-Even Analysis The revenue R from selling 
x units of a product is R = 25.95x. The cost C of 
producing x units is 


C = 13.95x + 125,000. 


In order to obtain a profit, the revenue must be greater 
than the cost. For what values of x will the product 
return a profit? 


A company sells all 


O; ) 
_ the units of a product that it produces. The double 


bar graph shows the daily cost and revenue based 
on the numbers of units x produced. 


5000 }-———==—=—=——$—$—— ee 
yah CL) Cost ele 
‘i LC Revenue 


2000 -+_——___—_— 












(in dollars) 
3 
S 





Cost and revenue 





70 80 
Daily production (in units, x) 


10 20 30 40 50 60 


(a) Use the double bar graph to estimate the number 
of units the company must produce in a day to 
break even, with cost equal to revenue. 


(b) Use your answer in part (a) to write an inequality 
that represents the daily numbers of units x for 
which the company receives a profit. 

(c) Write an inequality that represents the daily 
numbers of units x for which the company 
receives a profit of at least $1000. 


93. Simple Interest For $1500 to grow to more than 


$1680 in 3 years, what must the simple interest rate be? 


94, 


whe 


96. 


HE 


98. 


st, 


100. 


101. 


102. 
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Simple Interest For $2000 to grow to more than 
$2180 in 2 years, what must the simple interest rate be? 


Geometry You measure the side of a square as 
10.4 inches with a possible error of az inch. Using 
these measurements, determine the interval containing 
the possible areas of the square. 


Geometry You measure the side of a square as 
24.2 centimeters with a possible error of 0.25 centimeter. 
Using these measurements, determine the interval 
containing the possible areas of the square. 


Human Height The heights h of two-thirds of a 
population satisfy the inequality 


|h — 68.5| < 2.7 


where /: is measured in inches. Determine the interval 
on the real number line in which these heights lie. 


Time Study A time study was conducted to determine 
the length of time required to perform a particular task 
in a manufacturing process. The times required by 
approximately two-thirds of the workers in the study 
satisfied the inequality 


t— Bs Da 
1.9 





where f is time in minutes. Determine the interval on 
the real number line in which these times lie. 


Humidity Control The specifications for an 
electronic device state that it is to be operated in a 
room with relative humidity / defined by 


|h — 50] < 30. 


What are the minimum and maximum relative 
humidities for the operation of this device? 


Body Temperature Physicians consider an adult’s 
body temperature x (in degrees Fahrenheit) to be 
normal when it satisfies the inequality 


lx — 98.6| < 1. 


Determine the range of temperatures that are considered 
to be normal. 


Accuracy of Measurement You buy six T-bone 
steaks that cost $8.99 per pound. The weight listed on 
the package is 5.72 pounds. The scale that weighed 
the package is accurate to within ° ounce. How much 
money might you have been undercharged or 
overcharged? 


Daily Sales A doughnut shop sells a dozen doughnuts 
for $7.95. Beyond the fixed costs (rent, utilities, and 
insurance) of $165 per day, it costs $1.45 for enough 
materials (flour, sugar, and so on) and labor to produce a 
dozen doughnuts. The daily profit from doughnut sales 
varies between $400 and $1200. Between what numbers 
of doughnuts (in dozens) do the daily sales vary? 
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1.7 Other Types of Inequalities 


Use critical numbers to determine test intervals for a polynomial inequality. 





Solve and graph a polynomial inequality. 
Solve and graph a rational inequality. 
Construct and use a polynomial inequality to solve an application problem. 


Determine the domain of an expression involving a radical. 


Finding Critical Numbers and Test Intervals 
To solve a polynomial inequality such as 
ee ed at aU) 


you can use the fact that a polynomial can change signs only at its zeros. The zeros are 
the x-values that make the polynomial equal to zero. Between two consecutive zeros, a 
polynomial must be entirely positive or entirely negative. This means that when the real 
zeros of a polynomial are put in order, they divide the real number line into intervals in 
which the polynomial has no sign changes. These zeros are the critical numbers of the 
inequality, and the resulting intervals are the test intervals for the inequality. For example, 
the polynomial above factors as 


x — 2x —3 = (+ 1) — 3) 





and has two zeros, x = —1 and x = 3. These zeros divide the real number line into 


In Exercise 74 on page 147, three test intervals: 





you will use a quadratic inequality (—co,-1), (-1,3), and (3,00). (See Figure 1.19.) 
to make a prediction about 
corporate sales. So, to solve the inequality x2 — 2x — 3 < 0, you need only test one value from each of 


these test intervals. 





Zero Zero 
x=- Fa 6) 
Test Interval Test Interval Test Interval 
(—0o, —1) (-1, 3) (3, 2) 
c = aa ——— An —, 
+f _+_+—_+—_ }#__— x 
-4 -3 -2 -1 0 l 2 3} 4 5 


Three Test Intervals for x? — 2x — 3 < 0 
FIGURE 1.19 


> ~ apg a BPS Ae MN ORE COSA ERED PARRY MEET 8 ETE PTS LE IAS PSITTACI 


Finding Test Intervals for a Polynomial 


To determine the intervals on which the values of a polynomial are entirely 
negative or entirely positive, use the following steps. 


1. Find all real zeros of the polynomial, and arrange the zeros in increasing order. 
These zeros are the critical numbers of the polynomial. 


2. Use the critical numbers to determine the test intervals. 


3. Choose one representative x-value in each test interval and evaluate the 
polynomial at that value. If the value of the polynomial is negative at the 
representative x-value, the polynomial will have negative values for every 
x-value in the interval. If the value of the polynomial is positive, the polynomial 
will have positive values for every x-value in the interval. 


Denis Pepin/www.shutterstock.com 





TECH TUTOR 


You can use the table 
feature of your graphing 
utility to check the sign of 
the polynomial in each 
interval. 
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Polynomial Inequalities 


iS xetje)(-wam Solving a Polynomial Inequality 


Solvers =n = 6 <0) 
SOLUTION By factoring the quadratic as 
x7 -—x—6= (x + 2)(x — 3) 
you can see that the critical numbers are 
Critical numbers 


x=-2 and x=3. 


The boundaries between the numbers that satisfy the inequality and the numbers that do 
not satisfy the inequality always occur at critical numbers. So, the polynomial’s test 
intervals are 

(=o; —2), (—2, oN and (3, Co), ‘Test intervals 


In each test interval, choose a representative x-value and evaluate the polynomial. 





Polynomial Value Conclusion 





Test Interval 








(—3)? — (—3) —6 =6 | Positive 





(0)? — (0) — 6 6 Negative 








(4)? — (4) -6 = 6 Positive 





From this, you can conclude that the polynomial is positive for all x-values in 
(—oo, —2) and (3, oo), and is negative for all x-values in (—2, 3). This implies that 
the solution of the inequality 


x7-—-x-6<0 


is the interval (— 2, 3), as shown in Figure 1.20. 


Choose x = -3. Choose x = 4. 
(x + 2)(x — 3) >0 (x + 2)(x — 3) > 0 


: a i 


Choose x = 0. 
(x + 2)(v —3) <0 





FIGURE 1.20 


fA cheokcolnt 1 


Solve x* +x—2 <0. ww 





As with linear inequalities, you can check a solution interval of a polynomial 
inequality by substituting x-values into the original inequality. For instance, to check 
the solution found in Example 1, try substituting several x-values from the interval 
(—2, 3) into the inequality 

x) mG AO) 


Regardless of which x-values you choose, the inequality will be satisfied, 
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In Example 1, the polynomial inequality was given in general form. Whenever this 
is not the case, begin the solution process by writing the inequality in general 
form—with the polynomial on one side and zero on the other. 


| Example 2 Solving a Polynomial Inequality 


Solve x? — 3x? > 10x. 
SOLUTION 

x” — 3x > 10x Write original inequality. 
x — 3x* — 10x > 0 Write in general form. 


vlog = S)(x a 2) > 0 Factor, 


You can see that the critical numbers are x = —2, x = 0, and x = 5. So, the test 
intervals are (—co, —2), (—2, 0), (0, 5), and (5, 00). In each test interval, choose a 
representative x-value and evaluate the polynomial. 





















ee Interval Conclusion 
(—co,—2) 10(—3) = 24 | Negative 
(=2, 0) poms (—1)3 — 3(—1)? — 10(-1) = 6 Positive 
(0, 5) x=2 | (2)3 — 3(2)? — 10(2) = —24 | Negative 

















Positive 
_*| 


From this, you can conclude that the inequality is satisfied on the open intervals (—2, 0) 
and (5, 00). So, the solution set consists of all real numbers in the intervals (—2, 0) and 
(5, co), as shown in Figure 1.21. 


(Snco) x= 6 | (6; — 3(6)* — 10(6) = 48 











Choose x = 2. 
x(x — 5)(x + 2) <0 


Choose x = —3. 
x(x —5)(x + 2) <0 


Choose x = 6. 
x(x —5)(x + 2) >0 













Choose x =—-1. 
x(x = 5)(x + 2) > 0 





FIGURE 1.21 


*/ Checkpoint 2 


Solve x2 — 3x > —2. © 





When solving a polynomial inequality, be sure to account for the type of inequality 
symbol it contains. For instance, in Example 2, note that the solution consisted of two 
open intervals because the original inequality contained a “greater than” symbol. If the 
original inequality had been 


x? — 3x* = 10x 


then the solution would have consisted of the closed interval [—2, 0] and the interval 
[5, 00). 


Section 1.7 m Other Types of Inequalities 141 


Each of the polynomial inequalities in Examples | and 2 has a solution set that 
consists of a single interval or the union of two intervals. When solving the exercises 
for this section, watch for some unusual solution sets, as illustrated in Example 3. 


Jecorte(-me Unusual Solution Sets 


What is unusual about the solution set for each inequality? 
dupe eee .0 


The solution set for this inequality consists of the entire set of real numbers, 
(—oco, 00). In other words, the value of the quadratic x* + 2x + 4 is positive for 
every real value of x. 


b. x2 +2x+1<0 


The solution set for this inequality consists of the single real number { — | }, because 
the quadratic x* + 2x + 1 has one critical number, x = — 1, and it is the only value 
that satisfies the inequality. 


c x7 + 3x+5<0 


The solution set for this inequality is empty. In other words, the quadratic 
x? + 3x + 5 is not less than zero for any value of x. 


d. x7 —4x+4>0 


The solution set for this inequality consists of all real numbers except the number 2. 
In interval notation, this solution can be written as (— 00, 2) U (2, oo). 


Checkpoint 3 





What is unusual about the solution set for each inequality? 


aoxt+xt+3<0 b. x? — 2x +1>0 w 


TECH TUTOR 





le ee ae 

Most graphing utilities can graph inequalities. Consult your user’s 
guide for specific instructions. Once you know how to graph an inequality, you 
can check solutions by graphing. (Make sure you use an appropriate viewing 
window that includes all of the critical numbers.) For example, the solution of 


2 - 5x <0 








is the interval (0, 5). When graphed, the solution occurs as an interval above the 
horizontal axis on the graphing utility, as shown in Figure 1.22. The graph does 
not indicate whether 0 and/or 5 are part of the solution. You must determine 
whether the endpoints are part of the solution based on the type of inequality. 







=O 
FIGURE 1.22 
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Rational Inequalities 


The concepts of critical numbers and test intervals can be extended to inequalities 
involving rational expressions. Use the fact that the value of a rational expression can 
change sign only at its zeros (the x-values for which its numerator is zero) and its 
undefined values (the x-values for which its denominator is zero). These two types of 
numbers make up the critical numbers of a rational inequality. 


ernie Solving a Rational Inequality 








se ee 
C <<) 
wate . 
SOLUTION 
Zia SATE oe 
——— a5 Write original inequality. 
0 ee) 
PR meme) 
a BS) Write in general form. 
X15. 
x lst Oontee L : 
< 0 Add fractions. 
BES 
=e ap 8 
=== = Simplify. 
x= 5 


Critical numbers: x = 5,x = 8 
Test intervals: (—oo, 5), (5, 8), (8, 00) 


=K ELS 
Test: \s == 0? 

ae) 
After testing these intervals, as shown in Figure 1.23, you can see that the inequality is 
satisfied on the open intervals (— 00, 5) and (8, 00). Moreover, because 


=e ae te 


ee = 


when x = 8, you can conclude that the solution set consists of all real numbers in the 
intervals (— 00, 5) U[8, co). 





Choose x = 6. 








4 5 
| Choose x = 4. 

SBS ys 0 

x-5 





FIGURE 1.23 


oo Checkpoint 4 








Solve — see | = 
x 


4 


Revenue (in millions of dollars) 


012345678 910 


Number of calculators 
sold (in millions) 


FIGURE 1.24 





Profit (in millions of dollars) 


(0) thy DS) Ch Sy soy PD) 
Number of calculators 
sold (in millions) 


FIGURE 1.25 
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Application 


One common business application of inequalities involves profit, revenue, and cost. The 
formula that relates these three quantities is 


Profit = Revenue — Cost 


II 


P= "RC: 


Ae ij Example 5 | Increasing the Profit for a Product 


The marketing department of a calculator manufacturer has determined that the demand 
for a new model of calculator is given by 


joo = ike Urs ses iy) Demand equation 


where p is the price per calculator (in dollars) and x is the number of calculators sold, 
in millions. (if this model is accurate, no one would be willing to pay $100 for the 
calculator. At the other extreme, the company couldn’t give away more than 10 million 
calculators.) The revenue, in millions of dollars, for selling x million calculators is 
given by 


R= 5) = x(100 = 10x). Revenue equation 


See Figure 1.24. The total cost of producing x million calculators is $10 per calculator 
plus a one-time development cost of $2,500,000. So, the total cost, in millions of 
dollars, is 


GE Oa Cost equation 


What prices can the company charge per calculator to obtain a profit of at least 
$190,000,000? 


SOLUTION 


Verbal 
Model: 


Equation: P=R—-C 
P= NOs re = like 25 es)) 
Pe 101 90 eee 


Profit = Revenue — Cost 


To answer the question, you must solve the inequality 
= Ore 0c. 2a 90. 

Using the techniques described in this section, you can find the solution set to be 
SESS Sees ye) 

as shown in Figure 1.25. The prices that correspond to these x-values are given by 
100" 101625) 5255100 10155) 

45 <= p = 65. 
The company can obtain a profit of $190,000,000 or better by charging at least $45 per 


calculator and at most $65 per calculator. ——————— 


a/ Checkpoint 5 





In Example 5, what prices can the company charge per calculator to obtain a profit of 
at least $160,000,000? i 
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Domain of a Radical Expression 


Recall that the domain of an expression is the set of all x-values for which the 
expression is defined. You can use inequalities to find the domain of an expression that 
involves a radical, as shown in Example 6. 


etscie Finding the Domain of an Expression 


Find the domain of the expression \/64 — 4.x”. 


SOLUTION Because \/64 — 4x2 is defined (has real values) only if 64 — 4x° is 
nonnegative, the domain is given by 64 — Axer= 0). 


64 — 4x7 = 0 Write in general form. 
16 -—x 20 Divide each side by 4. 
(4—x)(4+ x) 20 Factor. 
So, the inequality has two critical numbers: x = —4 and x = 4. You can use these two 


numbers to test the inequality, as follows. 


Critical numbers: x = —4,x = 4 
Test intervals: (— co, —4), (—4, 4), (4, co) 
Test: Is (4 — x) (4 y= (07 


A test shows that 64 — 4x2 is greater than or equal to 0 in the closed interval [—4, 4]. 
So, the domain of the expression \/64 — 4x? is the interval [—4, 4], as shown in 
Figure 1.26. 


n/-Checkoolnt 6 
Find the domain of each expression. 
b. x7 — 2x = 8 # 


SUMMARIZE (Section 1.7) 


4. Describe how to find the critical numbers and test intervals of a polynomial 
inequality (page 138). 
2. Describe how to solve a polynomial inequality (pages 139-141). For 


examples of solving polynomial inequalities, see Examples 1, 2, and 3. 


3. Describe how to solve a rational inequality (page 142). For an example of 
solving a rational inequality, see Example 4. 


4. Describe a real-life example of how a polynomial inequality can be used to 
analyze profit, revenue, and cost (page 143, Example 5). 


5. Describe how to find the domain of an expression involving a radical (page _ 
144). For an example of finding the domain of an expression involving a 
radical, see Example 6. 





David Gilder/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM UP 1.7 these skills in the exercise set for this section. For additional help, review Section 1.6. 


In Exercises 1-10, solve the inequality. 


1. eo 2. —6z < 27 

Seo = 2 +3 <5 Ay 8x aye.) 

5. 10 > 4 — 3(x + 1) 6.3 <1+20-—4) <7 
7 aaa Soe oe 

Sait A| > 2 10.°|2 | 4 


Exe rcises 1 ay é ; - See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Finding Test Intervals In Exercises 1-6, find the test 
intervals of the inequality. 








fee — 25-< 0 2. x7 -—6x+8>0 

3. 2x? + 7x + 16 = 20 4. 3x? — 26x + 25 < 9 
R= 3 p= Al 

Se Spree = 


Solving a Polynomial Inequality In Exercises 7-34, 
solve the inequality. Then graph the solution set on the 
real number line. See Examples 7, 2, and 3. 


Was 9 SFar ie) 

Bex > 4 10337-=7 16 

11. (& + 2)? < 25 12. (x + 6)? < 8 
Se 4x + 4 = 9 (A gery Ole ING) 
fae < 6 1609>e 2x a8 
fete I(x + 1) > 0 18: 64-2 2)(, aL) 0 
fone oy — 3 < 0 205 =A 1 0 
Dime esx + 16 > 0 20 Ox 1 0) 
ae ey + 1 = 0 24. 4x27 + 12x +9 = 0 
25a 4 > 0 26 ie Or 
ie | DAB eee te =U) 

Doma — 6x7 <0 30. 46 — 12 > 0 
Sie 4% =..0 3262 ee 


33, x — 2x7 -—x+220 
34. x3 + 5x? — 4x — 20 < 0 


Solving a Rational Inequality In Exercises 35-44, 
solve the inequality. Then graph the solution set on the 
real number line. See Example 4. 


35. u Sa 36. u <4 
3 iG 























ave = 5 5 4b bs 
40, == = 4 : 
pers a ST a 
4 1 5 3 
AE ee STE PET ET 
| 9 | | 
aes EST, or PETES oan Ben era 


Finding the Domain of an Expression In Exercises 
45-54, find the domain of the expression. See Example 6. 


45. /x2 —9 46. /x? — 4 
47. 4/6 + x? 48. /x?2 +4 
49. ./81 — 4x? 

50. 147 — 3x2 

51. /x? — 7x + 10 

52. /12 — x — x? 

53. /x? — 3x +3 

54. 4/—x?2 + 2x —2 





Writing the Solution in Interval Notation In 
Exercises 55-60, solve the inequality and write the 
solution set in interval notation. 


55.6% LOK nV) 56, 25x = 10x = 0 
57. x7 — 9x < 0 58. 4x3 — xt = 0 
ede: aN Oe Th 

GOR (es) v0 


Using a Calculator In Exercises 61-66, use a calculator 
to solve the inequality. (Round each number in your 
answer to two decimal places.) 


61. 0434-26 = 10:2 
625921327 S788 2.12 

63. —0.5x* + 12.5x + 1.6 > 0 
64. 1.2x- + 4.8% + 3.1 <.53 
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66. - 


67. 


68. 


69. 





Terre 3.4 |) HOW DO YOU SEE IT? The revenue R and 
- cost C for a product are given by 
Wey Bate R = x(75 — 0.0005x) 


Geometry A rectangular playing field with a perimeter and 


of 100 meters is to have an area of at least 500 square C = 30x + 250,000 
meters (see figure). Describe the possible lengths / of 


fhe field: where R and C are measured in dollars and x 


represents the number of units produced and sold. 












































A The figure shows the values of R and C at several 
production levels. 
A 
5,000,000 + 
Y @ 4,500,000 -—-| 1] Revenue = 
1 a = 4,000,000 + O Cost 
= 3,500,000 + 
Height of a Projectile A projectile is fired straight = 3,000,000 +— ———— 
upward from ground level with an initial velocity of 3 2,500,000 + 
160 feet per second. During what time period will its % 2,000,000 ~- 
i : o 
height be less than 384 feet? = 1,500,000 —- 
o 
Company Profits The revenue R and cost C for a 3 Paes 
product are given by ie hy no 
= x(50 — Pe ore 
R = x(50 — 0.0002x)  '% %, %a, ay a 
and Number of units 
C = 12x + 150,000 (a) What is the revenue at a production level of zero 
its? 
where R and C are measured in dollars and x represents uM: 
the number of units produced and sold (see figure). (b) How many levels of production are there for 
which the company breaks even, with cost equal 
A to revenue? 
& 3:500,000-T Ta Revenue —_ a (c) Do the maximum revenue and the maximum 
B 3,000,000 4- OCost eee Ae profit occur at the same level of production? 
= 2,500,000 +— Explain. 
$2,000,000 + (d) Describe the maximum profit shown by the graph 
301,500,000 Fi and the corresponding level of production. 
2 1,000,000 -+ 
6 500,000 +— : 
~ 71. Compound Interest /P dollars, invested at interest 














rate r compounded annually, increases to an amount A 
O . 
OS aaaatasaa, given by 


Number of units A=P(1 + r)3 


7) apap 25 Gy Oy Sy nr ee 
coy 


in 3 years. For an investment of $1000 to increase to an 
amount greater than $1150 in 3 years, the interest rate 
must be greater than what percent? 


(a) How many units must be sold to obtain a profit of at 
least $1,650,000? 


(b) The demand equation for th duct is i 
Ceiba ai teats ca “aah 72. Compound Interest P dollars, invested at interest 


p = 50 — 0.0002x rate r compounded annually, increases to an amount A 
where p is the price per unit. What prices will given by 
produce a profit of at least $1,650,000? A= P(1 +r) 


(c) As the number of units increases, the revenue 
eventually decreases. After this point, at what number 
of units is the revenue approximately equal to the 
cost? How should this affect the company’s decision 
about the level of production? 


in 2 years. For an investment of $2000 to increase to an 
amount greater than $2200 in 2 years, the interest rate 
must be greater than what percent? 


chan 

ace 73. World Population The world population P 
a (in millions) from 2000 to 2010 can be 
approximated by 


Pev0or + 70.9: + 6089, 0=1s 10 


where f represents the year, with t = 0 corresponding to 
2000 (see figure). 


(Source: U.S. Census Bureau) 





(in millions) 





World population 











3 4 5 (EY 
Year (0 < 2000) 


(a) Use the model to estimate the world population in 
2004. Compare your answer with the value shown in 
the bar graph. 


(b) Use the model to predict the first year in which the 
world population will exceed 7 billion. Does your 
answer seem reasonable? 





through 2009 can be approximated by 
ReeOi26r + 3.687 + 20.9, OS rs 9 


where f represents the year, with t = 0 
corresponding to 2000 (see figure). 
(Source: Walgreen Company) 








Sales (in billions 
of dollars) 


Year (0 © 2000) 


(a) Use the model to estimate Walgreen’s sales in 2008. 
How well does your answer compare with the value 
shown in the bar graph? 


(b) Use the model to predict the first year in which 
Walgreen’s sales will be greater than $75 billion. 

(c) Walgreen Company predicts yearly sales exceeding 
$85 billion between 2013 and 2015. Does the model 
support this prediction? Explain your reasoning. 
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73. 


76. 


78. 
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Higher Education The average yearly dormitory 
charges C (in dollars) at public institutions of higher 
learning in the United States for the academic years 
1997/1998 through 2007/2008 can be approximated by 


Gwe tel o2oe 6 =r = 18 


where f represents the year, with t = 8 corresponding to 
the academic year 1997/1998 (see figure). Use the 
model to predict the first academic year in which the 
average yearly dormitory charges will be greater than 
$6000. (Source: U.S. National Center for Education 
Statistics) 


institutions (in dollars) 
Ww 
(=; 
S 
=) 
+ 
| 
| 
} 
| 
| 
{ 
| 
| 








Dormitory charges at public 





2500 ~————_=- 
oil I 
20005 | 

T T T T T T 
Cs) HO) ish TG AY We Ny aN aN 
Academic year (8 < 1997/1998) 


>t 





Higher Education The average yearly dormitory 
charges C (in dollars) at private institutions of higher 
learning in the United States for the academic years 
1996/1997 through 2007/2008 can be approximated by 


(CANE A or PERM ISS RS 


where f represents the year, with t = 7 corresponding to 
the academic year 1996/1997. Use the model to predict 
the first academic year in which the average yearly 
dormitory charges will be greater than $6000. 
(Source: U.S. National Center for Education Statistics) 


. Resistors When two resistors of resistances R, and R, 


are connected in parallel (see figure), the total resistance 
R satisfies the equation 

ea fapan 

ROK Ks 

Find R, for a parallel circuit in which R, = 2 ohms and 
R must be at least 1 ohm. 














Think About It Explain why the domains of 
Vee Ie? apd, 2/x =a 12 


are different. 


Kimberly Hall/Shutterstock.com 
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ALGEBRA TUTOR 





Solving Equations 


Much of the algebra in this chapter involves solving an equation in one variable. To 
solve a linear equation, you can add or subtract the same quantity from each side of the 
equation, or multiply or divide each side of the equation by the same nonzero quantity. 


Scciy(-wam Solving Equations 


Solve each equation. 


ao x 8 = 7 b. -x—6= 18 c. 5x = 40 


iW Saas 1k ce 
SOLUTION 
a. x+8=7 Write original equation. 


Subtract 8 from each side. 


p aig mitelie “te =A Meat) 








5 tI Simplify. 
b. (0 al 3 Write original equation. 
= = 16 =O il 3G Add 6 to each side. 
=x = 19 Simplify. 
Col be) Divide each side by —1. 
c. 5x = 40 Write original equation. 
5x _ 40 
= = = Divide each side by 5. 
i= Simplify. 
STUDY TIP d = 10 === Write original equation. 
Always remember to check —10-(-—2)= - (—2) Multiply each side by —2. 
your solution in the original a 
equation. 2OR= eX, Simplify. 
—————— e. 9+ 4x = 11 Write original equation. 
0 90 Sd Ti 9 Subtract 9 from each side. 
4x = 2 Simplify. 
vee 
ae = a Divide each side by 4. 
| 
EX 5 Simplify. 
ii —l0x— 7 = 33 Write original equation. 
= ARO IER oe ws a oat) Add 7 to each side. 
—10x = 40 Simplify. 
x=-4 Divide each side by — 10. 
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Solving Inequalities 


A second algebraic skill used extensively in this chapter is solving an inequality in one 
variable. This process is similar to solving a linear equation, except when you multiply 


or divide by a negative number. In this case, you reverse the inequality symbol. 


iS eryNWa Solving Inequalities 


Solve each inequality. 





aox 3 = 14 bine lore COX] 05 
be Gea Se f, —12x +5 > 47 
SOLUTION 
a. = 3 < 4 Write original inequality. 
jim kala, alee mB f) Add 3 to each side. 
acai Simplify. 
b. a0 3 II) x Write original inequality. 
Sse qe als. = ale) es i) Subtract 15 from each side. 
5,0 eae Simplify. 
ell Divide each side by — 1 and reverse inequality symbol. 
(on Shs 22 (els. Write original inequality. 
a Zz 83 Divide each side by 9. 
) ) : 
esa Simplify. 
d. =) n< ae Write original inequality. 
2X0) © ( 5) > z seo 5) Multiply each side by —5 and reverse inequality symbol. 
LOO Rex Simplify. 
e. (oe eee) Write original inequality. 
eye — be A ease a Add 1 to each side. 
6x 2 10 Simplify. 
OF z= us Divide each side by 6. 
6 6 
qe ee 2 Simplify. 
3 
i =120- 5.5.47 Write original inequality. 
—12x+5-—5>47-5 Subtract 5 from each side. 
NPA een Simplify. 
7 - : ; 
IE SX “5 Divide each side by — 12 and reverse inequality symbol. 


ETA OST ST 
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SUMMARY AND STUDY STRATEGIES 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 152. 
Answers to odd-numbered Review Exercises are given in the back of the text.” 





Section 1.1 Review Exercises 
m Classify an equation as an identity or a conditional equation. I-4 
mw Determine whether a given value is a solution of an equation. 5-8 
m Solve a linear equation in one variable. 9-]2 


A linear equation can be written in the standard form: ax + b = 0. 


m Recognize an equation with no solution or infinitely many solutions. 13-16 
m Solve an equation involving fractional expressions. 17-20 
mw Use a calculator to solve an equation. 21-24 
m Use a linear model to solve an application problem. Pee 40) 


Section 1.2 


m= Construct a mathematical model from a verbal model. 27-30 
= Model and solve percent and distance problems. 31-36 
= Model and solve mixture problems. 37,36 
mw Use common formulas to solve geometry and simple interest problems. 39-42 
Square: A = s?, Rectangle: A = lw, 
P=4s P = 21 + 2w 
Circle: A = arr’, Triangle: A = 3bh, 
C=2mtr P=at+bt+c 
Cube: V = s? 


Rectangular Solid: V = lwh 
Circular Cylinder: V = mrh 
Sphere: V = $23 
Temperature: F = 2C apes 
Simple Interest: 7 = Prt 


Distance: d = rt 


Section 1.3 
mw Solve a quadratic equation by factoring. 43—46 
A quadratic equation can be written in the general form: ax? + bx + c = 0. 


Zero-Factor Property: If ab = 0, then a = 0 or b = 0. 


m Solve a quadratic equation by extracting square roots. 47-50 
ms Construct and use a quadratic model to solve area problems, 51-54 


falling-object problems, right triangle problems, and other applications. 


* A wide range of valuable study aids are available to help you master the material in this chapter. 
The Student Solutions Manual includes step-by-step solutions to all odd-numbered exercises to 
help you review and prepare. The student website at www.cengagebrain.com offers algebra help 
and a Graphing Technology Guide, which contains step-by-step commands and instructions for a 


wide variety of graphing calculators. 


= Summary and Study Strategies 


Section 1.4 


Use the discriminant to determine the number of real solutions of a 
quadratic equation. 


If b? — 4ac > 0, then the equation has two distinct real solutions. 
If b? — 4ac = 0, then the equation has one repeated real solution. 
If b? — 4ac < 0, then the equation has no real solutions. 


Solve a quadratic equation using the Quadratic Formula. 





Quadratic Formula: x = —- 


Use the Quadratic Formula to solve an application problem. 


ee ee oe 


Section 1.5 


Solve a polynomial equation by factoring. 

Solve an equation of quadratic type. 

Rewrite and solve an equation involving radicals or rational exponents. 
Rewrite and solve an equation involving fractions or absolute value. 
Construct and use a nonquadratic model to solve an application problem. 


Solve a compound interest problem. 


RSA ER NEAL LEONE NI 


Section 1.6 


Write bounded and unbounded intervals using inequalities or interval notation. 
Solve and graph a linear inequality. 

Solve and graph inequalities involving absolute value, 

|x| <a ifandonlyif -a<x<a 

|x| >a ifandonlyif x<—a or x>a 


Construct and use a linear inequality to solve an application problem. 


eersrerremrey UD SNE EE 


Section 1.7 


Use critical numbers to determine test intervals for a polynomial inequality. 
Solve and graph a polynomial inequality. 

Solve and graph a rational inequality. 

Determine the domain of an expression involving a radical. 


Construct and use a polynomial inequality to solve an application problem. 


tmaecarecesir ec IS ~ ereasa ean 


Study Strategies 


m= Check Your Answers Because of the number of steps involved in solving an 
equation or inequality, there are many ways to make mistakes. So, always check 
your answers. In some cases, you may even want to check your answers in more 


than one way, just to be sure. 


Using Test Intervals Make sure that you understand how to use critical numbers 
to determine test intervals for inequalities. The logic and mathematical reasoning 


involved in this concept can be applied in many real-life situations. 


Review Exercises 


55-58 


59. Os 


69, 70 


89-92 
93-96 
97, 9S 


99, 100 


101-104 
105-107, 111, 112 
108-110, 113, 114 

115-118 

119-126 


151 
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Review Exercises 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Classifying Equations In Exercises 1-4, determine 
whether the equation is an identity or a conditional 
equation. 


2 Oe.) = See Ss 


3. 4x + 2) = 4x + 8 4, 2x + 3) = 3x + 2 


Checking Solutions In Exercises 5-8, determine 
whether each value of x is a solution of the equation. 


LH toby DS s0e= 
(eee 0) (b) x =I 
6. 3x2 + 7x +5 x? +9 


(C\ew=s3 (d) x =2 


(a) x 5 (b) x = 0 
8. /x+4=3 
(a) x 0 (b) x = —] 


(c) x =5 (d) x = 12 


Solving an Equation In Exercises 9-16, solve the 
equation and check your solution. (Some equations have 
no solution.) 


9.x +7 = 20 10. 2x + 15 = 43 

11. 4(x + 3) — 3 = 214 — 3x) —4 

12. (x + 3) + 2(% — 4) = Six. + 3) 

Nah, Shed Ge! ye (oy oe Ws i ore —s she ae II 
15. 8(x — 2) = 8x — 16 16. —(3 — 2x) = 2x -—3 


An Equation Involving Fractional Expressions In 
Exercises 17-20, solve the equation and check your 
solution. 


\ #) 3 
17. = 
Sx | 4. 
3 8 11 
18. | - —_—__.___ 
\ 4 2x +5 2x 3 —=— 2.0) 
4 
(2 +2=0 
r+ 3 r+ 3 
3 5 
20. 7 8 +4 


Using a Calculator to Solve an Equation In 
Exercises 21-24, use a calculator to solve the equation. 
(Round your solution to three decimal places.) 


21. 0.375x — 0.75(300 — x) = 200 

22. 0.235x + 2.6(—x — 4) = 30 

23, ——- + — 4,—~_ +—_ =2 
0.055 0.085 0.0645 0.098 


25. Stores The numbers N of Safeway stores in 
operation from 2003 through 2009 can be approximated 
by the linear equation 


Nia 19 Ofo ooo ee = 


where ¢ represents the year, with ¢ = 3 corresponding 
to 2003. Use the model to estimate the year in which 
the number of Safeway stores decreased to 1720. 
(Source: Safeway, Inc.) 

26. Federal Programs The numbers of students S (in 
millions) participating in the school breakfast program 
from 2001 through 2009 can be approximated by the 
linear equation 


S = OA2649 735s So 


where t represents the year, with t = 1 corresponding 
to 2001. Use the model to estimate the year in which 
9.4 million students participated in the school breakfast 
program. (Source: U.S. Department of Agriculture, 
Food and Nutrition Service) 


Constructing a Mathematical Model In Exercises 
27-30, use the verbal description to (a) write a verbal 
model, (b) assign labels to the quantities in the verbal 
model, (c) use the labels to write a mathematical model, 
and (d) solve the problem. 


27. Three consecutive even integers have a sum of 42. Find 
the smallest of these integers. 


28. One positive number is four times another number. The 
difference of the numbers is 51. Find the numbers. 


29. Annual Salary Your annual salary is $28,900. You 
receive a 7% raise. What is your new annual salary? 


30. Salary Your weekly salary increases from $550 to 
$594. What percent is your raise? 


31. List Price The price of an outdoor barbecue grill is 
discounted 15%. The sale price is $139. Find the 
original list price of the grill. 

32. Discount Rate The price of a home gym is 
discounted by $300. The sale price is $599.99. What 
percent of the original price is the discount? 

33. Travel Time Two cars start at the same time at a 
given point and travel in the same direction at average 
speeds of 45 miles per hour and 50 miles per hour. After 
how long are the cars 10 miles apart? 


34. Exercise Two bicyclists start at the same time at a 
given point and travel in the same direction at average 
speeds of 8 miles per hour and 10 miles per hour. After 
how long are the bicyclists 5 miles apart? 


35. 


36. 


7s 


38. 


Sue 


40. 


41. 


42. 


Box Office James Cameron’s 1997 movie Titanic 
earned U.S. gross revenue of $600,788, 188. Cameron's 


2009 movie Avatar earned U.S. gross revenue of 


$760,507,625. Find the percent increase in the U.S. 
gross revenue from Titanic to Avatar. 
Information Services) 


Oil 


(Source: Nash 


Imports The United States imported 


1594 million barrels of crude oil from members of 


OPEC (Organization of Petroleum Exporting Countries) 
in 2009. Use the bar graph to determine the amount 
imported from each of the five top contributing countries, 
(Source: U.S. Energy Information Administration) 


Percent of imports 
3 
—~, 





40 -- 
23% 10g. 22% 
20+ eee pe 17% 
10% ie 10% ial 
FE x ie eae T T a ‘ » 
S, . , 1 a) 
Meg “Mie, Meo, on : ep, ey 
as, 2 Cy 


OPEC members 


Mixture A car radiator contains 10 quarts of a 10% 
antifreeze solution. The car’s owner wishes to create a 
10-quart solution that is 30% antifreeze. How many 
quarts will have to be replaced with pure antifreeze? 
Mixture A three-gallon acid solution contains 3% 
boric acid. How many gallons of 20% boric acid 
solution should be added to make a final solution that is 
8% boric acid? 

Geometry A volleyball court is twice as long as it is 
wide, and its perimeter is 177 feet. Find the dimensions 
of the volleyball court. 

Geometry A roomis 1.25 times as long as it is wide, 
and its perimeter is 90 feet. Find the dimensions of the 
room. 


Simple Interest You deposit $500 in a savings 
account earning 4% simple interest. How much interest 
will you earn in | year? 

Simple Interest You deposit $800 in a money market 
account. One year later the account balance is $814. 
What was the simple interest rate? 


Solving a Quadratic Equation by Factoring In 
Exercises 43-46, solve the quadratic equation by factoring. 
Check your solutions. 


43. 
45. 
46. 


6x2 = 5x + 4 44, —x? = 15x + 36 
x2 — 1llx+24=0 


4—4x+x?=0 


Extracting Square Roots 


mw Review Exercises 153 


In Exercises 47-50, solve 


the quadratic equation by extracting square roots. When 
a solution is irrational, list both the exact solution and its 
approximation rounded to two decimal places. 


47. 
49. 


a 
on 


Using the Discriminant 


51. 


. Grand Canyon 


. Total Revenue 


. Depth of an Underwater Cable 


= 11 48. 16x* = 25 
(x + 4)? = 18 50. (x — 1)? =5 
Geometry A billboard is 12 feet longer than it is 


high. The billboard has 405 square feet of advertising 
space. What are the dimensions of the billboard? 

The Grand Canyon is 6000 feet deep 
at its deepest part. A rock is dropped over the deepest 
part of the canyon, How long does the rock take to hit 
the water in the Colorado River below? 

The demand equation for a product is 


p 60 — 0.000 LY 


where p is the price per unit and x is the number of units 
sold, The total revenue R from selling xv units is given by 


R = xp = x(60 — 0.0001). 


How many units must be sold to produce a revenue of 
$8,000,000? 

A ship’s sonar 
locates a cable 2000 feet from the ship (see figure). The 
angle between the surface of the water and a line from 
the ship to the cable is 45°. How deep is the cable? 








s 
ete ae — — — — — —'- I 
= 


In Exercises 55-58, use the 


discriminant to determine the number of real solutions of 
the quadratic equation. 


35: 


56. 
57. 


58 


Using the Quadratic Formula 


x? + llx + 24=0 
x2 + 5x + 12 = 0 
Syme Aye ge aU 
4x2 + 12x +9 = 0 


In Exercises 59-64, 


use the Quadratic Formula to solve the quadratic 
equation. Check your solutions. 


Sy: 
ol. 
63. 


60. Sx? - 16x 12 0 
62. 6x = 7 — 2x 
64. 10x? [hile 2 


x? — 12x + 30 = 0 
(y + 7)? = =5y 
x27 + 6x -—-3 =0 
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Using a Calculator In Exercises 65-68, use a calculator 
to solve the quadratic equation. (Round your answers to 
three decimal places.) 


65. 3.62 — S77 — 1.9 =0 
66. 2.3x? + 6.6x — 3.9 = 0 
67. 34x? — 296x + 47 = 0 
68. 39x? + 75x = 21 =0 


69. Onthe Moon Anastronaut standing on the edge of a 
cliff on the moon drops a rock over the cliff. The height 
s of the rock after f seconds is given by 


ye he OOO 


The rock’s initial velocity is 0 feet per second and its 
initial height is 200 feet. Determine how long it will 
take the rock to hit the lunar surface. How long does it 
take a rock dropped from a height of 200 feet on Earth 
to hit the ground? 


70. Geometry An open box is made from a square piece 
of material by cutting three-inch squares from the corners 
and turning up the sides (see figure). The volume of the 
finished box is 363 cubic inches. Find the size of the 
original piece of material. 


io 


Xx —— EE SS = 











Solving Equations In Exercises 71-84, find the real 
solution(s) of the equation. Check your solution(s). 


71. 3x7 — 9x7 = 12x =0 72. + 3x2 —5x—-—15=0 











73. x = 5x7 + 4=0 74. © + 26° — 27 =0 
15,030 16. /3x —2+x=4 
TI a) 6 ye 78a) x = 5 
79. (x2 — 5)?3 = 80. (x2 — 5x — 6)4/3 = 16 
81. |5x + 4| = 11 82. |x? + 4x| — 2x = 8 

5 3 3 
Serene er ier La SRP ee 


85. Sharing the Cost Three students are planning to 
share the expense of renting a condominium at a resort 
for | week. By adding a fourth person to the group, each 
person could save $75 in rental fees. How much is the 
rent for the week? 

86. Sharing the Cost A college charters a bus for $1800 
to take a group to a museum. When four more students 
join the trip, the cost per student decreases by $5. How 
many students were in the original group? 


87. Market Research The demand equation for a 
product is given by 


p = 45 — /0.002x + 1 


where x is the number of units demanded per day and 
p is the price per unit. Find the demand when the price 
is set at $19.95. 

88. Cash Advance You take out a cash advance of $500 
on a credit card. After 3 months, the amount you owe is 
$525.29. What is the annual percentage rate for this 
cash advance? (Assume that the interest is compounded 
monthly and that you have made no payments.) 


Intervals and Inequalities In Exercises 89-92, write 
an inequality that represents the interval. Then state 
whether the interval is bounded or unbounded. 


89. [—4,7] 90. (6, 1000) 
91. (—co, 1000] 92. (—10, 00) 


Solving an Inequality In Exercises 93-98, solve the 
inequality and graph the soiution set on the real number 
line. 


93. 3(x — 1) < 2x + 8 
OE eh SW SANG. oe 2) Se 
Dae = (I 
4 
bese il) a8 eS) 





95 Fea a3 96. —1 = -5 ="Baaee 


98. |2x. = 3| = 4a 
99. Break-Even Analysis The revenue R from selling 
x units of a product is 
R = 89.95x. 
The cost C of producing x units is 
C = 35x + 2500. 


For what values of x will this product return a profit? 


100. Accuracy of Measurement You buy a 16-inch gold 
chain that costs $9.95 per inch. The chain is measured 
accurately to within 7 inch. How much money might 
you have been undercharged or overcharged? 


Finding Test Intervals In Exercises 101-104, find the 
test intervals of the inequality. 





1016210 102632 3x4 
= 3 x 

103.2 = [ieee ers 
x6 = II x+7 


Solving an Inequality In Exercises 105-110, solve the 
inequality and graph the solution set on the real number 
line. 


105. 5a + 1@-—3) <0 106 («+42 <4 
Lee © 
x 


xor.§ 





107. x7 — 9x < O 108. =p 


1 
> 
yoae SD 








110. aa 


Using a Calculator In Exercises 111-114, use a 
calculator to solve the inequality. (Round each number in 
your answer to two decimal places.) 


111 — 1.2 + 4.76 > 1.32 
fies. + 49x — 6.1 < 2.4 


1 


ese 


113 


3 
ge 257 < 2 


Finding the Domain of an Expression In Exercises 
115-118, find the domain of the expression. 


115. /x — 10 

116. 4/2x +5 

117. /x? — 15x + 54 
118. /81 — 4x? 


119. Height of a Flare A flare is fired straight upward 
from ground level with an initial velocity of 100 feet 
per second. During what time period will its height 
exceed 150 feet? 


120. Path of a Soccer Ball A soccer player kicks the 
ball toward the center of the goal. The path of the ball 
can be modeled by 


= —0.054x? + 1.43x 


where x is the horizontal distance (in feet) from where 
the ball is kicked and y is the corresponding height (in 
feet). 


(a) The soccer goal is 8 feet high. Write an inequality 
to determine the values of x for which the ball is 
low enough to go into the goal. 

(b) Solve the inequality from part (a). 

(c) The player kicks the ball 15 feet from the goal and 
the ball is not blocked. Does the player score a 
goal? Explain your reasoning. 

121. Geometry A rectangular field with a perimeter of 

80 meters is to have an area of at least 380 square 


meters (see figure). Describe the possible lengths l of 
the field. 





122. 


123. 


124. 


125. 


126. 


w Review Exercises 155 


Compound Interest P dollars, invested at interest 
rate r compounded annually, increases to an amount A 
given by 

A=P(i+r)p 

in 5 years. An investment of $1000 increases to an 


amount greater than $1400 in 5 years. The interest rate 
must be greater than what percent? 


Compound Interest P dollars, invested at an interest 
rate r compounded semiannually, increases to an amount 


A = P(I + r/2)?°8 


in 8 years. An investment of $2000 increases to an 
amount greater than $2800 in 8 years. The interest rate 
must be greater than what percent? 


Company Profits The revenue R and cost C for a 
product are given by 

R = x(75 — 0.0005x) 

and 


C = 25x + 100,000 


where R and C are measured in dollars and x represents 
the number of units sold. How many units must be sold 
to obtain a profit of at least $500,000? 


Price of a Product In Exercise 124, the revenue 


equation 

R = x(75 — 0.0005x) 

implies that the demand equation is 
p = 75 — 0.0005x 


where p is the price per unit. What prices per unit 
can the company set to obtain a profit of at least 
$1,000,000? 

income The total investment income / (in millions 
of dollars) of Aflac each year from 2001 through 2009 
can be approximated by the model 


I = 6.072 + 90.3t + 1448, 1sts9 
where f represents the year, with t = | corresponding 
to 2001. 


(a) Complete the table. Round each value of J to the 
nearest whole number. 


naan 


(b) Aflac expected to earn investment income of 
greater than $3 billion in 2010. Does the model 
support this? Explain. 


(Source: Aflac Incorporated) 











(c) Aflac predicts that the yearly investment income 
will be at least $3.5 billion by 2015. Does the 
model support this prediction? Explain. 
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T E ST YO U R Ss E L F See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


1. Solve the equation 3(x + 2) — 8 = 4(2 — 5x) + 7. 
. Find the domain of (a) 2/2x + 3 and (b) Jd = x2, 


3. In May, the total profit for a company was 8% less than it was in April. The total 
profit for the 2 months was $625,509.12. Find the profit for each month. 


tM 


In Exercises 4-13, solve the equation. Check your solution(s). 
4, Factoring: 6x* -- 7x =5 

5. Factoring: 12 + 5x — 2x* =0 

6. Extracting square roots: x° — 5 10 

7. Quadratic Formula: (x + 5)? oe 

8. Quadratic Formula: 3x? — 11x = 2 
9, Quadratic Formula: 5.4x? — 3.2x — 2.5 = 0 
10. |2x — 3| = 10 


14. The demand equation for a product is p = 40 — 0.0001x, where p is the price per 
unit and x is the number of units sold. The total revenue Rk from selling x units is 
given by R= xp. How many units must be sold to produce a revenue of 
$2,000,000? Explain your reasoning. 


In Exercises 15-18, solve the inequality and graph the solution set on the real 
number line. 


3x + | 

5 2 

15. 5 

16. |4 — 5x| 2 24 
r+ 3 

lia 2 
r+ 7 


LS ake ere) 

19. ‘The revenue R and cost C for a product are given by 
R (90 — 0.0004.) 
and 
C = 25x + 300,000 


where R and C are measured in dollars and + represents the number of units sold. 
How many units must be sold to obtain a profit of at least $800,000? 

20. The total payroll P (in billions of dollars) for federal civilian employees each year 
from 1996 through 2009 can be approximated by the model 


P= 0.145 + 0.791 + 107.4, 6s 45 19 


where f represents the year, with ¢ = 6 corresponding to 1996, Use the model to 
predict the year when the payroll will exceed $190 billion. (Source: U.S. Office 
of Personnel Management) 
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Example 8 on page 189 shows how 
a scatter plot can be used to find a linear 
model that approximates the number of 
alternative-fueled vehicles in use in the 
United States for a given year. 
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2.1 Graphs of Equations 








In Exercise 105 on page 170, 
you will use points plotted in a 
coordinate plane to determine the 
percent increase in miles traveled by 


vehicles over a specified period of time. 


y-axis 
A 


Directed distance 


Vee ia ye 
|_| Directed 
| c ry, nits 


FIGURE 2.2 


> X-axis 


@ Plot points in the Cartesian plane. 


m Use the Distance Formula to find the distance between two points in the 
coordinate plane, and use the Midpoint Formula to find the midpoint of a 
line segment joining two points. 

m Determine whether a point is a solution of an equation, and sketch the graph 
of an equation. 


m Find the x- and y-intercepts of the graph of an equation. 


Determine the symmetry of a graph. 
m Write the equation of a circle in standard form. 


The Cartesian Plane 


y-axis 


Just as you can represent real numbers by 
points on a real number line, you can represent 3 
ordered pairs of real numbers by points in a Quadrant I 
plane. This plane is called the rectangular 


Quadrant I 


; " (Vertical 
coordinate system, or the Cartesian plane, Origin number line) 
named after the French mathematician René (a ae Wee a a ee 
Descartes (1596-1650). = 7) | / yee 

asi 


(Horizontal 
> .|. number line) 


Quadrant IV 


The Cartesian plane is formed by using 
two real number lines intersecting at right 


: : : uadrant II] 
angles, as shown in Figure 2.1. The horizontal Q z 





3 
real number line is usually called the x-axis, 
and the vertical real number line is usually FIGURE 2.1 


called the y-axis. The point of intersection of 
these two axes is the origin, and the two axes divide the plane into four parts called 
quadrants. 

Each point in the plane corresponds to an ordered pair (x, y) of real numbers x and 
y, called the coordinates of the point. The x-coordinate represents the directed distance 
from the y-axis to the point, and the y-coordinate represents the directed distance from 
the x-axis to the point, as shown in Figure 2.2. ' 

The notation (x, y) denotes both a point in the plane and an open interval on the real 
number line. The context will tell you which meaning is intended. 


)S<esee)(-wWe Plotting Points in the Cartesian Plane 





. 
To plot the point (— 1, 2) in the Cartesian , —. 43-4) 
plane, imagine a vertical line through — 1 on ; 
the x-axis and a horizontal line through 2 on Gis). mY 
the y-axis. The intersection of these two lines ; 
is the point (— 1, 2). Other points, such as his (0, 0) '(3, 0) 
(3, 4); (0,.0).(3, 0), and (2.2) Catrbe ie ame eS 
plotted in a similar way, as shown in Figure 2.3. ! = 

1 2 

$e 

(eae) a 
FIGURE 2.3 


A/ Checkpoint 1 


Plot the points (0, —2) and (—4, 1). a 


Kenneth Man /Shutterstock.com 





ALGEBRA TUTOR 


For help with identifying 
and plotting points in the 
Cartesian plane, see the 

Chapter 2 Algebra Tutor 
on pages 240 and 241. 
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The Distance and Midpoint Formulas 


Recall from the Pythagorean Theorem that, for a right triangle with hypotenuse of 
length c and legs of lengths a and b, you have 


e2+bP=c 


as shown in Figure 2.4. Note that the converse is also true. That is, if a2 + b? = c*, then 
the triangle is a right triangle. 





a 





a? + b? = Cc? 
FIGURE 2.4 


Suppose you want to determine the distance d between two points (x,, y,) and 
(x5, Y>) that do not lie on the same horizontal or vertical line. With these two points, a 
right triangle can be formed, as shown in Figure 2.5. 








FIGURE 2.5 





The length of the vertical side of the triangle is |y) — y,|, and the length of the horizontal 
side is |x, — x,|. By the Pythagorean Theorem, you can write 


Ges |x> — eile Ke ly. = yl 
ine vee eee ly — vil? 
d= woe 2h oa y,)°. 


The result is the Distance Formula. 








Choose positive square root. 





oo nierenimanneasietieichimiaeenemmnan naam amend 


The Distance Formula 


The distance d between the points (x,, y,) and (x, y2) in the coordinate plane is 


dim py? +e 


When using the Distance Formula, remember that assigning points to (x,, y,) and 
(x5, y>) is arbitrary. 
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The formula below shows how to find the midpoint of the line segment that joins 
two points. 


The Midpoint Formula 





The midpoint of the line segment joining the points (x,, y,) and (x5, y,) in the 
coordinate plane is 


(= TX. Wy + 22) 
pie” ae 6 ee?) i 





1% <etss}e)(-4y Using the Distance and Midpoint Formulas 
Find (a) the distance between, and (b) the midpoint of the line segment joining, the 
points (— 2, 1) and (3, 4). 
SOLUTION 
Let (x,, yy) = (—2, 1) and (%, y,) = (, 4). 


a. Apply the Distance Formula. 








d= Ces — x; ns (y, = se Distance Formula 
= /(3 = (= 2)/? ti (qu 1)? Substitute for x,, x, y,, and yy, 
= ./5* + 3? Simplify, 
= /34 = 5.83 Simplify. See Figure 2.6 


b. By the Midpoint Formula, you have 


‘ x, ate X+5 yy We Yo 
Midpoint = 5 





Midpoint Formula 














a: 
=) 3 1 4 
= 5 aah Substitute for x), x, y,, and yy, 
maha eeu 
= 5) Simplify. See Figure 2,7, 
) ) 
(3, 4) | (3,4) 
4 ; _« 
(gt) gee 
te nal 
3 et kee 
_f Midpoint 
. | 
(=2; 1) 
\ f | an 
| 2 | | 2 4 
d= /34 = 5.83 
FIGURE 2.6 FIGURE 2.7 ——$—$—$<$<______. 


*/ Chackecint 2 





Find (a) the distance between, and (b) the midpoint of the line segment joining, the 
points (—7, 5) and (1, — 1). s 





y 
A 
e 
e e 
FIGURE 2.8 
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The Graph of an Equation 


Frequently, a relationship between two quantities is written in the form of an equation 
In the remainder of this section, you will study a procedure for sketching the graph of 
an equation, For an equation in the variables wand y, a pont (a, b) is a solution it the 
substitutions x = a and y = Pb satisfy the equation, 


| Example 3 | Solution of an Equation 


Determine whether (— 1, 0) is a solution of the equation y = 2a" = dv — 6 
SOLUTION 

y = 2x* — 4x -— 6 Write original equation 

0 : 2(— 1)? — 4(— 1) — 6 Substitute — 1 fora and 0 for) 

0 = 0 Simplity 


Both sides of the equation are equivalent, So, the point ( 1,0) is a solution 


$$ 


of Checkpoint 3 





Determine whether (— 1, 3) is a solution of the equation y = vt 4 a 


Most equations have infinitely many solutions, The graph of an equation ts the set 
of all points that are solutions of the equation, To sketch the graph of an equation, you 
can use the point-plotting method. 


The Point-Plotting Method of Graphing 

1. If possible, isolate one of the variables, 

2. Construct a table of values showing several solution points, 
3. Plot these points in a rectangular coordinate system, 


4. Connect the points with a smooth curve or a line, 


Step 4 of the point-plotting method can be difficult. For instance, how would you 
connect the four points in Figure 2.8? Without further information about the equation, 
any one of the three graphs in Figure 2.9 would be reasonable, These graphs show that 
with too few solution points, you can misrepresent the pri iph of an equation, Throughout 
this course, you will study many ways to improve your pri iphing techniques, For now, 
you should plot enough points to te veal the essential behavior of the graph, This important 
to use negative values, zero, and positive vi ilues for, when constructing a table, 











FIGURE 2.9 


162 Chapter 2 m Functions and Graphs 


FIGURE 2.10 





ieeerte(-eam Sketching the Graph of an Equation 


Sketch the graph of 3x + y = 5. 


SOLUTION First, rewrite the equation as y = 5 — 3x with y isolated on the left. 
Next, construct a table of values by choosing several values of x and calculating the 
corresponding values of y. 


eS = 
v= > 13%) 8 


From the table, it follows that (— 1, 8), (0, 5), (1, 2), (2, — 1), and (3, —4) are solution 
points of the equation. After plotting these points and connecting them, you can see that 
they appear to lie on a line, as shown in Figure 2.10. ——— 














a/ Gheekpolht 4 
Sketch the graph of each equation. 


ay-x=3 b2ty=-l = 


S$Zerete(-e Sketching the Graph of an Equation 


Sketch the graph of y = x? — 2. 


SOLUTION First, construct a table of values by choosing several convenient values of 
x and calculating the corresponding values of y. 








i) 
ios) 





tO 
— 








Next, plot the corresponding solution points. Finally, connect the points with a smooth 
curve, as shown in Figure 2.11. 











FIGURE 2.11 _ 
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Sketch the graph of each equation. 


l 
a. y = 4 bh y=5-x i] 
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Intercepts of a Graph 


When you are sketching a graph, points for which either the y-coordinate or the 
x-coordinate is zero are especially useful. 


Definition of Intercepts 


1. The x-intercepts of a graph are the points at which the graph intersects the 
x-axis. To find the x-intercepts, let y equal zero and solve for x. 


2. The y-intercepts of a graph are the points at which the graph intersects the 
y-axis. To find the y-intercepts, let x equal zero and solve for y. 


Some texts denote the x-intercept as the x-coordinate of the point (a, 0) rather than 
the point itself. Unless it is necessary to make a distinction, the term intercept will be 
used to mean either the point or the coordinate. 

A graph may have no intercepts, one intercept, or several intercepts. For instance, 
consider the three graphs in Figure 2.12. 


y y 
A A 














Three x-intercepts No x-intercept No intercepts 
One y-intercept One y-intercept 
FIGURE 2.12 
secrutycaem Finding x- and y-Intercepts 
Find the x- and y-intercepts of the graph of 
joao =i 
4 SOLUTION To find the x-intercept, let y = 0. This produces 
—3=%x 


which implies that the graph has one x-intercept, which occurs at 


(22340); x-intercept 





To find the y-intercept, let x = 0. This produces 

yess) 
| which has two solutions: y = +/3. So, the graph has two y-intercepts, which occur at 
| (0, V3) and (0, - V3). y-intercepts 








of Checkpoint 6 





Find the x- and y-intercepts of the graph of each equation. 


a y=4x+7 bh y=x?-— 1 % 


Edyta Pawlowska/www.shutterstock.com 
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Symmetry 


Symmetry with respect to the x-axis means that if the Cartesian plane is folded along the 
x-axis, then the portion of the graph above the x-axis would coincide with the portion 
below the x-axis. Symmetry with respect to the y-axis can be described in a similar 
manner. Symmetry with respect to the origin means that the graph rotates 180° about 
the origin, it looks the same. (See Figure 2.14.) 











x-Axis symmetry y-Axis symmetry Origin symmetry 
FIGURE 2.14 


Knowing the symmetry of a graph before attempting to sketch it is helpful, because 
then you need only half as many solution points to sketch the graph. The three basic 
types of symmetry are defined below. 





Definition of Symmetry 
1. A graph is symmetric with respect to the x-axis if, whenever (x, y) is on the 


graph, (x, —y) is also on the graph. 


2. A graph is symmetric with respect to the y-axis if, whenever (x, y) is on the 
graph, (—x, y) is also on the graph. 


3. A graph is symmetric with respect to the origin if, whenever (x, y) is on the 
graph, (—x, —y) is also on the graph. 


You can apply this definition of symmetry to the graph of the equation y = x7 — 1. 
Replacing x with —.x produces 


y= xe | Write original equation. 
y = (=x)? = 1 Replace x with —.. 
i yale Replacement yields 


equivalent equation. 


Because the substitution did not change the 
equation, it follows that if (x, y) is a solution 
of the equation, then (—.x, y) must also be a 
solution. So, the graph of y = x7 — 1 is 
symmetric with respect to the y-axis. By 
plotting the points in the table below, you 
can confirm that the graph is symmetric with 
respect to the y-axis, as shown in Figure 2.15. 








y-Axis Symmetry 
FIGURE 2.15 

















FIGURE 2.16 











FIGURE 2.17 
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Tests for Symmetry 


1. The graph of an equation is symmetric with respect to the x-axis if replacing y 
with —y yields an equivalent equation. 


2. The graph of an equation is symmetric with respect to the y-axis if replacing x 
with —x yields an equivalent equation. 


3. The graph of an equation is symmetric with respect to the origin if replacing x 
with —x and y with —y yields an equivalent equation. 


ie ereye-Wam Lesting for Symmetry 


Test y = 2x3 for symmetry with respect to both axes and the origin. 


SOLUTION 
x-AXxis: wes De Write original equation. 

— VS De Replace y with —y. Result is not an equivalent equation. 
y-Axis: Vie this Write original equation. 

Vi 2( =x)? Replace x with —x. 

WSS phe Simplify. Result is not an equivalent equation. 
Origin: Ve phe Write original equation. 

ae) a 2(—x)? Replace y with —y and x with —x. 

== — 2" Simplify. 

Wy = Dee Equivalent equation 


Of the three tests for symmetry, the only one that is satisfied is the test for origin 
symmetry (see Figure 2.16). SS 


s/,Ghackoolnt 1 


Test y = —4x? for symmetry with respect to both axes and the origin. ri 


eindce Using Symmetry as a Sketching Aid 


Use symmetry to sketch the graph of x — y=. 


SOLUTION Of the three tests for symmetry, the only one that is satisfied is the test for 
X-axis symmetry. 


ies y? = | Write original equation. 
pl . 
ie (—y)? = | Replace y with —y. 
2 —_— + . . 
De a | Equivalent equation 


So, the graph is symmetric with respect to the x-axis. To sketch the graph, plot the points 
above the x-axis and use symmetry to complete the graph, as shown in Figure 2.17. 


(LRA GIIBID ST RS 


of Checkpoint 8 





Use symmetry to sketch the graph of each equation. 


a. y = |x| by=x+x a 
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FIGURE 2.18 
STUDY TIP | 
The standard form of the 
equation of a circle with } 
radius r whose center is at the | 
origin 1S 
?+y=P 
i 
(3, 4) 
{—_» x 
6 4 
4 
FIGURE 2.19 


The Equation of a Circle 


In this section, you have studied the point-plotting method and two additional concepts 
(intercepts and symmetry) that can be used to streamline the graphing procedure. 
Another graphing aid is equation recognition, which is the ability to recognize the 
general shape of a graph simply by looking at its equation. 

Figure 2.18 shows a circle of radius r with center at the point (h, k). The point (x, y) 
is on this circle if and only if its distance from the center (h, k) is r. This means that a 
circle in the plane consists of all points (x, y) that are a given positive distance r from 
a fixed point (h, k). Using the Distance Formula, you can conclude that the point (x, y) 
lies on the circle if and only if 


(x — h)2 + Cy — kK)? =r. 





By squaring each side of this equation, you obtain the standard form of the equation 
of a circle. For example, a circle with its center at the origin, (h, k) = (0, 0), and radius 
r = 4 is given by 





IAG: = 0)? = (y = ())? =4 Substitute for h, k, and r. 
x>+y27=4 Simplify. 
xb yy = 16, Square each side. 


Standard Form of the Equation of a Circle 
The standard form of the equation of a circle is 
(x —h)? + (y — k)? =r. 


The point (A, k) is called the center of the circle, and the positive number r is 
called the radius of the circle. 


scertey-ecm Finding the Equation of a Circle 


The point (3, 4) lies on a circle whose center is at (—1, 2), as shown in Figure 2.19. 
Write the standard form of the equation of this circle. 


SOLUTION . The radius of the circle is the distance between the center (— 1, 2) and the 
point (3, 4). 











(=) = hy ee Distance Formula 

r= vie —(—1)/? + @— 2)" Substitute for x, y, h, and k. 
= Aa Simplify. 
= /16 + 4 Simplify. 
= 20 Radius 


Using (h, k) = (—1, 2) and r = \/20, the equation of the circle is 


(~= h)? Sg (y = k) =r Equation of circle 
[x a (— 1)? 1° (y = 2)2 = ( 20)? Substitute for h, k, and r. 
(xt 1)* + Gy 2)* = 20. Standard form 


*/ Cheokpelnt 9 





The point (4, 4) lies on a circle whose center is at (0, 1). Write the standard form of 
the equation of this circle. | 


STUDY TIP 





Recall that to complete the 
square, you add the square of 
half the coefficient of the 
linear term to each side. 
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FIGURE 2.20 
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When you expand the standard equation in Example 9, you obtain the result shown. 


(eel) ae ey = 2)? = 20 Standard form 
ge te Oe Je i) =e y? aye Ama) ((} Expand terms. 
x2 + ve Oe 4) San) General form 


The last equation is in the general form of the equation of a circle, 
Ax? + Ay? + Dx + Ey + F=—0, AO. 


The general form is less useful than the standard form. For instance, it is not 
immediately apparent from the general form shown above that the center 1si( 1 2)-and 
the radius is \/20. To graph the equation of a circle, write the equation in standard form. 
You can do this by completing the square, as shown in Example 10. 


Stetseelm Completing the Square to Sketch a Circle 


Sketch the circle given by 4x? + 4y* + 20x — l6y + 37 = 0. 


SOLUTION Begin by writing the original equation in standard form by completing the 
square for both the x-terms and the y-terms. 


Meade ao Ve 2 Gy SEO Write original 
. Y equation. 
9 9 eH! 
x2 + y? + 5x —4y + Th =——ai(() Divide by 4. 
, 37 
(x? aL Spa te ) 4 (y? = Avec ) — mT Group terms. 
5\2 EM Rees Complete 
D : 2 pial AO ee eet oJ omplete 
E Seo Lect: (5) | ara) 4y + 2°) 4 i 4 ihe! the square. 
De 2 
x + 5 de (y = OV = Standard form 


So, the center of the circle is (—3, 2) and the radius of the circle is 1. Using this 
information, you can sketch the circle, as shown in Figure 2.20. 





e/ Checkpoint 10 


Sketch the circle given by x? + y? — 2x — 4y + 1 = 0. a 


SUMMARIZE (Section 2.1) 


4. Describe how to plot a point in the Cartesian plane (page 158). Por an 
example of plotting points, see Example 1. 


2. State the Distance Formula and the Midpoint Formula (pages 159 and 160). 
For an example that uses these formulas, see Example 2. 


3. Describe how to sketch the graph of an equation (pages 161 and 162). For 
examples of graphing equations, see Examples 4 and 5. 


4. State the definitions of x-intercept and y-intercept (page 163). For an 
example of finding x- and y-intercepts, see Example 6. 


5. State the standard form of the equation of a circle (page 166). For an example 
of finding the standard form of the equation of a circle, see Example 9. 


Martin Novak/www.shutterstock. cor 
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Ne The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 2.1 these skills in the exercise set for this section. For additional help, review Sections 0.2, 0.4, and 1.5. 


In Exercises 1-6, simplify the expression. 





1. /(2 — 6)? + [1 — (—2)F 
4 + (-2) 

er 

Bey ee a5 


In Exercises 7-10, solve the equation. 
7. /(4 — x)? + 6 — 2) = V58 
9, ~e — 9x =0 





. V(1 = 4) 
—| + (-3) 





a Ly? 


2 


. S12 + 44 





V8 — 62+ 65" = 2V5 


4_ 8.2? + 16=0 


| =><2) rcises 2. 1 ST=YoMWVAANVA Of=l(e1 @l als lecorelanln (o)mnl{elg;<a\e ProlU] mrcvo)[U] to) alomco mele (obralUlanlel-1¢-10 =) (ci(els\-1 


Plotting Points in the Cartesian Plane In Exercises 1 
and 2, plot the points in the Cartesian plane. See 
Example 7. 


L(= 5,3). Coe eae 4 ),(2,.0) Cee) 
2. (0; =4)5(, 5) 5 (252) = Orca) 


Using the Distance and Midpoint Formulas In 
Exercises 3-12, (a) plot the points, (b) find the distance 
between the points, and (c) find the midpoint of the line 
segment joining the points. See aes 7 and 2. 





3. (2, —5), (—6, 1) Ao ae (6, 0) 

Fun (SE Fo Tal) A eh) a 3) (229) 

7. (—1, 2), (5, 4) Sales a (10, 2) 

9715, 1) a) HS | 3, ahh as) 
111.8. 75). (225, 2.112. 62 GA ee 1.8) 


Finding the Hypotenuse In Exercises 13-16, find the 
length of the hypotenuse in two ways: (a) using the 
Pythagorean Theorem and (b) using the Distance 
Formula. 


i 14. > 
: (4, 3) 104 
8+ (13, 6) 
: Tat) 
} Ge ( 
SA b 
2+-/ 
na Selina ET SSR Tin UR 
ta 3/4 —2+- 2 4 6 8 10 / 14 
1+ (0,0) (4,0) 4+ (13, 1) 
15. ) 16. y 
8 
6 (7, 4) 
cyl] 
erie 
4-2 ge Ae | OR 
( 








Using the Distance Formula _ In Exercises 17 and 18, 
find the values of x for which the distance between the 
points is 15. 
1724) ) 18. (x, 8), (—9, —4) 

Using the Distance Formula In Exercises 19 and 20, 
find the values of y for which the distance between the 
points is 20. 

195 (= 15) Va Sie) 20. (6, —1), (—10, y) 
Solution of an Equation In Exercises 21-24, determine 
whether each point is a solution of the equation. See 
Example 3. 





Equation Points 
212s = Syl 0 (a) (2,5) (b) (Gaz 
22 et (a) (1,-1) (b) G,0) 
23 y= (a) (9, 2) (b) (21, 4) 
# Pil 1 
LS ee (a) (1.4) (b) (0, 1) 


Sketching the Graph of an Equation In Exercises 
25-28, complete the table below for the given equation. 
Use the resulting solution points to sketch the graph of the 
equation. See Examples 4 and 5. 








Finding x- and y-Intercepts In Exercises 29-36, find 
the x- and y-intercepts of the graph of the equation. See 
Example 6. 


Dey — x — | 30. 25 =—y' — 6 
Slay x + x — 2 Sosy Ae 
Set ean 4 —- x2 34. y= /x?7 +9 


35. 2y — xy + 3x = 4 36. x*y — x2 + 4y =0 

37. Think About It Use your knowledge of the Cartesian 
plane and intercepts to explain why you let y equal zero 
when you are finding the x-intercepts of the graph of an 
equation, and why you let x equal zero when you are 
finding the y-intercepts of the graph of an equation. 


38. Think About It Is it possible for a graph to have no 
x-intercepts? no y-intercepts? no x-intercepts and no 
y-intercepts? Give examples to support your answers. 


Testing for Symmetry In Exercises 39-50, test for 
symmetry with respect to both axes and the origin. See 
Example 7. 








39. x4 — 2y =0 AN Sh Se! oe a 
41.x—y*=0 AZ yr Sut 
43. y= /16 — x? 44. y= /4—x% 
45. xy = 2 46. x°y = 1 

x x 
Se a 4 oS ee aaa 
49. x? + y? = 25 50. x7 + yy =9 


Using Symmetry as a Sketching Aid In Exercises 
51-54, use symmetry to complete the graph of the 
equation. See Example 8. 


52. x-axis symmetry 
y=-x+4 


51. y-axis symmetry 














53. Origin symmetry 54. y-axis symmetry 
Vee 1 + x ye Tal 
vy y 
A 
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Matching 4n Exercises 55-60, match the equation with 
its graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) » (b) y 











(Ce (d) ‘| 











(e) (f) 
t 











60. y= -V4—-# 


Sketching the Graph of an Equation In Exercises 
61-80, sketch the graph of the equation. Identify any 
intercepts and test for symmetry. 





Gly = et (Gy Se = 3) 
63. y=1-— x 64. y=x2-1 
65. y= x — 4x +3 66. y= —x? — 4x 
67. y=xe+2 68. y=x-1 
8 4 

Se eae TONS a 
Ty = 72. y= J1—x 
73. y= Sx M.y = ax 
75. y = |x — 4| 

76. y = |x| —3 

Tia = vera | 

78. x=y—4 

1 ey 


80. x2 + y* = 16 


~J 
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Finding the Radius In Exercises 81-84, the center of 
a circle and a point on the circle are shown. Find the 
radius of the circle. 


81. } 82. ; 
44 
&] 
4 2 
(0, 4)~ ! 
Z ‘igen aa a tT & 
Sallie eel) Om 
~ x 2+ (4,-1) 
roe 2 4 = oat 
9) 
“2 -44 
83. y $4. 


| 
Nn £ OO 
uo aD 
+—| -» = 
— 
ws) 


Finding the Center and Radius In Exercises 85 and 
86, the endpoints of a diameter of a circle are shown. 
Find the center and radius of the circle. 





Finding the Equation of a Circle In Exercises 87-94, 
find the standard form of the equation of the circle. See 
Example 9. 


87. Center: (0, 0); radius: 3 

88. Center: (0, 0); radius: 5 

89. Center: (—4, 1); radius: /2 
90. Center: (0, 5); radius: 2 

oT Center 

92. Centers ( 
93. Endpoints of a diameter: (—3, 4), (5, —2) 
94. Endpoints of a diameter: (—4, —1), (4, 1) 


2); point on circle: (0, 0) 


3,2). pomt on circles. (— 1) 


Completing the Square to Sketch a Circle In 
Exercises 95-102, write the equation of the circle in 
standard form. Then sketch the circle. See Example 10. 


95, a- + y* = 6x + 4y = 3 = 0 

96. x* + y* — 2x + 6by —15=0 

97. x7 9° = 4x + Gy 49-= 0 

98. 5x7 + 5y? + 10x +1=0 

99, 20 $2 = 2 2 = 3 = 0 
100. 4x* + 4y? — 4x + 2y —-1=0 
101. 16x? + 16y? + 16x + 40y —-7 =0 
102. x7 + —4x+ 2v+3=0 





Using the Standard Form In Exercises 103 and 104, 
an equation of a circle is written in standard form. 
Indicate the coordinates of the center of the circle and 
determine the radius of the circle. Rewrite the equation of 
the circle in general form. 


103. (x — 3)2 + (y + 1)? = 25 
104. (x — 4)? + (y — 2) =7 


105. Vehicle Distance The graph shows the total 
number of miles traveled by vehicles in the 
United States each year from 1994 through 2008. 
(Source: U.S. Federal Highway Administration) 





Total vehicle miles 
traveled (in billions) 
~~) 
3 
[==] 
~ 





=| —|—|—_1—_ | —1 i 
7 8 9 10 11 12 13 14 15) Louies 
Year (4 © 1994) 


(a) Estimate the percent increase in miles traveled by 
vehicles from 1994 to 2000. 


(b) Estimate the percent increase in miles traveled by 
vehicles from 2000 to 2008. 


One) HOW DO YOU SEE IT? The graph shows the 
average prices of gold for the years 1975 through 


2009. (Sources: U.S. Bureau of Mines; U.S. 
Geological Survey) 
y 


1000 


ie.) 
S 
So 


Average price (in 
dollars per troy ounce) 
£ DD 
ae 
sys) 


iS) 
S 
So 





ite t t Paeat t [at 
5.=10) SIS) 20) 25 30S B50) 


Year (5 © 1975) 


(a) What is the highest price shown in the graph? 
When did this occur? 

(b) What is the lowest price shown in the graph? 
When did this occur? 

(c) What is the highest price shown in the graph 
for the years 1975 through 2000? Does this 
represent the highest price that gold ever reached 
in those years? Explain your reasoning. 


107. 


108. 


109. 


Population The population y (in millions of people) 
of North America from 1980 through 2050 can be 
modeled by 


y = 5.3x + 482, -—20 <x < 50 


where x represents the year, with x = 50 corresponding 
to 2050. (Source: U.S. Census Bureau) 


(a) Find the y-intercept of the graph of the model. 
What does it represent in the given situation? 


(b) Construct a table of values for x = —20, — 10, 0, 
10, 20, 30, 40, and 50. 


(c) Plot the solution points given by the table in part 
(b) and use the points to sketch the graph of the 
model. 

Population The population y (in millions of people) 

of South America from 1980 through 2050 can be 

modeled by 


Smee sr + 5.0x + 351, —20 =x = 50 


where x represents the year, with x = 50 corresponding 

to 2050. (Source: U.S. Census Bureau) 

(a) Find the y-intercept of the graph of the model. 
What does it represent in the given situation? 

(b) Construct a table of values for x = —20, — 10, 0, 
10, 20, 30, 40, and 50. 

(c) Plot the solution points given by the table in part (b) 
and use the points to sketch the graph of the model. 

Retail Stores The number y of stores operated by 

Family Dollar Stores from 2000 through 2010 can be 

approximated by the model 


tae 2 4.91t 4 566.6t + 3624, 0=7¢= 10 


where f represents the year, with t = 0 corresponding 
to 2000. (Source: Family Dollar Stores, Inc.) 


(a) Sketch a graph of the model. 


(b) Family Dollar Stores planned to have 7050 stores 
in operation by the end of 2011. Use the model to 
predict the number of stores in 2011. How well 
does the model support the company’s plans? 

(c) Complete the table by using the model to predict 


the number of stores in each year from 2012 
through 2015. 





14 | 15 





Number of stores 





(d 


—S 


Extend the graph of the model in part (a) to 
include the years 2011 through 2015. 


(e) Family Dollar Stores expects to have 7550 stores 
in operation sometime during the years 2013 
through 2015. Based on your results in parts (c) 
and (d), what can you conclude about the model? 
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110. Observation Wheel The Singapore Flyer opened 
in Singapore in 2008 as the largest observation wheel 
in the world. Use the diagram to write an equation that 
models the circular shape of the wheel. 

















111. Spatial Learning The Morris water maze is an 
experiment for studying spatial learning in rats. A rat 
is repeatedly placed in a circular pool of water with a 
hidden platform that the rat uses to escape the water. 
The paths taken by the rat are studied as the rat uses 
visual cues to learn the location of the platform (see 
figure). 











<< 175 cm ————> 


(a) Use the figure to write an equation that models the 
circular shape of the pool, using centimeters as 
units. 


(b) Researchers track the time that a rat spends in 
each quadrant. The white dashed line shows the 
path taken by the rat. Determine the sequence of 
quadrants that the rat passed through. 


(c) The platform is located at the point (—40, 0) and 
the rat is at (52, —40). How far is the rat from the 
platform? Round your answer to the nearest 
centimeter. 











In Exercise 96 on page 182, 


you will use perpendicular lines to write 
an equation representing the line of a 


cut in making a memorial stone. 


STUDY TIP 





When using the formula for 
slope, the order of subtraction 
is Important. Given two points 
on a line, you can label either 
one of them as (x,, y,) and the 
other as (x,, y,). Once this is 
done, you must form the 
numerator and denominator 
using the same order of 


subtraction. 
v= Vy 
i. =| saa Correct 
X5 mo 
yy ast) 
ff = Correct 
xy m- X5 
Yous" 1 
{aa See Incorrect 
ee ec 


Find the slope of a line passing through two points. 
Use the point-slope form to find the equation of a line. 
Use the slope-intercept form to sketch the graph of a line. 


Use slope to determine whether lines are parallel or perpendicular, 
and write the equation of a line parallel or perpendicular to a given line. 


The Slope of a Line 


The slope of a nonvertical line is a measure of the steepness of the line. The slope 
represents the number of units the line rises or falls vertically for each unit of horizontal 
change from left to right. For instance, consider the two points (x), y,) and (x, y,) on 
the line shown in Figure 2.21. As you move from left to right along this line, a change 
of y, — y, units in the vertical direction corresponds to a change of x, — x, units in the 
horizontal direction. That is, 


y> — y, = the change in y 


X» — xX, = the change in x. 








FIGURE 2.21 


The slope of the line is defined as the quotient of these two changes. 


Definition of the Slope of a Line 
The slope m of the nonvertical line passing through the points (x,, y,) and (Xo, Va)eas 


Yo — y, _ change iny 
tints = eee 
kg =X, chaneenney 


where x, # Xp. 


The change in x is sometimes called the run and the change in y is sometimes called 
the rise. 

In real-life problems, such as finding the steepness of a ramp or the increase in the 
value of a product, the slope of a line can be interpreted as either a ratio or a rate. If the 
x-axis and the y-axis have the same units of measure, then the slope has no units and is 
a ratio. If the x-axis and the y-axis have different units of measure, then the slope is a 
rate or rate of change. You will learn more about rates of change in Section 2.3, 


Yuri Arcurs /Shutterstock.com 


iy) 
ae 
eee of oe 
a (3, 1) 
(-2, 0) 
ee 
—2 -1 ie 2, 4 
aie 
aout 





(a) If m is positive, the line rises from 
left to right. 














(c) If m is negative, the line falls from 
left to right. 


4-+- (3, 4) 





(d) If the line is vertical, the slope is 
undefined. 


FIGURE 2.22 
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$etee¥)-Wa Finding the Slope of a Line Through Two Points 


Find the slope of the line passing through each pair of points. 
a. (—2, 0) and (3, 1) b. (—1, 2) and (2, 2) 

c. (0,4) and(1, —1) d. (3, 4) and (3, 1) 

SOLUTION 


a. Letting (x,, y,) = (—2, 0) and (x5, y) = (3, 1), you obtain a slope of 


Nor Wi Difference in y-values 
eT ta rene, 5 ee Tet 
Xy — Xy Difference in x-values 
ea) 
3 = (-2) 
J 
5° 


b. The slope of the line passing through (— 1, 2) and (2, 2) is 


iff) = 


= (). 


c. The slope of the line passing through (0, 4) and (1, — 1) is 


ap cae! is 

0 
eS: 
= —5, 


d. The slope of the line passing through (3, 4) and (3, 1) is undefined. Applying the 
formula for slope, you have 
ha ee 
Bae 0° 





m Division by zero is undefined. 


Because division by zero is not defined, the slope of a vertical line is not defined. 


The graphs of the four lines are shown in Figure 2.22. 


n/ Checkpoint 1 


Find the slope of the line passing through the points (— 1, 2) and (3, 4). a 





From Example 1, you can make the following generalizations about the slope of a line. 


FBS EA TLIO I ELL TODD LE SEIS POI 3 TE EATS SEEPS SOLE OE IEE SO A I FIN 


Slope of a Line 

1. A line with positive slope (m > 0) rises from left to right. 
2. A line with negative slope (m < 0) falls from left to right. 
3. A line with zero slope (m = 0) is horizontal. 


4. A line with undefined slope is vertical. 
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ALGEBRA TUTOR 


For help with identifying ; 


and plotting points im the 





Cartesian plane, see the 
Chapter 2 Algebra Tutor 
on pages 240 and 241, 








FIGURE 2.24 


The Point-Slope Form 


When you know the slope of a line and the coordinates of one point on the line, you can 
find an equation of the line. For instance, in Figure 2.23, let (x, y,) be a given point on 
the line whose slope is m. If (x, y) is any other point on the line, then it follows that 


1, 








Any two points on a line can be used 
to determine the slope of the line. 


FIGURE 2.23 


This equation in the variables ~ and y can be rewritten to produce the following point- 
slope form of the equation of a line. 


= aunrynet Ab SVN, SSR wR RAR PN AS AES PN ARTA 


Point-Slope Form of the Equation of a Line 





The point-slope form of the equation of the line that passes through the point 
(\,,.y,) and has a slope of m is 


y= y, = mx — x). 


| Example 2 | The Point-Slope Form of the Equation of a Line 


Find an equation of the line that passes through (1, —2) and has a slope of 3. 


SOLUTION Use the point-slope form with (x,, y,) = (1, —2) and m = 3. 


y= y, = mx — x) Point-slope form 
\ (ena) 3(n |) Substitute y, 2,x, = 1, andm = 3. 
y+ 2 ax 3 Simplify 
\ Shy 5 Equation of line 
The graph of this line is shown in Figure 2,24, ee 


7 Cheskeoint 2 


Find an equation of the line that passes through the given point and has the given 


slope, 
a. (2,4), m 2 

) ‘ 
b. (—8, —3),m = 5 


ce. (5,1),m=0 Sg 


Section 2.2 m Lines in the Plane Aas) 


The point-slope form can be used to find the equation of a line passing through two 
points (x,, y,) and (x5, y,). First, use the formula for the slope of a line passing through 











TECH TUTOR two points. Then, use the point-slope form to obtain 
wee 
a y, — y 
Several models of y—y, = 4+—" — x). 
graphing utilities have Xena 
programs that use the _ This is sometimes called the two-point form of the equation of a line. 
two-point form to find an 


equation of a line. After you | : ae 
Pen coordinates of ne . | + Beet A Linear Model for Sales Prediction 


points, the program outputs 
the slope and y-intercept of 
the line that passes through 
the points. Try using one of 


these programs to find the ' 
linear equation in Example 3. b. Use the equation to predict the sales during the fourth quarter. Can you assume that 


y sales will follow this linear pattern? (Source: Apple Inc.) 


During the first two quarters of the calendar year, Apple Inc. had sales of $13.5 billion 
and $15.7 billion, respectively. 


a. Write a linear equation giving the sales y in terms of the quarter x. 





















SOLUTION 
y a. Let (x,, y,) = (1, 13.5) and (x5, y.) = (2, 15.7) be two points on the line. Use the 
zg an (4, 20.1) two-point form to find an equation of the line. 
Ke 18 JS eee Lice eae 1) Substitute for x,, y,, X>, 
aa) fal (ald) \ : aes 2-1 ° and y, in two-point form. 
re \ 
=| 
° \ 
= 147 \ y= 185 = 2.2(0—"1) Simplify quotient. 
5 (1, 13.5) \\ 
& w= 220+ 11.3 Vy 2.202 113 Equation of line 
git ~——— 
cat ee b. Using the equation from part (a), the fourth-quarter sales (x = 4) should be 
1 2 3 4 
Veo (A aliles Substitute 4 for x. 
Quarter es 
= $20.1 billion. Simplify. 


Bn See Figure 2.25. Without more data, you cannot assume that the sales pattern will 


be linear. Many factors, such as seasonal demand and past sales history, help to 
determine the sales pattern. ee 


checkpoint 3 


me 


A company has sales of $1.2 million and $1.4 million in its first two years. Write a 
linear equation giving the sales y in terms of the year x. a 


The estimation method illustrated in Example 3 is called linear extrapolation. Note 
in Figure 2.26(a) that for linear extrapolation, the estimated point lies to the right of the 
given points. When the estimated point lies between two given points, the procedure is 
called linear interpolation, as shown in Figure 2.26(b). 


Estimated point 





nN ~~ Given points 


Given points 





> x ee — = nde 











(a) Linear extrapolation (b) Linear interpolation 
FIGURE 2.26 


Edyta Pawlowska/www.shutterstock.com 
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Sketching Graphs of Lines 


You have seen that for finding the equation of a line it is convenient to use the point- 
slope form. This formula, however, is not particularly useful for sketching the graph of 
a line. The form that is better suited to graphing linear equations is the slope-intercept 
form of the equation of a line. You can derive the slope-intercept form as shown. 


Vy The Xj) Point-slope form 
y = mx — mx, TY, Solve for y. 
y= mx + (y, = mx,) Commutative Property of Addition 
y=mx+b Slope-intercept form (b = y, — mx,) 


= ail 


Slope-Intercept Form of the Equation of a Line 
The graph of the equation 
y=mxt+b 


is a line whose slope is m and whose y-intercept is (0, b). 


seinem Sketching the Graphs of Linear Equations 


Sketch the graph of each linear equation. 
a. y=2x+ 1 b. y = 2 Cua — 
SOLUTION 


a. Because b = 1, the y-intercept is (0, 1). Moreover, because the slope is m = 2, this 
line rises two units for each unit it moves to the right, as shown in Figure 2.27(a). 


b. By writing the equation y = 2 in the form y = (0)x + 2 you can see that the 
y-intercept is (0,2) and the slope is zero. A zero slope implies that the line is 
horizontal, as shown in Figure 2.27(b). 


c. By writing the equation x + y = 2 in slope-intercept form y = —x + 2 you can see 
that the y-intercept is (0, 2). Moreover, because the slope is m = —1, this line falls 


one unit for each unit it moves to the right, as shown in Figure 2.27(c). 





of Chaekpoint 4 


Sketch the graph of each linear equation. 





















a. y= 4x 1 boy = 25 = 3 a 
y y y 
\ A 
RO) } | m=0 
[y=2x4+1] (0, 2) 
2 units up jf 
| — 
(O, 1) 1+ |y=2 
ihe? \ 
t t > x t i ines t = x 
| 2 3 -| | 2 3 
1 | 
(a) When mis positive, the line (b) When m is zero, the line is (c) When m is negative, the line 
rises from left to right. horizontal. falls from left to right. 


FIGURE 2.27 
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Ane 


From the slope-intercept form of the equation of a line, you can see that a horizontal 


line (m = 0) has an equation of the form 


i= (0)x Te mel Ve b. Horizontal line 


This is consistent with the fact that each point on a horizontal line through (0, b) has a 


y-coordinate of b, as shown in Figure 2.28. 








Horizontal Line 
FIGURE 2.28 


Similarly, each point on a vertical line through (a, 0) has an x-coordinate of a, as shown 
in Figure 2.29. So, a vertical line has an equation of the form 


a6 == oh Vertical line 


This equation cannot be written in 
slope-intercept form because the slope of 
a vertical line is undefined. However, every 
line has an equation that can be written in 
the general form 


Ane by C0 


General form 


where A and B are not both zero. If A = 0 
(and B # 0), then the general equation can 

be reduced to the form y = b, which represents 
a horizontal line. If B = 0 (and A # 0), then 
the general equation can be reduced to the 
form x = a, which represents a vertical line. 


Sata Fin PIERRE TA ER ANE FAB Ole NORDEA ALTE E YES EDO 


Summary of Equations of Lines 


Ane By asC=0 


ch PPT RCN R STARR RSL PEA IEE 


1. General form: 


2. Vertical line: x=a 

3. Horizontal line: y=b 

4. Slope-intercept form: y = mx + b 

5. Point-slope form: yy, i — xy) 


wa 
SI 





—2 t (a, —2) 


Vertical Line 
FIGURE 2.29 


Make sure you understand that one form of the equation of a line may be more 
efficient than another form for different problem situations. For instance, the point-slope 
form (or two-point form) is more efficient for problems in which two points are given. 
Note that another form of an equation of a line is the two-intercept or intercept form. This 


form is introduced in Exercises 59—64 in this section. 
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FIGURE 2.30 


Parallel and Perpendicular Lines 


The slope of a line is a convenient tool for determining whether two lines are parallel, 
perpendicular, or neither. 





fo MARISTA TA LIE ARSC DRE RD PRE SCAN EMERGE LE DOA ODT EE OTL ESTE DEST PMNS DMS ASSO ITATINT 


Parallel Lines 


Two distinct nonvertical lines are parallel if and only if their slopes are equal. 


js <oivje(-eee Equations of Parallel Lines 


Find an equation of the line that passes through the point (2, — 1) and is parallel to the 
line 2x — 3y = 5, as shown in Figure 2.30. 


SOLUTION Start by rewriting the given equation in slope-intercept form. 


phe — wy) =i 2) Write original equation. 
Soh See PS) Subtract 2x from each side. 
2.9 ae ; 
Va aC a 3 Write in slope-intercept form. 


So, the given line has a slope of 
a 


Because any line parallel to the given line must also have a slope of Z the required line 
through (2, — 1) has the following equation. 


Be Naik a m(x — x) Point-slope form 
2 
Cy (-l)= Pic ea Substitute for y,,.x,, and m. 
+1=5r-5 Simpl 
y = ps implify. 
- 3 B pully 
g i Solve f 
WS Sar ox ae olve for y. 
- 3 3 - 
ir 3° rar 3 Write in slope-intercept form. 


Notice the similarity between the slope-intercept form of the original equation and the 
slope-intercept form of the parallel equation. ee 


a/ Checkpoint 5 


Find an equation of the line that passes through the given point and is parallel to the 
Iitiex2y —=-Gx 92, 


a. (2, 4) 
ba (20) ® 





You have seen that two nonvertical lines are parallel if and only if they have the 
same slope. Two nonvertical lines are perpendicular if and only if their slopes are 
negative reciprocals of each other. For instance, the lines 


| 
y=2x and y= —5x 


are perpendicular because one has a slope of 2 = 2 and the other has a slope of —3. 











FIGURE 2.31 
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Perpendicular Lines 
Two nonvertical lines are perpendicular if and only if their slopes are negative 
reciprocals of each other. That is, 


eerie Equations of Perpendicular Lines 


Find an equation of the line that passes through the point (2, — 1) and is perpendicular 
to the line 2x — 3y = 5, as shown in Figure 2.31. 


SOLUTION By rewriting the given equation in slope-intercept form 


2 2) 
Per 3 oe eS 
you can see that the line has a slope of z So, any line that is perpendicular to this line 
must have a slope of —3 because —3 is the negative reciprocal of 3. The required line 
through the point (2, — 1) has the following equation. 





Vey ee = x4) Point-slope form 
3 
y (-—1) = a(x 2) Substitute for y,, x,, and m. 
Vers lis ae te Simplify. 
3 o 
Via a 423) = | Solve for y. 
eS =e se Write in slope-intercept form. 


</Gheckpolnt 6 


Find an equation of the line that passes through the point (—2, 12) and is perpendicular 
to the line y = 4x — 2. ry 





SUMMARIZE | (Section 2.2) 


4. State the definition of the slope of a line and describe how to find the slope 
of a line passing through two points (page 172). For an example of finding 


the slope of a line through two points, see Example 1. 


. State the point-slope form of the equation of a line (page 174). For examples 
of using the point-slope form of the equation of a line, see Examples 2 and 3. 


. State the slope-intercept form of the equation of a line and describe how it is 
used to sketch the graph of a line (page 176). For an example of using the 
slope-intercept form to sketch the graphs of lines, see Example 4. 


4. Describe the slopes of two nonvertical parallel lines and the slopes of two 
nonvertical perpendicular lines (pages 178 and 179). For examples of finding 
equations of parallel and perpendicular lines, see Examples 5 and 6. 


Denis Mironov /Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM UP 2.2 these skills in the exercise set for this section. For additional help, review Sections 0.2 and 1.2. 


In Exercises 1 and 2, perform the indicated operations. 








1 4 — (-—4) —5:— 8 

°=3-—(-1) "0 —(-3) 
3. Evaluate —1/m when m = 4/5. 4, Evaluate —1/m when m = —3. 
In Exercises 5-10, solve for y in terms of x. 
5.2k = 3y = '6 6. 4x + 2y = 0 

Dy 
7. y — (-4) = 3[x - (-1)] 8. Sane) 
_3-(-1) sige leo oe Pea 

9 (-—1) = ra 4) 10. y 5 = pa 2) 


Exercises 2.2 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Finding the Slope of aLine In Exercises 1-4, use the 
change in y and the change in x to find the slope of 
the line. 


i 











Using Slope In Exercises 5 and 6, identify the line that 
has the indicated slope. 


Sona) m=+4 6. (a) m=0 
(b) m is undefined. (b) m= —} 
(c) m= —2 (c) m= 

















Sketching the Graphs of Lines In Exercises 7 and 8, 
sketch the graphs of the lines through the point with the 
indicated slopes in the same coordinate plane. 


Point Slopes 
7. (—3, 4) (a) -2  (b) § 
@no (d) Undefined 
8. (—2, —5) (a) -1 (db); 


@no (d) Undefined 


Finding the Slope of a Line Through Two Points In 
Exercises 9-14, plot the points and find the slope of the 
line passing through the points. See Example 7. 


967.9) ileal) 10. (2, 4), (4,—4) 
11 (= 65 1) 1G 694) 12. (0, —10), (aa 
(1-39 14 G26-9 


Using Slope In Exercises 15-22, use the point on the 
line and the slope of the line to find three additional 
points through which the line passes. (There are many 
correct answers.) 


Point Slope 
15. (5, —2) m= 0 
16. (—3, 4) m=O 
17. (2, —5) m is undefined. 
18. (15.3) m is undefined. 
19. (5, —6) m= 1 
20. (10, —6) m= -1 
Aa Gel) m=%5 
22( 7,3) m= —4 


The Point-Slope Form of the Equation of a Line In 
Exercises 23-32, find an equation of the line that passes 
through the point and has the indicated slope. Then 
sketch the graph of the line. See Example 2. 


Point Slope 
23-4 1,.0) m= 1 
24. (0, —4) m= =! 
25. (—2, 0) m= —4 
26. (1, 3) i= 3 
27. (4, 0) Hi —} 
28. (—8, 3) m=-3 
295 (—2,—7) m=0 
30. (—10, 4) a) 
Sie (4, 3) = 
32. (-3, 3) m= -—3 


Writing an Equation of a Line In Exercises 33-44, 
find an equation of the line passing through the points. 


33. (0, 0), (—1, —4) 34. (6, —1), (0, 0) 

35. (7, 4), (—7, 3) 36. (4, 3), (—4, —4) 
37. (—9, 11), (-9, 14) 38. (3, 5), (3, —2) 

39. (1, 7), (3, 7) 40. (3, —2), (-8, 2) 
41. (2,4), (5,3) 42. (1, 1), (6, -3) 

43. (1,0.6),(—2,-0.6) — 44. (—8, 0.6), (2, —2.4) 


45. Discovery Use a graphing utility to graph each 
equation in the same viewing window. What is the 
y-intercept of each graph? 


ve x 2 eee a ag 


46. Discovery In Exercise 45, what can you determine 
about each graph from the coefficient of x in its equation? 


Sketching the Graph of a Linear Equation In 
Exercises 47-56, find the slope and y-intercept (if possible) 
of the line specified by the equation. Then sketch the 
graph of the line. See Example 4. 


47. y= 2x - | 48. y=3-x 
none y — 6 =0 50. 2x + 3y —9 =0 
lesa 3x = 0 Bet Goa) 
Sjn70 + 6y — 30=0 BAS ey i= 20) 
So 2y— 7 = 0 56. 8 — 5y = 0 


57. Writing A student is confused about why the slope of a 
vertical line is undefined. Describe how you would help 
this student understand the concept of undefined slope. 


58. Writing A student makes the comment, “I do not under- 
stand why a horizontal line has zero slope and how that is 
different from undefined or no slope.” Describe how you 
would explain the concepts of zero slope and undefined 
slope and how they are different from each other. 
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The Intercept Form of the Equation of a Line In 
Exercises 59-64, use the intercept form to find an equation 
of the line with the given intercepts. The intercept form of 
the equation of a line with intercepts (a, 0) and (0, 6) is 


M 


a aA, a#0, b#0 

59. x-intercept: (1, 0) 60. x-intercept: (—3, 0) 
y-intercept: (0, —4) y-intercept: (0, 4) 

61. x-intercept: (—2, 0) 62. x-intercept: (5, 0) 
y-intercept: (0, —2) y-intercept: (0, 1) 

63. x-intercept: (-4 0) 64. x-intercept: (—2 0) 
y-intercept: (0, —3) y-intercept: (0, 4) 


. Discovery Use a graphing utility to graph the equation 
y = xin a viewing window with a square setting, in which 
the horizontal and vertical tick marks have equal spacing. 
Then adjust the viewing window several times by 
increasing and decreasing the number of units on the y-axis. 
How does changing the viewing window affect the graph? 
Which setting best represents the slope of the line? 

. Discovery Use a graphing utility to graph each 
equation in the same viewing window with a square 
setting (see Exercise 65). 


4 


4 
Deal? eee Vy ee ee yz; = —ix +8 


(a) What is the geometric relationship between the two 
lines that have the same slope? 


(b) In each pair of perpendicular lines, what is the 
numerical relationship between their slopes? 


Parallel and Perpendicular Lines In Exercises 67-74, 
the equations of two lines are given. Determine whether 


the lines L, and L, are parallel, perpendicular, or neither. 


67. a Ec a 


68. L;: yeaa + i Ly y= —3x +3 

69. yt La 2y = — | 

TOM peat OV = Oe 3X Ly 6 

NR Thi ae => Bal sae Be Pag hey Ue) 

72. lan Aig tao? Ly Ok ens — O 
13a ay 1p Os Lan okay tia 
14. He Aye hl De es (1 as A arn 0 


Parallel and Perpendicular Lines In Exercises 75-82, 
determine whether the lines L, and L, passing through 
the indicated pairs of points are parallel, perpendicular, 
or neither. 


95. In: (—5,0), (—2)1); Ly: ©, 1), G, 2) 
16. Lg ee A ynie (3.23), G9) 
77. L,: (0, -1), (5,9); L £0 3), (4, 1) 

78. L,: (3, 6), (-6, 0); Ly: 0, -1), (5,3) 
79. Te? 1), (17 5)¢ L et 3), (5, -5) 
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80. 


82. 


Equ 


rales (em 
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L,: (4, 8), (—4, 2); Ly: G, —5), (=1, 3) 
bist), ©, A) (Oa). (S54) 
Lele), (25 6 ale n(3) 


ations of Parallel and Perpendicular Lines In 


Exercises 83-88, write equations of the lines passing 
through the given point that are (a) parallel to the given 
line and (b) perpendicular to the given line. See Examples 


5 an 


0. HOW DO YOU SEE IT? 


Unig 





d 6. 
Point Line 
(6, 2) y=2x- 1 
(=5, 4) y= —x + 8 
(s, —%) 2x — 3y =5 
(23 5x + 3y = 0 
(=170) y= -3 
(G5) co =e Al 
. Wheelchair Ramp The maximum recommended 


slope of a wheelchair ramp is a. A business is installing 
a wheelchair ramp that rises 34 inches over a horizontal 
length of 30 feet. Is the ramp steeper than recommended? 
(Source: Americans with Disabilities Act Handbook) 


Match the descrip- 

tion of the situation with its graph. Then write 

the equation of the line. 

(a) You are paying $10 per week to repay a 
$100 loan. 

(b) An employee is paid $12.50 per hour plus 
$1.50 for each unit produced per hour. 

(c) A sales representative receives $30 per day 
for food plus $0.51 for each mile traveled. 

(d) A computer that was purchased for $800 
depreciates $100 per year. 


» (i) 7 














OV 


800 





600 >- 
400 -- 


200 -+- 





A Te 


92. 


93: 


94. 


oS: 


96. 


Temperature Find an equation of the line that gives 
the relationship between the temperature in degrees 
Celsius C and the temperature in degrees Fahrenheit F. 
Remember that water freezes at 0° Celsius (32° 
Fahrenheit) and boils at 100° Celsius (212° Fahrenheit). 


Temperature Use the result of Exercise 91 to 
complete the table. Is there a temperature for which the 
Fahrenheit reading is the same as the Celsius reading? 
If so, what is it? 











Sales During the first two quarters of the calendar 
year, a business had sales of $158,000 and $165,000, 
respectively. Write a linear equation giving the sales y 
in terms of the quarter x. Use the equation to predict the 
fourth quarter sales. Can you assume that sales will 
follow this linear pattern? 


Retail Stores AutoZone operated 3483 stores in 
2004. By 2007, AutoZone operated 4056 stores. 
Assuming the number of stores followed a linear pattern, 
how many stores would AutoZone have operated in 
2010? The actual number of stores operated by AutoZone 
in 2010 was 4627. Was the actual increase in the number 
of stores approximately linear? (Source: AutoZone) 


Scuba Diving The pressure (in atmospheres) exerted 
on a scuba diver’s body has a linear relationship with 
the diver’s depth. At sea level (or a depth of 0 feet), 
the pressure exerted on a diver is | atmosphere. At a 
depth of 99 feet, the pressure exerted on a diver is 
4 atmospheres. Write a linear equation to describe the 
pressure p (in atmospheres) in terms of the depth d (in 
feet) below the surface of the sea. What is the rate of 
change in pressure with respect to depth? (Source: 
PADI Open Water Diver Manual) 

Stone Cutting A stone cutter is making a 6-foot-tall 
memorial stone. The diagram shows coordinates labeled 
in feet. The stone cutter plans to cut through the point 
(— 1, 6) along a line that is perpendicular to one side of 
the stone, as indicated by the dashed line in the figure. 
Find an equation of the line of the cut. 

















In Exercise 41 on page 192, 
you will use data points from a 
scatter plot to create a linear model 
describing the number of autistic 
children receiving disability services. 


2.3 Linear Modeling and Direct Variation 
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m Use a mathematical model to approximate a set of data points. 

= Construct a linear model to relate quantities that vary directly. 

m Construct and use a linear model with slope as the rate of change. 
m Use a scatter plot to find a linear model that fits a set of data. 


Mathematical Models 


The primary objective of applied mathematics is to find equations or mathematical 
models that describe real-world situations. In developing a mathematical model to 
represent actual data, you should strive for two (often conflicting) goals—accuracy 
and simplicity. That is, you want the model to be simple enough to be workable, yet 
accurate enough to produce meaningful results. 

You have already studied some techniques for fitting models to data. For instance, 
in Section 2.2, you learned how to find the equation of a line that passes through two 
points. In this section, you will study other techniques for fitting models to data: direct 
variation, rates of change, and linear regression. 


eeertdcwee A Mathematical Model 


The weight of a puppy recorded every two months is shown in the table. 


Age (in months) 2 4 6 8 10 2 
Weight (in pounds) | 24 | 45 | 67 | 93 | 117 | 130 


A linear model that approximates the puppy’s weight w (in pounds) in month f is 














w= lites Dl, 2Qsrs iy 
How closely does the model represent the data? 


SOLUTION By graphing the data points with the linear model (see Figure 2.32), you 
can see that the model is a “good fit” for the actual data. The table shows how each 
actual weight w compares with the weight w* given by the model. 


















































t moe w* | 
D -+——+ =r 
E | 24 O46 
Z ~ 
Ee a | 45 | 46.22 
2 == —l =| 
i 697) 67 |.6828 
= | b | 
+—++—+—+++-> t Sil Smee Ue 
2 4 6 8 1012 ag 
Month LOS Lie" 112-4. 
ea 
FIGURE 2.32 12 130 | 134.46 
SS TE 
/ checkpoint 1 
In Example 1, what are the best and worst approximations given by the model? m 


Benjamin Thorn/www.shutterstock.com 
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¥ 
= 
5000-+- & a4 


~ 40004 y = 0.0307x | 








3000 4 
2000 + 


State income tax 
(in dollars) 


1000 ~ (40,000, 1228) 


t t $+—> x 





Taxable income (in dollars) 


FIGURE 2.33 


Direct Variation 


There are two basic types of linear models in x and y. The more general model has a 
y-intercept that is nonzero: 


y=mt+b, b#0. 
The simpler model, 
y = mx 


has a y-intercept that is zero. In the simpler model, y is said to vary directly as x, or to 
be directly proportional to x. 


Direct Variation . 
The following statements are equivalent. 
1. y varies directly as x. 

2. y is directly proportional to x. 


3. y = mx for some nonzero constant m, where m is the constant of variation or 
the constant of proportionality. 


“ JREEEPE State! T 
€ ate Income Tax 


In Pennsylvania, state income tax is directly proportional to taxable income. For a taxable 
income of $40,000, the Pennsylvania state income tax is $1228. Find a mathematical 
model that gives the Pennsylvania state income tax in terms of taxable income. 


SOLUTION 

Verbal State = Pa. Taxable 

Model: income tax income 

Labels: State income tax = y (dollars) 
Taxable income = x (dollars) 
Income tax rate = m (percent in decimal form) 


Equation: y = mx 


Find m by substituting the given information into the equation y = mx. 





YS aes Direct variation model 
1228 = m(40,000) Substitute y = 1228 and x = 40,000. 
1228 
40.000 = iff) Divide each side by 40,000. 
0.0307 = m Income tax rate 


An equation (or model) for state income tax in Pennsylvania 1s 
y = 0.0307x. 


So, Pennsylvania has a state income tax rate of 3.07% of taxable income. The graph of 
this equation is shown in Figure 2.33. 





/ Cheskeoint 2 





You buy a flash drive for $14.50 and pay sales tax of $0.87. The sales tax is directly 
proportional to the price. Find a mathematical model that gives the sales tax in terms 
of the price. % 
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Most measurements in the English system and the metric system are directly 
proportional. The next example shows how to use a direct proportion to convert 
between centimeters per day and inches per day. 


: fA RSE CK =The English and Metric Systems 


Bamboos are some of the fastest growing plants in the world. One type of bamboo has 
been measured to grow 47.6 inches, or 120.9 centimeters, per day. Use this information 
to find a mathematical model that relates inches per day to centimeters per day. 
(Source: American Bamboo Society) 





SOLUTION Let y represent the growth rate in inches per day and let x represent the 
growth rate in centimeters per day. Then y and x are related by the equation 


y = mx. 


Use the fact that y = 47.6 when x = 120.9 to find the value of m. 






y= mx Direct variation model 
47.6 = m(120.9) Substitute y = 47.6 and x = 120.9. 
at Divide each side by 120.9 
Tree a wd ivide each side by 120.9. 
120.9 ’ 
0.39371 ~ m Use a calculator. 
So, the conversion factor from centimeters “ 
per day to inches per day is approximately — 
(0.39371, and the model is 200 - : ti 
% 160 
y = 0.39371 x. 3 | . 
ey Pa é &, 1207 | y=0.39371x 
The graph of this equation is shown in oi eat Se 
Figure 2.34. 2 \ 
aT (120.9, 47.6) 





—“} +++ x 
40 80 120 160 200 


Centimeters per day 





FIGURE 2.34 





/ Checkpoint 3 


You buy an ice bucket with a capacity of 44 ounces, or 1.3 liters. Write a mathematical 
model that relates ounces to liters. 





You can use the model from Example 3 to convert any growth rate in centimeters per 
day to inches per day, as shown in the table. 





Centimeters per day | Inches per P| 


EE 

40) ES) 
kes 
| 


























80 Biles 

he 120 47.2 yi 
160 63.0 

} 7 | 
200 : eal 





186 Chapter 2 m Functions and Graphs 





FIGURE 2.35 





Rates of Change 


A second common type of linear model is one that involves a known rate of change. In 
the linear equation 


y=mx+b 


you know that m represents the slope of the line. In real-life problems, the slope can 
often be interpreted as the rate of change of y with respect to x. Rates of change should 
always be listed in appropriate units of measure. 


i Beery me Mountain Climbing 


A mountain climber is climbing up a 500-foot cliff. At 1 P.M., the climber is 115 feet up 
the cliff. By 4 p.M., the climber has reached a height of 280 feet, as shown in Figure 2.35. 


a. Find the average rate of change of the climber. Use this rate of change to find an 
equation that relates the height of the climber to the time. 


b. Use the equation to estimate the time when the climber reaches the top of the cliff. 
SOLUTION 


a. Let y represent the climber’s height on the cliff (in feet). Let t = | represent | P.M., 
and let ¢ be measured in hours. Then the two points that represent the climber’s two 
positions are 


(t,,¥,) = (1,115) and (t, y>) = (4, 280). 
So, the average rate of change of the climber is 


Yor SA 
I ty 
= 2002 Ul 
(Al = || 


Average rate of change = 


= 55 feet per hour. 


An equation that relates the height of the climber to the time is 


Vay eS mt — t,) Point-slope form 
y= 115 = 3557 = 1) Substitute y, = 115, t, = 1, and m = 55. 
y = 55t + 60. Linear model 


If you had chosen to use the point (7, y,) to determine the equation, then you 
would have obtained a different equation initially: y — 280 = 55(t — 4). However, 
simplifying this equation yields the same linear model y = 551 + 60. 


b. To estimate the time when the climber reaches the top of the cliff, let y = 500 and 
solve for f. 


500 = 55t + 60 Substitute 500 for y. 
440 = 55t Subtract 60 from each side. 
8=t Divide each side by 55. 


Because t = 8 corresponds to 8 P.M., at the average rate of change, the climber will 


Y Checkpoint 4 





At what time does the climber in Example 4 reach a height of 390 feet? | 


Population 


y = 42921 + 776.733 | 
x 
A 


840,000 
830,000 


820,000 + 


810,000 
800,000 
790,000 
780,000 
770,000 














| gi 


q 


(0, 776,733) 


(12, 828,237) 





2 6 10 14 18 
Year (0 < 2000) 


FIGURE 2.36 













V =-4351 + 4750 








V 
A ] 
5000 (0, 4750) = 
§ 4000+ 
fe) 
S 3000 + 
g 2000 + 
So 
> 1000 -+ 
(10, 400) 
+—_|—_+—_ + —_}-> t 
a) G8. 10 
Number of years 
FIGURE 2.37 
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, a Aecrndeeee Population of San Francisco, California 





Between 2000 and 2009, the population of San Francisco, California increased at an 
average rate of approximately 4292 people per year. In 2000, the population was 
716,733. Find a mathematical model that gives the population of San Francisco in terms 
of the year, and use the model to predict the population in 2012. (Source: U.S. Census 
Bureau) 


SOLUTION Let y represent the population of San Francisco and let ¢ represent the 
calendar year, with t = 0 corresponding to 2000. It is convenient to let t = 0 correspond 
to 2000 because you are given the population in 2000. Now, using the rate of change of 
4292 people per year, you have 


Rate of 2000 
change population 
y= mt+b 


y = 4292¢ + 776,733. 
Using this model, you can predict the 2012 population to be 
2012 population = 4292(12) + 776,733 
= 828,237. 


The graph is shown in Figure 2.36. 


n/ Checkpoint 5 


Use the model in Example 5 to predict the population of San Francisco in 2014. i 


ae senda Straight-Line Depreciation 


A racing team buys a $4750 welder that has a useful life of 10 years. The salvage value 
of the welder at the end of the 10 years is $400. Write a linear equation that describes 
the value of the welder throughout its useable life. 





SOLUTION Let V represent the value of the welder (in dollars) at the end of year ft. 
Because the value of the welder at the time of purchase is $4750, you can represent the 
initial value of the welder by the ordered pair (t,, V;) = (0, 4750). You can represent the 
salvage value by the ordered pair (¢,, V,) = (10, 400). The slope of the line is 





 < 400_= 4750 
; te 
_ = 4350 
10 
= A35 


which represents the annual depreciation in dollars per year. Using the slope-intercept 


form, you can write the equation of the line. 
V = —435¢ + 4750 


Slope-intercept form 


The graph of the equation is shown in Figure DIET, 


VY Checkpoint 6 





Write a linear equation to model the value of a new machine that costs $2300 and is 
worth $350 after 10 years. © 
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TECH TUTOR 








When you use the 
regression feature of your 
graphing utility, you may 
obtain an “r-value,” which 
gives a measure of how well 
the model fits the data (see 
figure). 





The closer the value of |r| is 

to 1, the better the fit. For the 
data in Example 7, r ~ 0.973, 
which implies that the model 
is a good fit. For instructions 
on how to use the regression 

feature, see Appendix A. 
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FIGURE 2.38 


Scatter Plots and Regression Analysis 


Another type of linear modeling is a graphical approach that is commonly used in 
statistics. To find a mathematical model that approximates a set of actual data points, 
plot the points in a rectangular coordinate system. This collection of points is called a 
scatter plot. You can use the statistical features of a graphing utility to calculate the 
equation of the best-fitting line for the data in your scatter plot. The statistical method 
of fitting a line to a collection of points is called linear regression. A discussion of 
linear regression is beyond the scope of this text, but the program in most graphing 
utilities is easy to use and allows you to analyze linear data that may not be convenient 
to graph by hand. 


v 
«. seses}ey(-Wam Individual Tax Returns 


The table shows the number of individual income tax returns y (in millions) filed in the 
United States in the years 2000 to 2009. (Source: U.S. Internal Revenue Service) 
































Years | Peomie i etunnsany N.Caran eam LUT Seay) 

2000 | O DS 2O05mIES 131 

AVOL |) 2 2006 | 6 132 | 
eal 

2002 | 2 129 ZOOM aa IBS 

2003 | 3 130 2008 | 8 138 

2004 | 4 130 2009 Te 139 























a. Use the regression feature of a graphing utility to find a linear model for the data. 
Let x = 0 represent 2000. 


b. Use the graphing utility to graph the linear model along with a scatter plot of the 
data. 





c. Use the linear model to predict the number of individual tax returns in 2011. 
SOLUTION 


a. Enter the data into the graphing utility. Then, using the regression feature of the 
graphing utility, you should obtain a linear model for the data that can be rounded to 
the following: 


yn) Asx Sle So: 
b. The graph of the equation and the scatter plot are shown in Figure 2.38. 


c. Substitute x = 11 into the equation found in part (a). 


y = 1.45x + 125.1 Write equation. 
y= L45(11) + 125.1 Substitute 11 for x. 
y = 141.05 Simplify. 


So, according to the model, about 141,000,000 individual income tax returns will be 
filed in the United States in 2011. 


ov Cheeknolnt 7. 


Repeat Example 7 using only the data for the years 2004-2009. | 





v 


soot R 
700 ++ a 


600+ 
500 ++ 
400 + 
300 ++ 
200 +- 
100 +- 


veo a a 
Smee e115. 17 


Year (5 © 1995) 





Alternative-fueled vehicles 
in use (in thousands) 








FIGURE 2.39 
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ae eanscame Alternative-Fueled Vehicles 


The number of alternative-fueled vehicles v (in thousands) in use in the United States 
each year from 1995 through 2008 is shown in the table. Construct a scatter plot that 
represents the data and find a linear model that approximates the data. (Source: U.S. 
Energy Information Administration) 





———, — —— _— 


s 
Ye 
| Year 1995 | 1996 | 1997 | 1998 1999 | 2000 i 2001 


v WAG 99 1265:0) 182802) 295.0) 322.3" | 394.7) 425.5 


ale —_ __—_—_1_ —_1__— ——| 











Year | 2002 2003 2004 2005 2006 2007 2008 
aa ae ai Sail ar ei 
[ay wal ANA Mh | 534.0 565.5 | 592.1 | 634.6 | 695.8 | 775.7 | 
sail =| = |e Me IL 


Ee Le 
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SOLUTION Let t= 5 represent 1995. The scatter plot of the data is shown in 
Figure 2.39. Draw a line on the scatter plot that approximates the data. To find an 
equation of the line, approximate two points on the line: 


Cot = ak 300) 
and 
(t,, v>) = (17, 700). 


So, the slope of the line is 


Va Vy 
i= aaa 
obo i 
£91007 300 
Pel 
= 40. 
Using the point-slope form, you can determine that an equation of the line is 
y — 300 = 40(t — 7) Point-slope form 
vy = A0i + 20. Slope-intercept form 


To check this model, compare the actual v-values with the y-values given by the model. 


ee 


eAcheckoaint 8 


Repeat Example 8 using only the data for 2003 through 2008. a 





SUMMARIZE (Section 2.3) 


4. State the definition of a mathematical model (page /83). For an example 
that uses a mathematical model, see Example |. 


2. Describe what it means when two quantities vary directly (page 184). For 
examples of direct variation, see Examples 2 and 3. 


3. Describe the relationship between slope and rate of change (page 186). For 
examples that involve rates of change, see Examples 4, 5, and 6. 


4. State the definition of linear regression (page 188). For examples of linear 
regression, see Examples 7 and 8. 


Edyta Pawlowska /Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM UP 2.3 these skills in the exercise set for this section. For additional help, review Sections 2.1 and 2.2. 


In Exercises 1-4, sketch the graph of the line. 


1 
1. y = 2x 2. y = 5x 
1 
3..y = 2061 4 ya 


In Exercises 5 and 6, find an equation of the line that has the given slope and 
y-intercept. 


eepis 
5. Slope: 1; y-intercept: (0, 2) 6. Slope: 5) Y-intercept: (0, 3) 


In Exercises 7-10, find an equation of the line that passes through the two points. 
7. (1, 3) and (6, 8) 8. (0, 4) and (7, 10) 
9. (1, 5.2) and (5, 4.7) 10. (2, 6.5) and (8, 3.6) 


Exercises 23 ST=v= WA VAUVAWVA Of=1(e1@1 atel exer) anime) annlie)¢.<=1e pvelU] mtsvo) [0] t(o}alcm (oMolo(orialU lanl el-1¢-\e R=) (cl fel\oce 





1. Dog Growth The weight of a puppy recorded every 3. Aeropostale Sales The yearly sales y (in millions of 
two months is shown in the table. fy dollars) of Aeropostale from 2001 through 2009 are 
gexy given by the ordered pairs. 


7 (2001, 304.8) (2002, 550.9) (2003, 734.9) 
Weight (in pounds) (2004, 964.2) (2005, 1204.3) (2006, 1413.2) 
(2007, 1590.9) (2008, 1885.5) (2009, 2230.1) 


Age (in months) 

















SEE us Use a graphing utility to create a scatter plot of the data. 

Weight (in pounds) 101 Let x = | represent 2001. Then use the regression feature 

of the graphing utility to find a best-fitting line for the 

A linear model that approximates the puppy’s weight w data. Graph the model and the data together. How closely 

(in pounds) in month ¢ is w = 8.0t + 11, 2 st < 12. does the model represent the data? (Source: 
Plot the actual data with the model. How closely does the Aeropostale, Inc.) 

model represent the data? 4. Consumer Price Index For urban consumers of 


educational and communication materials, the Consumer 
Price Index y, giving the dollar amount equal to the buying 
power of $100 in December 1997, is shown for each year 
from 1998 through 2009 by the ordered pairs. 


2. Non-Wage Earners The numbers of working-age 
civilians (in millions) in the United States who were not 
involved in the labor force from 2000 through 2009 are 
given by the ordered pairs. 





(2000, 70.0) (2001, 71.4) (2002, 72.7) (1998, 100.3) (1999, 101.2) (2000, 102.5) 
(2003, 74.7) (2004, 76.0) (2005, 76.8) (2001, 105.2) (2002, 107.9) (2003, 109.8) 
(2006, 77.4) (2007, 78.7) (2008, 79.5) (2004, 111.6) (2005, 113.7) (2006, 116.8) 
(2009, 81.7) (2007, 119.6) (2008, 123.6) (2009, 127.4) 
A linear model that approximates the data is Use a graphing utility to create a scatter plot of the data. 


Let x = 8 represent 1998. Then use the regression feature 

y= 1221+ 704,0 sts 9 of the graphing utility to find a best-fitting line for the 
where y is the number of civilians (in millions) and t = 0 data. Graph the model and the data together. How closely 
represents 2000. Plot the actual data with the model. How does the model represent the data? (Source: U.S. Bureau 


closely does the model represent the data? (Source: of Labor Statistics) 


U.S. Bureau of Labor Statistics) 


Direct Variation 
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In Exercises 5-10, y is proportional to 


x. Use the x- and y-values to find a linear model that 
relates y and x. 


=e 
ds 
a: 


Direct Variation 


x=8 y=3 6.x=5, y=9 
x = 15, y = 300 8. x = 12, y = 204 
x=7, y = 3.2 10S Seley ie 


In Exercises 11-14, write a linear 


model that relates the variables. 


iW 
12. 
13; 
14. 


15. 


16. 


ize 


18. 


19: 


H varies directly as p; H = 27 when p = 9 
s is proportional to t; s = 32 when t = 4 
c is proportional to d; c = 12 when d = 20 


r varies directly as s; r = 25 when s = 40 


Simple Interest The simple interest received from 
an investment is directly proportional to the amount of 
the investment. By investing $2000 in a corporate bond, 
you obtain interest of $120 at the end of | year. Find a 
mathematical model that gives the interest J at the end 
of 1 year in terms of the amount invested P. 


Simple Interest The simple interest received from 
an investment is directly proportional to the amount of 
the investment. By investing $4000 in a municipal 
bond, you obtain interest of $280 at the end of 1 year. 
Find a mathematical model that gives the interest / at 
the end of 1 year in terms of the amount invested P. 


Property Tax Your property tax is based on the 

assessed value of your property. (The assessed value is 

often lower than the actual value of the property.) A 

house that has an assessed value of $165,000 has a 

property tax of $2211. 

(a) Find a mathematical model that gives the amount of 
property tax y in terms of the assessed value x of the 
property. 

(b) Use the model to find the property tax on a house 
that has an assessed value of $185,000. 

State Sales Tax An item that sells for $145.99 has a 

sales tax of $10.22. 

(a) Find a mathematical model that gives the amount of 
sales tax y in terms of the retail price x. 

(b) Use the model to find the sales tax on a purchase 
that has a retail price of $540.50. 

Miles and Kilometers While driving, your 

speedometer indicates that your speed is 64 miles per 

hour, or 103 kilometers per hour. 


(a) Use this information to find a mathematical model 
that relates miles per hour to kilometers per hour. 


(b) Use the model to complete the table. 





20. Liters and Gallons You are buying gasoline and 
notice that 14 gallons of gasoline is the same as 53 liters. 


(a) Use this information to find a mathematical model 
that relates gallons to liters. 











(b) Use the model to complete the table. 
Gallons 


Seal ee20°| 25°) 30 


Writing a Linear Equation § In Exercises 21-26, you are 
given the 2012 value of a product and the rate at which 
the value is expected to change during the next 5 years. 
Use this information to write a linear equation that gives 
the dollar value V of the product in terms of the year. (Let 
t = 12 represent 2012.) 








2012 Value Rate 
21. $2540 $140 increase per year 
22m lO $4.50 increase per year 
23. $20,400 $2142 decrease per year 
24. $45,000 $2800 decrease per year 


25. $154,000 
26. $245,000 


$10,780 increase per year 
$5600 increase per year 


27. Parachuting After opening the parachute, the descent 
of a parachutist follows a linear model. At 2:08 P.M., the 
height of the parachutist is 7000 feet. At 2:10 P.M., the 
height is 4600 feet. 


(a) Write a linear equation that gives the height h of 
the parachutist in terms of the time t. (Let t= 0 
represent 2:08 P.M., and let t be measured in seconds.) 


(b) Use the equation in part (a) to find the time when 
the parachutist will reach the ground. 


28. Distance Traveled by a Car You are driving at a 
constant speed. At 4:30 p.M., you drive by a sign that 
gives the distance to Montgomery, Alabama as 84 miles. 
At 4:59 p.M., you drive by another sign that gives the 
distance to Montgomery as 56 miles. 


(a) Write a linear equation that gives your distance from 
Montgomery in terms of time t. (Let ¢ = 0 represent 
4:30 pM. and let t be measured in minutes.) 


(b) Use the equation in part (a) to find the time when 
you will reach Montgomery. 


29. Straight-Line Depreciation A business purchases a 
piece of equipment for $875. After 5 years, the equipment 
will have no value. Write a linear equation giving the 
value V of the equipment during the 5 years. 


30. Straight-Line Depreciation A business purchases 
a piece of equipment for $25,000. The equipment will 
be replaced in 10 years, at which time its salvage value 
is expected to be $2000. Write a linear equation giving 
the value V of the equipment during the 10 years. 
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31. Hourly Wages A manufacturer pays its assembly 
line workers $11.50 per hour. In addition, workers 
receive a piecework rate of $0.75 per unit produced. 
Write a linear equation for the hourly wages W in terms 
of the number of units x produced per hour. 


Ge 
nN 


. Sales Commission A salesperson receives a monthly 
salary of $2500 plus a commission of 7% of sales. Write 
a linear equation for the salesperson’s monthly wage W in 
terms of the person’s monthly sales S. 


33. Hair Growth Rate A beautician cuts a customer’s 
hair to a length of 4 inches. During the next year, the 
customer’s hair grows at a rate of 0.5 inch per month. 
(a) Write a linear equation giving the hair length H (in 

inches) in terms of the number of months t. 
(b) The hair keeps growing at this constant rate. Predict 
the hair length in 1.5 years. 


34. Pest Management The cost of implementing an 
invasive species management system in a forest is related 
to the area of the forest. It costs $630 to implement the 
system in a forest area of 10 acres. It costs $1070 in a 
forest area of 18 acres. 


(a) Write a linear equation giving the cost of the 
invasive species management system in terms of the 
number of acres x of forest. 


(b) Use the equation in part (a) to find the cost of 
implementing the system in a forest area of 30 acres. 


Finding an Equation of a Line’ In Exercises 35-40, 
can the data be approximated by a linear model? If so, 
sketch the line that best approximates the data. Then 
find an equation of the line. 
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~ 41. Autism The numbers of autistic children C (in 
thousands) receiving disability services for the 
years 2001 through 2009 are shown in the table. 
(Source: U.S. Department of Education) 


2001 | 2002 | 2003 | 2004 | 2005 


Autistic 
ehidreaee 118-8 | (411) 16658 eoses 


Autistic 
Eien © 22MIN 258 ON29 22 8ensssc0 








(a) Use a graphing utility to create a scatter plot of the 
data. Let t = 1 represent 2001. Do the data appear 
linear? 

(b) Use the regression feature of the graphing utility to 
find a linear model for the data. 


(c) State the slope of the graph of the linear model from 
part (b) and interpret its meaning in the context of 
the problem. 


(d) Use the linear model to predict the numbers of 
autistic children receiving disability services in 
2011 and 2012. Are your predictions reasonable? 


a 42. Japan The population of Japan is expected to 


drop by 30% over the next 50 years as the percent 
of its citizens that are elderly increases. Projections 
for Japan’s population through 2050 are shown in 
the table. (Source: National Institute of Population 
and Social Security Research) 





Population, P 
(in millions) 





(a) Use a graphing utility to create a scatter plot of the 
data. Let tr = 5 represent 2005. Do the data appear 
linear? 

(b) Use the regression feature of the graphing utility to 
find a linear model for the data. 


(c) Identify the slope of the model from part (b) and 
interpret its meaning in the context of the problem. 


(d) Use the linear model to predict the populations 
in 2025, 2035, and 2060. Are these predictions 
reasonable? 


43. 


44. 
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Yearly Revenue The yearly revenues y (in millions 
of dollars) for California Pizza Kitchen for the years 
2000 through 2009 are given by the ordered pairs. 
(Source: California Pizza Kitchen, Inc.) 


(2000, 210.8) (2001, 249.3) 
(2002, 306.3) (2003, 359.9) 
(2004, 422.5) (2005, 479.6) 
(2006, 554.6) (2007, 632.9) 
(2008, 677.1) (2009, 664.7) 


(a) Use a graphing utility to create a scatter plot of the 
data. Let t = 0 represent 2000. 


(b) Use two points on the scatter plot to find an equation 
of a line that approximates the data. 


(c) Use the regression feature of the graphing utility to 
find a linear model for the data. Use this model and 
the model from part (b) to predict the revenues in 
2010 and 2011. 


(d) California Pizza Kitchen projected the revenues in 
2010 and 2011 to be $645 million and $685 million, 
respectively. How close are these projections to the 
predictions from the models? 


(e) California Pizza Kitchen also expects the yearly 
revenue to reach $850 million in 2013, 2014, or 
2015. Do the models from parts (b) and (c) support 
this? Explain your reasoning. 

Revenue per Share The revenues per share of stock y 

(in dollars) for California Pizza Kitchen for the years 

2000 through 2009 are given by the ordered pairs. 

(Source: California Pizza Kitchen, Inc.) 


(2000, 7.86) (2001, 9.02) 

(2002, 10.90) (2003, 12.66) 
(2004, 14.64) (2005, 16.26) 
(2006, 19.16) (2007, 22.32) 


(2008, 28.37) (2009, 27.47) 


(a) Use a graphing utility to create a scatter plot of the 
data. Let t = 0 represent 2000. 


(b) Use two points on the scatter plot to find an equation 
of a line that approximates the data. 


(c) Use the regression feature of the graphing utility to 
find a linear model for the data. Use this model and 
the model from part (b) to predict the revenues per 
share in 2010 and 2011. 

California Pizza Kitchen projected the revenues per 
share in 2010 and 2011 to be $25.80 and $27.40, 
respectively. How close are these projections to the 
predictions from the models? 


(d 


beats 


(e) California Pizza Kitchen also expects the revenue 
per share to reach $34.00 in 2013, 2014, or 2015. 
Do the models from parts (b) and (c) support this? 
Explain your reasoning. 





45. Purchasing Power The value y (in 1982 dollars) of 
fF, each dollar received by producers in each of the years 


from 1994 through 2008 in the United States is 
represented by the ordered pairs. (Source: U.S. 
Bureau of Labor Statistics) 


(1994, 0.797) (1995, 0.782) 
(1996, 0.762) (1997, 0.759) 
) 


(1998, 0.765) (1999, 0.752 
(2000, 0.725) (2001.07.11) 
(2002, 0.720) (2003, 0.698) 
(2004, 0.673) (2005, 0.642) 
(2006, 0.623) (2007, 0.600) 
(2008, 0.565) 


(a) Use a spreadsheet software program to generate a 
scatter plot of the data. Let t = 4 represent 1994. 
Do the data appear linear? 


(b) Use the regression feature of the spreadsheet 
software program to find a linear model for the 
data. 


(c) Use the model to predict the value (in 1982 dollars) 
of 1 dollar received by producers in 2010 and in 
2011. Discuss the reliability of your predictions 
based on your scatter plot and the graph of your 
linear model for the data. 


. Purchasing Power The value y (in 1982-1984 dollars) 


of each dollar paid by consumers in each of the 
years from 1994 through 2008 in the United States is 
represented by the ordered pairs. (Source: UGS: 
Bureau of Labor Statistics) 


(1994, 0.675) (1995, 0.656) 
(1996, 0.638) (1997, 0.623) 
(1998, 0.613) (1999, 0.600) 
(2000, 0.581) (2001, 0.565) 
(2002, 0.556) (2003, 0.543) 
(2004, 0.529) (2005, 0.512) 
(2006, 0.496) (2007, 0.482) 
(2008, 0.464) 


(a) Use a spreadsheet software program to generate a 
scatter plot of the data. Let t = 4 represent 1994. 
Do the data appear linear? 


(b) Use the regression feature of the spreadsheet 
software program to find a linear model for the 
data. 


(c) Use the model to predict the value (in 1982-1984 
dollars) of 1 dollar paid by consumers in 2010 and 
in 2011. Discuss the reliability of your predictions 
based on your scatter plot and the graph of your 
linear model for the data. 
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47. Health Services The numbers of employees E 
(in thousands) in the health services industry for 
the years 2004 through 2009 are shown in the 























table. (Source: U.S. Bureau of Labor Statistics) 
2004 | 2005 | 2006 
Employees, E | 14,190 | 14,536 | 14,925 
i 
Year | 2007 | 2008 | 2009 
—_- 
Employees, E | 15,380 | 15,798 | 16,101 











(a) Use a graphing utility to create a scatter plot of the 
data. Let t = 4 represent 2004. Do the data appear 
linear? 

Use the regression feature of the graphing utility to 
find a linear model for the data. 

Use the model to predict the numbers of employees 
in 2011 and 2013. 


Graph the linear model along with the scatter plot of 
the data. Comparing the data with the model, are the 
predictions in part (c) most likely high, low, or just 
about right? Explain your reasoning. 


48. Health Care The total yearly health care 
expenditures E (in billions of dollars) in the 
United States for the years 2000 through 2009 are 
shown in the table. (Source: U.S. Centers for 
Medicare and Medicaid Services) 









Year 2000 | 2001 | 2002 | 2003 








Expenditures, E | 1353 | 1469 








= 


= 
Year 2005 | 2006 


DANONE 














1983 








Expenditures, E 





(a) Use a graphing utility to create a scatter plot of the 
data. Let t = 0 represent 2000. Do the data appear 
linear? 

Use the regression feature of the graphing utility to 
find a linear model for the data. 


Use the model to predict the health care expenditures 
in 2011 and 2012. 


Graph the linear model along with the scatter plot. 
The government’s projections for 2011 and 2012 are 
$2703 billion and $2850 billion, respectively. 
Compare these projections with the predictions in 
part (c). Are the government’s projections high, low, 
or just about right? Explain your reasoning. 


49. 


04( )) HOW DO YOU SEE IT? 


Oa 


Sle 


Ps 
53; 


54. 


Think About It Annual data from three years are 
used to create linear models for the population and the 
yearly snowfall of Reno, Nevada. Which model is more 
likely to give better predictions for future years? Discuss 
the appropriateness of using only three data points in 
each situation. 


Match the descrip- 
tion of the situation with its graph. Find the slope 
of the line and describe how it is interpreted in the 
real-life situation. [The graphs are labeled (i), (ii), 
(iii), and (iv). ] 

(a) You pay $0.06 in sales tax for every dollar spent. 


(b) A person pays $40 to reserve a banquet hall, 
plus $12 for each hour it is occupied. 


(c) You pay $800 for a new refrigerator that 
depreciates $50 per year. 


(d) You pay $34.99 per day to rent a car. 











Cinane 
300 
250 
200 
150 
100 
50 

EA 

2 4 IGyaSmatO 

(Gi) eee (ig), < 
100 10 
80 0.8 
60 0.6 
40, 0.4 
20 0.2 

ee > x. x 


2.4. (6 SiO) 


Think About It You begin a dance video game with 
800 points. You lose 50 points each time you incorrectly 
complete a dance move. Does this description match 
graph (i) in Exercise 50? Explain. 

Think About It You start with $12 and save $40 per 
week. Does this description match graph (iii) in 
Exercise 50? Explain. 

Think About It How can you use the rate of change of 
y with respect to x to determine whether the data points 
(1, 10), (2, 20), (3, 30), (4, 40), and (5, 50) are linear? 


Writing Use your campus library, the Internet, or 
some other reference source to locate data that you 
think describes a linear relationship. Use a graphing 
utility to create a scatter plot of the data and find a 
linear model that represents the points. Interpret the 
slope and y-intercept in the context of the data. Write a 
summary of your findings. 
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boa | 
Number of interdictions 


>t 
12345678910 
Year (0 < 2000) 





In Exercise 86 on page 206, 
you will use a piecewise-defined 
function to approximate the numbers 
of Coast Guard interdictions in 
various years. 


m Determine whether a correspondence is a function, and use function notation. 
®@ Find the domain of a function. 
& Write a function that relates quantities in an application problem. 


Introduction to Functions and Function Notation 


Many everyday phenomena involve two quantities that are related to each other by 
some rule of correspondence. Here are some examples. 


1. The simple interest J earned on $1000 for 1 year is related to the annual interest rate 
r by the formula J = 1000r. 


2. The distance d traveled on a bicycle in 2 hours is related to the speed s of the 
bicycle by the formula d = 2s. 


3. The area A of a circle is related to its radius r by the formula A = “ie 


Not all correspondences between two quantities have simple mathematical formulas. 
For instance, people commonly match up athletes with jersey numbers and hours of the day 
with temperatures. In each of these cases, however, there is some rule of correspondence 
that matches each item from one set with exactly one item from a different set. Such a rule 
of correspondence is called a function. 


Definition of a Function 
A function f from a set A to a set B is a rule of correspondence that assigns to 
each element x in the set A exactly one element y in the set B. The set A is the 


domain (or set of inputs) of the function f, and the set B contains the range 
(or set of outputs). 


To get a better idea of this definition, look at the function that relates the time of day 
to the temperature in Figure 2.40. This function can be represented by the following set 
of ordered pairs. 


(L502) (26139) 9 (Gul 52) a(Acelo sea Ombea) OA 9) 





In each ordered pair, the first coordinate Hour of Celsius 
(x-value) is the input and the second the day y temperature 
coordinate (y-value) is the output. In this () 52 


example, note the following characteristics 12 @) 
of a function. () a 14° 
1. Each element of A (the domain) must G) 10° 
. oe 
be matched with an element of B 
(the range). (4) We (7° 
2. Some elements of B may not be matched @ pee |e : 


with any element of A. 


gc 
3. Two or more elements of A may be | © & 














matched with the same element of B. Set A is Set B contains 
the domain. the range. 
4. An element of A cannot be matched with Input: 1, 2, Output: 4°, 9°, 
two different elements of B. 3, 4,5, 6 12°, 13°, 15° 
originalpunkt/www.shutterstock.com Function from Set A to Set B 


FIGURE 2.40 
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To determine whether a correspondence is a function, you must decide whether 
each element of the domain A is matched with exactly one element of the range B. 
When any element of A is matched with two or more elements of B, the correspondence 
is not a function, For example, people are not a function of their birthday month 
because many people are born in any given month, 


e<ere})eee Testing for Functions 


LetA = {a,b,c} and B = {1, 2,3, 4,5}. Which of the following sets of ordered pairs 
or figures represent functions from set A to set B? 


a. {(a, 2), (b, 3), (c, 4)} b. {(a, 4), (b, 5)} 


B d. A B 


o =a 





99900 
©) 
> a a) 








SOLUTION 


a. This collection of ordered pairs does represent a function from A to B. Each element 
of A is matched with exactly one element of B. 
b. This collection of ordered pairs does not represent a function from A to B. Not every 


element of A is matched with an element of B. The element c of A is not matched 
with an element of B. 


¢. This figure does represent a function from A to B. It does not matter that each 
element of A is matched with the same element of B. 


d. This figure does not represent a function from A to B. The element a of A is matched 
with fvo elements of B. This is also true of the element b. 





Re eheakeaint 1 





Let A {a, b,c, d} and B = {1, 3,5, 7}. Decide whether each set of ordered pairs 
represents a function from set A to set B. 


cy eee, MGs SN eh AM 
oe Gee SW ER ODN eh ID (ek co 


c. {(b, 3), (b, 5)} ba 


Representing functions by sets of ordered pairs is a common practice in discrete 
mathematics. In algebra, however, it is more Common to represent functions by equations 
or formulas involving two variables, For instance, the equation 


5) 


y x* yis a function of x, 


represents the variable y as a function of the variable x. In this equation, x is the 
independent variable and y is the dependent variable. The domain of the function is 
the set of all values taken on by the independent variable x, and the range of the function 
is the set of all values taken on by the dependent variable y. 


STUDY TIP 


SSS 
Make sure you understand how 


function notation is written and | 


how it is read. Frequently, f(x) 
is misinterpreted as “f times 1” 
rather than “‘f of x.” 





eee ee 


y 
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Mtetwa Testing for Functions Represented by Equations 


Which of the equations represent(s) y as a function of x? 
a e@+y=1 b —x + y* = 1 
SOLUTION To determine whether y is a function of x, try to solve for y in terms of x. 
a. Solving for y yields 
es Ye | Write original equation. 
1 — x? Solve for y. 
To each value of x there corresponds exactly one value of y. So, y is a function of x. 
b. Solving for y yields 
Meet y? | Write original equation, 
y? =l|+x Add x to each side. 
y ete Hai eX, Solve for y. 
The + indicates that to a given value of x there correspond two values of y. So, y is 


not a function of x. Rae ree SS 


Jf Checkpoint 2 





Determine whether each equation represents y as a function of x, 


a. y — 2 =x? b. x2 + y? = 25 i 


When an equation is used to represent a function, it is convenient to name the 
function so that it can be referenced easily. For example, you know that the equation 
y = | — x* describes y as a function of x. Suppose you give this function the name Scie 
Then you can use the function notation shown below. 


Input Output Equation 
ve f(x) FA). eee ea 


The symbol f(x) is read as the value of f at x or simply f of x. The symbol f(x) 
corresponds to the y-value for a given x, So, you can write y = f(x). Keep in mind that 


fis the name of the function, whereas f(x) is the value of the function atx. For instance, 


the function given by 
TX) = 2x 


has function values denoted by f(~ 1), f (0), f(2), and so on, To find these values, 
substitute the specified input values into the given equation. 


Forx=-—l, f(-1)=3-2(-1) 


Shine 
5): 
For x = 0, f(0) = 3 — 2(0) 
=3-0 
= 3. 
For x = 2, f(2) = 3 — 2(2) 
=3-4 
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STUDY TIP 





In Example 3(c), note that 
g(x + 2) is not equal to 
g(x) + g(2). In general, 
g(u + v) # glu) + gv). 


5 


FIGURE 2.41 


er ene er ere 





Although f is often used as a convenient function name and x is often used as the 
independent variable, you can use other letters. For instance, 


fq) =2—44+7, fo =P—4¢+7, and e(s)—=s? —45 47 


all define the same function. In fact, the role of the independent variable in a function 
is simply that of a “placeholder.” Consequently, the function above could be described 
by the form 


f( ee eee al eee 


Seije(eme Evaluating a Function 


Let g(x) = —x? + 4x + 1. Evaluate g(x) at each specified value and simplify. 
a. g(2) b. g(t) (Ss (Abe oe) 
SOLUTION 


a. Replace x with 2 in g(x) = —x? + 4x + 1. 
9(2) — —@2)? 40) l= —4 Se ie 5 
b. Replace x with t. 
g(t) = -(t)? +40) +1 = -2? + 4t4+1 
c. Replace x with x + 2. 
ec F 2) = (2) 4G 2) 
= =( + 4x + 4) +4484 1 
Site Ani 4a 40s 8 ro 


a te (ae 


NY Cheekooint 3 
Let h(x) = 2x2 + x = 4. Find h(—1). RB 





A function defined by two or more equations over a specified domain is called a 
piecewise-defined function. 


eforet)(-eae A Piecewise-Defined Function 


Evaluate the function when x = — 1,0, and 1. 
eee lave mp eciar() 
WOKS =, x = 0 
SOLUTION For each x-value, only one part of the piecewise function is used. Because 
x = —1 is less than 0, use f(x) = x* + 1 to obtain 
f(-1) = (-1? + 1 =2. 
For x= 0, use f(x) =x-— 1 to obtain f(0) = (0) —1=—1. For x =1) ase 


f(x) = x — | to obtain f(1) = (1) — 1 = 0. The graph of fis shown in Figure 2.41. 





Y Checkpoint 4 





Evaluate the function in Example 4 when x = —3 and 3. R 
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Finding the Domain of a Function 

The domain of a function can be described explicitly or it can be implied by the 
expression used to define the function. The implied domain is the set of all real 
numbers for which the expression is defined. For instance, the function given by 


f( x) = | Domain excludes x-values 
: x2 — 4 that result in division by zero, 
has an implied domain that consists of all real x other than x = 4 2. These two values 


are excluded from the domain because division by zero is undefined. Another common 
type of implied domain results from the restrictions needed to avoid even roots of 
negative numbers. For example, the function given by 


f( ‘) _ Sx Domain excludes x-values that result 
} in even roots of negative numbers. 


is defined only for x = 0. So, its implied domain is the interval [0, co). In general, the 
domain of a function excludes values that would cause division by zero or result in the 
even root of a negative number. 


Meuse Finding the Domain of a Function 


Find the domain of each function. 


| 
a. f: {(-3, 0), (—1, 4), (0, 2), (2, 2), (4, — 1)5 b. g(x) prey: 
4 
c. Volume of a sphere: V = ar? d. h(x) J4 — x 


e. r(x) = 3/x +3 

SOLUTION 

a. The domain of f consists of all first coordinates in the set of ordered pairs. 
Domain = {-—3, —1, 0, 2, 4} 


b. Excluding x-values that yield zero in the denominator, the domain of g is the set of 
all real numbers x such that x # —5. 


c. Because this function represents the volume of a sphere, the values of the radius r 
must be positive. So, the domain is the set of all real numbers r such that r > 0. 


d. This function is defined only for x-values for which 
4— x? 2 0, 


Using the methods described in Section 1.7, you can conclude that —2 S x S 2. So, 
the domain of h is the interval [—2, 2]. 


e. Because the cube root of any real number is defined, the domain of r is the set of all 
real numbers, or (— 00, ©). 


anna 


of Checkpoint 5 





Find the domain of the function f(x) = 6 — x’. a 


In Example 5(c), note that the domain of a function may be implied by the physical 
context. For instance, from the equation V = far’, you would have no reason to restrict 
r to positive values, but the physical context implies that a sphere cannot have a negative 
or zero radius. 
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>| 


h=4r 





FIGURE 2.42 


STUDY TIP 





Notice that in Figure 2.43, the 
baseball is not at the point 

(0, O) when it is initially hit. 
This is because the baseball is 
hit at a point 3 feet above 
home plate. So, it is hit at the 
point (0, 3). i 


Applications 


€ 1$feter}e)(-a- ~The Dimensions of a Container 


You are working with a cylindrical beaker in a chemistry lab experiment. The height of 
the beaker is 4 times the radius, as shown in Figure 2.42. 


a. Write the volume of the beaker as a function of the radius r. 


b. Write the volume of the beaker as a function of the height h. 


SOLUTION 
a. V= @r7h Write volume formula. 
= qr?(4r) Substitute 4r for h. 
Aa V is a function of r. 
2 
b. V= of 2) h Substitute ‘ for r. 
ah? 


V is a function of h. 


16 $e 


n/ Gheerncint 6 


In Example 6, write the volume of the beaker as a function of the height h when the 
radius is twice the height. 8 


€ FECA The Path of a Baseball 


A baseball is hit at a point 3 feet above home plate at a velocity of 100 feet per second 
and an angle of 45°. The path of the baseball is given by the function 


y= 0.0032 nS 


where y and x are measured in feet. Will the baseball clear a 10-foot fence located 
300 feet from home plate? 


SOLUTION When x = 300, the height of the baseball is given by 
y= —0.0032(300)? 43 3003s =" aiteet. 


Yes, the ball will clear the fence, as shown in Figure 2.43. 





f | y=—0.0032x7 +443 


A 








Height (in feet) 
5 





oe 15 ft 
=" aot } + aoe 
50 100 150 200 250 300 
Distance (in feet) 


‘/.Checknoint 7 





In Example 7, will the baseball clear a 35-foot fence located 280 feet from 
home plate? we 
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= Se crse(-eme Houses Sold 
me 

The number H (in thousands) of new privately owned one-family houses sold in the 
United States increased in a quadratic pattern from 1998 through 2004. Then, in 2005, 
the pattern changed from a quadratic to a linear pattern (see Figure 2.44). These two 
patterns can be approximated by the function 


af NOON? = GUAM Sis AIRS | te Sas 
— 238.20 + 4843.4, [See 19 


with t = 8 corresponding to 1998. Use this function to approximate the total number of 
new privately owned one-family houses sold between 1998 and 2009. (Sources U.S. 
Census Bureau and U.S. Department of Housing and Urban Development) 











New privately owned 

one-family houses sold 
(in thousands) 

vb ££ a ew 

oe oo 2 

So Of SS 

5 jae ia Gaal 
“4 
| 


| | | | =f Pmt 
5 16 17 18 19 


Year (8 © 1998) 


FIGURE 2.44 


SOLUTION From 1998 through 2004, use the equation H = 15.0361? — 278.681 + 2159.3 
to approximate the number of houses sold, as shown in the table. 


je [8 9 10 E 12 ) 13 14 


| # | 892.2 869.1 876.1 | 913.2 980.3 | 1077.5 | 1204.8 











From 2005 through 2009, use the equation H = —238.20r + 4843.4 to approximate 
the number of houses sold, as shown in the table. 


1s ‘| 16 er 1g | 19 | 


H | 1270.4 | 1032.2 | 794.0 | 555.8 | 317.6 | 











To approximate the total number of houses sold from 1998 through 2009, you can add 
the amounts for the 12 years to obtain the sum 10,783.2. Because H is measured in 
thousands, you can conclude that the total number of new privately owned one-family 
houses sold between 1998 and 2009 was approximately 10,783,200. 





aSensekpolnt 8 





The median sales price P (in thousands of dollars) of new privately owned one-family 
houses sold in the United States from 1999 through 2009 can be modeled by the 
function 


_ [8.66f + 82.3, Chee Ge? 
Wel SG680F = 153.127 10045. 14 == 19 


with t = 9 corresponding to 1999. Use the function to approximate the median sales 
price for each year from 1999 through 2009. (Source: U.S. Census Buréau and U.S. 
Department of Housing and Urban Development) & 


Stephen Coburn/www.shutterstock.com 
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Summary of Function Terminology 


Function: A function is a relationship between two variables such that to each 
value of the independent variable there corresponds exactly one value of the 
dependent variable. 


For instance, let A = {a, b, c} and B = {1, 2, 3, 4}. 


A B A B 

Na 

©) 2) © meee 

© © © as © 

(4) (4) 

The set of ordered pairs The set of ordered pairs 
{(a, 1), ©, 2), (ce, 4)} {(a, 1), (@, 2), (6, 2), (6, 3), (c, 4)} 
is a function. is not a function. 


Function Notation: y = f(x) 
fis the name of the function. 
y is the dependent variable. 
x is the independent variable. 
f(x) is the value of the function at x. 


Domain: The domain of a function is the set of all values (inputs) of the 
independent variable for which the function is defined. If x is in the domain of f, 
then fis said to be defined at x. If x is not in the domain of f, then f is said to be 
undefined at x. 


Range: The range of a function is the set of all values (outputs) assumed by the 
dependent variable (that is, the set of all function values). 


Implied Domain: If f is defined by an algebraic expression and the domain is not 
specified, then the implied domain consists of all real numbers for which the 
expression 1s defined. 


SUMMARIZE (Section 2.4) 


1. State the definition of a function (page 195). For examples of determining 
functions, see Examples | and 2. 


2. Describe function notation (pages 197 and 198). For examples of using 
function notation, see Examples 3 and 4. 


3. State the definition of an implied domain of a function (page 199). For an 
example of finding the domain of a function, see Example 5. 


4. Describe a real-life example of how a function can be used to analyze the 
path of an object (page 200, Example 7). 


holbox/www.shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM UP 2.4 these skills in the exercise set for this section. For additional help, review Sections 0.2, 1.2, and 1.7. 
In Exercises 1-4, simplify the expression. 
1. 2(—3)3 + 4(-3) -—7 2. 4(-—1)? -— 5(-1) + 4 
3. (x + 1)? + 3(x + 1) — 4 — (x? + 3x - 4) 4. (x — 2)? — 4(x — 2) -— (x? - 4) 





In Exercises 5 and 6, solve for y in terms of x. 
Sa Sy — | = 0 6. y? = x? 


In Exercises 7-10, solve the inequality. 
font 4 > 0 S, Oe 0 
Oeeareex + 1 = 0 10. x7 = 3x +2 2 0 
































Exe rcises 24 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Testing for Functions In Exercises 1-4, decide whether Testing for Functions In Exercises 9-14, decide 
the set of figures represents a function from A to B. whether the set of ordered pairs represents a function 
eer) cl from A to B. 

B = {1, 2,3, 4] fee 2a 
: BO, 12; 
Give a reason for your answer. See Example 7. be eh 
1. 2. Give a reason for your answer. See Example 7. 
O(a 1), (er2), (c, 3); (B, 3) } 
10. {(a, 3), (c, 1)} 
11.. {(0, a), (2, c), (3, b)} 
12, (a O) Ree Ls (B35 
13 (Gel eee (ey 3) 
3.16 a 4 14. {(c, 0), (b, 0), (a, 3)} 
© @ Testing for Functions Represented by Equations In 
©) 3) Exercises 15-24, determine whether the equation represents 
®@ y as a function of x. See Example 2. 
(28) 15. x7 ++ yy? =4 16. x = y’ 
17. x+y 18. y= Vx+5 
Testing for Functions In Exercises 5-8, decide 1 oe a 25a Tay 


whether the set of ordered pairs represents a function ; ; ; 
from A to B. De Vat D eae | aod. xt y* = 4 


A = {0, 1,2, 3} D3. xy ee dye 0 24, xy Vee 0 


Bee 1,0, 1,2} Evaluating a Function In Exercises 25-28, fill in the 
blank and simplify. See Example 3. 


25. f(x) = 6 — 4x 


Give a reason for your answer. See Example 1. 


SO). l 2), (2, 0), (3, 2)} 


Gm One 1), (2, 2), (1, —2), (3, 0), G1, 1)} (a) f(3)=6-—4() ~) 

7a Opu)e1, 0), (2, 0), (3, 0)} (b) f(-7)=6-4( ) 

8. {(0, 2), (3,0), (1, 1} () fl) =6-4( ) 
(d) f(e+1)=6-4( _ ) 
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| 
20. f\S) = sera 
Kfar a | 
fae sa ek acted LO 
(a) f(4) = ( aoe! (b) f(0) ( y+] 
ere 
(c) f(4x) = ( rer 
¥ 7 
) flxt+ =F y+] 
27. 2(x) = 
a x2 — 2x 
Opti | 
° (i? — 2() 
] 
b) g(—3) = : 
©) 0° 3) > (gaye = 20) 
| 
(c) g(t) = ( 2 — xX 
1 
7 oh — 
>) ey — 2 
28. f() = V25 — 2? 
(a) 3) =~/25.— ( \2 
(b) (6) a7 25 =" ? 
(c) fe = 5) =-~/25 = { ie 
(dy) fila) eae 25 y 


Evaluating a Function 


In Exercises 29-40, evaluate 


the function at each specified value of the independent 


variable and simplify. See 
29. ie = Dye = 3) 


31. h(t) = t? — 21 
) 


8) 


Example 3. 
30. g(y) =7 — 3y 
(a) 2(0) 





(b) ¢(3) 
(c) g(s) 
(qd) gsr 2) 
32.) kb) = 0a 
(a) k(O) 
(b) k{—3) 
(c) k(a) 
(dy kixere2) 
ba 
34. A(s) = 4 
(a) A(1) 
(b) A(O) 
(c) A(2x) 
(d) A(3) 
36. f(x) = Vx +3-2 
(a) f(—3) 
(b) f() 
cafe 2 
(d) f(x + 4) 


2r + 3 
SL ata 38. g(t) = 2 


(a) g(2) 
(b) (0) 
(c) g(x) 
(d) g(—x) 





(a) 7 (2) 
eee) 
Conrie) 
(Cab lb a), 
40. f(x) = |x| + 4 
(a) f(2) 
oy 24) 
Cmdes) 
ya Z) 
A Piecewise-Defined Function In Exercises 41-44, 


evaluate the function at each specified value of the 
independent variable and simplify. See Example 4. 


ess eh 
pL) iE +3, x20 
(a) f(-1)  (b) f) (c) f(-—2) (d) f2) 
| 
Bene ae gD ee 
a2. 90) =| hoe, 
(a) g(—2) (b) g(0)_ (c) g(4) (d) g(6) 
few—-2, t<2 
43. h(t) = (f Oe 
(a) h(—2) (b) h(1) (ce) A(2) — (d) AS) 
Lee Gere sce ai a 
44, f(x) = if —-3, x>I] 
(a) f(-2) ow £0) @sfG) WFO 


Values of x for Which the Function Value is Zero In 
Exercises 45-52, find all real values of x for which 
f(x) = 0. 


AS Aix) = Ase rar 











sO) . 2 
47. f(x) =x? -—9 
ABs f(x) 2a — 11k 4 
AD fix) =e x 
50. f(x) = x? — 3x2 — 4x + 12 
RR Gs: 4 
Sl. f(x) = + rE 
52. f(x) = 3 + 
aace 


Finding the Domain of a Function In Exercises 
53-70, find the domain of the function. See Example 5. 


oe.) (3,4), (5, 7), (8, 11), (9, 12)} 
54. g: {(10, —4), (20, 1), (30, 6), (40, 9), (50, 13)} 
S52, 74), (—1, 6.5), (0, 4.8), (1, 4.1), (2, 3.3)} 
Some i= 5 7.9.1), (— 3.9, 5.1), (—2.9, 3.2), (—1.5, 1.1)} 
Beets) =" 1 = 2x7 
BSerixia ox + 2x — I 


M 
Xo 
A 

















59. h(i) = : ; 
Sy 

60. s(y) = eS x 

61. g(y) = */y — 10 

62. fi) = 71 +4 

63a — ~/ 1 — x? 

64. g(x) = Vx+1 

66. hx) = => 

67. f(x) = vee 

68. f(s) = 7 

69. f(x) = Ber. 

70. f(x) = 


Writing a Function as a Set of Ordered Pairs In 
Exercises 71-74, the domain of f is the set 


a= —2, — 1, 0, 1, 2}. 
Write the function as a set of ordered pairs. 


71. f(x) =x 


2X 
We f (x) = Porn] 


Tsay oie ~/x + 2 

74. f(x) = |x + 1| 

Think About It Consider 
Fay=Vx—2 and g(x) = /x-2. 


Why are the domains of f and g different? 


aby, 





76. Think About It A student says that the domain of 
ae teed 
CE gm 


is all real numbers except x = 3. Is the student correct? 
Explain. 


fale 


78. 


a 


Thy 


80. 


81. 
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Think About It Set A contains n elements and 
set B contains m elements. How many ordered pairs 
are there in a set that represents a function f from set A 
to set B? 


Discovery Use a graphing utility to graph the functions 
Fie) = Aa ean. 6 2(X)—= 4/27 = 4. 


What is the domain of each function? Do the domains 
of these two functions overlap? If so, for what values? 


Volume of a Box An open box is to be made from a 
square piece of material 18 inches on a side by cutting 
equal squares from the corners and turning up the sides 
(see figure). 








See 


(a) Write the volume V of the box as a function of its 
height x. 


(b) What is the domain of the function? 


(c) Determine the volume of a box with a height of 
4 inches. 


Height of a Balloon A balloon carrying a transmitter 
ascends vertically from a point 2000 feet from the 
receiving station (see figure). Let d be the distance 
between the balloon and the receiving station. Write the 
height h of the balloon as a function of d. What is the 
domain of this function? 








Path of a Ball A player throws a baseball toward 
a teammate. The height y (in feet) of the baseball is 
given by the function 


| 2 
= —— x? + 3x + 
y 107 Sx a6 


where x is the horizontal distance (in feet) from where 
the ball is thrown. The teammate is 30 feet away 
and can reach to a maximum height of 7 feet. Can the 
teammate catch the ball without backing up? Explain. 
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82. 


83. 


84. 


85. 


Path of aSalmon Part of the life cycle of a salmon 
is migration for reproduction. Salmon are anadromous 
fish. This means that they swim from the ocean to fresh 
water streams to lay their eggs. During migration, salmon 
must jump waterfalls to reach their destination. A 
migrating salmon initiates a jump 4 feet from a waterfall 
that is 3 feet high. Its path through the air is given by 
the function 


= —(.42x* + 2.52x 


where h is the height (in feet) and x is the horizontal 
distance (in feet) from where the salmon leaves the 
water. Will the salmon clear the waterfall? 


Farmland The number of acres A (in millions) of 
farmland in the United States each year from 1993 
through 2009 can be approximated by the function 


_ [-3.4t + 979, 
0.287 — 11.91 + 1043, 


3S 7S Ill 
(2s f= ig 


where t represents the year, with t = 3 corresponding 
to 1993. Use the function to find the numbers of 
acres of farmland in 2000 and 2009. (Source: U.S. 
Department of Agriculture) 


Cost, Revenue, and Profit A company produces a 
product for which the variable cost is $11.75 per unit 
and the fixed costs are $112,000. The product sells for 
$21.95 per unit. Let x be the number of units produced 
and sold. 


(a) Add the variable cost and the fixed costs to write 
the total cost C as a function of the number of units ~. 

(b) Write the revenue R as a function of the number of 
units x. 

(c) Use the formula P = R — C to write the profit P as 
a function of the number of units x. 


Average Cost A manufacturer determines that the 
variable cost for a new product is $2.05 per unit and the 
fixed costs are $57,000. All units produced are sold for 
$5.89 per unit. Let x be the number of units. 


(a) Write the total cost C as a function of the number of 
units x. 


(b) Write the average cost per unit C = C/x as a 
function of x. 


) Complete the table. 


_ mn an 100,000 


) Write a paragraph analyzing the data in the table. 
What do you observe about the average cost per 
unit as x gets larger? 

















<i) 86. Migrant Interdictions The U.S. Coast Guard 


interdicts undocumented migrants at sea to prevent 
them from entering the United States, its territories, 
and its possessions. The number N of migrants 
interdicted each year from 2000 through 2010 can 
be approximated by the function 


=i 


Wie 556.5042 — 1096.5¢ + 4280, < 
4 4 <= 1240 


= 1481.9 16,795, 


where t represents the year, with t = 0 corresponding to 


2000 (see figure). (Source: U.S. Coast Guard) 


a 


N 






Number of interdictions 


12S 4S 6 7 3 Oo) 
Year (0 < 2000) 


(a) Use the function to approximate the numbers of 
migrants interdicted in 2003, 2004, and 2010. 


(b) Use the function to approximate the total number of . 
migrants interdicted from 2000 through 2010. 


“87. Profits Johnson & Johnson manufactures and 


sells health care products. The net profits P (in 
billions of dollars) of Johnson & Johnson for the 
years 2000 through 2009 are shown in the table. 


(Source: Johnson & Johnson) 


ve 2000 | 2001 |'2002 | 2003 | 2004 
| Profit, P | 4.80 580 | 6.81-| 810. noun 


2005 | 2006 | 2007 } 2008 | 2009 
10.55 | 11.13 | 12.09 | 12.95 


































Profit, P 





(a) Use a graphing utility to create a scatter plot of 
the data. Let f represent the year, with t= 0 
corresponding to 2000. 


(b) Use the regression feature of the graphing utility to 
find a linear model and a quadratic model for the 
data. 


(c) Use each model to approximate the net profits for 
the years 2000 through 2009. Compare the values 
generated by each model with the actual values 
shown in the table. Which model is a better fit? 
Explain. 


a 
Li 


+2 88. Dividends The dividends D (in dollars) per 
,, share declared by Coca-Cola for the years 1995 
through 2010 are shown in the table. (Source: 
Coca-Cola Company) 


Year | Dividend, D Year 
cE 


(a) Use a graphing utility to create a scatter plot of the data. 
Let t represent the year, with ¢ = 5 corresponding 
to 1995. 


(b) Use the regression feature of the graphing utility to find 
a linear model and a quadratic model for the data. 










































(c) Use the graphing utility to graph each model from 
part (b) with the data. 


(d) Which model do you think better fits the data? 
Explain your reasoning. 


(e) Use the model you selected in part (d) to predict the 
dividends per share in 2011 and 2015. Coca-Cola 
predicts the dividends per share to be about $1.88 in 
2011 and to reach $2.48 by one of the years from 
2013 to 2015. Do your predictions support those of 
Coca-Cola? Explain. 





eee RUT o> 


89. Ripples ina Pond _ A stone is thrown into the middle 
of a calm pond, causing ripples to form in concentric 
circles. The radius r of the outermost ripple increases at 
the rate of 0.75 foot per second. 


(a) Write a function for the radius r of the circle formed 
by the outermost ripple in terms of time t. 


(b) Write a function for the area A enclosed by the 
outermost ripple. Complete the table. 












Radius, r (in feet) 


Area, A (in s 





quare feet) 





(c) Compare the ratios A(2)/A(1) and A(4)/A(2). What 
do you observe? Based on your observation, predict 
the area when t = 8. Verify by checking t = 8 in 
the area function. 
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On) HOW DO YOU SEE IT? You pop the cork 


from a bottle at an outdoor event. The graph 
represents the height / of the cork after t seconds. 


h 


Height, h (in feet) 
a 


t 
OST 0F15)2.0 25 


Time, t (in seconds) 


(a) Explain why / is a function of f. 

(b) Approximate the height of the cork after 
0.5 second and after 1.25 seconds. 

(c) Approximate the domain of h. 

(d) Is ta function of h? Explain. 


Think About It In Exercises 91 and 92, determine 

whether the statements use the word function in ways 

that are mathematically correct. Explain your reasoning. 

91. (a) The sales tax on a purchased item is a function of 
the selling price. 


(b) Intelligence is a function of education. 
92. (a) The market value of a home is a function of its size. 


(b) The speed at which a free-falling baseball strikes 
the ground is a function of its initial height. 


93. Project: Expenditures For a project involving 
the personal expenditures for Internet access in the 
United States from 2000 to 2009, visit this text’s 
website at www.cengagebrain.com. (Source: 
Bureau of Economic Analysis) 





I Section 2.4 | Project: Expenditures 


Project: Expenditures The 
Internet access in the United St 


rsonal expenditures £ (in billions of doltars) for 






plot of the data. Let r represent the year, with 1 = 0 





find a tincar model wxl a quadratic model 
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Q U i zZ YO U R Ss E L F See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


























Year | Cost, C (in millions 
of dollars) 
2004 a 6663 
2005 7055 
2006 | 7389 
2007 | 7707 
2008 8265 
2009 8873 














Table for 21 and 22 





Take this quiz as you would take a quiz in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-3, (a) plot the points, (b) find the distance between the points, and 
(c) find the midpoint of the line segment joining the points. 


1. (—3, 2), (4, -5) 2. (1.3, -4.5), (3.7, 0.7) 3. (4, -2), (-1, -3) 


In Exercises 4-6, sketch the graph of the equation. Identify any intercepts and test 
for symmetry. 


AD y= Di 5, y= x~/x +4 6. y= (5 — 3} 


7. The point (0, 3) lies on a circle whose center is at (4,5). Write the standard form 
of the equation of this circle. 

8. Write the equation of the circle x* + y? — 2x + 4y — 4 = 0 in standard form. 
Then sketch the circle. 


In Exercises 9-12, find an equation of the line that passes through the point and 
has the indicated slope. Then sketch the graph of the line. 


Point Slope 
9. (3, 5) m= % 
10. (—2, 4) m= 
11. 2, —3) mis undefined. 
1) ee 


13. A city had a population of 233,134 in 2010 and 244,288 in 2012. Assuming the 
population followed a linear pattern, predict the population of the city in 2015. 


14. Determine whether the equation x? + y = 3 represents y as a function of x. 

In Exercises 15 and 16, let A = {6, 8, 10} and B = {1, 2, 4, 16}. Decide whether 
the set of ordered pairs represents a function from A to B. 

152465 (8.1), 0)2)i 16. {(6, 2), (10, 4)} 


In Exercises 17 and 18, evaluate the function at each specified value of the 
independent variable and simplify. 
Li 3 2) — 4 18. e(f) = 22° —F 

CO Wore), (a) g(1) (b) g(—2) 


In Exercises 19 and 20, find the domain of the function. 


19. h(x) = x —4 20. f(x) = 


je se 2 





In Exercises 21 and 22, use the table, which shows the federal cost C (in millions 

of dollars) of the National Schoo! Lunch Program for each year from 2004 through 

2009. (Source: U.S. Department of Agriculture) 

21. Use a graphing utility to create a scatter plot of the data and use the regression feature 
to find a linear model and a quadratic model for the data. Let t = 4 represent 2004. 

22. Use each model you found in Exercise 21 to predict the federal costs of the national 
school lunch program in 2010 and 2011. 


23. Write the area A of a circle as a function of its circumference C. 
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yoo C|e-|e) atmo) im mel averi(o) ats) 





1000 ~ 


Price of gold 
(in dollars) 
oo 
ES 


200 a 
ee ee 1 
1 


Pome. 6 2 8 9 0 


Year (0 < 2000) 





In Exercise 79 on page 218, 
you will use a graph to determine in 
which years the price of an ounce of 
gold was increasing or decreasing. 

















ao . 
Domain 


FIGURE 2.46 





Sketch the graph of a step function. 
Classify a function as even or odd. 


The Graph of a Function 


In Section 2.4, you studied functions from 
an algebraic point of view. In this section, 
you will study functions from a graphical 
perspective. 

The graph of a function f is the 
collection of ordered pairs (x, f(x)) such 
that x is in the domain of f. As you study 
this section, remember that x is the directed 
distance from the y-axis and f(x) is the 
directed distance from the x-axis, as shown 
in Figure 2.45. If the graph of a function 
has an x-intercept at (a, 0), then a is a zero 
of the function. In other words, the zeros of 
a function are the values of x for which 


f(x) = 0. For instance, the function given 


by f (x) = x? — 4 has two zeros: —2 and 2. 


The range of a function (the set of values 
assumed by the dependent variable) is often easier 


to determine graphically than algebraically. 





Find the domain and range of a function using its graph. 

Identify the graph of a function using the Vertical Line Test. 

Describe the increasing, decreasing, and constant behavior of a function. 
Find the relative minima and relative maxima of the graph of a function. 


Identify six common graphs and use them to sketch the graphs of functions. 





bo 


FIGURE 2.45 


Senioawee Finding the Domain and Range of a Function 


Use the graph of the function f, shown in Figure 2.46, to find (a) the domain of f, 
(b) the function values f(—1) and f(2), and (c) the range of f. 


SOLUTION 


a. Because the graph does not extend beyond x = — | (on the left) and x = 4 (on the 
right), the domain of fis all x in the interval [—1, 4]. 


b. Because (—1, —5) is a point on the graph of f, it follows that 


fll) = —s. 
Similarly, because (2, 4) is a point on the graph of f, it follows that 
f(2)-=4. 
c. Because the graph does not extend below f(— 1) = —5 or above f(2) = 4, the range 


of fis the interval [—5, 4]. 


R/ Checkpoint 1 





EE LS a TS 


Use the graph of f(x) = x° — 3 to find the domain and range of f- ro] 


Blaj Gabriel/www.shutterstock.com 
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Vertical Line Test 


By the definition of a function, at most one y-value corresponds to a given x-value. This 
means that the graph of a function cannot have two or more different points with the 
same x-coordinate, and no two points on the graph of a function can be vertically above 
or below each other. It follows, then, that a vertical line can intersect the graph of a 
function at most once. This observation provides a convenient visual test called the 
Vertical Line Test for functions. 





Vertical Line Test for Functions 
A set of points in a coordinate plane is the graph of y as a function of x if and only 
if no vertical line intersects the graph at more than one point. 


iseetse(-wam Using the Vertical Line Test 


Use the Vertical Line Test to decide whether the graphs in Figure 2.47 represent y as a 
function of x. 























(a) (b) (c) 
FIGURE 2.47 


SOLUTION 


a. This is not a graph of y as a function of x because you can find a vertical line that 
intersects the graph twice. That is, for a particular input x, there is more than one 
output y. 


b. This is a graph of y as a function of x because every vertical line intersects the graph 
at most once. That is, for a particular input x, there is at most one output y. 


c. This is a graph of y as a function of x. That is, for a particular input x, there is at most 
one output y. Note that if a vertical line does not intersect the graph, it simply means 
that the function is undefined for that particular value of x. ee 


Af Ghackoalnt 2 





Use the Vertical Line Test to decide whether the graph of each equation represents 
y as a function of x. 


a xvrt+y=2 b. y = 2x D 











As x increases from left to right, notice 
how y decreases, then remains 
constant, and then increases. 


FIGURE 2.48 
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Increasing and Decreasing Functions 


The more you know about the graph of a function, the more you know about the 
function itself. For example, consider the graph that is shown in Figure 2.48. As you 
move from left to right, this graph decreases, then is constant, and then increases. 


sD NR SSN CIP ASI TNR ANNES EERE TOR AEDS DE PEGE LILLIE IESE LAS TELLS LELA IDEN ALLE SLADE 


Increasing, Decreasing, and Constant Functions 


A function f is increasing on an interval if, for any x, and x, in the interval, 
x, < xX, implies 


f(x) < FQ). 


A function f is decreasing on an interval if, for any x, and x, in the interval, 
xX, < xX, implies 


f(x) > Gia) 
A function f is constant on an interval if, for any x, and x, in the interval, 


f(x) az f (%). 


sername Describing Function Behavior 


Describe the increasing, decreasing, and constant behavior of each function shown in 
Figure 2.49, 

















(a) 
FIGURE 2.49 

















(b) (c) 


SOLUTION 
a. This function is increasing over the entire real line. 


b. This function is increasing on the interval (—oo, —1), decreasing on the interval 
(—1, 1), and increasing on the interval (1, oo). 


c. This function is increasing on the interval (—oo, 0), constant on the interval (0, 2), 


and decreasing on the interval (2, 00). 


RES I 


a/ Checkpoint 3 





Describe the increasing, decreasing, and constant behavior of the function 
Taya + e3x! A 


Make sure you understand that the behavior of functions (increasing, decreasing, or 
constant) is determined by the y-values, but that the intervals are written in terms of x. 
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Relative Minima and Relative Maxima 


The points at which a function changes its increasing, decreasing, or constant behavior 
are helpful in determining the relative minimum or relative maximum values of the 
function. 


nt rei Lo miter maberind se cee at Ler NANPA TRER EN tee pn GUN oe ee ta rt a 


) Definition of Relative Minimum and Relative Maximum 





Relative 
maxima 


A function value f(a) is called a relative minimum of f if there exists an interval 
(x,, x>) that contains a such that 


x, x < % amplies /(@).= FO): 


A function value f(a) is called a relative maximum of f if there exists an interval 
(x,, x5) that contains a such that 





Relative minima Xi SX < X implies f(a) 2 f(x). 


FIGURE 2.50 Figure 2.50 shows several examples of relative minima and relative maxima. In 
Section 3.1, you will study a technique for finding the exact point at which a second- 
degree polynomial function has a relative minimum or relative maximum. For the time 
being, however, you can use a graphing utility to find reasonable approximations of 
these points. 


re ey Settee Approximating a Relative Minimum 


Use a graphing utility to approximate the relative minimum of the function given by 
Ae) Sear 


SOLUTION The graph of f is shown in Figure 2.51. By using the zoom and trace 
features of a graphing utility, you can estimate that the function has a relative minimum 
at the point 





(Ol67e S803) Relative minimum 


FIGURE 2.51 Later, in Section 3.1, you will be able to determine that the exact point at which the 


: sus Neg ite 10 
relative minimum occurs 1s (2, = Eeyo 


oS Cheskooint 4 


Use a graphing utility to approximate the relative maximum of the function given by 


TECH TUTOR A) oc, wm 








For instructions on You can also use the table feature of a graphing utility to approximate numerically 
how to use the table feature 


_ the relative minimum of the function in Example 4. Using a table that begins at 0.6 and 
and the minimum feature, see | increments the value of x by 0.01, you can approximate the minimum of 
Appendix A. | f(x) = 3x? — 4x — 2 to be —3.33, which occurs at (0.67, —3.33). A third way to find 
en rrr ne eet the relative minimum is to use the minimum feature of a graphing utility. 


TECH TUTOR 










When using a graphing utility to estimate the x- and y-values of a 

relative minimum or relative maximum, the zoom feature will often 
produce graphs that are nearly flat. To overcome this problem, you can 
manually change the vertical setting of the viewing window. The graph will 
stretch vertically if the values of Ymin and Ymax are closer together. 





°F foo = [hl | 
o—O + 
eo—o -3-+- 
e—o -4-- 





Greatest Integer Function 
FIGURE 2.52 


Total cost of rental (in dollars) 








(Gi 
A 
1400 -- 
eo 
1200 —- eo 
eo 
1000 —- Cs 
800 +- eo 
600 oe. 
eo 
mal S=° 
eo 
200 -@—o 
t—+—+-—}—}—+-—+_+ +—+-> t 


foes 4567 189 10 
Length of rental (in days) 


FIGURE 2.53 
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Step Functions 
The greatest integer function is denoted by [x] and is defined as 
f(x) = [x] = the greatest integer less than or equal to x. 


The graph of this function is shown in Figure 2.52. Note that the graph of the greatest 
integer function jumps vertically one unit at each integer and is constant (a horizontal 
line segment) between each pair of consecutive integers. Because of the jumps in 
its graph, the greatest integer function is an example of a type of function called a 
step function. Some values of the greatest integer function are as follows. 

al a [-—0.5] = -1 

[0] = 0 [0.5] = 0 


[1] = 1 hea 


The range of the greatest integer function is the set of all integers. 
When using a graphing utility to graph a step function, set the utility to dot mode 
rather than connected mode. 


€ The Cost of a Machinery Rental 


The cost of renting a warehouse forklift is $200 for up to, but not including, the first day 
and $125 for each additional day (or portion of a day). The greatest integer function 
CH 200 1254 4S. 0 


can be used to model the cost of this rental, where C is the total cost of the rental (in 
dollars) and ¢ is the length of the rental (in days). 


a. Sketch the graph of this function. 
b. How long can a company rent the forklift without spending more than $1000? 
SOLUTION 


a. For rentals up to, but not including, | day, the cost is $200. For rentals between 
| and 2 days, the cost is $325, for rentals between 2 and 3 days, the cost is $450, and 
50 on, as shown in the table. Using these and other values, you can sketch the graph 
shown in Figure 2.53. 


























Length of rental, f | Cost of rental, C 
Oeil | $200 
leestice2 $325 
OPS Gees $450 
| 
ail 
Oe 0 in $1325 | 








b. From the graph, you can see that the company must limit the rental period to 7 days 
to avoid spending more than $1000. 


ES SS 


¥/ Checkpoint 5 


Repeat Example 5 when the cost of each additional day (or portion of a day) 
is $100. bi 
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Even and Odd Functions 


In Section 2.1, you studied different types of symmetry of a graph. A function is said to 
be even if its graph is symmetric with respect to the y-axis and odd if its graph is 
symmetric with respect to the origin. The symmetry tests in Section 2.1 yield the 
following tests for even and odd functions. Even though symmetry with respect to the 
x-axis is introduced in Section 2.1, it will not be discussed here because a graph that is 
symmetric with respect to the x-axis is not a function. 





Tests for Even and Odd Functions 


A function given by y = f(x) is even if, for each x in the domain of f, 


feof): 
A function given by y = f(x) is odd if, for each x in the domain of f, 
Te ae ta 


Identifying Even and Odd Functions 


Decide whether each function is even, odd, or neither. 

As ox) b. h(x) = x7 + 1 

SOLUTION 

a. The function given by g(x) = x* — x is odd because 
=x) = (=x) (ax) 


=-y~+x 





= (XX) = — 9X), 
b. The function given by h(x) = x7 + 1 is even because 
h—x) = (=x)? + 1 


hs), 


The graphs of the two functions are shown in Figure 2.54. 


ee oe oe 




















ia (—x, y) 
3 
\ 
| h(x)=a249 
= t t t= 
—33 —2 -1 | 2 3 
(a) Odd function (symmetric about origin) (b) Even function (symmetric about y-axis) 


of bheckoolnt 6 





Decide whether the function f(x) = —2x? + x — 1 is even, odd, or neither. & 
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Common Graphs 


Figure 2.55 shows the graphs of six common functions. You need to be familiar with 
these graphs. They can be used as an aid when sketching other graphs. For instance, the 
graph of the absolute value function given by 


f(x) = |x -2| 


is V-shaped. 











) y ) 
h 
| 
3+ 
T(x) = ¢ | 
24 ; 
\ X 
l 
omic 
| 2 3 | 
(a) Constant function (b) Identity function (c) Absolute value function 
\ y 
A 
34 
| 
| f(x) VN 
5 | } 

















(d) Square root function (e) Squaring function (f) Cubing function 


FIGURE 2.55 


SUMMARIZE (Section 2.5) 


4. State the definition of the graph of a function (page 209). For an example of 
finding the domain and range of a function using its graph, see Example |. 

2. Describe the Vertical Line Test (page 2/0). For an example that uses the 
Vertical Line Test, see Example 2. 

3. Describe when a function is increasing, decreasing, or constant on an interval 
(page 211). For an example of describing the increasing, decreasing, or 
constant behavior of a function, see Example 3. 

4. State the definitions of relative minimum and relative maximum (page PRP). 
For an example of approximating a relative minimum using a graphing 
utility, see Example 4. 

5. Describe the greatest integer function (page 2/3). For an example that uses a 
greatest integer function, see Example 5. 





6. State the definitions of an even function and an odd function (page 214). For 
\ an example of identifying an even or odd function, see Example 6. 


wavebreakmedia Itd/www.shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM ad 2.9 these skills in the exercise set for this section. For additional help, review Sections 1.4, 1.5, and 2.4. 
1. Find f(2) for f(x) = —x? + 5x. 2. Find'f(6) for f(@) = 27 — 6x. 


3. Find f(—x) for f(x) = 3/x. 4. Find f(>x) for f(x) = 32-3. 


In Exercises 5 and 6, solve the equation. 


5. xe — 16x = 0 6. 2x7 — 3x +1=0 


In Exercises 7-10, find the domain of the function. 


7. a(x) = 4(x — 4)7} 8. f(x) = 2x/(? — 9x + 20) 
9, h(t) = 2/5 — 3t 10. f@) =F + 3t—5 


Exercises 2.5 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Finding the Domain and Range of a Function In 
Exercises 1-8, find the domain and range of the function. 
Then evaluate f at the given x-value. See Example 1. 


lL fe)=Je=1,2=1° 2) = J/e=4 = 2 


14 , ; , 
\ a e 
| —— }-—+-—}—$—} > x Using the Vertical Line Test In Exercises 9-16, use 


the Vertical Line Test to decide whether y is a function 
of x. See Example 2. 
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Describing Function Behavior In Exercises 17-28, 
describe the increasing, decreasing, and constant behavior of 
the function. Find the point or points where the behavior of 
the function changes. See Example 3. 


18. f(x) = x? — 2x 


17. f(x) = 2x 




















Die) = 3x" = 6x7 22. f(x) = x2/8 


y 
. (0,0) f 























—2- : | 
CT oe ie eee 


25. f(x) = x2 -— 4x 26. f(x) = 3x 
ea x oe +2 (8. f(x) = Peal 


Approximating a Relative Minimum and 
Maximum In Exercises 29-34, use a graphing 
utility to graph the function, approximate the 
relative minimum or maximum of the function, and 
estimate the open intervals on which the function 
is increasing or decreasing. See Example 4. 

oye x 4x + 1 

Bie = x + 6x + 3 

ater = 3x7 

Sei —o 3x + 1 

33. f(x) = +(—4x4 — 5x3 + 10x? + 8x + 6) 
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34. f(x) = Hx 44 x3 — 10x? + 2x — 15) 


Using the Greatest Integer Function In Exercises 
35-38, evaluate the function at each specified value of 
the Pespanei variable. 


35. f(x) = bl 
(a) ss (b) f(2.5) 
(Gap) eae 4) 
36. f(x) = [-2] 
(a) f(3) (b) f(6.1) 
(c) f(—5.9) (dd) f(-9) 
37, Te) iy 18] 
(a) f(4) (b) f(3.7) 
(c) #(—5,8)  (d) f(—6.3) 
38. f(x) = [x + 0.3] 
(a) f(2.9) (b) f(4.6) 
(c) f(—2.3)  (d) f(—4.2) 


identifying Even and Odd Functions In Exercises 
39-44, decide whether the function is even, odd, or neither. 
See Example 6. 


BON fx) ae er 


AQ me ies tao? a1) 
41, e(x) = = 3x 

42. h(x) = 

AS ia) ae ie 
44. g(s) = 457° 


Sketching Graphs of Functions [n Exercises 45-58, 
sketch the graph of the function and determine whether 
the function is even, odd, or neither. 


45. f(x) = 3 46. g(x) =x 
47. f(x) = 5 — 3x 
48. h(x) = x7 -— 4 

3 
49. 2(s) = = 50. f(t) = —44 
51x) a ae 
52. o(t) eat 


( 

( 
53, fa) = 7 
54. f(x) = |x + 2| 
55, f(x) = Ee PRE Sis: Lat ess ia. 


x7-1,x>-l 


ye jel 
57. f(x) = 14, (pre wort 


Omen | ak 2) 
58. f(x) = 43, Ree 
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ie 


80. Sales The sales § (in billions of dollars) of 
petroleum and coal products from 1999 through 
2009 can be approximated by the model 


S = — 1.284184 = 67.9435r — 13165927 
TUS O9 S476 654.) Ole 3o ne ce feel 


where f represents the year, with t = 9 corresponding to 
1999. (Source: U.S. Census Bureau) 


Graphing Functions In Exercises 59-64, use a 
graphing utility to graph the function and determine 
whether the function is even, odd, or neither. 


59. f(x) = x7 — x4 
60. g(x) = 2 +1 
61. h(x) =x — 2 +x 





Sketching Graphs of Functions In Exercises 65-78, 
sketch the graph of the function. 


Sales 
(in billions of dollars) 
een 
S58 
SS 











65. f(x) =4-—x 66. f(x) = 4x +2 al 
67. f(x) = x = @ 200 
68. f(x) = x? — 4x ly eee 
: 9 10 11 12 13 14 15 16 17 18 19 
O95 ee AV FACS) Se Me Year (9 < 1999) 
71. #G) = 33 + |[a|) 
72. f(x) = —1(1 + |e) (a) Use the graph of $ to find the maximum sales of 
73. fx) = ~/x #3 these products between 1999 and 2009. 
74. fl p= </ = i (b) During which year(s) were sales decreasing? During 
75 fl I 1 which year(s) were sales increasing? 
o fx) x 
ay (c) Is it realistic to assume that sales will continue to 
76. f(x) = 2b] follow this model? 
Tite) = be Il 
78. f(x) =(x + 1] 
81. Lung Volume The change in volume V (in milliliters) 
79. Price of Gold The price P (in dollars) of an of the lungs as they expand and contract during a breath 
ounce of gold from 2000 through 2010 can be can be approximated by the model 
approximated by the model V = (—6.549s? + 26.20s — 3.8), O<s5 <4 
P = 0.0382147 — 0.487038 + 1101202 — where s represents the number of seconds. 
GO1Sr + 2764990 == S510 (a) Graph the volume function with a graphing utility 
where t represents the year, with t = 0 corresponding to and use the trace feature to estimate the numbers of 
ANNO Soudan World Gold Gaon seconds in which the volume is increasing and in 


which the volume is decreasing. 


(b) Find the maximum change in volume between 0 
and 4 seconds. 











Se 82. Maximum Profit The marketing department of a 
50 ; svat # 
Ss) Fal company estimates that the demand for a product is given 
3 - by p = 100 — 0.0001x, where p is the price per unit and 
cate x is the number of units. The cost C of producing x units 

te ee is given by 

kth oy AN oe Tear On 10 

Year (0 < 2000) C= 350,000 ar Cho bs 


and the profit P for producing and selling x units is 
Use the graph of P to find the maximum price of given by 


gold between 2000 and 2010. 


(a 


— 


P=R- Ci=o3p — C. 


(b) During which year(s) was the price decreasing? 
During which year(s) was the price increasing? Sketch the graph of the profit function and estimate the 
(c) Is it realistic to assume that the price of gold will number of units that would produce a maximum profit. 


continue to follow this model? Verify your estimate using a graphing utility. 





83. 


Maximum Profit The marketing department of a 
company estimates that the demand for a product is 
given by p = 125 — 0.0002x, where p is the price per 
unit and x is the number of units. The cost C of producing 
x units is given by 


C = 225,000 + 80x 


and the profit P for producing and selling x units is 
given by 
Pea C= xp —.C. 


Sketch the graph of the profit function and estimate the 
number of units that would produce a maximum profit. 
Verify your estimate using a graphing utility. 


44 \, HOW DO YOU SEE IT? For the years 1995 


g 
9 through 2009, the book value B (in dollars) of a 


85. 


86. 


share of Wells Fargo stock can be approximated 


by the model 
B= 0.049772 — 0.163¢ + 3.53, 5 s¢ = 19 


where f represents the year, with t = 5 corresponding 
to 1995 (see figure). (Source: Wells Fargo) 


B 


ine} 
— 


Book value per share 
(in dollars) 
waACKRAE 





t 
8 10 11 12 13 14 15 16 17 18 19 20 


Year (5 @ 1995) 


PH Ht 
Oral 9 


(a) Estimate the maximum book value per share 
from 1995 through 2009. 


(b) Estimate the minimum book value per share 
from 1995 through 2009. 


(c) Assume the book value B continues to follow 
the model through 2011. In which year is B 
at a maximum? 


Cost of Overnight Delivery The cost of sending an 
overnight package from New York to Atlanta is $26.10 
for up to, but not including, the first pound and $4.25 
for each additional pound (or portion of a pound). A 
model for the total cost C of sending the package is 
C = 26.1 + 4.25|[x], x > 0, where x is the weight of the 
package (in pounds). Sketch the graph of this function. 


Cost of Overnight Delivery The cost of sending an 
overnight package from Los Angeles to Miami is 
$31.60 for up to, but not including, the first pound and 
$5.50 for each additional pound (or portion of a pound). 
A model for the total cost C of sending the package is 
C = 31.6 + 5.5|x], x > 0, where x is the weight of the 
package (in pounds). Sketch the graph of this function. 


87. 


88. 





90. 


Think About It 


. Revenues 
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Strategic Reserve The total volume V (in millions 
of barrels) of the Strategic Oil Reserve in the United 
States from 1998 through 2009 can be approximated by 


—2.2292r4 + 94.3198 — 1472.15? + 
LOMOSOM feeee 24713, Moe=ete= 13 

0.7968 — 38.137 + 611.8t — 2601, 
(Mocs jis 1) 


Vs 


where t represents the year, with ¢ = 8 corresponding to 
1998. Sketch the graph of this function. (Source: U.S. 
Energy Information Administration) 

Grade Level Salaries The 2010 salary S (in dollars) 
for federal employees at the Step 1 level can be 
approximated by the model 


ae 3109 20 13,012) x = Ayre, 10 
125310 .5x2 865725. x — eee LS 


where x represents the “GS” grade. Sketch a bar graph 
that represents this function. (Source: U.S. Office of 
Personnel Management) 

The revenues of Symantec Corporation (in 
millions of dollars) from 2000 through 2009 are given 
by the ordered pairs. 


(2000, 853.6), (2001, 1071.4), (2002, 1406.9), 
(2003, 1870.1), (2004, 2582.8), (2005, 4143.4), 
(2006, 5199.4), (2007, 5874.4), (2008, 6149.9), 
(2009, 5985.0) 


(Source: Symantec Corporation) 


(a) Use the regression feature of a graphing utility to find 
a linear model for the data from 2000 through 2004. 
Let f represent the year, with t = 0 corresponding to 
2000. Then determine the domain and range of the 
function. 


(b) Use the regression feature of the graphing utility to find 
a quadratic model for the data from 2005 through 2009. 
Let t represent the year, with ¢ = 5 corresponding to 
2005. Then determine the domain and range of the 
function. 

Use your results from parts (a) and (b) to construct a 
piecewise model for all of the data. Use the graphing 
utility to graph the function. 


(c 


aH 


(d) During which years did the revenues increase? 
During which year did the revenue decrease? 


Think About It If f is an even function, determine 
whether g is even, odd, or neither. Explain. 


(a) g(x) = —f(x) (b) g(x) = f(—x) 
a) ales 2 (d) g(x) = f(x — 2) 


In Exercises 91-94, find the coordinates 


of a second point on the graph of a function f when the 
given point is on the graph and the function is (a) even 
and (b) odd. 


. (=3,4) 


92. (—3, -7) 
942 (5, —1) 
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ye ove fe latciielaaatci ice) p twee) im mel aledtie) ats 


m Use vertical and horizontal shifts to sketch graphs of functions. 





@ Use reflections to sketch graphs of functions. 
m Use nonrigid transformations to sketch graphs of functions. 


Vertical and Horizontal Shifts 


Many functions have graphs that are simple transformations of the common graphs that 
are summarized on page 215. For example, you can obtain the graph of 





a arene Ga eka = 9) 
weeds of cotter by shifting the graph of f(x) = x? upward two units, as shown in Figure 2.56. In function 
notation, / and f are related as shown below. 
Gs) = vr4+2= f(x) air 2 Upward shift of two units 
Similarly, you can obtain the graph of 
ea ba 2a 
by shifting the graph of f(x) = x? to the right two units, as shown in Figure 2.57. In this 
case, the functions g and f have the following relationship. 
g(x) = (x — 2)? = Ghee = 3) Right shift of two units 
y 
a 


In Exercise 65 on page 229, you will Piece wee 
see how a transformation affects the : iam 
graph of a company’s profit function. 








iS) 


| g(x) =(x-2) 





N 











5) L 
| 
1 
| 
= = vt 
> x - | 1 2 3 
—2 =! 2 
Vertical Shift Upward Horizontal Shift to the Right 
FIGURE 2.56 FIGURE 2.57 


The following list summarizes this discussion about vertical and horizontal shifts. 


Vertical and Horizontal Shifts 


Let c be a positive real number. Vertical and horizontal shifts of the graph of 





STUDY TIP __ y = f(x) are represented as follows. 

In items 3 and 4, be sure you | 1. Vertical shift c units upward: h(x) =f(x) + ¢ 

see that h(x) = f(x — c) 2. Vertical shift c units downward: h(x) = f(x) -—¢ 

corresponds to a right shiftand | 

h(x) = f(x +c) corresponds | 3. Horizontal shift c units to the right: — h(x) = f(x — c) 

to a left shift, ] 4. Horizontal shift c units to the left: h(x) = f(x + c) : 
a 


Hakimata Photography, 2010/Used under license from Shutterstock.Com 





Edyta Pawlowska/www. shuttarsto k.com 
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Some graphs can be obtained from a combination of vertical and horizontal shifts, 
as demonstrated in Example I(b). Vertical and horizontal shifts generate a family of 


functions, each with the same shape but at different locations in the plane. 


| Example 1 | Shifts in the Graph of a Function 


Use the graph of f(x) = x to sketch the graph of each function, 
a. g(x) = xe + 1 

b. h(x) = (x + 2)? + 1 

SOLUTION 


a. Relative to the graph of f(x) = x, the graph of g(x) vb Lis an upward shift of 
one unit, as shown in Figure 2.58(a). 

b. Relative to the graph of f(x) = x, the graph of h(x) = (4 2)* + 1 involves a left 
shift of two units and an upward shift of one unit, as shown in Figure 2.58(b). 











(a) Vertical shift: one unit upward (b) Horizontal shift: two units left; 


Vertical shift: one unit upward 


FIGURE 2.58 


Note that the functions f, ¢, and / belong to the family of cubic functions. 


LT 


Y Checkpoint 1 
Use the graph of f(x) /x to sketch the graph of 


g(x) ws Jer 3-4. a 


TECH TUTOR 


— ee 





Graphing utilities are ideal tools for exploring transformations of 
functions. Try to predict how the graphs of g and fi relate to the graph of f, 
Graph /, g, and fin the same viewing window to confirm your prediction. 


a. f(x) = x7, glx) = & 4)? A(x) = (~— 4)* + 3 
b. f(x) = 2%, g(x) = (x + 1)?, AG) = &+ IP -2 | 
c. f(x) = x7, g(x) = +4), Ax) = 4 4)? + 2 
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i) 





Reflection 
FIGURE 2.59 


TECH TUTOR 





Several models of 
graphing utilities have 
programs that will give 
you practice working with 
reflections, horizontal shifts, 
and vertical shifts. These 
programs will graph the 
function 


y=Ro+ A) + V 


where R = +1, His an 
integer between — 6 and 6, 
and V is an integer between 


—3 and 3. Each time you run 
the program, different values 


of R, H, and V are possible. 
From the graph, you should 
be able to determine the 
values of R, H, and V. 














Reflections 


Another common type of transformation is a reflection. For instance, if you consider 
the x-axis to be a mirror, the graph of h(x) = —x? is the mirror image (or reflection) of 
the graph of f(x) = x’, as shown in Figure 2.59. 


“ee ey oTY TRE RNY ET et CREST RR ERRATA RETINAL BINT ECON EH RA SE NSPE SE ETHICS RN TITTIES VI MIP ATTA 


Reflections in the Coordinate Axes 





Reflections in the coordinate axes of the graph of y = f(x) are represented 
as follows. 


1. Reflection in the x-axis: g(x) = —f(x) 
2. Reflection in the y-axis: h(x) = f(—x) 


Reflections of the Graph of a Function 


Compare the graph of each function with the graph of f(x) = \/x. 

a. e(x)=—VJx  b. h(x) = V—x 

SOLUTION 

a. The graph of g is a reflection of the graph of fin the x-axis because 
(3) eh (0) 

b. The graph of h is a reflection of the graph of fin the y-axis because 


h(x) = /—x = f(—x). 


See Figure 2.60(a). 


See Figure 2.60(b). 


2+ | f= Vx ; 3+ 




















(a) Reflection in x-axis 


FIGURE 2.60 


(b) Reflection in y-axis 


a/ Checkpoint 2 





Compare the graph of each function with the graph of f(x) = |x|. 
b. A(x) = |—x| a 
When sketching the graph of a function involving square roots, remember that the 


domain must be restricted to exclude numbers that make the radicand negative. For 
instance, here are the domains of the functions in Example 2. 


Domain of g(x) = —/x: x = 0 
Domain of h(x) = /-x: x <0 




















(a) 
y 
oA 
\ 3 
\ 
a 
\ 
Vi 
}+—+—+—+> 
32) —1 
ier 
=) 40 
si - 
-4 
(b) 
FIGURE 2.62 
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settyceme Reflections and Shifts 


Use the graph of f(x) = x? to sketch the graph of each function. 
Ae )es nS) 

Dik) = =x 2 

SOLUTION 


a. To sketch the graph of g(x) = —(x — 3), first shift the graph of f(x) = x? to the 
right three units. Then reflect the result in the x-axis. See Figure 2.61(a). 


b. To sketch the graph of h(x) = —x? + 2, first reflect the graph of f(x) = x? in the 
x-axis. Then shift the result upward two units. See Figure 2.61(b). 


Hhale SS 


ss f(x) =x? 




















(b) Reflect in x-axis and then shift. 


(a) Shift and then reflect in X-axis. 


FIGURE 2.61 


————— 
V Checkpoint 3 

Use the graph of f(x) = x° to sketch the graph of each function. 

oe ake = See se 2) 

Maeght a a 


ened Writing Equations from Graphs 


The graphs labeled g and h in Figure 2.62(a) are transformations of the graph of 
f(x) = x4. Write an equation for each function. 


SOLUTION The graph of g is a reflection in the x-axis followed by a downward shift 


of two units of the graph of f(x) = x*. So, the equation for g is o(X)h=e as ey Le 
graph of h is a horizontal shift of one unit to the left followed by a reflection in the 
x-axis of the graph of f(x) = x*. So, the equation for h is hs) = —@ 1)% 


TELE SEI ET SD 


Vi Checkpoint 4 


ERNERORIN ATE 


The graph labeled h in Figure 2.62(b) is a transformation of the graph of f(x) = 2°. 
Write an equation for the function /. F) 


Can you think of another way to find an equation for g in Example 4? When you 
shift the graph of f upward two units and then reflect the graph in the x-axis, you get 
g(0 se tee) The Distributive Property yields g(x) = —2* — 2, which is the 
same equation obtained in Example 4. 
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Nonrigid Transformations 


Horizontal shifts, vertical shifts, and reflections are rigid transformations because the 
basic shape of the graph is unchanged. These transformations change only the position 
of the graph in the xy-plane. A nonrigid transformation is one that causes a distortion— 
a change in the shape of the original graph. For instance, a nonrigid transformation of 
the graph of y = f(x) is represented by g(x) = cf(x), where the transformation is a 
vertical stretch if c > | and a vertical shrink if 0 < c < 1. 


etsy Nonrigid Transformations 


Compare the graph of each function with the graph of f(x) = |x]. 
a. h(x) = 3|x| 


SOLUTION 
a. Relative to the graph of f(x) = |x|, the graph of 
h(x) = 3]x| 
sox) 
is a vertical stretch (each y-value is multiplied by 3) of the graph of f, See Figure 2.63(a). 


b. Relative to the graph of f(x) = |x|, the graph of 


II 


g(x) 


rin 








7 


(a) (b) 


RA Chackoolnt 5 





Compare the graph of each function with the graph of f(x) = x. 
a. e(x) = 4./x 


Dp. Axe) = avi we 
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Sera Rigid and Nonrigid Transformations 


Use the graph of f shown in Figure 2.64 to sketch each graph. 
a. ech — 97 2) oe 

b. h(x) = 5 f(a) 

SOLUTION 


a. The graph of g is a horizontal shift to the right two units and a vertical shift upward 
one unit of the graph of f. The graph of g is shown in Figure 2.65(a). 





b. The graph of h is a vertical shrink of the graph of f. 














3 For x = —5, h(—5) = 3f(—5) = 2(1) = 2 

ry = — = ail _ 
FIGURE 2.64 FOr 03, H(==3) =f a3) 10) 0 
For x = —1,h(-1) =5f(-1) = AO) 1 

For x = 2, h(2) = 4f(2) = 3(—) = -3 


For x = 4; h(4) = $f(4) = 5(0) = 0. 





(a) (b) 


/ Checkpoint 6 
Use the graph of g shown in Figure 2.65(a) to sketch the graph of 


Dix) = 2e(x) sl. a 


SUMMARIZE (Section 2.6) 


4. Describe how to shift the graph of y = f(x) vertically and horizontally 
(page 220). For an example of shifting the graph of a function, see Example 1. 

2. Describe how to reflect the graph of y = f(x) in the x-axis and in the y-axis 
(page 222). For examples of reflecting and shifting the graph of a function, 
see Examples 2, 3, and 4. 

3. State the definitions of a rigid transformation, a nonrigid transformation, a 
vertical stretch, and a vertical shrink (page 224). For examples of rigid and 
nonrigid transformations, see Examples 5 and 6. 


elwynn/www.shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM : P 2.6 these skills in the exercise set for this section. For additional help, review Sections 1.4, 1.5, 2.4, 


and 2.5. 


In Exercises 1 and 2, evaluate the function at the indicated value. 


1. Find f(3) for f(x) = x? — 4x + 15. 


In Exercises 3 and 4, solve the equation. 
3, -x + 10x = 0 


In Exercises 5-10, sketch the graph of the function. 
5. f(x) = — 2 

Teej (xP exerted 

9. f(x) = 3x — 4 


Exercises 2.6 


2. Find f(—x) for f(x) = 2x/(@ — 3). 


U Wika cola oe aaogee ) 


6. f(x) = —x 
Siete) 2 a 
10. f(x) = 9x + 10 


ESY=ToMn AANA Otel {ei @l ateleoro) pain col mniliela.¢ore ell) arse) (0) i(o)piom CoMololealUlanleloi(-1e m=) (o1cesioise 





Describing Transformations In Exercises 1-8, 
describe the sequence of transformations from f(x) = x? 
to g. Then sketch the graph of g by hand. Verify with a 
graphing utility. See Examples 1, 2, and 3. 


1. g(x) = x7 — 4 


2. -e(0) =e 

3. e(x) = ee) 

4. g(x) = (x — 3) 
Sex) 4a 4) 
62 20) = Ge es 
7, 2) == | 
Sela) 


Describing Transformations In Exercises 9-16, 
describe the sequence of transformations from 
f(x) = |x| to g. Then sketch the graph of g by hand. 
Verify with a graphing utility. See Examples 1, 2, and 3. 

9. e(x) = |x| +2 10. g(x) = |x| — 3 

Lise) i 1 

12. g(x) = |x + 4| 


13. g(x) = —|x| + 3 
14. e) Se 1) 
Sy ei ie A 


16. g(x) = |x - 2| - 1 


Describing Transformations In Exercises 17-24, 
describe the sequence of transformations from f(x) = \/x 
to g. Then sketch the graph of g by hand. Verify with a 
graphing utility. See Examples 7, 2, 3, and 5. 


18. g(x) = Vx + 4 


17. 2s) =a — 3 


19. g(x) = Jx=—3 +1 
20. g(x) = Vx +5-2 
Pik, F469) — Ds 

22.6 (a) 5 
23.22%) = 2 J=x—4 
24. g(x) = /—-x+1 


Describing Transformations In Exercises 25-34, 
describe the sequence of transformations from f(x) = Yx 
to y. Then sketch the graph of y by hand. Verify with a 
graphing utility. See Examples 1, 2, 3, and 5. 


7 
ae “4/- 
4+] fx)=vx 











Dayne Woe Fal ot 
26. y = —J/x 
27. yx — 2 


28. y=¥/x+ 3 

OD ye eae eee 

30. y= —3Y¥x-1-4 
31. y=237x%4+1-1 
32. y= 23/x-2+1 
B42 susie 

34. y=43%-3 
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Writing Equations from Graphs In Exercises 35-42, 43. Comparing Graphs of Functions Use a graphing 
identify the transformation shown in the graph and utility to graph f for c = —2, 0, and 2 in the same 
identify the associated common function. Write the viewing window. 
equation of the graphed function. See Example 4. (a) f(x) = 1 te  (b) f(x) = li ¢) 
seh 4 (c) f(x) = 2(cx) 
: In each case, compare the graph with the graph of 
als pS y'S, 
y = x. 
ar a. 44, Comparing Graphs of Functions Use a graphing 
—i utility to graph f for c = —2, 0, and 2 in the same 
viewing window. 
(a) f(x) =x2 +c (db) f(x) = & — ec)? 


Caf) Se — 2)? tc 
In each case, compare the graph with the graph of 
y=xX. 

45. Writing Equations from Graphs Use the graph of 
f(x) = x? to write equations for the functions whose 
graphs are shown. See Example 4. 


(a) ‘ 



































46. Writing Equations from Graphs Use the graph of 
f(x) = x3 to write equations for the functions whose 
graphs are shown. See Example 4. 


(a) 4 














(b) 


42. y 





+ 
a8 
ji 
’ 
® 
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47. 


48. 


49, 
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Sketching Transformations Use the graph of f (see 


figure) to sketch each graph. See Example 6. 


(a) 4 HO) eee 
(b) 4 f(x) 
(c) y = f(x 2) 
(d) y = f(x + 3) 
(e) y= 2f(x 
(f) y = f(—x) 





Sketching Transformations Use the graph of f (see 
figure) to sketch each graph. See Example 6. 


(a) y = f(x) -— 1 


(b) y= Fe =) 
(c) y = f(x -— 1) 
(d) ) ie) 
(e) y = f(—x) 

f) y =$f(x) 





Sketching Transformations Use the graph of f (see 
figure) to sketch each graph. See Example 6. 
ED) Slee) 
(b) y (Ae NS we 
I F(x) 
Te tee) 
(e) y = f(-x) 
(f) y Te) oS 


(Cc) y 


(d) y 








On) HOW DO YOU SEE IT? Consider the 
(x) = |x|. Match the description of 


graph of f(x) = 
the transformation with its graph. 


(a) The graph of fis shifted three units to the sete 
and two units upward. 


The graph of fis reflected in the x-axis, shifted two 
units to the left, and shifted three units upward. V 


(b 


Y 


(c) The graph of fis vertically stretched by a factor 
Pv 
of 4 and reflected in the x-axis. 


(d 


— 


The graph of fis vertically shrunk by a factor, of 
; and shifted two units to the left. 


CUP 





Be ww aU 
=i 





| 
pe 
= 
| NO ie ol 
ye 
aS 
n 











(iii) y (iv) 














In Exercises 
Use your 

knowledge of rigid and nonrigid transformations to write an 

equation for the description. Verify with a graphing utility. 


Writing an Equation from a Description 
51-54, consider the graph of f(x) =.x°. 


51. The graph of fis shifted two units downward. 

52. The graph of fis shifted three units to the left. 

53. The graph of fis vertically stretched by a factor of 4. 
54. The graph of fis vertically shrunk by a factor of zs 


Writing an Equation from a reat ge! In Exercises 

55-58, consider the graph of g(x) = x. Use your 

knowledge of rigid and nonrigid EN to write 

an equation for the description. Verify with a graphing 

utility. 

55. The graph of g is shifted four units to the right and three 
units downward. 


56. The graph of g is reflected in the x-axis, shifted two 
units to the left, and shifted one unit upward. 

57. The graph of g is vertically shrunk by a factor of and 
shifted three units to the right. 

58. The graph of g is vertically stretched by a factor of 2, 
reflected in the x-axis, and shifted three units upward. 


Writing an Equation from a Graph _ In Exercises 
59-62, use the graph of f(x) = x° — 3x? to write an 
equation for the function g. 





ay. 














63. Exploration The point (3,9) on the graph of 


f(x) = x7 has been shifted to the point (4, 7) after a rigid 
transformation. Identify the shift and write the new 
function g in terms of /. 


64 


f(x) = 3/x has been shifted to the point (5, 0) after a 
rigid transformation. Identify the shift and write the new 
function h in terms of /- 


65. Profit A company’s weekly profit P (in hundreds of 


dollars) from a product is given by the model 
P(x) = 80 + 20x — Doren 0 Sete eh) 


where x is the amount (in hundreds of dollars) spent on 
advertising. 





Weekly profit (in 
hundreds of dollars) 


ptt tt tt ttt * 
A Go oe 10 2: 14 G1 se20 
Amount spent on advertising 
(in hundreds of dollars) 











Exploration The point (8,2) on the graph of 
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(a) The company estimates that taxes and operating 
costs will increase by an average of $2500 per week 
during the next year. Rewrite the profit equation to 
reflect this expected decrease in profits. Identify the 
type of transformation applied to the graph of the 
equation. 


(b 


— 


Use a graphing utility to graph the profit equation 
from part (a). 


— 
Q 
ar 


Rewrite the original profit equation so that x measures 
advertising expenditures in dollars. [Find P(x/100).] 
Identify the type of transformation applied to the 
graph of the equation. 


. Automobile Aerodynamics The number of 


horsepower H required to overcome wind drag on an 
automobile is approximated by 


H(x) = 0.00222 + 0.005x — 0.029, 10 = x = 100 


where x is the speed of the car (in miles per hour). 

(a) Use a graphing utility to graph the function. 

(b) Rewrite the horsepower function so that x represents 
the speed in kilometers per hour. [Find H(x/1.6).] 


Identify the type of transformation applied to the 
graph of the horsepower function. 


. Finance The amount M (in billions of dollars) of home 


mortgage debt outstanding in the United States from 
1995 through 2009 can be approximated by the model 


M(t) = 34.07 + 3705, Ss is 19 

where f represents the year, with tf = 5 corresponding to 

1995. (Source: Board of Governors of the Federal 

Reserve System) 

(a) Describe the sequence of transformations from 
f(t) =f toM. 

(b) Use a graphing utility to graph the function M. 


(c) According to the model, when did the amount of 
debt exceed 13 trillion dollars? 


(d) Rewrite the function so that t = 5 represents 2005. 
Identify the type of transformation applied to the 
graph of the home mortgage debt function M. 


. Exploration Use a graphing utility to graph the six 
» functions below in the same viewing window. Describe 


any similarities and differences you observe among the 
graphs. 

(a) y=x (b) y = x° 
(c) y=x? (d) y=x 


ie (f) y= x° 


II 


(e) y 


. Reasoning Use the results of Exercise 68 to make 


a conjecture about the shapes of the graphs of y = x’ 
and y = x8. Use a graphing utility to verify your 
conjecture. 
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2./ The Algebra of Functions 
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In Exercise 56 on page 237, you will 
use a composite function to determine 
the trend of the profits for a company 

that owns two manufacturing plants. 


@ Find the sum, difference, product, and quotient of two functions. 


& Form the composition of two functions, find the domain of a composite function, 
and identify a function as the composition of two functions. 


@ Use combinations and compositions of functions to solve application problems. 


Arithmetic Combinations of Functions 


Just as two real numbers can be combined by the operations of addition, subtraction, 
multiplication, and division to form other real numbers, two functions can be combined 
to create new functions. For example, the functions given by f(x) = 2x — 3 and 
g(x) = x* — I can be combined as shown. 





(Abs eodes Os? = eee Ibe Se ho Sum 
(Osh — ed (Oba — SW ere Nie 2 So De = Difference 
(ACH IAb eRe Nbr a Wes Dae ere SO ecie ) Product 

ie ae 
JAI = - x#+1, g(x) #0 Quotient 
glx cata 


The domain of an arithmetic combination of the functions f and g consists of all real 
numbers that are common to the domains of f and g. 


Sum, Difference, Product, and Quotient of Functions 


Let f and g be two functions with overlapping domains. Then, for all x common 
to both domains, the sum, difference, product, and quotient of f and g are defined 
as follows. 


1. Sum: (f + g)(x) = f(x) + g(x) 
2. Difference: (f = e)(x) = f(x) — 2) 
3. Product: 0/3109 eC 9 E09) 

4. Quotient: (A) = = g(x) #0 


| '<eses}e)(-Wa Finding the Sum of Two Functions 


Given f(x) = 2x + 1 and g(x) = x? + 2x — 1, find 


Giles) 
SOLUTION The sum of the functions f and g is given by 
p BN saya ie : Definition of sum 
(f es 8)(x) f(x) ls g(a) of two functions 
ia 2 ee Substitute for 
(2x + 1) + (+ 2x 1) f (x) and g(x). 
= sort 4x Simplify. 


of Choekptint 1 


Given f(x) = x? — 4 and h(x) = x? + x + 3, find (f + h)(x). s 





Ana-Maria Tanasescu /Shutterstock.com 





STUDY TI 


Note that in Example 2, 


(f — g)(2) can also be 
evaluated as follows. 


(f — g)(2) 
= f(2) — g(2) 
= (2(2) + 1] 
— [2? + 2(2) - 1] 
=5-7 


25) 
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seetycwam Finding the Difference of Two Functions 


Given the functions 
Re) = xe rand ex) ae 
find (f — g)(x). Then evaluate the difference when x = 2. 
SOLUTION The difference of the functions f and g is given by 
(F— gla) =f) — gtx) Gaara 
(OK eee (Ce a) Substitute for f(x) and g(x). 
Bay Simplify. 


When x = 2, the value of this difference is 


(f- g)(2) = 2)? +2 = -2 


wy Checkpoint 2 


Given f(x) ==" — 4 and h(x) = 2° + x + 3, find (f — h)(x). Then evaluate the 
difference when x = 3. iw 





In Examples | and 2, both f and g have domains that consist of all real numbers. 
So, the domains of (f + g) and (f — g) are also the set of all real numbers. Remember 
that any restrictions on the domains of f and g must be considered when forming the 
sum, difference, product, or quotient of fand g. 


seiecem The Quotient of Two Functions 


Find the domains of (Zu and (Jo for the functions 


f(x) = wx and pec) =o A 
SOLUTION The quotient of f and g is given by 
ip SNe 2a f(x) Definition of quotient 
(sae 


g(x) of two functions 


= vx Substitute for 
/4 — x f(x) and g(x). 


and the quotient of g and fis given by 


& ( te g(x) Definition of quotient 
f(x) of two functions 
VAS a Substitute for 
now g(x) and f(x). 
The domain of fis [0, 00) and the domain of g is [—2, 2]. The intersection of these two 


domains is [0, 2], which implies that the domains of f/g and g/f are as follows. Notice 
that the domains differ slightly. 


Domain of [0, 2) Domain of a (0, 2] 


/ Checkpoint 3 





Find the domains of (A) and (7) for f(x)'= x — 1 and A(x) = x — 3. % 
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Domain of g 


FIGURE 2.66 


Domain of f 


Composition of Functions 


Another way to combine two functions is to form the composition of one with the 
other. To form a composition, the output of one function becomes the input for another 
function. For instance, when f(x) = x? and g(x) = x + 1, the composition of f with g 
is given by 


Ff (g(x)) = flx + 1) 
= 


This composition is denoted as f © g and is read as “f composed with g.” 


Definition of the Composition of Two Functions 


ee 


The composition of the functions f and g is given by 


(f° g)(x) = f(g). 


The domain of fg is the set of all x in the domain of g such that g(x) is in the 
domain of f. (See Figure 2.66.) 


From the definition above, it follows that the domain of f° g is always a subset of 
the domain of g, and the range of f © g is always a subset of the range of f- 


se ere)(-e am Composition of Functions 


Given f(x) = x + 2 and g(x) = 4 — x’, find each composition. 
a. (f° g)(x) 
b. (g of )(x) 
SOLUTION 


a. The composition of f with g is 


(f° g(x) = f(g(x)) Definition of f° g 
= f(4 — x*) Definition of g(x) 
= (4 — x7) +2 Definition of f(x) 
= — x2 + 6, Simplify. 


b. The composition of g with fis 


(g of )(x) = e( f(x)) Definition of g °f 
= g(x + 2) Definition of f(x) 
= 4 — (x + 2)? Definition of g(x) 
Sat eee aim city es AN) Expand. 
pa AX Simplify. 


Note that, in this case, (f° g)(x) # (g °f)(x). 


Y Checkpoint 4 

Given f(x) = x* — 2 and g(x) = x + 1, find each composition. 

a. (f° g)(x) 

b. (g ef )(x) | 
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icoseye(cwee Finding the Domain of a Composite Function 


fe 






TECH TUTOR 


In Example 5, the 
domain of the composite 
function is [—3, 3]. To 


Find the composition (f © g)(x) for the functions given by 
ee and © o(x) se / OS 
Then find the domain of f° g. 


sreormarges en rpsemareenmememaat on 


convince yourself of this, use SOLUTION The composition of the functions is 
a graphing utility to graph Coe ae) 
oN Wes : : sti 

y= (Y9 cee x) =) | = f(/9 — 2} 
as shown in the figure below. igor ares 
Notice that the graphing ( ene ) 
utility does not extend the | =9—7?—9 
graph to the left of x = —3 : ; 


or to the right of x = 3. a ac, as 


From this result, it might appear that the domain of the composition is the set of all real 
numbers. However, because the domain of f is the set of all real numbers and the 
domain of g is [—3, 3], the domain of f ° g is [—3, 3]. 





Vitae Pg 


0 
a4 4 











achackbaint 5 


emt 


Find the composition (f° g)(x) for the functions given by f(x) = /x and 
g(x) = 3 — x?. Then find the domain of f ° g. # 


=n i In Examples 4 and 5, you formed the composition of two functions. To “decompose” 
da a composite function, look for an “inner” function and an “outer” function. For 













i enemute instance, the function / given by 
Hix) = (3% 5) 
is the composition of f with g, where f(x) = x* and g(x) = 3x — 5. That is, 
ie (Sia) earl Oe) eel (2%) 
In the function h, g(x) = 3x — 5 is the inner function and f(x) = x? is the outer function. 
Serta Identifying a Composite Function 
STUDY TIP 
When ea r Reetion as a Write the function given by h(x) = =a as a composition of two functions. 


composition of two functions, 
there can be many correct 
answers. For instance, 


Peji— (ox — 5)? 


SOLUTION One way to write h as a composition of two functions is to take the inner 
function to be g(x) = x — 2 and the outer function to be 


can be written as the 

composition of f with g, 

where f(x) = (x — 5)? and 
e(x) = 3x. 





*/ Chepkoolnt 6 


Me ee 





Write the function given by 
ACs =e) ae 


as a composition of two functions. 2 


234 





In recent years, no party has had a 
strong majority in the Senate, which 
can make it difficult to pass legislation. 
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Applications 


« Political Makeup of the U.S. Senate 


Consider three functions R, D, and J that represent the numbers of Republicans, 
Democrats, and Independents, respectively, in the U.S. Senate from 1977 to 2011. 
Sketch the graphs of R, D, and J and the sum of R, D, and / in the same coordinate plane. 
The numbers of senators from the three political parties immediately following the 
elections are shown below. United States Senate) 


(Source: 





































































































SOLUTION The graphs of R, D, and / are shown in Figure 2.67. Note that the sum of 
R, D, and J is the constant function 


R=E DF 1 = 100: 


This follows from the fact that the number of senators in the United States Senate is 100 
(two from each state). 











100 + N 
L = | \ Se ee 
2 80 + | R+D+4+1 | | DEEIoerels | 
o Yo 
2 60+ VA 
° 
40 
E | \ 
Zi a (sateen eee gener es ara 
20 | Republicans | Independents 
WA 
A, Ud 
‘77 ‘79 ‘81 ‘83 ‘85 ‘87 ‘89 ‘91 ‘93 ‘95 ‘97 ‘99 ‘01 ‘03 ‘05 ‘07 ‘09 ‘11 
Year 
Numbers of U.S. Senators by Political Party 
-Gheckooint 7 
In Example 7, consider the function f given by 
f= 100 — (R + D). 
What does f represent in the context of the real-life situation? sé 


Arsen/www.shutterstock.com 
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fete je <ory(e-me Bacteria Count 


The number WN of bacteria in a certain food is given by 
BVACL) eee OL te) ame es nd af 


where 7 is the temperature of the food in degrees Celsius. When the food is removed 
from refrigeration, the temperature of the food is given by 


TH) =4¢2, 0 =7=3 
where f is the time in hours. Find 
a. the composition M(7(2)), 
b. the number of bacteria in the food when t = 2 hours, and 
c. how long the food can remain unrefrigerated before the bacteria count reaches 2000. 
SOLUTION 
a. N(T\t)) =20dt - 2)? — 80(4t + 2) + 500 
ed (iL Ofte Of ectoe A) eee 2 fue OO ated 00: 
ei hy ieee Ota oe LOO i 00 
= 32027 + 420 
b. When t = 2, the number of bacteria is 
320(2)? + 420 
1280 + 420 
1700. 


c. The bacteria count will reach N = 2000 when 320? + 420 = 2000. By solving this 
equation, you can determine that the bacteria count will reach 2000 when 
t ~ 2.2 hours. So, the food can remain unrefrigerated for about 2 hours and 12 minutes. 


= 

= 

N 
Nea 


nA Checkoaint 8 


In Example 8, how long can the food remain unrefrigerated before the bacteria count 
reaches 1000? a 





SUMMARIZE (Section 2.7) 


1. Describe how to find the sum, difference, product, and quotient of two 
functions with overlapping domains (page 230). For examples of these 
arithmetic combinations of two functions, see Examples 1, 2, and 3. 


2. State the definition of the composition of two functions (page 232). For 
examples that use the composition of two functions, see Examples 4, 5, 
and 6. 


3. Describe real-life examples that use a combination of two functions (pages 
234 and 235, Examples 7 and 8). 


Sean Nel /Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 2.7 these skills in the exercise set for this section. For additional help, review Section 0.7. 


In Exercises 1-10, perform the indicated operations and simplify the result. 








l | p) y 
-+— i -— 
ee x ap ee Toca 

3 2 
3 4.— + 

















2 / a3 x + af Xx ; x? -+- 3x 

deer sath 5 Be x? + 3x - 5) , (5 + 6x + ;| 
CL jag) sei (x/4) — (4/x) 

ss B(x ne x-4 


AYeYEMIVIVNIYA Otel (Ll alel Mere lAnMelan eld cele mrelUl mcvo)(Ulie)plom(oMele(ebialUlinlelclicle Mey (c]keltsicion 





Graphing the Sum of Two Functions In Exercises 12. f(x) = | Te 2 
1-4, use the graphs of f and g to graph h(x) = (f + g)(x). a aber We 
Ll. 2. ( 


Evaluating Arithmetic Combinations of Functions — In 
Exercises 13-24, evaluate the function for 


f(x) =2x+1 and g(x) =x? -2. 





13. (f + g)(3) 

14. (f — g)(-2) 

15, (f — g)(2t) 

3. 16. (f + 2)(30) 
17. (yg) 2) 
18. (f/z)(—6) 





20. (! Jo 


Finding Arithmetic Combinations of Functions In 
Exercises 5-12, find (a) (f+g)(x), (b) (f-g)(x), 22. (f + g)(1) 
(c) (fg)(x), and (d) (f/g)(x). What is the domain of f/g? 23. (4f)(2) — (22)(4) 


See Examples 17, 2, and 3. 24, (2/)(5) + (3¢)(—4) 
5. fdax+l, eG)ex- 

6. fie) = 2 = 3, oy) 1 SS Composition of Functions In Exercises 25-28, find 
7, f(x). = 3x — 1,09) = 1 —x (a) fg, (b) g °f, and (c) f° f. See Example 4. 

8. f(x) = 2x +3, g(x) =x - 1 25. f(x) = 3x, g(x) = 2x +5 

9. f(x) =x +5, g(x) = V1 —-x 26. f(x) =2x-1, glx) =7-x 

10. f(x) = x7 -—4, e(x) = J/x-3 27. f(x) = x7, g(x) =3x+ 1 


Lis f(x) ; g(x) : 28. f(x) = x, g(x) = : 


Composition of Functions In Exercises 29-36, find 
(a) f eg and (b) g ef. See Example 4. 


29. f(x) =4x-3, g(x) =3xt1 

30. f(x) =3x+1, g(x) =2x+3 

31. f(x) = Vx +4, g(x) =x? -4 
32. f(x) = Y¥x—-1, glx) =x +1 
Baer /x, g(x) = x 

S40 f(x) =x*, g(x) = x” 

35. f(x) = |x|, g@) =x + 6 

36. f(x) =x-—4, a(x) = || 


Finding the Domain of a Composite Function In 
Exercises 37-40, determine the domain of (a) f, (b) g, and 
(c) f° g. See Example 5. 


Sree) = x + 3, 





g(x) = ae (x) =x" 
“y , ~— 
39. f(x) = 2 40. f(x) = rer 
g(x) =x —-2 e(x) =x+3 


Evaluating Combinations of Functions In Exercises 
41-44, use the graphs of f and g to evaluate the functions. 











41. (a) (f + g)(3) 


42. (a) (f — g)(1) 
43. (a) (f° g)(2) 
44. (a) (f° g)(0) 





Identifying a Composite Function In Exercises 45-52, 
find two functions f and g such that (f ° g)(x) = A(x). (There 
are many correct answers.) See Example 6. 


Asma). = (2x + 1)? 

46. h(x) = (1 — x)? 

Beenie </ xt — 4 
) 





48. h(x) = /9 — x 
| 

gouhls) = 5 

50. h(x) — (5x + 2) 


51. h(x) = (x + 4)? + 20+ 4) 
52. h(x) = (x + 3)3/? 
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mn 


3. Stopping Distance While driving at x miles per hour, 
you are required to stop quickly to avoid an accident. The 
distance the car travels (in feet) during your reaction 
time is given by R(x) = ex, The distance the car travels 
(in feet) while you are braking is given by B(x) tex? 
Find the function that represents the total stopping 
distance 7. (Hint: T = R + B.) Graph the functions R, B, 
and T on the same set of coordinate axes forO = x = 60. 

54. Cost The weekly cost C of producing x units in a 

manufacturing process is given by the function 


C(x) = 70x + 800. 
The number of units x produced in f hours is given by 
x(t) = 40t. 


Find and interpret (C ° x)(f). 


ui 
A 


. Cost The weekly cost C of producing x units in a 
manufacturing process is given by the function 
C(x) = 50x + 495. 
The number of units x. produced in f hours is given by 
x(t) = 300. 


Find and interpret (C ° x)(t). 


56. Profits A manufacturing company has two plants, 
one in New Jersey and another in California, From 2005 
through 2012, the profits for the plant in New Jersey 
decreased according to the function 


Pte oe Oot a0) Oy fs ele LULZ 

and the profits for the plant in California increased 
according to the function 

Pa = Jobo 1100/1 et = 2,0; 758,910, 11,12 
where P, and P, represent the yearly profits (in millions 
of dollars) and ¢ represents the year, with ¢ = 5 
corresponding to 2005 (see figure). 


45+} Pye oha 


Profits 
(in millions of dollars) 





Cay 1 Tote 7 isl org gga 


§) 607 BT eo LO Lae 
Year (5 < 2005) 


(a) Use the stacked bar graph to determine whether the 
company’s total yearly profits for both plants 
decreased or increased from 2005 through 2012. 

(b) Write a function that represents the total yearly 
profits for both plants from 2005 through 2012. 
Explain how the function supports your answer in 
part (a). 
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57. Sales 


58. 
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You own two fast-food restaurants. From 2005 
through 2012, the sales of one restaurant decreased 
according to the function 


R, = 525 — 15.27, f= 5,.6,7, 8,9, 10, 12 


and the sales of the other restaurant increased according 
to the function 


R, = 392 + 8.54, t= 5, 6,7, 8,9, 10, 11, 12 


where R, and R, represent the yearly sales (in thousands 
of dollars) and ¢ represents the year, with t = 5 
corresponding to 2005 (see figure). 











Sales (in thousands 
of dollars) 














Year (5 < 2005) 


(a) Use the stacked bar graph to determine whether 
your total yearly sales of both restaurants decreased 
or increased from 2005 through 2012. 


(b) Write a function that represents your total yearly 
sales of both restaurants from 2005 through 2012. 
Explain how the function supports your answer in 
part (a). 

Cost, Revenue, and Profit The table shows the 

revenues y, (in thousands of dollars) and total costs y, 


(in thousands of dollars) for a sports memorabilia store 
for the years 2003 through 2012. 



















even ies Yo Year y, 
2003 | 46.3 32.9 | 2008 
goed ae 
200455135) 36.5 | 2009 Te) Ween 








2010 


2005 | 55.9 | 39.9 ) | 808 | 57.6 | 
| 2011 | 85.6 


2006 | 60.8 62.1 
zl uae nes 


2007 65.9 | 46.9 201281 9077 68.7 | 






































(a 


WS 


Use the regression feature of a graphing utility to 
find linear models for y, and y,. Let t represent the 
year, with t = 3 corresponding to 2003. 


ex 


Use the graphing utility to graph the models for 


Vy, Yo and y,—=), — ¥2 


in the same viewing window. What does y, represent 
‘in the context of the problem? Predict the value of y, 
in 2014. 

Create a stacked bar graph for y, and y,. What do 
the heights of the bars represent? 


(Cc 













7 a 
"names! 


a 


59. Employment The table shows the numbers of 
employees in the offices of health care practitioners 
from 2000 through 2009. The numbers of 
employees (in thousands) in the offices of physicians, 
dentists, and other health care practitioners are 
represented by y,, y>, and y3, respectively. 
(Source: U.S. Bureau of Labor Statistics) 






























































(a) Create a stacked bar graph for the data. 


(b) Use the regression feature of a graphing utility to 
find linear models for y,, y>, and y3. Let t represent 
the year, with t = 0 corresponding to 2000. 

(c) Use the graphing utility to graph the models for 


Vipeer 2S? 
in the same viewing window. Use y, to predict the 
total number of employees in the offices of health 
care practitioners in 2011 and in 2013. 


and) "=. ) tae 


60. Bacteria Count A package of food is removed from 
a refrigerator. The number N of bacteria in the food is 
given by 


NE) = 1062 — 207 6007 aes s17= aie 


where T is the temperature (in degrees Celsius) of the 
food. The temperature of the food increases according 
to the function 


TQ) =e le 0 ar aa) 


where f¢ is the time in hours. 
(a) Find the composite function M(7(¢)). 


(b) Find the number of bacteria in the food when 
t = 2 hours. 


(c) Find the time f when the bacteria count reaches 1500. 


61. Ripples in Water A pebble is dropped into a calm 
pond, causing ripples in the form of concentric circles. 
The radius (in feet) of the outermost ripple is given by 


rit) = .0.6f 


where f is time in seconds after the pebble strikes the 
water. The area of the outermost circle is given by the 
function 


A(n)s= ar. 
Find and interpret 


(A °r)(?). 


09) HOW DO YOU SEE IT? The graphs labeled 


L,, L,, L;, and L, represent four different pricing 
discounts, where p is the original price (in dollars) 
and S$ is the sale price (in dollars). Match each 
function with its graph. Describe the situations in 
parts (c) and (d). 


5 


| 
“| 


Sale price (in dollars) 











5) 10 15 
Original price (in dollars) 


(a) f(p): A 50% discount is applied. 
(b) g(p): A $5 discount is applied. 


(c) (g °f)(p) 
(d) (f° g)(p) 


Price-Earnings Ratio The average annual price- 
earnings ratio for a corporation’s stock is defined as the 
average price of the stock divided by the earnings per 
share. In Exercises 63 and 64, the average price of a 
corporation’s stock is given as the function P, and the 
earnings per share is given as the function E. Find the 
price-earnings ratios, P/E, for the years 2005 through 2009. 


63. DISH Network 


2005 | 2006 | 2007 | 2008 | 2009 
$29.06 | $31.92 | $43.51 | $25.15 | $16.05 
¢1.74 | $1.52 | $1.68 | $1 98 | $1.42 


(Source: DISH Network) 


AP Photo/Jeff Chiu 
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64. Walt Disney 


Year | 2005 | 2006 | 2007 | 2008 | 2009 
P $26.72 | $27.53 | $34.18 | $32.09 | $22.75 
E $1.31 | $1.61 | $1.92 | $2.26 | $1.82 


(Source: Walt Disney) 

65. Think About It Find the domains of (f/g)(x) 
and (g/f)(x) for the functions f(x) = x and 
e(x) = 9 — x*. Why do the two domains differ? 























True or False? In Exercises 66 and 67, determine 
whether the statement is true or false. Justify your 
answer. 


66. If f(x) = x + 1 and g(x) = 6x, then 
(fe g)(x) = (g °f)(). 


67. Given two functions f(x) and g(x), you can calculate 
(f° g)(x) if and only if the range of g is a subset of the 
domain of f. 

) 


Business Capsule 


Ses Corporation develops and manufactures 
solar-electric power products. SunPower’s high- 
efficiency solar cells generate up to 50% more 
power than other solar technologies. SunPower’s 
technology was developed by Dr. Richard Swanson 
and his students while he was Professor of 
Engineering at Stanford University. From 2005 to 
2010, SunPower’s revenues increased by almost 
3000%. 


68. Research Project Use your campus library, 
the Internet, or some other reference source to 
find information about an alternative-energy 
business experiencing strong growth similar to 
the example above. Write a brief report about 
the business. 
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STUDY TIP 





Remember that a point on an 
axis is not considered to be in 
any of the four quadrants. 


Identifying and Plotting Points in the Cartesian Plane 


To be successful at graphing equations, you must be good at plotting points in the 
Cartesian plane. The Cartesian plane is formed by the intersection of a horizontal real 
number line called the x-axis and a vertical real number line called the y-axis. These 
axes intersect at a point called the origin and divide the plane into four quadrants, as 
shown below. 


y-axis y-axis 
h A 


Quadrant II Quadrant I 


Directed distance 


(Xx, y) 
y 


~( Vertical 
One I number line) 


— 


\ | | 
Ly oh Ese | 1 j 2 3 
=i 


(Horizontal 
5 number line) 


Quadrant I Quadrant IV 
=3- 


> X-ax1s a6 


LI Directed 
is y ( distance 
| — —_——_—-» x-axis 








Each point in the plane corresponds to an ordered pair (x, y) of real numbers x and y, 
called the coordinates of the point. The x-coordinate represents the directed distance 
from the y-axis to the point, and the y-coordinate represents the directed distance from 
the x-axis to the point, as shown above. 


Sernscea Identifying Points in the Cartesian Plane 
Give the coordinates of each point. ‘ 
6+ 
a. A b. B CEG a 
dae Cl) fel aa 
ie. | 
SOLUTION — re 
aa i D 
a. Point A is 5 units to the right of the origin +++ +++ + _}-+-4> x 
and 2 units up. So, the x-coordinate is 5 asa a ie a 
and the y-coordinate is 2. The coordinates r eal 
are (5, 2). B ayy | 
b. Point B is 3 units to the left of the origin -3"- "a *F 
—6 





and 3 units down. So, the x-coordinate is 
—3 and the y-coordinate is —3. The coordinates 
Area eat): 

c. Point C is 4 units down from the origin. So, the x-coordinate is 0 and the y-coordinate 
is —4. The coordinates are (0, —4). 

d. Point D is 6 units to the right of the origin. So, the x-coordinate is 6 and the 
y-coordinate is 0. The coordinates are (6, 0). 

e. Point E is 1 unit to the left of the origin and 2 units up. So, the x-coordinate is — ] 
and the y-coordinate is 2. The coordinates are (— 1, 2). 

f. Point F is 4 units to the right of the origin and 5 units down. So, the x-coordinate is 


4 and the y-coordinate is —5. The coordinates are (4; —5). 
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serycwAN Plotting Points in the Cartesian Plane 


Plot each point in the Cartesian plane. 


Ey AUG = e4) beOC lo) 

c. R(0, 4) d.S(=—2, 0) 

e. 7(8, 3) faUlG=sn)) 

g. V(—3,3) h. W(4,5) 

i1x(2.5; = 6.0) 

SOLUTION 

a. Start at the origin. The x-coordinate is 7, so move right 7 units. The y-coordinate is 
—2, so move down 2 units. Plot the point at (7, — 72) and label it P. 

b. Start at the origin. The x-coordinate is —1, so move left 1 unit. The y-coordinate is 


—6, so move down 6 units. Plot the point at (— I, —6) and label it Q. 


. Start at the origin. The y-coordinate is 4, so move up 4 units. Plot the point at (0, 4) 


and label it R. 


. Start at the origin. The x-coordinate is —2, so move left 2 units. Plot the point at 


(—2, 0) and label it S. 


. Start at the origin. The x-coordinate is 8, so move right 8 units. The y-coordinate is 


3, so move up 3 units. Plot the point at (8, 3) and label it 7. 


. Start at the origin. The x-coordinate is —3, so move left 3 units. The y-coordinate is 


5, so move up 5 units. Plot the point at (—3, 5) and label it U. 


ae : 5 3 53} : : 
. Start at the origin. The x-coordinate is —5, so move left 5 units. The y-coordinate 


- Z| and label it V. 


is 5 sO move up 3 units. Plot the point at (- 


. Start at the origin. The x-coordinate is 4, so move right 4 units. The y-coordinate 


is - sO move up 5 unit. Plot the point at (4, 3 and label it W. 


. Start at the origin. The x-coordinate is 2.5, so move right 2.5 units. The y-coordinate 


is —6.5, so move down 6.5 units. Plot the point at (2.5, —6.5) and label it X. 





8 | 
UC3,5) © 
e 4. 
1D Gye I 29) T(8, 3 
Vic5a)° eee 
PS | 
| Wi4- 5 
(2,0) 7 2) 
}—}-—}+$- + + $+} ++ + + $+ +++ * 
=8 =65 = 4) 2 rr OS 
—2+ e 
Me PGi —2) 
—4+ 
QeN, =O) 5, . 
7) X(2255—6.9), 
-8-r- 





242 Chapter 2 m Functions and Graphs 


SUMMARY AND STUDY STRATEGIES 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 244. 
Answers to odd-numbered Review Exercises are given in the back of the text.” 





Section 2.1 Review Exercises 


m Plot points in the Cartesian plane, find the distance between two points, I-6 
and find the midpoint of a line segment joining two points. 


3 COS ae a eee 








yale ted LS eS et LS 
Midpoint = ( ps 22) 


2 2 
Determine whether a point is a solution of an equation. Tews 
Sketch the graph of an equation. G10 
Find the x- and y-intercepts, and determine the symmetry, of the 11-16 


graph of an equation. 
m Write the equation of a circle in standard form, 17-20 
@—h)? + (y-—kP =r’ 


Section 2.2 
m Find the slope of a line passing through two points. 21-24 
Sage al 
hb: = = aE 
X= x, 
a Use the point-slope form to find the equation of a line. 25-28 
oa = ke) 
mw Use the slope-intercept form to sketch the graph of a line. 29-32 


y=mx+t+b 





m Use slope to determine whether lines are parallel or perpendicular, and write the 33-42 
equation of a line parallel or perpendicular to a given line. 


Parallel lines: m, = m, 


Perpendicular lines: m, = ~~ 

Section 2.3 

m Construct and use a linear model to relate quantities that vary directly. 43-52 
Direct variation: y = mx 
Construct and use a linear model with slope as the rate of change. 53-55 
Use a scatter plot to find a linear model that fits a set of data. 56 


* A wide range of valuable study aids are available to help you master the material in this chapter. 
The Student Solutions Manual includes step-by-step solutions to all odd-numbered exercises to 
help you review and prepare. The student website at www.cengagebrain.com offers algebra help 
and a Graphing Technology Guide, which contains step-by-step commands and instructions for 
a wide variety of graphing calculators. 
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Section 2.4 


mw Determine whether a correspondence is a function. 


= Use function notation, evaluate a function, and find the domain of a function. 


m Write a function that relates quantities in an application problem. 





Section 2.5 

Find the domain and range of a function using its graph. 

Identify the graph of a function using the Vertical Line Test. 

Describe the increasing and decreasing behavior of a function. 

Find the relative minima and relative maxima of the graph of a function. 


Sketch the graph of a step function. 


Classify a function as even or odd. 
In an even function, f(—x) = f(x). 
In an odd function, f(—x) = —f(x). 


= Identify six common graphs and use them to sketch the graphs of functions. 





Section 2.6 


= Use vertical and horizontal shifts, reflections, and nonrigid transformations 
to sketch graphs of functions. 


Vertical shifts: h(x) = f(x) + c or h(x) = fx) — ¢ 

Horizontal shifts: A(x) = f(x — c) or A(x) = f(x + c) 

Reflection in the x-axis: h(x) = —f(x) 
ity ax) 


Nonrigid transformation: A(x) = cf (x) 


Reflection in the y-axis: h(x 





Section 2.7 
= Find the sum, difference, product, and quotient of two functions. 
Form the composition of two functions and determine its domain. 


Identify a function as the composition of two functions. 


Use combinations and compositions of functions to solve 
application problems. 








Study Strategies 


RS NSN YT DOTS IN A A SERINE 2B IPI TOD EDI PONT DEINE SPITE IIS OSE NELIED 


ae seeamnemeemeiiemeeneemmeennemmemmaemenemmmnmenmnanmaiaas 


a aaineeneemeeennenmmeninememmmmnmmennial ADEE THER AE EMIT 


Review Exercises 


57-62 
63-71 
72-74 


ZIP SOMONE NPN LEER IAT MRED EI soreqe tm a Cpe OST 


See TONNER OFFI ORTON ADSI OY IO SII ODENSE A RRS AIAN NLH SIM 


99-104 
105-108 
109-112 
113-115 


oo emnmnnnammmnias enemas 


= To Memorize or Not To Memorize? When studying mathematics, you often need to memorize 
formulas, rules, and properties. The formulas that you use most often can become committed to 
memory through practice. Some formulas, however, are used infrequently or may be easily forgotten. 
When you are unsure of a formula, you may be able to derive it using other information that you know. 
For instance, if you forget the standard form of the equation of a circle, you can use the Distance 
Formula and properties of a circle to derive it, as shown on page 166. If you also forget the Distance 
Formula, you can depict the distance between two generic points graphically and use the Pythagorean 


Theorem to derive the formula, as shown on page 159. 


= Choose Convenient Values for Yearly Data When you work with data involving years, you may 
want to reassign simpler values to represent the years. For instance, you might represent the years 1993 
through 2010 by the x-values 3 through 10. If you sketch a graph of these data, be sure to account for 


this in the x-axis title: Year (3 <> 1993). 
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Review Exercises 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Using the Distance and Midpoint Formulas In 
Exercises 1-4, (a) plot the points, (b) find the distance 
between the points, and (c) find the midpoint of the line 
segment joining the points. 

ARG (ee Ce ee 

oy ea es) 

3. (345, 6:55), (= 1.06, 3.87) 

4. (—6.7, —3.9), (5.1, 8.2) 


Using the Distance Formula In Exercises 5 and 6, 
find the values of x for which the distance between the 
points is 25. 

. (1010). e 5) 

Gs (xp) i= 1 10} 


Solution of an Equation In Exercises 7 and 8, determine 
whether each point is a solution of the equation. 


Ti Mime L6e ee nS 


(ay (3. OVD) sa 2en7)) 
8, v= 4/16 
(Ayn le) (1) na) 


Sketching the Graph of an Equation § In Exercises 9 
and 10, complete the table. Use the resulting solution 
points to sketch the graph of the equation. 





























ye mga t 2 mM -2l0l2/3\4 
ae T 
uM |e io 
10, y =x? — 3x ~ || ] 
: ram —1 | 0) 1} 2) 3 
az le 
E | = 














Sketching the Graph of an Equation In Exercises 
11-16, sketch the graph of the equation. Identify any 
intercepts and test for symmetry. 


iy=x +3 

12. y>=x 

13. y=3x—-4 

14. y= /9-x 
5. y=xr+] 


16. y = |x - 3| 


Finding the Equation of a Circle In Exercises 17 and 
18, find the standard form of the equation of the circle. 


17. Center: (—1,2); radius: 6 


18. Endpoints of a diameter: (—2, —3), (4, 5) 


Completing the Square to Sketch a Circle In 
Exercises 19 and 20, write the equation of the circle in 
standard form. Then sketch the circle. 

19. 2 yy? — 45 boy =] 20 

PAD Gee ea ls tee Se 


Finding the Slope of a Line Through Two Points In 
Exercises 21-24, plot the points and find the slope of the 
line passing through the points. 


PA eal CRIN sk etl) 22.. 3, =2), = lee 
23 0(G 4) eee) 2A. (—1, 5); (2s 


The Point-Slope Form of the Equation of a Line In 
Exercises 25-28, find an equation of the line that passes 
through the point and has the indicated slope. Then 
sketch the graph of the line. 


Point Slope 
25. (0, —5) m=3 
26. (3, 0) m= —} 
pg (2) m= 0 
Pats (Qe) m is undefined. 


Sketching the Graph of a Linear Equation In 
Exercises 29-32, find the slope and y-intercept (if possible) 
of the line specified by the equation. Then sketch the 
graph of the line. 

29. 8x — 4y + 16 =0 
30. 3y —-2=0 

32. 16x + 12y — 24=0 


31. 17 = Sz 


Parallel and Perpendicular Lines — In Exercises 33-36, 
determine whether the lines L, and L, passing through 
the pairs of points are parallel, perpendicular, or neither. 


33.315 (0; 3)s (else eS aa ead) 


34 (e310) on) alee 2el (Sac) 
35. L,: (3, 6), (—1, —5); Ly: (—2, 3), (4,7) 
36. (1,2), 4). O34 


Equations of Parallel and Perpendicular Lines In 
Exercises 37-42, write equations of the lines passing 
through the given point that are (a) parallel to the given 
line and (b) perpendicular to the given line. 


Point Line 
37. (4,3) y=tx-1 
38. (1; —4) Vs — ON 
SRR (By =) 5x -—4y =8 


Point Line 
40. (—8, 3) 2x + 3y = 5 
41. (—1, —2) y=2 
42. (0,5) x= -3 


Direct Variation In Exercises 43-46, y is proportional 
to x. Use the x- and y-values to find a linear model that 
relates y and x. 


43. x=3,y=7 44.x=5,y=75 
45. x = 10, y = 3480 
46. x = 14,y = 1.95 


Direct Variation In Exercises 47-50, write a linear 
model that relates the variables. 


47. A varies directly as r; A = 30 when r = 6. 

48. y varies directly as z; y = 7 when z = 14. 

49. ais proportional to b; a = 15 when b = 20. 

50. m varies directly as n; m = 12 when n = 36. 

51. Property Tax The property tax in a city is based on 
the assessed value of the property. A house that has an 
assessed value of $150,000 has a property tax of $1260. 


Find a mathematical model that gives the amount of 


property tax y in terms of the assessed value of the 
property x. Use the model to find the property tax on a 
house that has an assessed value of $175,000. 


52. Feet and Meters You are driving and you notice a 
billboard that indicates it is 1000 feet or 305 meters to 
the next restaurant of a national fast-food chain. Use 
this information to find a linear model that relates feet 
to meters. Use the model to complete the table. 





Feet ZO7 EU) eLOUR 120 





Meters 





53. Fourth-Quarter Sales During the second and third 
quarters of the year, a business had sales of $2,950,000 
and $3,150,000, respectively. Assume the growth of the 
sales follows a linear pattern. What will sales be during 
the fourth quarter? 


54. Dollar Value The dollar value of a product in 2011 is 
$75 and the item is expected to increase in value at a 
rate of $4.75 per year. Write a linear equation that gives 
the dollar value of the product in terms of the year. Use 
this model to predict the dollar value of the product in 
2013. (Let = 11 represent 2011.) 


55. Straight-Line Depreciation 
purchases a piece of equipment for $135,000. After 
10 years, the equipment will have to be replaced. Its 
salvage value at that time is expected to be $5500. Write 
a linear equation giving the value V of the equipment 
during the 10 years it will be used. 


A small business 





m Review Exercises UNS) 


56. Sales. The sales S (in millions of dollars) for 
Intuit Corporation for the years 2005 through 
2010 are shown in the table. (Source: Intuit 
Corporation) 


























Sales $ 

ee (in millions of dollars) 

2005 2079.9 | 
| ILL a 

2006 | 2342.3 

2007 2672.9 

2008 if 3071.0 

2009 | 3182.5 
| 2010 r 3455.0 

Gall 











(a) Use a graphing utility to create a scatter plot of 
the data. Let t represent the year, with t= 5 
corresponding to 2005. Do the data appear linear? 

(b) Use the regression feature of the graphing utility to 
find a linear model for the data. 


(c) Use the linear model from part (b) to predict sales in 
ZOU 

(d) Intuit Corporation predicts sales of $3820 million 
for 2011. Does your prediction from part (c) agree 
with that of Intuit Corporation? Which prediction do 
you think is more reasonable? Explain. 


Testing for Functions Represented by Equations In 
Exercises 57-60, decide whether the equation represents 
y as a function of x. 


57, 35 y = 12 
59. y= x+3 


58. y2 = x? —9 
Gm ty Oe Oye) 


Testing for Functions In Exercises 61 and 62, decide 
whether the set of ordered pairs represents a function 
from A to B. 
A = {1, 2, 3} B= 3 4 7} 
Give a reason for your answer. 
6l. iRelh, aN (2) =i (35 eh 
62554 Les) 


Evaluating a Function In Exercises 63 and 64, evaluate 
the function at each specified value of the independent 
variable and simplify. 


63. f(x) = Vx + 4-5 


(a) f(5) (b) f) = (c) f(-—4) =) fx + 3) 
S| Darl axe Srl 
hats ACF Fe HD eM | 
(ayerOMmer(Diet(L) ae (ci f(a) (de) f(—4) 
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Finding the Domain of a Function In Exercises 
65-70, find the domain of the function. 


65. 
67. 


69. 


713 





72. 


73. 


74, 











Fix) = 27 Pe 3 66. o) = 3r A 

AGA) = age 4S) 68. f(t) = 7/t-—3 
i ae 

: i=—4 is Sor 
Reasoning A student has difficulty understanding 


why the domains of 


7-4 x 
~ ang Ce) a aa 








h(x) 


are different. How would you explain their respective 
domains algebraically? How could you use a graphing 
utility to explain their domains? 


Volume of a Box An open box is to be made from a 
square piece of material 20 inches on a side by cutting 
equal squares from the corners and turning up the sides 
(see figure). 





-—+=<— 90) — 2 — t+ 
xX X 


(a) Write the volume V of the box as a function of its 
height x. 


(b) What is the domain of the function? 
(c) Use a graphing utility to graph the function. 


(d) Determine the volume of the box with a height of 
3 inches. 


Balance in an Account A person deposits $6500 in 
an account that pays 5.75% interest compounded 
quarterly. 


(a) Write the balance of the account in terms of the time 
t that the principal is left in the account. 


(b) What is the domain of this function? 


Vertical Motion The velocity v (in feet per second) 
of a ball thrown vertically upward from ground level is 
given by 


v(t) = —32t + 80 
where f is the time (in seconds). 


(a) Find the velocity when t = 1. 


(b) Find the time when the ball reaches its maximum 
height. [Hint: Find the time when v(t) = 0.] 


(c) Find the velocity when t = 3. 


Describing Function Behavior In Exercises 75-78, 
(a) determine the domain and range of the function, 
(b) determine the intervals over which the function is 
increasing, decreasing, or constant, (c) determine whether 
the function is even, odd, or neither, and (d) approximate 
any relative minimum or relative maximum values of the 
function. 


155 fier a 16. f(x) = 7x ae 














teal i colinaleetaeel }- x 
25 —3)-—)4> ieee 


78. f(x) = |x —2| 

















Using the Vertical Line Test In Exercises 79-82, use 
the Vertical Line Test to decide whether y is a function of x. 


1 1 
19 = Sx 802) =5x° 
VSS 4 
































=0} 


Sketching Graphs In Exercises 83-90, sketch the 
graph of the function. 


83. f(x) = |x + 3| 
84. e(x) = J/x* — 16 
85. h(x) = —] + 1 
86. f(x) = 2[x] + 2 


xe de De see U 
87. g(x) = 42, 
ae 0) 
aerton be Xx < — | 
wee ean x2=-1 
89. h(x) = x? — 3x 
90. f(x) = /9 — 2 


Describing Transformations In Exercises 91 and 92, 
describe the sequence of transformations from f(x) = ne 
to g. Then sketch the graph of g by hand. Verify with a 
graphing utility. 

Sime s(x — 1)? — 2 

Ceca) =— x + 3 


Describing Transformations In Exercises 93 and 94, 
describe the sequence of transformations from f (a= /x 
to g. Then sketch the graph of g by hand. Verify with a 
graphing utility. 


93. g(x) = Vx - 2 94. g(x) = Vx +2 
Describing Transformations In Exercises 95 and 96, 
describe the sequence of transformations from f(x) = 3/x 
to g. Then sketch the graph of g by hand. Verify with a 
graphing utility. 

Smee aie/x + 2 96. e(x) = 27x41 
Identifying Transformations In Exercises 97 and 98, 
identify the transformation shown in the graph and 
identify the associated common function. Write the 
equation of the graphed function. 


97. y 98. y 

















Finding Arithmetic Combinations of Functions In 
Exercises 99 and 100, find (a) (f + g)(x), (b) (Ff — g)(x), 
(c) (fg)(x), and (d) (f/g)(x). What is the domain of flg? 


0m) 3x — 1, g(x) = x* + 2x 
TO) — 3x, 2(x) = /x? + 1 
Evaluating Arithmetic Combinations of Functions 


In Exercises 101-104, evaluate the function for 
f(x) = x? + 3x and g(x) = 2x — 5. 


101. (f + g)(2) 102, (7 — 2) 0) 
if 
103. (f2)(3) 104. (Ao 
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Composition of Functions In Exercises 105-108, find 
and determine the domains of (a) f °g and (b) g °f. 


1050/8 
CS C8) SS Pe F408) S Be a 


107. f(x) = us Ceaser x 


Identifying a Composite Function In Exercises 
109-112, find two functions f and g such that 
(f »g)(x) = h(x). (There are many correct answers.) 

1097 nix) = (Ore 9)" 

1102 hGey— 2 

pee 

(x — 1)? 

112 Oi eae) ee) 


111. A(x) = 


113. Area A square concrete foundation is prepared as a 
base for a large cylindrical aquatic tank that is to be 
used in ecology experiments (see figure). 








x 

(a) Write the radius r of the tank as a function of the 
length x of the sides of the square. 

(b) Write the area A of the circular base of the tank as 
a function of the radius r. 

(c) Find and interpret (A ° r)(x). 

114. Salary You are a sales representative for an automo- 
bile manufacturer. You are paid an annual salary plus a 


bonus of 4% of your sales over $500,000. Consider the 
two functions given by 


f(x) = x — 500,000 

and 

g(x) = 0.04x. 

If x is greater than $500,000, does f(g(x)) or g( f(x)) 


represent your bonus? Explain. 


115. Bacteria The number N of bacteria in a petri dish is 
given by MT) = 8T? — 14T + 200, 2 = T = 32, 
where T is the temperature (in degrees Fahrenheit). 
The temperature is T(t) = 2t + 2,0 < t = 15, where 
t is the time in hours. Find and interpret (N ° 7)(*). 
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T E & T YO U R gS E e See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 








Figure for 10 





























Population, P 
Year | (in millions) 
2015 22el 
2020 22.8 
2025 Fis 
2030 24.2 =| 
2035 OSA 
2040 26.1 
2045 | 2) 2 
2050 28.1 
Table for 18 





Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, find the distance between the points and the midpoint of the 
line segment joining the points. 

1. (352). 62) 

2s (8:25, at 3 7 OD) 


3. Find the x- and y-intercepts of the graph of y = (x + 5)(x — 3). 
4. Describe the symmetry of the graph of 


mae: 
Toes 





5. Write the equation of the circle in standard form and sketch its graph. 
oy = 6x 4y 83 0) 
6. Find an equation of the line that passes through (— 3, 5) and has a slope of = 
In Exercises 7 and 8, decide whether the statement is true or false. Explain. 


7. The equation 2x — 3y = 5 represents y as a function of x. 


$. If A = {3, 4,5} and B = {—1, —2, —3}, then the set {(3, —9), 
represents a function from A to B. 


4, —2) lovee) 


In Exercises 9 and 10, (a) find the domain and range of the function, (b) determine 
the intervals over which the function is increasing, decreasing, or constant, 
(c) determine whether the function is even or odd, and (d) approximate any relative 
minimum or relative maximum values of the function. 

OM (4) 12 re (See ticures) 


10. g(x) = /x —4 (Gee figure.) 


In Exercises 11 and 12, describe the sequence of transformations from f(x) = x? to 
g. Then sketch the graph of g by hand. 

tee) = (2) 

1222) — 23) 4 


In Exercises 13-16, use f(x) = x? + 1 and g(x) = 2x — 2 to find the combination or 


composition. 
13. (f — g)() 
14. (fg) ox 
15. (f° g)(x 
16. (g ° f)(x 


17. A business purchases a piece of equipment for $30,000. After 5 years, the equipment 
will be worth only $3500. Write a linear equation that gives the value V of the 
equipment during the 5 years. 


18. The projected populations P (in millions) of children under the age of 5 in the 
United States for selected years from 2015 through 2050 are shown in the table. 
Use a graphing utility to create a scatter plot of the data and find a linear model for 
the data. Let rt represent the year, with t = 15 corresponding to 2015. (Source: 
U.S. Census Bureau) 


3 Polynomial 
and Rational 
Functions 


3.1. Quadratic Functions and Models 
3.2 Polynomial Functions of Higher Degree 
3.3. Polynomial Division 
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3.4 Real Zeros of Polynomial Functions 


3.5 Complex Numbers 


sha t sais aiee ital em pean oie 3.6 
BmelOy 1520) 25 930! 35 401745750: 5560 = 


Year (0 < 1960) 3 7 








The Fundamental Theorem of Algebra 
Rational Functions 





Example 8 on page 321 shows how a 
rational function can be used to model the 
per capita land area of the United States. 
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an) 
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Height (in feet) 


wv 


Distance (in feet) 





In Exercise 56 on page 260, 
you will use a quadratic function to 
determine the distance traveled by a 
shot in a shot put event. 








@ Sketch the graph of a quadratic function. 


m Use the standard form of a quadratic function to sketch the graph 
of a parabola and find the equation of a parabola given its vertex 
and a point on its graph. 


m Construct and use a quadratic model to solve an application problem. 


The Graph of a Quadratic Function 
In this and the next section, you will study the graphs of polynomial functions. 
Definition of a Polynomial Function 


Let n be a nonnegative integer and let a,, a . 5 @, A), Ag be real numbers 


with a, # 0. The function given by 


y Mead EG 


= n 71 Apne p. 
TG) = Gee Re Ip On, 


is called a polynomial function of x with degree n. 


For instance, each of the following functions is a polynomial function. 
fix) = 3x5 4) PS oe h(x) = 2° + 7a* — 5S 


Polynomial functions are classified by degree. Recall that the degree of a polynomial 
is the highest degree of its terms. For instance, the polynomial function given by 


f(x) =a, a#0 Constant function 
has degree 0 and is called a constant function. In Chapter 2, you learned that the graph 
of this type of function is a horizontal line. The polynomial function given by 

f(x) =ax+b, a#0 Linear function . 


has degree | and is called a linear function. In Chapter 2, you learned that the graph 
of the linear function given by f(x) = ax + b is a line whose slope is a and whose 
y-intercept is (0, b). In this section, you will study second-degree polynomial functions, 
which are called quadratic functions. 

For instance, each of the following functions is a quadratic function. 


F(x) = x2 + 6x + 2 g(x) = 2(x + 1)? — 3 h(x) = (« — e+.) 
Definition of a Quadratic Function 
Let a, b, and c be real numbers with a # 0. The function of x given by 
f(x) =ax*+bxt+ec Quadratic function 


is called a quadratic function. 


The graph of a quadratic function is called a parabola. It is ““U”-shaped and can 
open upward or downward. Parabolas occur in many real-life applications, such as 
modeling the path of a baseball or the revenue and production costs of a company. You 
will learn about such applications later in this section. 


Viorel Sima /Shutterstock.com 


Section 3.1. m Quadratic Functions and Models 2 


All parabolas are symmetric with respect to a line called the axis of symmetry, or 
simply the axis of the parabola. The point at which the axis intersects the parabola is 
the vertex of the parabola, as shown in Figure 3.1. When the leading coefficient is 
positive, the graph of f(x) = ax* + bx + cisa parabola that opens upward. When the 
leading coefficient is negative, the graph of f (x) = ax? + bx + c is a parabola that 
opens downward. Later in this section, you will learn ways to find the coordinates of 
the vertex of a parabola. 


y y 


Vertex is 
high point 


i} 
i 
! 
1 
1 
' 
! 
i} 
! 
{| 
i] 
1 
\ 
! 
7 





> xX 





Vertex is low point 














a > 0: Parabola opens upward. a < 0: Parabola opens downward. 
FIGURE 3.1 


The simplest type of quadratic function is 
f(x) = ax’. 


Its graph is a parabola whose vertex is (0, 0). When a > 0, the vertex is the point with 
the minimum y-value on the graph, and when a < 0, the vertex is the point with the 
maximum y-value on the graph, as shown in Figure eee 






\ 
a 


f@)= ax* 

















+ + + a t jee } x 
=o ee Re pee =3 
_,-+ Minimum: (0, 0) 
—2-- 
3+ 
a > 0: Parabola opens upward. a < 0: Parabola opens downward. 
FIGURE 3.2 


When sketching the graph of 
f(x) = ax’ 


it is helpful to use the graph of y = x2 as a reference, as discussed in Section 2.6. There 
you learned that when a > 1, the graph of y = a f(x) is a vertical stretch of the graph 
of y = f(x). When 0 < a < 1, the graph of y = af(x) is a vertical shrink of the graph 
of y = f(x). This is demonstrated again in Example 1. 
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1% <ehss}e)(-Wam Sketching the Graph of a Quadratic Function 


5 ; Ark ip ls . “ . ” 
a. Compared with the graph of y = x?, each output of f(x) = 3.x? vertically “shrinks 
5 ~ . . . 4: 
the graph by a factor of 3, creating the wider parabola shown in Figure 3.3(a). 


b. Compared with the graph of y = x?, each output of g(x) = 2.x? vertically “stretches” 
the graph by a factor of 2, creating the narrower parabola shown in Figure 3.3(b). 


y 4) eOxye 2a 





(a) (b) 






FIGURE 3.3 SS 


W Checkpoint 1 
Sketch the graph of f(x) = 4x7. Then compare this graph with the graph of y = x?. 
Note that the coefficient a determines how widely the parabola given by f(x) = ax? 


opens. When |a| is small, the parabola opens more widely than when |a| is large. 
Recall from Section 2.6 that the graphs of 


y=fa@tc), y=flix) tc, y =—f@),. and y =f(—zx) 


are rigid transformations of the graph of y = f(x). For instance, in Figure 3.4, notice 
how the graph of y = x? can be transformed to produce the graphs of 


f(s) == 
and 


g(x) = (&« + 2)? — 3. 





FIGURE 3.4 


Yuri Arcurs/www.shutterstock.com 
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The Standard Form of a Quadratic Function 
The standard form of a quadratic function is 
ieee lee a We 


This form is especially convenient for sketching a parabola because it identifies the vertex 
of the parabola. 


ee  aaaeeaeeneenenmneenmeaninmmnmmenemmmn maa SN RATES REAL FERRY TS 


ALGEBRA TUTOR _ Standard Form of a Quadratic Function 


| Ay The quadratic function given by 
For help in factoring 


: C= Caen) sak a7 i0 
polynomial expressions, see 
the Chapter 3 Algebra Tutor is said to be in standard form. The graph of f is a parabola whose axis is the 
on page 326. D vertical line x = h and whose vertex is the point (A, k). 


——EEE 


When a > 0, the parabola opens upward. 





When a < 0, the parabola opens downward. 


To write a quadratic function in standard form, you can use the process of completing 
the square, as illustrated in Example 2. 


Meunycewa Using Standard Form to Graph a Parabola 


Sketch the graph of f(x) = 2x + 8x + 7. Identify the vertex. 


SOLUTION Begin by writing the quadratic function in standard form. The first step in 
completing the square is to factor out any coefficient of x? that is not I. 





fix) S232 8x7 Write original function. 
Sn ota OX) ata Group x-terms. 
f(x) = 2% ys y = 2(x? ar 4x) +7 Factor 2 out of x-terms. 
\ =H) (eee Aiea r AM Si Add and subtract 4 within 


Ae! t parentheses to complete 


the square. 


—- 
Ni 
r 


After adding and subtracting 4 within the parentheses, regroup the terms to form a 
o& (=) o 

perfect square trinomial. The —4 can be removed from inside the parentheses. But, 

because of the 2 outside the parentheses, you must multiply —4 by 2 as shown below. 


rw 








c f(x) = AWx2 + 4x + 4) — 2(4) + 7 Regroup terms. 
| y= 2x? 5 
ee ni = 2(x2 ++ 4x +4) -—8+ 7 Simplify. 
—_|— > X s 
| Se Cie) ed Standard form 
=1- From this form, you can see that the graph of f is a parabola that opens upward with 
en) vertex (—2, — 1). This corresponds to a left shift of two units and a downward shift of 
FIGURE 3.5 one unit relative to the graph of y = 2x, as shown in Figure 3.5. 


SE 


¥ Checkpoint 2 


Ses 


Sketch the graph of each quadratic function. Identify the vertex. 
ef (x) sssaaeieant eA 
bei fe) = 2x7 = 12a 20 1% 
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FIGURE 3.6 


FIGURE 3.7 
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<erssye)(-me ~Using Standard Form to Graph a Parabola 


Sketch the graph of f(x) = —x? + 6x — 8. Identify the vertex. 


SOLUTION As in Example 2, begin by writing the quadratic function in standard 
form. 


f(x) = +x? + 6x -— 8 Write original function. 
= (—x* + 6x) — 8 Group x-terms. 
= =(x?— 6x) — 8 Factor — 1 out of x-terms. 
= —(x* —- 6x + 9-9) - 8 Add and subtract 9 within 


t parentheses to complete 


the square. 


(—6/2)? 
= —(x? — 6x + 9) — (-9) - 8 Regroup terms. 
= —(x — 3)? + 1 Standard form 


So, the graph of fis a parabola that opens downward with vertex at (3, 1), as shown in 


Figure BLO: aD 


of Checkpoint 3 


Sketch the graph of f(x) = —3x? + 12x + 1. Identify the vertex. a 





fe <oite(-e Me Finding an Equation of a Parabola 


Find an equation of the parabola whose vertex is (1, 2) and that passes through the point 
(0, 0), as shown in Figure 3.7. 


SOLUTION Because the parabola has a vertex at (h, k) = (1, 2), the equation must 
have the form 


f(x) = a(x — 1) + 2. Standard form 


Because the parabola passes through the point (0, 0), it follows that when x = 0, f(x) 
must equal 0. Substitute 0 for x and 0 for f(x) to obtain the equation 


0 = a0-— 1)7-- 2: 


By solving this equation for a, you find that a = —2. You can now write an equation of 
the parabola. 


fix) = 26 = 1)? 2 Substitute for a, h, and k in standard form. 


= Pe lh 4x Simplify. SS ne NR 


Ry Check pant 4 





Find an equation of the parabola whose vertex is (3, 4) and that passes through the 
point (2, 5). & 


To find the x-intercepts of the graph of f(x) = ax? + bx + c, you must solve the 
equation 
ax* + bx +¢= 0, 


If the expression ax? + bx + c does not factor, then use the Quadratic Formula to 
determine the x-intercepts. Remember, however, that a parabola may have no 
x-intercepts. 


TECH TUTOR 


Bee 
Your graphing utility 
may have minimum and 
maximum features that 
determine the minimum 
and maximum points of the 
graph of a function. You can 
use these features to find the 
vertex of a parabola. For 
instructions on how to use 
the minimum and maximum 
features, see Appendix A. 
Consult the user’s guide for 
your graphing utility for 

more information. 
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Applications 


Many applications involve finding the maximum or minimum value of a quadratic 
function. By writing f(x) = ax? + bx + cin standard form, you can determine that the 


] x-coordinate of the vertex is —b/2a. The y-coordinate of the vertex can then be found 


by evaluating the function at x = — b/2a. 


a enidcee The Maximum Height of a Baseball 
A baseball is hit 3 feet above the ground at a velocity of 100 feet per second and at an 
angle of 45° with respect to the ground. The path of the baseball is given by 
FF (cc)e = 0.003 20> ieee 


where f(x) is the height of the baseball (in feet) and x is the distance from home plate 
(in feet). What is the maximum height reached by the baseball? 


SOLUTION For this quadratic function, you have 
f(x) = ax?-+ bx +c 


=().0032%-- x: 


II 


So, a = —0.0032 and b = 1. Because the function has a maximum when x = —b/2a, 
the baseball reaches its maximum height when it is 
x= Ve = 156.25 feet 





2a 2(— 0.0032) 
from home plate. At this distance, the maximum height is 
(156.25) = = (0032156.20) 1 loOz s.r 3 
812125 ‘feet. 


II 


The path of the baseball is shown in Figure 3.8. 








@ 100 (156.25, 81.125) 

= 80 

= 60 

= 40 

eD 

cy 20 

a + + ha 

100 200 300 
Distance (in feet) 
FIGURE 3.8 SNe a 

Checkpoint 5 





In Example 5, the baseball is hit at a velocity of 70 feet per second. The path of the 
baseball is given by 


f(x) = —0.007x2 +x + 4 


where f(x) is the height of the baseball (in feet) and x is the distance from home plate 
(in feet). What is the maximum height reached by the baseball? & 


In Section 2.3, you plotted data points in the coordinate plane and estimated the 
best-fitting line. Fitting a quadratic model using this same process would be complicated. 
Most graphing utilities have a built-in statistical program that easily calculates the 
best-fitting quadratic model for a set of data points. Refer to the user’s guide of your 
graphing utility for the required steps. 


David Davis/www.shutterstock.com 
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TECH TUTOR 





For instructions on 
how to use the regression 
feature, see Appendix A. 


Consult the user’s guide for 


your graphing utility for 
more information. 
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€ seit Me Fitting a Quadratic Function to Data 


Each year, grizzly bears in Yellowstone National Park feed on moths along the mountain 
slopes of the park. The bears dig into the mountains and eat the moths they uncover. 
The table shows the number N of confirmed moth sites in the Greater Yellowstone 
Ecosystem each year from 1986 to 2008. Use a graphing utility to plot the data and find 
the quadratic model that best fits the data. Find the vertex of the graph of the quadratic 
model and interpret its meaning in the context of the problem. Let x = 6 represent the 


year 1986. (Source: Yellowstone Grizzly Bear Investigations 2008) 





. BEBE 109) ioe 


3 
mae Oo Vo eo LON IA 7 WS 


x | 18 | 19 | 20 | 21 | 22 
c 305)730) 330 31 
SOLUTION Begin by entering the data into your graphing utility and displaying the 
scatter plot. From the scatter plot that is shown in Figure 3.9(a), you can see that the 


points have a parabolic trend. Use the quadratic regression feature to find the quadratic 
function that best fits the data. The quadratic equation that best fits the data is 


N= =0.076 424.047 — 195. 6.2 4 = 28, 
































Graph the data and the equation in the same viewing window, as shown in Figure 3.9(b). 
By using the maximum feature of your graphing utility, you can see that the vertex of the 
graph is approximately (26.6, 34.2), as shown in Figure 3.9(c). The vertex corresponds 
to the year in which the number of confirmed moth sites was the greatest. So, in 2006, 
the number of confirmed moth sites reached a maximum. 


40 


0 30 








axire 


26. E7HS4B aT=24.189474 4 | 3 


FIGURE 3.9 


Y Checkpoint 6 





In Example 6, use the model to predict the number of confirmed moth sites in 2014. 
What do you notice? a 
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€ “Wseinycwas Charitable Contributions 


The percent of a family’s income that is given to charities is related to the income of the 
family. For families with annual incomes between $5000 and $100,000, the 
percent P can be modeled by 


P(x) = 0.0014x2 — 0.1529x + 5.855, 5 = x = 100 


where x is the annual income (in thousands of dollars). Use the model to estimate the 
income that corresponds to the minimum percent of income given to charities. 


SOLUTION One way to answer the question is to sketch the graph of the quadratic 
function, as shown in Figure 3.10. From this graph, it appears that the minimum percent 
corresponds to an income of about $55,000. 


44 


w 
=f 


Percent given 


See hee 
20 40 60 80 100 
Income (in thousands of dollars) 





FIGURE 3.10 


Another way to answer the question is to use the fact that the minimum point of the 


parabola occurs when x = —b/2a. 
ale 
: 2a 
_  =0.1529 
2(0.0014) 
~ 54.6 


From this x-value, you can conclude that the minimum percent corresponds to an 
income of about $54,600. —— 


a/ Checkpoint 7 


A manufacturer has daily production costs C (in dollars per unit) of 
C = 0.15x2 — 9x + 700, where x is the number of units produced. How 
many units should be produced each day to yield a minimum cost per unit? © 





SUMMARIZE (Section 3.1) 


4. State the definition of a quadratic function and describe its graph (pages 
250-252). For an example of sketching the graph of a quadratic function, 
see Example |. 


2. State the standard form of a quadratic function (page 253). For examples 
that use the standard form of a quadratic function, see Examples 2, 3, and 4. 


3. Describe a real-life example of how a quadratic function can be used to 
analyze the path of a moving object (page 255, Example 5). 


George Dolgikh/www shutterstock.cor 
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% = The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM ’ P 3.1 these skills in the exercise set for this section. For additional help, review Sections 1.3 and 1.4. 
In Exercises 1-4, solve the quadratic equation by factoring. 


1. 2x7 + 1lx -—6=0 2. 5x* — 12x = 9 =—0 
3.3 +x-2x7=0 . 4, x7 + 20x + 100 = 0 


In Exercises 5-10, use the Quadratic Formula to solve the quadratic equation. 
5x" — Oe + 4 = 0 6. ae ae 
Ie oe Ox brs =O) 8. 3x2 + 30x + 74 =0 
oe oO 

10.32 3x 3 = 0 





| =A) gel tet oa | SSY=\= MA WAWVAUVA Ot le @1 are lecexe) anim Colma e)a.¢oxe ProlUi micro) [0] ((o)atomcoMole(ePialU inal ol=ii-le N=) <clkel scion 
Describing a Transformation In Exercises 1 and 2, Matching In Exercises 9-14, match the quadratic 
compare the graph of the quadratic function with the function with its graph. [The graphs are labeled (a), (b), 
graph of y = x*. See Example 17. (c), (d), (e), and (f).] 




















Sketching the Graph of a Quadratic Function In 
Exercises 3-6, sketch the graph of the quadratic function 
and compare it with the graph of y = x*. See Example 1. 
3. f(x) = 3x 

Ai = =o 








nn 


nels) Sa 





6. g(x) we 
» glx) = 





Describing a Transformation In Exercises 7 and 8, 
compare the graph of the quadratic function with the 
graph of y = x?. 

7 fix) =—e+1P? +1 8. fe) =36 -—2) —1 
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Using Standard Form to Graph a Parabola_ In 
Exercises 15-30, write the quadratic function in standard 
form (if necessary) and sketch its graph. Identify the 
vertex. See Examples 2 and 3. 


15. f(x) = 16 — x? 16. A(x) = x7 -—9 
yay —G@e5)*-6 18. f(x) = — 6)? +3 
19. a(x) =x? +2x+1 20. AG) =x? -4x4+2 
Sie or 2x —3) 
goa (x + 6x — 3) 
Baie x +f 
Qeer —x* + 2x + 5 
26. f(x) = —x* - 4x + 1 
27. h(x) = 4x? — 4x + 21 
Osenxearax— x t+ | 

29. f(x) = 1 (x2 — 16x + 32) 
30. g(x) = +(x? + 4x — 2) 


Ba Fs) = ee oe t 


Finding an Equation of a Parabola_ In Exercises 
31-36, find an equation of the parabola. See Example 4. 


ols y 32. y 


A 




















Finding an Equation of a Parabola In Exercises 
37-40, find an equation of the parabola that has the 
indicated vertex and whose graph passes through the 
given point. See Example 4. 


37. Vertex: (2, —1); point: (4, —3) 
38. Vertex: (—3, 5); point: (—6, — 1) 
39. Vertex: (5, 12); point: (7, 15) 
40. Vertex: (—2, —2); point: (—1, 0) 
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Finding the Slope of a Line In Exercises 41-46, find 
two quadratic functions whose graphs have the given 
x-intercepts. Find one function whose graph opens 
upward and another whose graph opens downward. 
(There are many correct answers.) 


41. (2,0), (—1, 0) 
42. (—4, 0), (0, 0) 
43. (0, 0), (10, 0) 
44. (4,0), (8, 0) 
45. (—3, 0), (—3, 0) 
46. (—3, 0), (2, 0) 


47. Optimal Area The perimeter of a rectangle is 200 feet. 
Let x represent the width of the rectangle. Write a 
quadratic function for the area of the rectangle in terms of its 
width. Find the vertex of the graph of the quadratic function 
and interpret its meaning in the context of the problem. 


48. Optimal Area The perimeter of a rectangle is 540 feet. 
Let x represent the width of the rectangle. Write a 
quadratic function for the area of the rectangle in terms of its 
width. Find the vertex of the graph of the quadratic function 
and interpret its meaning in the context of the problem. 

49. Optimal Area A rancher has 1200 feet of fencing with 
which to enclose two adjacent rectangular corrals (see 
figure). What measurements will produce a maximum 
enclosed area? 





50. Optimal Area An indoor physical-fitness room 
consists of a rectangular region with a semicircle on 
each end (see figure). The perimeter of the room is to be 
a 200-meter running track. What measurements will 
produce a maximum area of the rectangle? 








Optimal Revenue In Exercises 51 and 52, find the 
number of units that produces a maximum revenue. The 
revenue R is measured in dollars and x is the number of 
units produced. 

51. R = 1000x — 0.02x? 


52. R = 80x — 0.0001 x? 
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n 
pay 








. Optimal Cost The daily production costs C (in dollars 


per unit) for a manufacturer of lighting fixtures are 
given by the quadratic function 


C(x) = 800 — 10x + 0.25x? 


where x is the number of units produced. How many 
fixtures should be produced each day to yield a minimum 
cost per unit? 


. Optimal Profit The profit P (in dollars) for a 


manufacturer of sound systems is given by the quadratic 
function 


P(x) = —0.0003x? + 150x — 375,000 


where x is the number of units produced. What production 
level will yield a maximum profit? 


. Maximum Height of a Diver The path of a diver is 


given by 


4 24 
= axe a oe 10 
i 9 9 
where y is the height (in feet) and x is the horizontal 
distance from the end of the diving board (in feet). (See 
figure.) Use the trace or maximum feature of a graphing 
utility to find the maximum height of the diver. 


Maximum height 





. Maximum Height The path of the winning shot at a 


shot put event can be approximated by the quadratic 
function 


y = —0.011x? + 0.65% + 8.3 


where y is the height of the shot (in feet) and x is the 
horizontal distance (in feet). (See figure.) Use the 
maximum and trace features of a graphing utility to find 
the maximum height reached by the shot and its 
winning distance. 


Height (in feet) 








Distance (in feet) 
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On 


57. Revenue The table shows the total yearly 
revenues R (in millions of dollars) for golf courses 
and country clubs in the United States from 2003 
through 2009. (Source: U.S. Census Bureau) 








| Wear 2003 | 2004 


| Revenue, R | 17,291 | 18,469 








| 














2008 








21,044 


Revenue, R 





(a) Use a graphing utility to create a scatter plot of the data. 
Let t represent the year, with t = 3 corresponding 
to 2003. 


(b) Use the regression feature of he graphing utility to 
find a quadratic model for the data. Graph the model 
with the scatter plot from part (a). 

(c) Use the graph of the model from part (b) to estimate 
when the yearly revenue was the greatest. Does this 
result agree with the actual data? 


8. HOW DO YOU SEE IT? The graph shows 


a quadratic function of the form 
P(t) = at? + bt +c 


which represents the yearly profits for a company, 
where P(t) is the profit in year f. 











P 

A 
Q — = ai 
‘) ( ES, 
“a | P(t) = at? + bt +< 
a, ; y. ——__ 
cal IV 
a 
3 
> 








Year, t 


(a) Is the value of a positive, negative, or zero? 
Explain. 


(b 


wa 


Write an expression in terms of a and b that 
represents the year t when the company made 
the least profit. 

(c) The company made the same yearly profits in 
2004 and 2012. Estimate the year in which the 
company made the least profit. 

Assume that the model is still valid today. Are the 
yearly profits currently increasing, decreasing, or 
constant? Explain. 


(d 


wa 
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+ 59. Osteopathic Physicians The table shows the 
De numbers N (in thousands) of female osteopathic 
physicians from 2001 through 2010. (Source: 
American Osteopathic Association) 





ae || 
2003 | 2004 | 2005 
ere 


12. : : 
29 14.0 | ral 
2008 | 2009 | 2010 
1931 ay 20. San i2 225 
































(a) Use a graphing utility to create a scatter plot of the data. 
Let ¢ represent the year, with t = 1 corresponding 
to 2001. 


(b) Use the regression feature of the graphing utility to 
find a quadratic model for the data. 


(c) Use the graphing utility to graph the model from 
part (b) in the same viewing window as the scatter 
plot of the data. 


(d) Use the graph of the model from part (c) to predict the 
number of female osteopathic physicians in 2012. 





ae 60. Kidney Transplants The table shows the 
“ numbers K of kidney transplants performed in the 
United States in the years 1999 through 2009. 
(Source: U.S. Department of Health and Human 
Services) 










= 
heh) 2000 2001 2002 
12,455 | 13,258 | 14,152 | 14,741 






















2003 | 2004 “T2005 | 2006 | 
15,129 | | 16,000 0 | 16.481 | 17,094 | 








Transplants, K 


Transplants, K 


(a) Use a graphing utility to create a scatter plot of the data. 
Let t represent the year, with t = 9 corresponding 
to 1999. 


(b) Use the regression feature of the graphing utility to 
find a quadratic model for the data. 
















2007 | 2008 _| 2002 


16,82 
16,624 | 16,517 | | S17 829 

















(c) Use the graphing utility to graph the model from 
part (b) in the same viewing window as the scatter 
plot of the data. 

(d) Use the graph of the model from part (c) to predict 
the number of kidney transplants performed in 2010. 
Does your answer seem reasonable? Explain. 








61. Analyzing Profits Let x be the number of units (in 
fF tens of thousands) that a computer company produces 


and let p(x) be the profit (in hundreds of thousands of 
dollars). The table shows the profits for different levels 
of production. 





r = — —. 
vee 2 4 6 g 10 


Feeee sT 
Profit, p(x) | 270.5 | 307.8 | 320.1 SPO EIS 25)0 
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(a) Use a graphing utility to create a scatter plot of the 
data. 


(b) Use the regression feature of the graphing utility to 
find a quadratic model for p(x). 


(c) Use the graphing utility to graph your model for 
p(x) with the scatter plot of the data. 


(d) Find the vertex of the graph of the model from part (c). 
Interpret its meaning in the context of the problem. 


(e) With these data and this model, the profit begins to 
decrease. Discuss how it is possible for production 
to increase and profit to decrease. 


- 62. Baseball Distance Let x be the angle (in 
degrees) at which a baseball is hit with no spin at 
an initial speed of 40 meters per second, and let 
d(x) be the distance (in meters) the ball travels. 
The table shows the distances for the different 
angles at which the ball is hit. (Source: The 
Physics of Sports) 





Angle, x 10 me 
lipeemce Gin) 58.3 | 79. 7 | 
———ES 


fo || 
69 | 136.6 | 1405 | 

|Angle,x | 4 ee | 44 
| Distance, ere en 14 x) | 140. = ia ee re a 


(a) Use a graphing utility to create a scatter plot of the data. 























(b) Use the regression feature of the graphing utility to 
find a quadratic model for d(x). 

(c) Use the graphing utility to graph your model for d(x) 
with the scatter plot of the data. 

(d) Find the vertex of the graph of the model from part (c). 
Interpret its meaning in the context of the problem. 


. Verifying a Formula Write the quadratic function 


f(x) = ax? + bx + cin standard form to verify that the 
vertex occurs at (—b/2a, f(—b/2a)). 





® Sketch a transformation of a monomial function. 


m Apply the Leading Coefficient Test to determine right-hand and 
left-hand behavior of graphs of polynomial functions. 


mw Find the real zeros and sketch the graph of a polynomial function. 
m Use a polynomial model to solve an application problem. 








R 


(in Millio, 


=) 


200 Graphs of Polynomial Functions 


The graphs of polynomial functions of degree greater than 2 are more complicated than 
those of degree 0, 1, or 2. However, using the characteristics presented in this section, 
together with point plotting, intercepts, and symmetry, you should be able to make 
reasonably accurate sketches by hand. Of course, a graphing utility makes the task easier. 

In this section, you will study basic characteristics of the graphs of polynomial 
functions. The first characteristic is that the graph of a polynomial function is continuous. 
Essentially, this means that the graph of a polynomial function has no breaks, as shown 
in Figure 3.11(a). Functions with graphs that are not continuous are not polynomial 
functions, as shown in Figure 3.11(b). 





In Exercise 78 on page 271, 
you will use the graph of a 
cubic function to find the point of 
diminishing returns for the advertising 
expenses of a company. (a) Continuous 
FIGURE 3.11 





(b) Not continuous 


The second characteristic is that the graph of a polynomial function has only 
smooth, rounded turns, as shown in Figure 3.12(a). A polynomial function cannot have 
a sharp turn. For instance, the function given by 


f(x) = |x| 
which has a sharp turn at the point (0,0), as shown in Figure 3.12(b), is not a 


polynomial function. 


f(x) = |x| 





5 _, | (0, 0) 





(a) Polynomial functions have (b) Polynomial functions cannot 


smooth, rounded turns. have sharp turns. 


FIGURE 3.12 


2010/Used under license from Shutterstock.com 
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The polynomial functions that have the simplest graphs are monomial functions of 
the form f(x) = x", where n is an integer greater than zero. From Figure 3.13, you can 
see that when n is even, the graph is similar to the graph of f(x) = x°, and when n is 
odd, the graph is similar to the graph of f(x) = x°. Moreover, the greater the value of 
n, the flatter the graph near the origin. 











(a) When nis even, the graph of y = x” (b) When n is odd, the graph of y = x” 
touches the axis at the x-intercept. crosses the axis at the x-intercept. 


FIGURE 3.13 


erdaceen Sketching Transformations of Monomial Functions 


Sketch the graph of each function. 
a. f(x) = -x 

b. A(x) = & + 1) 

SOLUTION 


a. The degree of f(x) = —2° is odd. So, its graph is similar to the graph of y = mT 
Figure 3.14(a), note that the negative coefficient has the effect of reflecting the graph 
about the x-axis. 


b. The graph of h(x) = (x + 1) is a left shift, by one unit, of the graph of y = Beare 
shown in Figure 3.14(b). 





-2 (-1, 0) 











(a) (b) 


+/ Chetkoulut 1 
Sketch the graph of f(x) = (x — 3)’. a 
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The Leading Coefficient Test 


In Example 1, note that both graphs eventually rise or fall without bound as x moves 
to the right. Whether the graph of a polynomial function eventually rises or falls can 
be determined by the function’s degree (even or odd) and by its leading coefficient 
(positive or negative), as indicated in the Leading Coefficient Test. 


Leading Coefficient Test 


As x moves without bound to the left or to the right, the graph of the polynomial 
function given by 








F R= Oe ee te ale Gy, 
eventually rises or falls in the following manner. 
1. When n is odd: 
STUDY TIP 

y y { 

The notation “f(x) > —co A a 
oe ee , > 00 \ 
as x 4 — co” indicates that TO a — —0o / \ 
‘ : as X > co ; i} \\ 
the graph falls to the left. ee 
The notation “f(x) 4 00 as | cs # ; 

so . t rt i] 
x— co” indicates that the : | / My (oxy ' 
5 4 j | 1 \ 1 \ / Ne] 
graph rises to the right. ] Vig \ I a ; 
y i \ ! rat] 1 
y ! 

! ! i H I 
% jy \ i f@)\— —22 

f(x) 3-00 7 v as x — °° 

as x — —00 me ; ir ae 
If the leading coefficient is positive 





If the leading coefficient is negative 


(a, < 0), then the graph rises to the 
left and falls to the right. 


(a, > 0), then the graph falls to the 
left and rises to the right. 


2. When n is even: 


y 
A fx)r- A 
as x — —00 
—_ f(x) 3 © 
vy J aie 
/ \ as Xx 4 °° - \ 
\ He \ yh *S 
\ / \ 
Se \ y; x 
\ / 
\ ~ 
‘ F(X) — —oo 
\ rH f(x) — —oco as X — co 
We as Xx — —©o 
>» xX 








ae. 
If the leading coefficient is positive 


(a, > 0), then the graph rises to the 
left and right. 


If the leading coefficient is negative 


(a, < 0), then the graph falls to the 
left and right. 


The dashed portions of the graphs indicate that the test determines only the 
right-hand and left-hand behavior of the graph. 


As you continue to study polynomial functions and their graphs, you will notice that the 


degree of a polynomial plays an important role in determining other characteristics of 
the polynomial function and its graph. 


Yuri Arcurs/www.shutterstock.com 
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Applying the Leading Coefficient Test 


Describe the right-hand and left-hand behavior of the graph of 
LO) = =x Ax. 


SOLUTION Because the degree is odd and the leading coefficient is negative, the graph 
x rises to the left and falls to the right, as shown in Figure 3.15. ese 





s//Checkpoiot 2 


Gu 


Describe the right-hand and left-hand behavior of the graph of each function. 








deep) ee 
FIGURE 3.15 b. h(x) = —2x4 + x am 


In Example 2, note that the Leading Coefficient Test tells you only whether the 
graph eventually rises or falls to the right or left. Other characteristics of the graph, such 
as intercepts, relative minima, and relative maxima, must be determined by other tests. 
For example, later you will use the number of real zeros of a polynomial function to 
determine how many times the graph of the function crosses the x-axis. 


settee Applying the Leading Coefficient Test 


Describe the right-hand and left-hand behavior of the graph of each function. 
ao (eae ee 4 

b. £@) =x 

SOLUTION 


STUDY TIP 


The functions in Example 3 
are fourth- and fifth-degree 
polynomial functions, 
respectively. A fourth-degree 
polynomial function can also 
be referred to as a quartic 
function and a fifth-degree 


polynomial function as a 
quintic function. - pb. Because the degree is odd and the leading coefficient is positive, the graph falls to 
4 the left and rises to the right, as shown in Figure 3.16(b). 





a. Because the degree is even and the leading coefficient is positive, the graph rises to 
the left and right, as shown in Figure 3.16(a). 


PSSST NOTE FRE NP FEE TP I I EET 


























(a) (b) 


a/. checkpoint 3 


Describe the right-hand and left-hand behavior of the graph of 
e(x) == + 6x". ® 
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FIGURE 3.17 





Real Zeros of Polynomial Functions 


It can be shown that for a polynomial function f of degree n, the following statements are 
true. Remember that the zeros of a function are the x-values for which the function 1s zero. 


1. The graph of fhas, at most, n — 1 turning points. Turning points are points at which 
the graph changes from increasing to decreasing, or vice versa. For instance, the 
graph of 

Th) 
has at most 4 — | = 3 turning points. 


2. The function f has, at most, n real zeros. For instance, the function given by 


f(x) = x4 -1 


has at most n = 4 real zeros. (You will study this result in detail in Section 3.6 on 
the Fundamental Theorem of Algebra.) 


Finding the zeros of polynomial functions is one of the most important problems 
in algebra. There is a strong interplay between graphical and algebraic approaches to 
this problem. Sometimes you can use information about the graph of a function to help 
find its zeros, and in other cases you can use information about the zeros of a function 
to help sketch its graph. 





= ~ = OE SEF SES SORES ET SS OTRAS ETT oO STOTT EE TST EEE IS EAP EEE 


Real Zeros of Polynomial Functions 


If fis a polynomial function and a is a real number, then the following statements 
are equivalent. 


1. x = ais a zero of the function f. 

2. x = ais a solution of the polynomial equation f(x) = 0. 
3. (x — a) is a factor of the polynomial f(x). 

4. ( 


a, 0) is an x-intercept of the graph of f. 


In the equivalent statements above, notice that finding zeros of polynomial functions is 
closely related to factoring and finding x-intercepts. 


Je ehee)(-w ae Finding Zeros of a Polynomial Function 


Find all real zeros of g(x) = x° — x” — 2x. 


SOLUTION By factoring, you obtain 


2(x) =e x DY Write original function. 
pt a) ®) - 
= Abe — 32 — 2)) Remove common monomial factor. 
rabies sae Factor completely. 
So, the real zeros are x = 0,x = 2, and.x = —1, and the corresponding x-intercepts are 


(0, 0), (2, 0), and (—1, 0), as shown in Figure 3.17. Note that the graph in the figure 
has two turning points. This is consistent with the fact that the graph of a third-degree 
polynomial function can have at most 3 — | = 2 turning points. 


“/ ciepknoint 4 





Find all real zeros of f(x) = x? — 4. s 









\ 
| ii aay 
ff) =—2x + 2x? | 
I/ 
/ 
(1, 0) 








> X 





FIGURE 3.18 


TECH TUTO 


Bee 
Example 6 uses an 





algebraic approach to describe 
the graph of the function. A 
graphing utility is a valuable 
complement to this approach. 
Remember that when using a 
graphing utility, it is important 
that you find a viewing window 
that shows all important parts 
of the graph. For instance, 

the graph below shows the 
important parts of the graph 
of the function in Example 6. 
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Sefryy-wee Finding Zeros of a Polynomial Function 


Find all real zeros of 
Fk) coaeexk es 

SOLUTION In this case, the polynomial factors as 
Tee (ee) Sy 1) sks), 


So, the real zeros are x = 0,.x = 1,andx = —1, and the corresponding x-intercepts are 
(0, 0), (1, 0), and (—1, 0), as shown in Figure 3.18. Note that the graph in the figure has 
three turning points, which is consistent with the fact that the graph of a fourth-degree 
polynomial function can have at most 4 — 1 = 3 turning points. 


S/.chackoolht 5 





Find all real zeros of f(x) = x3 — x. rs 


In Example 5, the real zero arising from —2x° = 0 is called a repeated zero. In 
general, a factor (v — a)‘ yields a repeated zero x = a of multiplicity k. If k is odd, then 
the graph crosses the x-axis at.x = a. If k is even, then the graph touches (but does not 
cross) the x-axis at x = a. This is illustrated in Figure 3.18. 


eye Sketching the Graph of a Polynomial Function 


Sketch the graph of 
ACO oho ie 


SOLUTION Because the leading coefficient is positive and the degree is even, you 
know that the graph eventually rises to the left and right, as shown in Figure 3.19(a). 
By factoring f(x) = 3x4 — 4x3 as f(x) = «(3x — 4), you can see that the zeros of f 
are x = 0 and x = (both of odd multiplicity). So, the x-intercepts occur at (0, 0) 
and (Z, 0). To sketch the graph by hand, find a few additional points, plot the points, 
and draw a continuous curve through the points to complete the graph, as shown in 
Figure 3.19(b). If you are unsure of the shape of a portion of a graph, then plot some 
additional points. 


A ) T(x) St Sx hy 
7 A 
(<1, 7) 
6 / 
3 


Up to left 4 Up to right 





(1.5, 1.6875) 








ak | 
fee sae ed gel ae aaa (0, 0) =, 0) 
A, Bec? = aml ee 28 | f f f | f > x 
Si —4 i 2 ae 
=} \ fale uh 
(0.5, —0.3125) 
(a) (b) 
s/f Checkpoint 6 





Sketch the graph of h(x) = 2x7 — 3x?. x 


268 Chapter 3. m Polynomial and Rational Functions 


5000 





B 
a 
= 4000- 
= 3000- 
= 2000 
a 
—& 1000 
<< 
t t 1 
20 40 60 80 100 
Income 
(in thousands of dollars) 
FIGURE 3.20 





Application 


€ seernte-wan Charitable Contributions Revisited 
S 
Example 7 in Section 3.1 discussed the model 


P(x) ="C00 142 = 0 1529x5855 ee 00 


where P is the percent of annual income given to charities and x is the annual income 
(in thousands of dollars). Note that this model gives the charitable contributions as a 
percent of annual income. To find the amount that a family gives to charity, you can 
multiply the given model by the income 1000x (and divide by 100 to change from 
percent to decimal form) to obtain 


Neato — Nk ber serene, Ses aces 18) 


where A represents the amount of charitable contributions (in dollars). Sketch the graph 
of the function A. Then use the graph to estimate the annual income of a family that 
gives $1000 per year to charities. ( 


SOLUTION Because the leading coefficient is positive and the degree is odd, you 
know that the graph eventually falls to the left and rises to the right. To sketch the graph 
by hand, find a few points, as shown in the table. Then plot the points and complete the 
graph, as shown in Figure 3.20. 


v5 ) 20 45 | 65 
A(x) | 256.28 | 726.88 | 814. 28 | 1190.48 | 2527.48 | 4565.00 


From the graph, you can see that an annual contribution of $1000 corresponds to an 
annual income of about $59,000. ee 











*/ Checkpoint 7 





The net profits P (in millions of dollars) for the Colgate-Palmolive Company for the 
years 2000 to 2009 can be approximated by the function . 


P(t) = 2.8047 27.937 4 156. Oneal 062 


where ft represents the year, with t = 0 corresponding to 2000. Sketch the graph of the 
function. Then use the graph to estimate the year in which the net profit was about 
$1600 million. (Source: Colgate-Palmolive Company) © 


SUMMARIZE (Section 3.2) 


4. Describe the graphs of monomial functions of the form f(x) = x" (page 263). 
For an example of sketching a transformation of a monomial function, see 
Example 1. 


2. Describe the Leading Coefficient Test (page 264). For examples of applying 
the Leading Coefficient Test, see Examples 2 and 3. 


3. Describe the real zeros of polynomial functions (page 266). For examples of 
finding zeros of a polynomial function, see Examples 4 and 5. 


wavebreakmedia Itd/Shutterstock.com 


Section 3.2 m Polynomial Functions of Higher Degree 269 
The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 3.2 these skills in the exercise set for this section. For additional help, review Sections 0.6, 1.3, 1.4, 
and 1.5. 


In Exercises 1-6, factor the expression completely. 
1. 12x2 + 7x — 10 2. 25x? — 60x? + 36x 3. 12z4 + 17z3 + 52? 
Gay 125 Ey ies Bye Abe Ie (Sah te lhe ae) Oho oman) 


In Exercises 7-10, find all real solutions of the equation. 
Feo 8 = 0 8. x2 — 6x +4=0 
O4x>+ 4x — 11 = 0 10. x* — 18x? + 81 =0 


Exe rc f Sse S 3.2 LSTMANVANVANTA @f=1(e1@1 aleleXerola alm ied an eld <-ve RrolU] atsvo) lV] d(o) atcwm com ove(o ral Ulanlel= 1-10 =) (-1cels\-1-k 





Analyzing End Behavior In Exercises 13-20, 
(a) identify the degree of the function and state 
whether the degree is even or odd, (b) identify the 
leading coefficient and state whether it is positive 
or negative, (c) use a graphing utility to graph the 
function, and (d) describe the right-hand and 
left-hand behavior of the graph. 


13S yi eee ol eld ya — el 


Matching In Exercises 1-4, match the polynomial 
function with its graph. [The graphs are labeled (a), (b), 
(c), and (d).] 














15 ee 

163) = Uy 27 4 3x 4 
180i oe a 

199y 420, yy 


21. Discovery Using your results in Exercises 13-16, 
describe how the right-hand and left-hand behavior of 
the graph of a polynomial function of odd degree is 
related to the sign of the leading coefficient. 








22. Discovery Using your results in Exercises 17-20, 
describe how the right-hand and left-hand behavior of 
the graph of a polynomial function of even degree is 
related to the sign of the leading coefficient. 








Sketching a Transformation of a Monomial Function Applying the Leading Coefficient Test In Exercises 
In Exercises 5-8, use the graph of y = x° to sketch the 23-32, describe the right-hand and left-hand behavior of 
graph of the function. See Example 1. the graph of the polynomial function. See Examples 2 and 3. 
5 Saw 65k) ees) 235; (eax 4 DA GN on 
faeyia) ==t(x + 1)2 — 4 25 yen) Ome aoe ae ieee 

Sey — (x — 2)? + 2 26.7 ae 

27.6 (x) eae 2 28h ead oe? 

Sketching a Transformation of a Monomial Function 29. f(x) =2 + 5x — 2x2 — 3 + 2x4 

In Exercises 9-12, use the graph of y = x* to sketch the b tial ese we 

graph of the function. See Example 1. 30. f(x) = woe 

Oe) = (xe 3)4 10. f(x) =x*- 4 


il, 7a 08s ae 


31. h(t) = —3(P — St + 3) 
wu 
12. f(x) = 3(x — 1) ; 


32. f(s) = (s? + 5s? — Ts +71) 
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The Numbers of Turning Points and Real Zeros In 
Exercises 33-36, determine (a) the maximum number of 
turning points of the graph of the function and (b) the 
maximum number of real zeros of the function. 


B.7 ee =A 1 34. 7G) = = 3x" +l 
35. f) = — OF xt oe 36 fa x? + I 


Finding Zeros of a Polynomial Function In Exercises 
37-52, find all real zeros of the function algebraically. 
Then use a graphing utility to confirm your results. See 
Examples 4 and 5. 


37. f(x) =9 — x 38. f(x) = x2 — 25 


39) hi) =f + or 16 402 fx) =x 12x 36 
41. f(x) =4x2 + 4x4 5 

42. f(x) =42x2 +3x- 5 

43. eG) = =o = 10x 20 

44. f(x) = 2x2 + 4x + 6 

45. f(t) =P — 47? + 4t 

AG. FG) = 

AT. o(t) =3t —5 

48. f(x) = + — 3x4 

49. f(x) = 2x4 — 2x? — 40 

5)..c(t) = — Ore 96 

51. f(x) = — 3x2 + 2x -6 

52.5 (x) = A 2x 100 

Matching In Exercises 53-60, match the Aone 


function with its graph. [The graphs are labeled (a 
(c), (d), (e), (f), (g), and (h).] 
(a) : (b) y 














(9) : (h) 














55. f(x) = 4x4 -— 2 


56; f(x) =a 4a 57. f(x) = 3x =O 
58. fG) =e — oe 4 4x) 590i) = —jetx 3 
60. (@) = = oe = 4x 


Sketching the Graph of a Polynomial Function In 
Exercises 61-72, analyze the graph of the function 
algebraically and use the results to sketch the graph by 
hand. Then use a graphing utility to confirm your sketch. 
See Example 6. 


61. f(x) = 3x +5 62. h(x) = —3x +2 

63. f(t) =3(F —4t— 1) 64. g(x) = —x? + 10x — 16 
65. fa) =4 = 66. f@) = 14 

67. f(x) = x38 — 9x 68. f(x) = 48 — 2x? 


TVG) == sae! — G8 ar 10) 


71s (4) 0 lee 72.. g(x) = 1— Gas 


73. Modeling Polynomials Sketch the graph of a 
polynomial function that is of fourth degree, has a zero 
of multiplicity 2, and has a negative leading coefficient. 


\ 
sy) at ~)Sketch the graph of another polynomial function with 


the same characteristics except the leading coefficient is 
positive. 


74. Modeling Polynomials Sketch the graph of a 
polynomial function that is of fifth degree, has a zero of 
multiplicity 2, and has a negative leading coefficient. 
Sketch the graph of another polynomial function with 
the same characteristics except the leading coefficient is 
positive. 

75. Modeling Polynomials Determine the equation of the 
fourth-degree polynomial function f whose graph is shown. 

















Figure for 75 


Figure for 76 


76. Modeling Polynomials Determine the equation of the 
third-degree polynomial function g whose graph is shown. 
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rr, te 77. Population The table shows the populations P 79. Advertising Expenses The total revenue R (in 
f (in millions) of foreign-born people living in the Lo millions of dollars) for a hotel corporation is related to 
United States in 2009 and every 10 years from 1900 [ey its advertising expenses by the function 

through 2000. (Source: U.S. Census Bureau) 





Re S040 4. 89x — 17.8% + 125, 0S x% = 20 





where x is the amount spent on advertising (in millions 
of dollars). Use a graphing utility to graph the function 
and estimate the point on the graph at which the function 
is increasing most rapidly. This point is called the point 
of diminishing returns because any expenditure above 
this amount will yield less return per dollar invested in 
advertising. 


On) HOW DO YOU SEE IT? The scatter plot 


shows the number y of patients in a hospital at the 



































(a) Use a graphing utility to create a scatter plot of the start of each week x for five consecutive weeks. 
data. Let t = 0 and t = 10 correspond to 1900 and What is the least possible degree of a polynomial 
1910, respectively. function whose graph passes through all five data 

(b) Use what you know about end behavior and the points? Explain your reasoning. 
scatter plot from part (a) to predict the sign of the y 
leading coefficient of a cubic model for P. t 

Z 200 

(c) Use the regression feature of the graphing utility to 5 : . rs 
find a cubic model for P. Does your model agree oe ees . ° 
with your answer from part (b)? 3 100 + 

(d) Use the graphing utility to graph the model from E 50+ 
part (c). Use the graph to predict the year in which Z HU ot Paes 
the immigrant population will be about 45 million. ee eS cd has 
Is your prediction reasonable? Week 

78. Advertising Expenses The total Sah US R (in 81. Maximum Value You are making an open box with 
millions of dollar s) for a soft drink oes related locking tabs from a square piece of material 24 inches on 
to its advertising expenses by the function a side. You cut squares of the same size from the corners 

1 : 2 tp and fold along the dashed lines, as shown in the figure. 
= =< 4.000x7), 0 = x = 400 
50,000' * : . 

where x is the amount spent on advertising (in tens of 

thousands of dollars). Use the graph of R to estimate the 

point on the graph at which the function is increasing 

most rapidly. This point is called the point of diminishing 

returns because any expenditure above this amount will 

yield less return per dollar invested in advertising. 

(a) Verify that the volume of the box is given by the 
@ 600 function 
= 500+ = BN oy 
y Saal! Vix) = 8x(6 — x)(12 — x). 
2 g 300 + (b) Determine the domain of the function V. 
“Se 200 + (c) Sketch a graph of the function and estimate the 
& 100 value of x for which the volume V(x) is maximum. 








{+++ x 
100 200 300 400 


Advertising expense 
(in tens of thousands of dollars) 
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3.3 Polynomial Division 














m Divide one polynomial by a second polynomial using long division. 
m Use synthetic division to divide two polynomials. 
m Use the Remainder Theorem and synthetic division to evaluate a polynomial. 
m Use the Factor Theorem to factor a polynomial. 
. ‘ m Use polynomial division to solve an application problem. 
pm FO = 
i meee’ Long Division of Polynomials »{ fox) = 623 19x? + 16x—4 | 


: : h ——————~. 
Suppose you are given the graph of K 
| 
f(x) = 6x3 — 19x? + 16x — 4. 4 


Advertising expense | 


eons of ones Oe Notice that a zero of f occurs at x = 2, as 
shown in Figure 3.21. Because x = 2 is a 
zero of the polynomial function f, you know 
that (x — 2) is a factor of f(x). This means 
that there exists a second-degree polynomial 
q(x) such that 


100,000 ) 5 2 25 x 5 


To find g(x), you can use long division, as 
illustrated in Example 1. 
In Exercise 82 on page 281, 
you will use a polynomial function to 
estimate advertising expenses of a 
company. 








FIGURE 3.21 


| Example 1 Long Division of Polynomials 


Divide the polynomial 6x3 — 19x? + 16x — 4 by x — 2, and use the result to factor the 
polynomial completely. 





SOLUTION 
Cx a ei 
x — 2) 6x3 — 19x2 + 16x — 4 
Or = (2x4 Multiply 6x? by x — 2. 
—7Tx? + 16x Subtract and bring down 16x. 
— 7x2 + 14x Multiply —7x by x — 2. 
24 Subtract and bring down — 4. 
Piet) Multiply 2 by x — 2 
0 Subtract 


So, you can conclude that 
6x3 — 19x2 + 16x — 4 = (x — 2)(6x* — 7x + 2) 
and by factoring the quadratic 6x7 — 7x + 2, you have 


6x? — 19x2 + 16x — 4 = (x — 2)(2x — 1)(3x — 2). 


of checkpoint 1 





Divide x3 — 6x2 + 5x + 12 by x — 4, and use the result to factor the polynomial 
completely. s 


GLUE STOCK/www.shutterstock.com 
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Note that the factorization shown in Example | agrees with the graph in Figure 3.2] 
in that the three x-intercepts occur at 
eid. hy % ands. x =. 
In Example 1, x — 2 is a factor of the polynomial 
627 — 19752 12 16x — 4 


and the long division process produces a remainder of zero. Often, long division will 
produce a nonzero remainder. For instance, divide eae t) DY ete Laas cow. 


oe , 
x +2 <a Quotient 





“r 
Divisor MP xt+1)x2+3x+5 <Q Dividend 
See ge 
Die PS 
Dig aD) 
8 ae | Remainder 





In fractional form, you can write this result as shown. 





Remainder 
Dividend 
_— Quotient 
4 3r SS  e 3 
———$——— = xt+2+ 
a6 Pl ae I 
Divisor Divisor 
This implies that 
ern te = ee Le 2) 8 Multiply each side by (x + 1). 


which illustrates the following well-known theorem called the Division Algorithm. 


The Division Algorithm 
If f(x) and d(x) are polynomials such that d(x) # 0, and the degree of d(x) is less 
than or equal to the degree of f(x), then there exist unique polynomials q(x) and 
r(x) such that 


f(x) = d(x)q(x) + r(x) 


Dividend | Quotient | 
Divisor Remainder 


where r(x) = 0 or the degree of r(x) is less than the degree of d(x). If the 
remainder r(x) is zero, then d(x) divides evenly into f(x). 


The Division Algorithm can also be written as 


f(x) r(x) 
<= g(x) + 7. 
OVaehe | FG) 
In the Division Algorithm, the rational expression 
f(x)/d(x) 


is improper because the degree of f(x) is greater than or equal to the degree of d(x). On 
the other hand, the rational expression 


r(x)/d(x) 


is proper because the degree of r(x) is less than the degree of d(x). 
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STUDY TIP 





You can check the result of a 
division problem by multiply- 


ing. For instance, in Example 2, 


try checking that 


(x — 1)? +x + 1) 





Before you apply the Division Algorithm, follow these steps. 
1. Write the dividend and divisor in descending powers of the variable. 
2. Insert placeholders with zero coefficients for missing powers of the variable. 


Note how these steps are applied in the next example. 


Ss erse)(-wam Long Division of Polynomials 


Divide = by ual 


SOLUTION Because there is no x?-term or x-term in the dividend, you need to line up 
the subtraction by using zero coefficients (or leaving spaces) for the missing terms. 








bea Ge 96 Se Il 
x—-1)x3+4+ 0x2 + Ox - 1 Insert 0x? and Ox. 
el = ee Multiply x? by x — 1. 
ee Ox Subtract and bring down Ox. 
= as Multiply x by x — 1. 
xe = Il Subtract and bring down — 1. 
el Multiply 1 by x — 1. 
0 Subtract. 


So, x — 1 divides evenly into x* — | and you can write 





=eP+xtl, 


¥ Ghackpoint 2 


Divide x? + 8 by x + 2. oy 





In each of the long division examples, the divisor has been a first-degree polynomial. 
The Division Algorithm works just as well with polynomial divisors of degree two or 
more, as shown in Example 3. 


Long Division of Polynomials 


Divide 244 45° 5x74 ox = 2 by aren. 


SOLUTION 





Multiply 2x? by x? + 2x — 3. 





Wei gid She ae) Subtract and bring down 3x — 2. 
x + 2x — 3 Multiply 1 by x2 + 2x — 3. 
ge ae Subtract. 


Note that the first subtraction eliminated two terms from the dividend. When this 
happens, the quotient skips a term. So, you can write 


Ok Oh Axe oe ae ax 2 3 x +1 
5 rm PN ns regres: 
x + 2x — 3 xv + 2x — 3 





W Checkpoint 3 


Divide: 5x* +1 0x9 7x? + 28x39 by x7) + 2x — 4. 
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Synthetic Division 


There is a nice shortcut for long division of polynomials when dividing by divisors of the 
form x — k. This shortcut is called synthetic division. The pattern for synthetic division 
of a cubic polynomial is shown below. (The pattern for higher-degree polynomials is 
similar. ) 


mors wet ED CoH RIV Regs aTE sa RIED SIRO oe 


Synthetic Division (for a Cubic Polynomial) 
To divide ax? + bx? + cx + dby x — k, use the following pattern. 


k (a) b C d <— Coefficients of dividend 


Z. fe es 
VA 
(a) ri + ka) (_) @) < Remainder 


SS, 
Coefficients of quotient 








Vertical pattern: Add terms in columns. 
Diagonal pattern: Multiply results by &. 


This algorithm for synthetic division works only for divisors of the form x — k. 


Remember that 


xt k= xe (—k). 


scree Using Synthetic Division 


Use synthetic division to divide x* — 10x* — 2x + 4 by x + 3. 


SOLUTION Set up the array as shown. Note that a zero is included for the missing 
x°-term in the dividend. 


i 0-10 -2 4 


aaa as 


Then, use the synthetic division pattern by adding terms in columns and multiplying the 





results by —3. 








Divisor: x : 3 Dividend: x 4 = 10x" —2x+4 
= S; 1 com () =p 4 
9 3 =3 
— Fy wr | 
l =3 =| 1 ar ~<— Remainder: | 
e a aii 





Quotient: xe — 3x7 -x4+1 


So, you have 


ie OC mea 2 ch ee 








of Checkpoint 4 


Use synthetic division to divide 2 = (x 80 DY X — 3: 
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Remainder Theorem 


The remainder obtained in the synthetic division process has an important interpretation, 
as described in the Remainder Theorem. 


The Remainder Theorem 





= AINE PRET FTEs IEE EA ALE Se Ae TE SRI RET SSS TELE TTT 





If a polynomial f(x) is divided by x — k, then the remainder is 
r= fk). 


The Remainder Theorem tells you that synthetic division can be used to evaluate a 
polynomial function. That is, to evaluate a polynomial function f at x = k, divide f(x) 
by x — k. The remainder will be f(A), as illustrated in Example 5. 


Seirye)(-w Using the Remainder Theorem 


Use the Remainder Theorem to evaluate 
Nk) SRO te Ok eye, 

when x = —2. 

SOLUTION Use synthetic division. 


2 3) 8 AS eT 
-6 -4 -2 
SicMaF wliine9 





Because the remainder is r = —9, you can conclude that 
f(-2) = -9. 


This means that (— 2, —9) is a point on the graph of f. You can check this by substituting 
x = —2 in the original function. 


CHECK 
flqHQiase2 re 82) 52 

3(—8) + 8(4) - 10-7 

—24+ 32 -10-7 

= —=9 


o Checkpoint 5 


Use the Remainder Theorem to evaluate f(x) = 4x* + 6x? + 4x + 5 when 
5 — alle re] 





TECH TUTOR 














Remember, you can also evaluate a function with your graphing utility 
by entering the function in the equation editor and using the table feature in 

ASK mode. For instructions on how to use the table feature, see Appendix A. 
Consult the user’s guide for your graphing utility for more information. 


Section 3.3. m Polynomial Division 2 


Factor Theorem 


Another important theorem is the Factor Theorem, which is stated below. 


Factor Theorem 


A polynomial f(x) has a factor (x — k) if and only if f(k) = 0. 


You can think of the Factor Theorem as stating that if (x — &) is a factor of f(x), then 
f(k) = 0. Conversely, if f(k) = 0, then (x — k) is a factor of if (Go) 


Ente Factoring a Polynomial: Repeated Division 


Show that (x — 2) and (x + 3) are factors of the polynomial 


fC ee 2 a O 





Then find the remaining factors of f(x). 
SOLUTION Use synthetic division with the factor (x — 2). 
2 F 2 i —Ae—2ie— 18 


4 DD) 36 18 0 ind A(2) = 0 
~ remainder, so f(2) = 
Z 11 18 9 0 Be and (x — 2) is a factor. 





Take the result of this division and perform synthetic division again using the factor 





(x: + 3). 
f —3 | Se Gilesa 1S el 9 
A 
oy 
| 6 I: 9 OQ remainder, so f(— 3) =0 
y) 5 3 0 —Y~ and (x + 3) is a factor. 
———_ 


Quadratic: 2x? + 5x +3 


Because the resulting quadratic expression factors as 





ats 2x2 + 5x + 3 = (2x + 3)(x + 1) 
the complete factorization of f(x) is 


Faves — 2) 3)Qr 4 3)G +41). 






-30 + 


eta: lays Eset : 5 : 
Note that this factorization implies that fhas four real zeros: 2, —3, — and — 1. This 





FIGURE 3.22 is confirmed by the graph of f, which is shown in Figure S22. 
V/ Checkpoint 6 
_ Show that (x + 2) and (x + 4) are factors of the polynomial 
! s ea 
STUDY TIP f(x) = x4 + 6x3 + 7x? — 6x — 8. Then find the remaining factors of f(x). B 





Try using more than one 
strategy to solve some of the 
exercises in this section. For 
instance, if you find that The remainder r obtained in the synthetic division of f(x) by x — k provides the 
x — k divides evenly into f(x) following information. 

(with no remainder), then try 
sketching the graph of f. You 
should see that (k, 0) is an 
x-intercept. 


ee en ae Sat ARC NRE REEL I TATTLE DT EEE LEME LE ALLEL NEE Apert amslte eee! 


Uses of the Remainder in Synthetic Division 








1. The remainder r gives the value of f at x = k. That is, r = f(k). 
2. If r = 0, then (x — &) is a factor of f(x). 
3. If r = 0, then (k, 0) is an x-intercept of the graph of f. 
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a 

J 25,0004 

S 20,0004 

= | 

= 15,000 4 

ey | 

= 10,0004 

= 5,000 

ahs fe 

spay | 

é 

Yearly salary (in dollars) 

FIGURE 3.23 


Tax liability (as percent 
in decimal form) 


Yearly salary (in dollars) 


FIGURE 3.24 





Application 


Ps 
«. Je coseeye)(-wam Lax Liability 


The 2009 federal income tax liability for an employee who was single and claimed no 
dependents is given by the function 


y = 0.00000077x? + 0.096x — 1426.86, 20,000 = x <= 100,000 


where y represents the tax liability (in dollars) and x represents the employee’s yearly 
salary (in dollars) (see Figure 3.23). (Source: U.S. Department of the Treasury) 


a. Find a function that gives the tax liability as a percent of the yearly salary. 

b. Graph the function in part (a). What conclusions can you make from the graph? 

SOLUTION 

a. Because the yearly salary is given by x and the tax liability is given by y, the percent 
(in decimal form) of yearly salary that a person owes in federal income tax is 


Pas 


_ 0.00000077x? + 0.096x — 1426.86 
BF 





1426.86 
= 0.00000077x + 0.096 — er 
b. The graph of the function P is shown in Figure 3.24. From the graph you can 
see that as a person’s yearly salary increases, the percent that he or she must pay in 
federal income tax also increases. 





W/ Checkpoint 7 
Use the function P from part (a) of Example 7. 
a. What percent of a $50,000 yearly salary does a person owe in federal income tax? 


b. What percent of a $100,000 yearly salary does a person owe in federal income tax? 
& 


SUMMARIZE | (Section 3.3) 


1. Describe how to divide one polynomial by another polynomial using 
long division (pages 272-274). For examples of long division of 
polynomials, see Examples 1,2, and 3. 


2. Describe the algorithm for synthetic division (page 275). For an example 
of using synthetic division, see Example 4. 


3. State the Remainder Theorem (page 276). For an example of using the 
Remainder Theorem, see Example 5. 


4. State the Factor Theorem (page 277). For an example of using the Factor 
Theorem, see Example 6. 


5. Describe a real-life example of how polynomial division is used to write 
a function that gives the tax liability as a percent of an employee’s yearly 
salary (page 278, Example 7). 


Martin Novak/www.shutterstock.com 
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Ieee eg ce ter ner ae ee el ee be ante. 
In Exercises 1-4, write the expression in standard polynomial form. 

1. & — 1)@? + 2) +5 

2: (x2 — 3)(2x + 4) + 8 

8. G2 + 1)G2 — 2x + 3) — 10 

aieer 0) 2x — 3x) -— 5 


In Exercises 5-10, factor the polynomial. 
Sere 4x + 3 
fapex 24x = 80 
11, Shi ae > ie 
S$. 9x2 — 24x + 16 
9 


max — [Ox + 6x 
10. 6x? + 7x? + 2x 








Exe rcises 3.3 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Long Division of Polynomials In Exercises 1-22, use Using Synthetic Division In Exercises 23-42, use 
long division to divide. See Examples 7, 2, and 3. synthetic division to divide. See Example 4. 

Dividend Divisor Dividend Divisor 
a 6 x= 3 23 Ox aaa 
th, 2 a Ga? ee cael 2455 — 44 2 jeae 8 
Sexy ix + 4 al 25 2 ke = 10 x14 
wee 17x —12 x4 D603 lok all 32 sits} 
Beer 10x + 12 pages) a7. Ax — 9x + 8x? — 18 Gee 
feet x 11 ye 28. 9x3 — 16x — 18x* + 32 Te 
fae Sx + 3 canoe 20 Ne (ox = 250 LO 
See GF 7x — 2 S| 30. 3x° — 16x? — 72 aa 
Woe Ox — x — 3 ihe 31. x4 — 43 — 7x? + 22x + 24 x+3 

0m 12x* — 2x + 8 ghee w 3256n7 == 15e Lx x+2 
Tie be + Ox — x — 2 eee 33.010 oly = 800 p= 6 
fo 2 — 3x? = 8x — 4 r= 4 34. x» — 13x* — 120x + 80 w+3 
oe tS x+4 35ea see a 
iack > 243 360 5% EG gts 
156  10x7 +x + 8 ae Bil = oe a= 
lomo — ox- + 3x — 9 2x? + 3 38. 2x° DearS) 
Ve 927 ie all 39.5 —3x+ 2° -x tel 
isva D ca aent| 40. 180x — x4 Y— 6 
19. 3 — 4x2 + 5x -2 x+2 41. 4x3 + 16x? — 23x — 15 x+3 
20. 3 — 2x2 + 2x - 8 x-2 42. 3x3 — 4x2 + 5 x-3 
Die — 8x 4x — 1 yeni PD rae all 


92. x* + 3x7 + 1 x2 —- 2x + 3 
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Using the Remainder Theorem In Exercises 43-50, 


write the function in the form 
f(x) = (x — k)q(x) +r 


for the given value of k, and demonstrate that f(k) = r. 
43. f(x) =P +x22—12x +20, k=2 


44. f(x) = 8 —22- 15x +7, k= —-4 
45. f(x) = 3x3 +224+5x-2, k=] 

AG) f(x) = 40 > Ox 4 = Sx 13 ke —} 
ATG oe oe le 

48. f(x) = 8 + 3x2 -7x-6, k= -V2 

49. f(x) = 238+ x2-14x-10, k= 1+ V3 
50. f(x) = 3x3 — 19x2 + 27x -7, k=3- V2 


Using the Remainder Theorem In Exercises 51-54, 
use the Remainder Theorem to find each function value. 
See Example 5. 


Be) ee 


nr 2) (b) f(—4) 

(c) fU) (d) f(3) 
Pat Gah aso = Meee Bye ae) 

(a) g(2) (b) g(—4) 

g(7) (d) g(-1) 

aS - SK ao Ok 4 

(a) f(2) CD) ia) 

(c) f(1.1) (d) (5) 
54. f(x) = 3x4 — 7x2 + 5x — 12 

(a) f() (b) f(4) 

OMe) OD) 12 


Factoring a Polynomial In Exercises 55-60, (a) verify 
the given factors of f(x), (b) find the remaining factor of f(x), 
(c) use your results to write the complete factorization of 
f(x), (d) list all real zeros of f, and (e) confirm your results 
by using a graphing utility to graph the function. See 
Example 6. 


Function Factors 
55. f(x 16 (x + 2), (« — 4) 
56. f(x) = x° = 28x — 48 (x + 4), (x — 6) 
57. f(x) = 3x? + 10x? — 27x — 10 (3x4= 1), G2) 
58. f(x) = 5 = 1 eke +8 (5x — 1), (x — 4) 
59. f(x) = x3 + 2x2 — 3x -— 6 (x — /3), (« + 2) 
60. f(x) = 23 + 2x2 -2x-—4 (x — /2), (x + 2) 


61. Reasoning You divide a polynomial by another 
polynomial. The remainder is zero. What conclusion(s) 
can you make? 


62. Reasoning A remainder obtained in a polynomial 
division by x — k is zero. How is the divisor related to 
the graph of the dividend? 


Finding Real Zeros’ In Exercises 63-68, match the 
function with its graph and use the result to find all real 
solutions of f(x) = 0. [The graphs are labeled (a), (b), (c), 
(d), (e), and (f).] 


(a) 












































65. f(a) = One 

662 fC) eo el 
675, fG) = aa ox 15 
682 (3) =e oO 


69. Modeling Polynomials A third-degree polynomial 
function fhas real zeros — 1, 2, and = Find two different 
polynomial functions, one with a positive leading 
coefficient and one with a negative leading coefficient, 
that could be f. How many different polynomial functions 
are possible for f? 


70. Modeling Polynomials A fourth-degree polynomial 
function g has real zeros —2, 0, 1, and 5. Find two 
different polynomial functions, one with a positive 
leading coefficient and one with a negative leading 
coefficient, that could be g. How many different 
polynomial functions are possible for g? 
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Simplifying a Rational Expression In Exercises 
71-78, simplify the rational expression. 82 HOW DO YOU SEE IT? A company making 
fishing poles estimated that the profit P (in dollars) 

































ae Or tt Olx ~ 30 16 git Be sees 
7h aE os Le “ rm : seu from selling a particular fishing pole was 
mi Gee = 21x —"10 Pi 140953) © 5348.3x7 — 76560), 0 = x = 35 
2x74 | where x was the advertising expense (in tens of 
vA 3x3 — 5x2 — 34x + 24 thousands of dollars). For this fishing pole, the 
: ew) advertising expense was $300,000 (x = 30) and the 
Wem 1A? — 120x profit was $936,660. 
75. Pen 20 (a) From the graph shown in the figure, it appears 
Fe 3 10 that the company could have obtained the same 
76. Saae Z profit by spending less on advertising. Use the 
1 ha graph to estimate another amount the company 
77 Pape 0x" — 30x — 27 could have spent on advertising that would have 
a 9 produced the same profit. 
fee 3x7 — x + 12 P 
78. : 
xo x= 12 1,100,000 
79, Examination Room A rectangular examination A 
room in a veterinary clinic has a volume of 700,000 if 
Meee hin + 34x + 32 500,000 ++ 


=e a 


300,000 -- 


Profit (in dollars) 


cubic feet. The height of the room is Ga ieet sce 
figure). Find the number of square feet of floor space in 100,000 + 
the examination room. 








15 20) 2s 3 SS 


Advertising expense 
(in tens of thousands of dollars) 


(b) Explain how you could verify the amount from 
part (a) algebraically. 











. Profit A company that produces calculators estimated 
f—~ that the profit P (in dollars) from selling a particular 
model of calculator was 


P= =152e £ 7545x* — 169,625, 02% = 45 


80. Veterinary Clinic A rectangular veterinary clinic has 
a volume of 





x + 55x? + 650x + 1784 where x was the advertising expense (in tens of thousands 


cubic feet (the space in the attic is not included). The of dollars). For this model of calculator, the advertising 


height of the clinic is (x + 4) feet (see figure). Find the expense was $400,000 (x = 40) and the profit was 

number of square feet of floor space on the first floor of $2,174,375. 

the clinic. . (a) Use a graphing utility to graph the profit function. 

(b) Use the graph from part (a) to estimate another 
amount the company could have spent on advertising 
that would have produced the same profit. 


(c) Use synthetic division to confirm the result of part (b) 
algebraically. 


(x + 4) ft 





Exploration In Exercises 84 and 85, find the constant 
c such that the denominator will divide evenly into the 
numerator. 
Pisbidorss ame C ae oe At 
81. Writing Briefly explain how to check polynomial $4. 4 85. paras 

division, and justify your answer. Give an example. 











or 
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3.4 Real Zeros of edo) \ Varo) palt=|M gl Ulavedt(elats 


@ Find all possible rational zeros of a function using the Rational Zero Test. 





@ Approximate the real zeros of a polynomial function using the Intermediate 
Value Theorem. 


@ Approximate the real zeros of a polynomial function using a graphing utility. 
@ Apply techniques for approximating real zeros to solve an application problem. 





, The Rational Zero Test 


73900,000 The Rational Zero Test relates the possible rational zeros of a polynomial function 
(having integer coefficients) to the leading coefficient and to the constant term of the 
polynomial. 


Mia 
I 
"we 





Xx 
10 2 3 40 SO 60 70 80 ~ RAST POA ONE SERS IA, AES AN RO 


Ga wor ected} The Rational Zer ° Test 
If the polynomial function given by 
i) =o a ee ea ae 
has integer coefficients, then every rational zero of f has the form 


a factor of the constant term a, P 











Rational zero = : ; = 
a factor of the leading coefficienta,  q 


where p and g have no common factors other than 1. When the leading coefficient 
is 1, the possible rational zeros are simply the factors of the constant term. 





In Exercise 68 on page 294, ; : 3 ; : 
you will use a graph ee Make a list of possible rational zeros. Then use a trial-and-error method to 


how much money acompany should determine which, if any, are actual zeros of the polynomial function. 


spend on advertising to obtain a 
certain profit. 


>t eee Rational Zero Test with Leading Coefficient of 1 


Find the rational zeros of 
y \ ' f@jHxr+x eh 


SOLUTION Because the leading coefficient is 1, the possible rational zeros are the 
factors of the constant term. 


Possible rational zeros: | and —1 
By testing these possible zeros, you can see that neither checks. 
Tr AQ) =e 1 + 1s 
if ed) aes 1 (eed) cee 


So, you can conclude that the given function has no rational zeros. Note from the graph 
of fin Figure 3.25 that f does have one real zero (between — 1 and 0). By the Rational 
Zero Test, you know that this real zero is not a rational number. 





FIGURE 3.25 





a chactooint 1 





Find the rational zeros of sy) 


442 


SQ) =x + 2x + 2. AY m 


Andrest/www.shutterstock.com 





| fayextaxt $2 = 3x -6 | 





af 
] 








FIGURE 3.26 
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eae Rational Zero Test with Leading Coefficient of | 


Find the rational zeros of 
WiC eae ee 2 fant oO: 


SOLUTION Because the leading coefficient is 1, the possible rational zeros are the 
factors of the constant term. 


Possible rational zeros: +1, +2, +3, +6 


Test each possible rational zero. The test shows x = — 1 and x = 2 are the only two 
rational zeros of the function. SS 
vA Checkpoint 2 





Find the rational zeros of 
fyece alt ke = G w 
When the leading coefficient of a polynomial is not 1, the list of possible rational zeros 
can increase dramatically. In such cases, the search can be shortened in several ways. 
¢ A programmable calculator can be used to speed up the calculations. 


¢ A graph, created either by hand or with a graphing utility, can give a good 
estimate of the locations of the zeros. 


° Synthetic division can be used to test the possible rational zeros. 










TECH TUTOR 


eee Bee Or 
There are several ways to use your graphing utility to locate the zeros 
of a polynomial function after listing the possible rational zeros. You can use the 
table feature by setting the increments of x to the smallest difference between 
possible rational zeros, or use the table feature in ASK mode. In either case, the 
value in the function column will be 0 when x is a zero of the function. Another 
way to locate zeros is to graph the function. Be sure that your viewing window 
contains all the possible rational zeros. 





To see how to use synthetic division to test the possible rational zeros, let’s take 
another look at the function given by 


OF (Ot ese eee ee Sa 


from Example 2. To test that x = —1 and x = 2 are zeros of f, you can apply synthetic 
division, as shown. 


—f | {i 3-6 D, | =2 3 =O 
=| 2 =3 6 2; 0 6 
i ae idee) ool aeons) 

So, you have 


Ff (e) = (eee x — P| Cie ao") 


Because the factor (x2 + 3) produces no real zeros, you can conclude that x = ~ 1 and 
x = 2are the only real zeros of f. This is verified in the graph of f shown in Figure 3.26. 
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(O, 12) 





f(x) = 10x? — 15x- — 16x + 12 


FIGURE 3.27 





| 


Finding the first zero is often the hardest part. After that, the search is simplified 
by using the lower-degree polynomial obtained in synthetic division. Once the lower- 
degree polynomial is quadratic, either factoring or the Quadratic Formula can be used 
to find the remaining zeros. 


1% <esesje)(-esmme Using the Rational Zero Test 


Find the rational zeros of 
UACo airs o> She = ihe a Sh 
SOLUTION The leading coefficient is 2 and the constant term is 3. 


Factorsof Seale eS 
= = Sell Geo), se 
Factonsof 2 lee 





Possible rational zeros: ae 


N | w 


4 
Da 
By synthetic division, you can determine that x = | is a rational zero. 


l Z 3 8 3 
2 Sees) 


Z, Sie Ss) 0 
So, f(x) factors as 
Play Sa) O58) 
= (4 = Ora) ee 3) 


and you can conclude that the rational zeros of fare x = 1, x = ,, and x = —3. 


vA Checkpoint 3 


Find the rational zeros of f(x) = 2x? + 5x? + x — 2. 8 


Using the Rational Zero Test 


Find all the real zeros of 
i) — Onl oe Oye a 


SOLUTION The leading coefficient is 10 and the constant term is 12. 





Bactors:of [2s yes2l) seo. ce oe One ee 
Factors of 10 piel he = eye AN) 








Possible rational zeros: 


There are 32 possibilities. So, it is worth your time to stop and sketch a graph. From 
Figure 3.27, it looks like three reasonable choices would be x = —§, — 5 and x = 2. 
Testing these by synthetic division shows that only x = 2 checks. So, you have 


hs) =e) Oe oan): 
Using the Quadratic Formula, you find that the two additional zeros are irrational numbers. 


_ =5 + 265 —5 — /265 





x 70 = 0.5639 and x= 0 = —1,0639 
You can conclude that the real zeros of f are x = 2, x ~ 0.5639, and x ~ —1.0639. 
Vv Checkpoint 4 





Find the rational zero of f(x) = 3x3 + 2x 
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The Intermediate Value Theorem 


The next theorem, called the Intermediate Value Theorem, tells you of the existence 
of real zeros of polynomial functions. The theorem implies that if 


(a, f(a)) and (b, f(b) 


are two points on the graph of a polynomial function such that f(a) # f(d), then for any 
number d between f(a) and f(b) there must be a number c between a and b such that 
f(c) = d. See Figure 3.28.) 











FIGURE 3.28 


Intermediate Value Theorem 


Let a and b be real numbers such that a < b. If fis a polynomial function such 
that f(a) # f(b), then, in the interval [a, b], f takes on every value between f (a) 
and f(b). 


The Intermediate Value Theorem helps you locate the real zeros of a polynomial 
function in the following way. If you can find a value x = a where a polynomial function 
is positive, and another value.x = b where it is negative, then you can conclude that the 
function has at least one real zero between these two values. For example, the function 
given by 


[Gee 


is negative when x = — 2 and positive when x = —1. So, it follows from the Intermediate 
Value Theorem that f must have a real zero somewhere between —2 and — 1, as shown 
in Figure 3.29. 





The function f must have a real zero 
somewhere between —2 and —1. 


FIGURE 3.29 


By continuing this line of reasoning, you can approximate any real zeros of a 
polynomial function to any desired level of accuracy. This concept is further demonstrated 
in Example 5. 


Viorel Sima/www.shutterstock.com 


286 


Chapter 3 m Polynomial and Rational Functions 


1%'<ehss}e)(-e Using the Intermediate Value Theorem 


Use the Intermediate Value Theorem to approximate a real zero of 
F(t) Se ee 


SOLUTION Compute a few function values. 














Because f(—1) is negative and f(0) is positive, you can apply the Intermediate Value 
Theorem to conclude that the function has a zero between — 1 and 0. To approximate 
this zero more closely, divide the interval [— 1, 0] into tenths and evaluate the function 
at each value of x. A few function values in the interval [— 1, 0] are shown below. 


io | ~0.5 
0.167 | 0.424 [ 0.025 
bi ae ae | a Sam 
Fon 0.776 | 0.883 | 0.952 | 0.989 
You can see that 
i -0:8 e052 


and 


f(—0.7) = 0.167. 























So, f must have a zero between — 0.8 and — 0.7, as shown in Figure 3.30. By continuing 
this process, you can approximate this zero to any desired level of accuracy. 






| f(x) =x3 =x? +1 





SS —t a 


—| 1 aS 


——— 





f has a zero between —0.8 and —0.7. 
FIGURE 3.30 


o/ Checknalnt 5 





Use the Intermediate Value Theorem to approximate a real zero of 


f(x) = x3 be 4. 


STUDY TIP 


SE 
To help you visually determine 
when you have zoomed in 
enough times to reach the 
desired level of accuracy, set 
the X-scale of the viewing 
window to the accuracy you 
need and zoom in repeatedly. 
For instance, to approximate 
the zero to the nearest 
hundredth, set the X-scale 
to 0.01. 





=5 5 
(a) 
0.020 
—0.492 —0.453 
—0.020 
(b) 


FIGURE 3.31 


STUDY TIP 


eee 
Remember that when 
substituting a real zero that 
is an approximation into the 
original function, you usually 
obtain a result that is not 
exactly zero. For instance, 
in Example 6, 


f(—0.473) ~ 0.002. 












Section 3.4 m Real Zeros of Polynomial Functions 287 


Approximating Zeros Using a Graphing Utility 


In this section, you will study two techniques for approximating the zeros of a polynomial 
function using a graphing utility. The first is called the zoom-and-trace technique. 


ieee cementite eateteieinieeesaeueeaseeeemmaremeemeaeeeaa aaa onsen 


Zoom-and-Trace Technique 


To approximate a real zero of a function with a graphing utility, use the following 
steps. 


1. Graph the function so that the real zero you want to approximate appears as an 
x-intercept on the screen. 


2. Move the cursor near the x-intercept and use the zoom feature to zoom in to get 
a better look at the intercept. 


3. Use the trace feature to find the x-values that occur just before and just after 
the x-intercept. If the difference between these values is sufficiently small, then 
use their average as the approximation. If not, continue zooming in until the 
approximation reaches the desired level of accuracy. 


The amount that a graphing utility zooms in is determined by the zoom factor. The 
zoom factor is a positive number greater than or equal to | that gives the ratio of the 
larger screen to the smaller screen. For instance, if you zoom in with a zoom factor of 
2, you will obtain a screen in which the ~x- and y-values are half their original values. 
This text uses a zoom factor of 4. 


erties Approximating a Zero of a Polynomial Function 


Approximate a real zero of f(x) = x° + 4x + 2 to the nearest thousandth. 


SOLUTION To begin, use a graphing utility to graph the function, as shown in 
Figure 3.31(a). Set the X-scale to 0.001 and zoom in several times until the tick marks 
on the x-axis become visible. The final screen should be similar to the one shown in 
Figure 3.31(b). At this point, you can use the trace feature to determine that the x-values 
just to the left and right of the x-intercept are 


x = —0.4735 and x ~ —0.4733. 
So, to the nearest thousandth, you can approximate the zero of the function to be 


x = —0.473. ———— 


+/ Checkpoint 6 





Approximate a real zero of f(x) = 2x? — x + 3 to the nearest thousandth. u 


In Example 6, the cubic polynomial function has 10 
only one real zero. Remember that functions can 
also have two or more real zeros. In such cases, 
you can use the zoom-and-trace technique for 
each zero separately. For instance, the function 
given by f(x) = x? — 4x7 + x + 2 has three 
real zeros, as shown in Figure 3.32. Using the 
zoom-and-trace technique for each real zero, 
you can approximate the real zeros to be FIGURE 3.32 


x = =0,562.0 x, = 1.000, “and =x = 3.502. 


—10 10 


—10 
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For instructions on 
how to use the zoom, trace, 
zero, and root features, see 
Appendix A. Consult your 
user’s guide for your graphing 
utility for more information. 








The second technique that can be used with some graphing utilities is to employ the 
graphing utility’s zero or root feature. The name of this feature differs with different 
calculators. Consult your user’s guide to determine if this feature is available. 


|S 'etseye)(wam Approximating the Zeros of a Polynomial Function 


Approximate the real zeros of 
iA a Oh oe eile 


SOLUTION To begin, use a graphing utility to graph the function, as shown in the first 
screen in Figure 3.33. Notice that the graph has three x-intercepts. To approximate the 
leftmost intercept, find an appropriate viewing window and use the zero feature, as 
shown below. The calculator should display an approximation of x ~ —0.8019377, 
which is accurate to seven decimal places. 


W1EnF-ens-n+l 


M, F 
M., ‘ 
Soar va 


Lert Bound? 
n= ".Be9reee Y=-.11Befs9 





Find an appropriate viewing window, Move the cursor to the left of the 
and then use the zero feature. intercept and press “Enter.” 





3 
V=.10e0ebe1 
=3) ' 
Move the cursor to the right of the Move the cursor near the intercept 
intercept and press “Enter.” and press “Enter.” 


H=".AOL9S77 = 





FIGURE 3.33 


By repeating this process, you can determine that the other two zeros are x ~ 0.555 and 


ef chesroornt ri 





Approximate the real zeros of 
TG) = eee |, | 


David Davis /Shutterstock.com 
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You may be wondering why so much time is spent in algebra trying to find the zeros 
of a function. The reason is that if you have a technique that will enable you to solve the 
equation f(x) = 0, you can use the same technique to solve the more general equation 


fix) =e 


where c is any real number. This procedure is demonstrated in Example 8. 


seernyceme Solving the Equation f(x) = c 


Find a value of x such that f(x) = 30 for the function given by 
FO) = x 404 4. 


SOLUTION The graph of f(x) = x3 — 4x + 4 is shown in Figure 3.34. Note from the 
graph that f(x) = 30 when x is about 3.5. 





FIGURE 3.34 


To use the zoom-and-trace technique to approximate this x-value more closely, consider 
the equation 


4x4 a= 30 
= 4K =—201— 0: 
So, the solutions of the equation f(x) = 30 are precisely the same x-values as the zeros of 
(Cay = oe = Tin hop 


Using the graph of g, as shown in Figure 3.35, you can approximate the zero of g to be 
x ~ 3.41. You can check this value by substituting x = 3.41 into the original function. 


£3.41) = (.41)3 — 43.41) + 4 
~ 30.01 ¥ 


Remember that with decimal approximations, a check usually will not produce an exact 
value. 


=10 
nf Checkpoint 8 


Ee 


Find a value of x such that f(x) = 20 for the function given by 


ie) exe 1. & 
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Application 


€ S<oseteceemm Profit and Advertising Expenses 


A company that produces sports clothes estimates that the profit from selling a particular 
line of sportswear is given by 


P=—0.0)432 5 0.7524 AO OR Sa 50 


where P is the profit (in tens of thousands of dollars) and x is the advertising expense 
(in tens of thousands of dollars). According to this model, how much money should the 
company spend on advertising to obtain a profit of $2,750,000? 


SOLUTION From Figure 3.36, it appears that there are two different values of x between 
0 and 50 that will produce a profit of $2,750,000. 












P 
ee 4 (32.8, 275) 
2% 240+ 
52 20-4 
ge ° 160- 
Sr i204 
I 
fal Soe 05 
SB opAdtit+ttt++: 
= 404710 20 30 40 50 


Advertising expense (in tens 
of thousands of dollars) 


FIGURE 3.36 
However, because of the context of the problem, it is clear that the better answer is the 
smaller of the two numbers. So, to solve the equation 
=0.0145? = 07520" 40 275 
= 0.014x2"-- 0.7527 — 315 = 0 


find the zeros of the function g(x) = —0.014x° + 0.752x? — 315. Using the 
zoom-and-trace technique, you can find that the leftmost zero is x ~ 32.8. You 
can check this solution by substituting x = 32.8 into the original function. 


P = —0.014(32.8)? + 0.752(32.8)? — 40 = 275 


The company should spend about $328,000 on advertising for the line of sportswear. 





/ Cheeknolnt 9 





In Example 9, how much money should the company spend on advertising to obtain a 
profit of $2,500,000? 2 


SUMMARIZE (Section 3.4) 


1. Describe the Rational Zero Test (page 282). For examples of using the 
Rational Zero Test, see Examples 1, 2, 3, and 4. 


2. State the Intermediate Value Theorem (page 285). For an example of using 
the Intermediate Value Theorem, see Example 5. 


3. Describe the zoom-and-trace technique (page 287). For an example of using 
the zoom-and-trace technique, see Example 6. 


Losevsky Pavel/www.shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 3.4 these skills in the exercise set for this section. For additional help, review Sections 1.5 and 3.3. 
In Exercises 1 and 2, find a polynomial function with integer coefficients having 


the given zeros. 
1. —1,3,3 2 250902 


In Exercises 3 and 4, use synthetic division to divide. 


Re a Ox + 18 4 Oxo eel eer eLOK 9X 508 
a1 3 x +3 








3: 


In Exercises 5-8, use the given zero to find all the real zeros of f. 
5. f(x) = 28 + Ix? + 2x — 4, x = 3 

Geox 47x07 = 124% — 60, x = 10 

3 


Gn 4 13x? — 4e + 6, x = —] 
Nee 10x S1xt 48x — 28, x =p 


In Exercises 9 and 10, find all real solutions of the equation. 
Oye 3x + 2 = 0 
105 (x7 + 12 = 0 





=> 42) eS 3.4 See www.CalcChat.com for worked-out solutions to fofele pralelanlel=1ks\o m=) else 





Ma ee eae 
Rational Zero Test with Leading Coefficient of 1 In 10. f(x) = x8 — 9x2 + 27x — 27 3 VAR 
Exercises 1-6, use the Rational Zero Test to list all 11. f(x) = 2x3 — 3x2 — 1x + 6 
possible rational zeros of f. Test each possible rational is 3 es 
zero to determine whether it is an actual zero of f. See 12. f(x) = 5x? — 7x* — 58x + 24 


Examples 1 and 2. 


a Finding Rational Zeros In Exercises 13-16, find the 
Pape ix + 2x7 — 1 


rational zeros of the polynomial function. See Examples 1, 








Deaton + 3x*— x — 3 el tate esh 

3. f(x) =O -42 +1 13. f(x) = 8 — 32 — Fx + 6 

ea x + 2x” — | L4G) oe 

Se — 1x .— 6 15h ae el et 

Gap) — x) + 2x? + 3x’ + 2x— 8 16. f(x) = —2x4 + 13x3 — 21x? + 2x + 8 +/ 
Using the Rational Zero Test In Exercises / Using the Rational Zero Test In Exercises 17-24, find 
and 8, use the Rational Zero Test to list all possible all the real zeros of the function. See Example 4. 
rational zeros of f. Then use a graphing utility to 17. f(x) = x8 — 6x2 + 11x — 6 





graph the function. Use the graph to help determine 
which of the possible rational zeros are actual zeros 18. g 
of the function. 19. h(t) "2 2? 217 10 
Tea) = x + x? —Ar-4 S$. (eae 6 20. f(x) = ee a x 2 
WAC eae ae aed 
Using the Rational Zero Test In Exercises 9-12, use 22. f(x) = 3x3 — 19x? + 33x — 9 
the Rational Zero Test to list all possible rational zeros of f. 


Kae 


eee oy 2 
Use synthetic division to determine which of the possible 23. f(x) = + Lx’ + 18 | 
rational zeros are actual zeros of the function. See 2A Pit = 1910? 48 by - 
Example 3. 


rr x — 9x2 20x 12 


. 
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Finding Real Solutions In Exercises 25-30, find all 
real solutions of the polynomial equation. 


3. = 2a 4 =) 

26) a ee 

27. 2y" Ty = 267 + 23y — 60 
282,25" = x 640s 0 
29 = Ok ee 

30) 32 = 7x4 = 100 - 1407 — 245 = 0 


Using the Rational Zero Test |n Exercises 31 and 32, 
(a) list all possible rational zeros of f, (b) sketch the graph 
of f so that some of the possible zeros in part (a) can be 
discarded, and (c) determine all the real zeros of f. See 
Example 4. 


31. f(x) = 32x37 — 52x? + 17x + 3 
34+ 7x? — 11x — 18 


Using the Intermediate Value Theorem In Exercises 
33-36, use the Intermediate Value Theorem to show 
that the function has at least one zero in the interval 
[a, b]. (You do not have to approximate the zero.) See 
Example 5. 


Using the Intermediate Value Theorem In Exercises 
37-40, use the Intermediate Value Theorem to 
approximate the zero of f in the interval [a, b]. Give your 
approximation to the nearest tenth. See Example 5. 


WE koe ee i, 
S$. fG)=x2 +2 1, [1,0] 
B30 ce 1 a | 
40. f(x) = —23 + 3x2 + 9x —2, [4,5] 


Matching _ In Exercises 41-46, match the function with 


its graph. Then approximate the real zeros of the function 
to three decimal places. [The graphs are labeled (a), (b), 
(c), (d), (e), and (f).] 











(Cc) 














41. 
42. 





AS ef bee OX re Omen 
Tape che = Gi) 2 ike 
AS = te ee 
AGG) =e 


Approximating Zeros of a Polynomial Function 
/ In Exercises 47-50, use the zoom and trace 
features of a graphing utility to approximate the 
real zeros of f. Give your approximations to the 
nearest thousandth. See Example 6. 


AT ci ) aaa ie eS 48. f(x) = 4x7 + 14x —8 
49) fe) Sx 3.99 79x 1881 
502) = — x oe ae 


Approximating Zeros of a Polynomial Function 
In Exercises 51-54, use the zero or root feature 
of a graphing utility to approximate the real zeros 
of f. Give your approximations to the nearest 
thousandth. See Example 7. 


Si) eS 

52 (= ke ae ae 

53. f (AD 4a ee Oe ee 
54. f(x) = — 12x? + 27x* + 4x -— 4 


Rational and Irrational Zeros In Exercises 55-58, 
match the cubic function with the numbers of rational 
and irrational zeros. 


(a) Rational zeros: 0; Irrational zeros: 
(b) Rational zeros: 3; Irrational zeros: 
(c) Rational zeros: 1; Irrational zeros: 


55.2f (x) = al 56. f(x) = 


1 
0 
2 
(d) Rational zeros: 1; Irrational zeros: O 
On 
Saat (X) Sek oe 58. f(x) = x 


’ 
oN 


oh 


60. 


61. 
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Dimensions of a Box An open box is to be made 
from a rectangular piece of material, 18 inches by 
15 inches, by cutting equal squares from the corners and 
turning up the sides (see figure). 





(a) Write the volume V of the box as a function of x. 
Determine the domain of the function. 


(b) Sketch the graph of the function and approximate the 
dimensions of the box that yield a maximum volume. 


(c) Find values of x such that V = 108. Which of these 
values is a physical impossibility in the construction 
of the box? Explain. 


(d) What value of x should you use to make the tallest 
possible box with a volume of 108 cubic inches? 


Dimensions of a Box An open box is to be made 
from a rectangular piece of material, 16 inches by 
12 inches, by cutting equal squares from the corners and 
turning up the sides (see figure). 





(a) Write the volume V of the box as a function of x. 
Determine the domain of the function. 


(b) Sketch the graph of the function and approximate the 
dimensions of the box that yield a maximum volume. 


(c) Find values of x such that V = 120. Which of these 
values is a physical impossibility in the construction 
of the box? Explain. 


(d) What value of x should you use to make the tallest 
possible box with a volume of 120 cubic inches? 


Dimensions of a Terrarium A rectangular terrarium 
with a square cross section has a combined length and 
girth (perimeter of a cross section) of 108 inches (see 
figure). Find the dimensions of the terrarium, given that 
the volume is 11,664 cubic inches. 4 





; Figure for 61 and 62 


62. 


63. 


64. 


65. 


66. 
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Dimensions of a Terrarium A rectangular terrarium 
has a combined length and girth (perimeter of a 
cross section) of 120 inches (see figure). Find the 
dimensions of the terrarium, given that the volume is 
16,000 cubic inches. 


Geometry A bulk food storage bin with dimensions 
2 feet by 3 feet by 4 feet needs to be increased in size to 
hold five times as much food as the current bin. 
(Assume each dimension is increased by the same 
amount.) 


(a) Write a function that represents the volume V of the 
new bin. 


(b) Find the dimensions of the new bin. 


Medical Lab A medical examiner wants to enlarge an 
existing medical lab such that the total area of the new 
lab is 1.5 times that of the original lab. The original 
lab’s dimensions are 120 feet by 75 feet. The medical 
examiner wants to increase each dimension by the same 
amount. 


(a) Write a function that represents the area A of the 
new lab. 


(b) Find the dimensions of the new lab. 


(c) The medical examiner wants to add a length to the 
sides of the lab that are 120 feet, and twice this 
length to the sides that are 75 feet, such that the 
total area of the new lab is 1.5 times that of the 
original lab. Repeat parts (a) and (b). Explain your 
results. 


Medicine The concentration C of a chemical in the 
bloodstream ¢ hours after injection into muscle tissue is 
given by 


Ale aia 
P+ 50’ 





The concentration is greatest when 
Sit 20 00E 50 —-(). 
Approximate this time to the nearest hundredth of an 


hour. 


Transportation Cost The transportation cost C 
(in thousands of dollars) of the components used in 
manufacturing prefabricated homes is given by 


200 


2 
XxX 


x 


a = 
i ae 





+ 





C= 100( 
where x is the order size (in hundreds). The cost is a 
minimum when 

3x3 — 40x? — 2400x — 36,000 = 0. 


Approximate the optimal order size to the nearest 
unit. 





67. Online Sales The revenues per share R (in 
dollars) for Amazon.com for the years 2001 
through 2010 are shown in the table. (Source: 
Amazon.com) 





— 























Revenue per Revenue per 

Year | share, R Year | share, R 

2001 S57 2006 Pee! 
2002 10.14 2007 35.66 
2003 13.05 2008 44.78 

ite 
2004 17.16 2009 55.20 
ft 

2005 20.41 2010 75.84 

















(a) Use a graphing utility to create a scatter plot of 
the data. Let ¢ represent the year, with ¢ = 1 
corresponding to 2001. 

Use the regression feature of the graphing utility to 
find a linear model, a quadratic model, a cubic 
model, and a quartic model for the data. 

Use the graphing utility to graph each model 
separately with the data in the same viewing 
window. How well does each model fit the data? 


Use each model to predict the year in which the 
revenue per share will be about $100. Explain any 
differences in the predictions. 


. Advertising Cost 
games estimates that the profit P (in dollars) from 
selling a new game is given by 


A company that produces video 


P= —82x° 4725007 —2450,000, Oya. 80 


where x is the advertising expense (in tens of thousands 
of dollars). Using this model, how much money should 
the company spend on advertising to obtain a profit of 
$5,900,000? 


P 


9,000,000 a 
8,000,000 +- 
7,000,000 —- 
6,000,000 +- 
5,000,000 —- 
4,000,000 ++ 
3,000,000 
2,000,000 { 
1,000,000 













Profit (in dollars) 





30. =40 


—1,000,000 
Advertising expense 
(in tens of thousands of dollars) 
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. Advertising Cost 


69. Solar Energy Photovoltaic cells convert light 
energy into electricity. The domestic shipments S (in 
peak kilowatts) of photovoltaic cells and modules 
for the years 2000 through 2009 are shown in the 
table. UES: Information 
Administration) 


Shipments, S 


2000 19,838 
2001 


Yh 36,310 
2002 


Energy 


(Source: 



















Shipments, S 
134,465 
206,511 
280,475 
524,252 
601,133 














45,313 2007 











2003 


2004 


(a) Use a spreadsheet software program to create a scatter 
plot of the data. Let t represent the year, with t = 0 
corresponding to 2000. 


48,664 














78,346 


(b) Use the regression feature of the spreadsheet software 
program to find a quadratic model and a cubic model 
for the data. 


(c) Use each model to predict the year in which the 
shipments will be about 1,000,000 peak kilowatts. 
Then discuss the appropriateness of each model for 
predicting future values. 


A company that manufactures 
hydroponic gardening systems estimates that the 


\\ profit P (in dollars) from selling a new system is 


71. 


given by 
P= —35x +°2700x? — 300,000, 0 = ayaa 


where x is the advertising expense (in tens of thousands 
of dollars). Using this model, how much money should 
the company spend on advertising to obtain a profit of 
$1,800,000? 


Demand Function A company that produces cell 
phones estimates that the demand D for a new model of 
phone is given by 


D\= —x? + 54x7 — 140x — 3000, 10 <= x = 50 


where x is the price of the phone (in dollars). 


(a) Use a graphing utility to graph D. Use the trace 
feature to determine the values of x for which the 
demand is 14,400 phones. 


You may also determine the values of x for which the 
demand is 14,400 phones by setting D equal to 14,400 
and solving for x with a graphing utility. Discuss this 
alternative solution method. Of the solutions that lie 
within the given interval, what price would you 
recommend the company charge for the phones? 


(b) 


Section 3.4 m Real Zeros of Polynomial Functions 


72. Demand Function A company that produces 


1) 


74 


ff) 


76 


handheld organizers estimates that the demand D for a 
new model of organizer is given by 


Dae) O0Sx +. 2.65x2 — 70x. — 2500, 
DU = 200 


where x is the price of the organizer (in dollars). 

(a) Use a graphing utility to graph D. Use the trace 
feature to determine the values of x for which the 
demand will be 80,000 organizers. 


(b) You may also determine the values of x for which 
the demand will be 80,000 organizers by setting D 
equal to 80,000 and solving for x with a graphing 
utility. Discuss this alternative solution method. Of 
the solutions that lie within the given interval, what 
price would you recommend the company charge 
for the new organizers? 


Height of a Baseball A baseball is launched 
upward from ground level with an initial velocity of 
48 feet per second, and its height / (in feet) is 


mo lor +48, 0st s3 


where f is the time (in seconds). You are told the ball 
reaches a height of 64 feet. Is this possible? 
Exploration Use a graphing utility to graph the 
function f(x) = x*+ — 4x? + k for different values of k. 
Find the values of k such that the zeros of f satisfy the 
specified characteristics. (Some parts do not have 
unique answers.) 


(a) Four real zeros 
(b) Two real zeros and two complex roots 


Reasoning Is it possible that a second-degree 
polynomial function with integer coefficients has one 
rational zero and one irrational zero? If so, give an 
example. 


Graphical Reasoning The graph of one of the 
following functions is shown below. Identify the function 
shown in the graph. Explain why each of the others is 
not the correct function. Use a graphing utility to verify 
your result. 

a= x(x + 2)(x — 3.5) 

(b) g(x) = ( + 2)(x — 3.5) 

mn — & + 2) = 3.5)? + 1) 

(d) k(x) = (x + 1) + 2) — 3.5) 











77. Reasoning 


20D 


Is it possible that a third-degree polynomial 
function with integer coefficients has one rational zero 
and two irrational zeros? If so, give an example. 


HOW DO YOU SEE IT? 
in the table. 


Use the information 








Interval | Value of f(x) 





(—co, —2) 6 Positive A 
(—2, 1) _ Negative 
(1, 4) Negative 
(4,00) | 














Positive 








(a) What are the three real zeros of the polynomial 
function f? 

(b) What can be said about the behavior of the 
graph of fat x = 1? 

(c 


— 


What is the least possible degree of f? Explain. 
Can the degree of f ever be odd? Explain. 


(d) Is the leading coefficient of f positive or 
negative? Explain. 

(e) Write an equation for f. (There are many correct 
answers.) 

(f) Sketch a graph of the equation you wrote in 
part (e). 


79. Project: Sales For a project involving the 


sales of the DVD The Other Guys for the first 
8 weeks of its release, visit this text’s website at 
www.cengagebrain.com. 
Information Services) 


(Source: Nash 





Project: Sales 


Project: Sales The sales § (in millions of dollirs) of the DVD The Other Guys 
for the first 8 weeks of its release are shown in the table. 


Week, 1 | Sales, 5 


























(a) Use a graphing utility to create a scatter plot of the data. 








hing utility to find a linear model, 


(b) Use the regress aphiny 
model for the data 


a quadratic model, and a 


with the seatter plot 
and the vulues given by 


e 
re with the actual sales? 


cach model for predicting future values, 
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Q U j zZ YO U R Ss E L F See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 












































— 
Year | Area, A 
2000 44.2 
2001 32.6 
2002 58.7 
2003 67.7 

ee 
2004 81.0 
2005 90.0 
2006 | 102.0 
2007 114.3 
2008 ns 
2009 134.0 
2010 | 148.0 
Table for 14 


Take this quiz as you would take a quiz in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, sketch the graph of the quadratic function. Identify the 
vertex and the intercepts. 

LC) see ya 2 

2) =e 

In Exercises 3 and 4, describe the right-hand and left-hand behavior of the 
graph of the polynomial function. Verify with a graphing utility. 

SEagiegh ease core =) 

4. f(x) =x* + 7x? — 8 


5. Use synthetic division to evaluate f(x) = 2x4 + x3 + 18x? — 4 when 
x= 3, 


In Exercises 6 and 7, write the function in the form f(x) = (x — k)q(x) + r for 
the given value of k, and demonstrate that f(k) = r. 

O25) (eae: a Ae 

Tou k) =e oe — A, 





2x4+ + 9x3 — 32x? — 99x + 180 


8. Simplify oa oy ais 


In Exercises 9-12, find all the real zeros of the function. 
9. fe) = — 2? = 1x 10x 35 

10. f(x) = 4x4 — 37x72 + 9 

11. f(x) = 3x4 + 433 — 3x -— 4 

Laie =e 3 


. The profit P (in dollars) for a clothing company is 


[I~ 
Pi 990565007 = 2501000, 08 0 


where x is the advertising expense (in tens of thousands of dollars). 
What is the profit for an advertising expense of $450,000? Use a graphing 
utility to approximate another advertising expense that would yield the 
same profit. 


14. The worldwide land areas A (in millions of hectares) of transgenic crops for 
the years 2000 through 2010 are shown in the table. (Source: International 
Service for the Acquisition of Agri-Biotech Applications) 

(a) Use a graphing utility to create a scatter plot of the data. Let f represent 
the year, with t = 0 corresponding to 2000. 


(b) Use the regression feature of the graphing utility to find a linear model, 
a quadratic model, a cubic model, and a quartic model for the data. 


(c) Use the graphing utility to graph each model separately with the data in 
the same viewing window. How well does each model fit the data? 


(d) Use each model to predict the year in which the land area will be about 
170 million hectares. Explain any differences in the predictions. 
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Mom Orojanle)(-) a (elaalel=)e- 





Imaginary axis 


Real axis 





In Exercises 79-84 on page 305, 
you will determine whether various 
complex numbers are members 
of the Mandelbrot Set. 


Develop an understanding of the imaginary unit / and complex numbers. 


Perform operations with complex numbers and write the results in 
standard form. 


mw Find the complex conjugate of a complex number. 


Solve a polynomial equation that has complex solutions. 
mw Plot a complex number in the complex plane. 


The Imaginary Unit / 
Some quadratic equations have no real solutions. For instance, the quadratic equations 
yo =O anid 4 Equations with no real solutions 


have no real solutions because there is no real number x that can be squared to produce 
a negative number. To overcome this deficiency, mathematicians utilized an expanded 
system of numbers that used the imaginary unit i, which is defined as 


i= Wo | Imaginary unit 


where i2 = —1. By adding real numbers to real multiples of this imaginary unit, the set 
of complex numbers is obtained. Each complex number can be written in the standard 
form a + bi. 


Definition of a Complex Number 


Let a and b be real numbers. The number a + bi is called a complex number, and 
it is said to be written in standard form. When b = 0, the number a + bi = ais a 
real number. When b # 0, the number a + bi is called an imaginary number. A 
number of the form bi, where b # 0, is called a pure imaginary number. 


The set of real numbers is a subset of the set of complex numbers, as shown in 
Figure 3.37. This is true because every real number a can be written as a complex 
number using b = (0). That is, for every real number a, you can write a =a + Oi. 


Complex numbers 









Real Imaginary 
numbers numbers 
l -2+i 
3, = >? 
n/De 0 Pure 








imaginary 
numbers 
3i 














FIGURE 3.37 


Equality of Complex Numbers 


Two complex numbers a + bi and c + di written in standard form are equal to 
each other, 


a+ bi=c+ di Equality of two complex numbers 


if and only if a = c and b = d. 


Yuri Arcurs /Shutterstock.com 
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Operations with Complex Numbers 


To add (or subtract) two complex numbers, add (or subtract) the real and imaginary 
parts of the numbers separately. 





we oe on sue See PERO AT TE Na Tha Lt 8 SRE OPE TI AIEEE FUEL LIE ETS III 


Addition and Subtraction of Complex Numbers 


If a + biandc + di are two complex numbers written in standard form, then their 
sum and difference are defined as shown. 


Sum: (a + bi) + (c + di) = (a +c) + (b+ d)i 
Difference: (a + bi) — (c + di) = (a—c) + (b- di 


The additive identity in the complex number system is zero (the same as in the real 
number system). Furthermore, the additive inverse of the complex number a + bi is 


Ais ea eh Na Additive inverse 
So, you have 


(a + bi) + (-a — bi) = 0+ 0i = 0. 


j$Zere}e)(-wam Adding and Subtracting Complex Numbers 


Perform the operation(s) and write each result in standard form. 
Be (Gitte (2 hes?) 

b.. 27 (=4 =.21) 

C23 (—2 = 31) + (— Se) 

SOLUTION 

an Gee De) 


ll 
ae) 
| 
+ 
tv 
+ 
ee 


Remove parentheses. 


P= Th a By Group like terms. 


=5 21 Write in standard form. 
b. 27-4 = 2) = 2 = 4 Remove parentheses. 
= =a sp Dy = 2 Group like terms. 
= -—4 Write in standard form. 


Note that the sum of two imaginary numbers can be a real number. 
Coo ed a) ee aD et) ee a Sea 
aE i ah ae tt eta} Aa eal 
=) 2k 


= —2I 


af Ghacknoint 1 





Perform the operation(s) and write each result in standard form. 


a. (4+ 71) + (1 = 6)) b. ei = (10 S72) = (10 =F Gi) = 
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Many of the properties of real numbers are valid for complex numbers as well. 
Here are some examples. 


Associative Properties of Addition and Multiplication 
Commutative Properties of Addition and Multiplication 


Distributive Property of Multiplication Over Addition 


Notice how these properties are used when two complex numbers are multiplied. 


(a + bi)(c + di) = alc + di) + bi(c + di) Distributive Property 
= ac + (ad)i + (bc)i + (bd)i? Distributive Property 
= ac + (ad)i + (bc)i + (bd)(—1) P= -1 
= ac — bd + (ad)i + (bc)i Commutative Property 
= (ac — bd) + (ad + be)i Associative Property 


Rather than trying to memorize this multiplication rule, you should simply remember how 
the Distributive Property is used to multiply two complex numbers. The procedure is 
similar to multiplying two binomials and combining like terms (as in the FOIL Method). 


sernte-wam Multiplying Complex Numbers 


Find each product. 
a. (i)(—6i) b. @ —i)(4 + 3)) CeCe, 21)(3 — 21) Cand 5!) 





SOLUTION 
a. (i)(—6i) = —6i” Multiply. 
= —6(-1) iz?=-1 
= 6 Simplify. 
ie 2 = Ch a ae Distributive Property 
ty ays — A BX 18) iz=-1 
= tgp 3) eve — 4u Group like terms. 
=11+2i Write in standard form. 
c.(3 + 2G — 21) = 9 —6i +61 — 477 Distributive Property 
SS a (eee) i2=-1 
=9+4 Simplify. 
= 13 Write in standard form. 
Gd. (Fi 51)? = 49 He 3503 5t a 2517 Distributive Property 
= 49 + -70i + 257 Simplify. 
= 49 + 70i + 25(-1) =I 
= 49 — 25 + 101 Commutative Property 
= 2 se Ty Write in standard form. 


Ra RSS STP 


S/_checkoolnt 2 





Find each product. 
By, AA ao Si) ys Cea Brae a 


grafica/www.shutterstock.com 


300 Chapter 3 m Polynomial and Rational Functions 


Complex Conjugates 


Notice in Example 2(c) that the product of two complex numbers can be a real number. 
This occurs with pairs of complex numbers of the form a + bi and a — bi, called 
complex conjugates. In general, the product of two complex conjugates can be written 
as shown. 


(a + bi)(a — bi) = a? — abi + abi — b?? 


ll 


TECH TUTOR = 0D (eal a De 





Complex conjugates can be used to write the quotient of a + bi and c + di in 
standard form, where c and d are not both zero. To do this, multiply the numerator and 





Some graphing utilities 








can perform operations with | qenominator by the complex conjugate of the denominator to obtain 
complex numbers. Consult 

the user’s guide for your DOL Gs 7(¢ = “) _ (ac + bd) + (be = ad)i 
graphing utility for more Ch Gi eC Gi NGarac all (ae Oe 


information. 


eee [ERERISERE Writing Quotients of Complex Numbers in 
Standard Form 


Write each quotient in standard form. 


1 ay; 
1+i “4-2i 




















SOLUTION 
a I = l i Multiply numerator and denominator 
“iL se fF Sr by complex conjugate of denominator. 
= seed E d 
= Ff Ls Xpand. 
ie 
—_ l = l O} 1 
= iP 
MES i8) 
ae 
og 3 Simplify. 
Lome . 
= ne a! Write in standard form. 
b 2+ 31 me 2+ 3/4 + 21 Multiply numerator and denominator 
4 = 97 4 —2i1\4 + 21 by complex conjugate of denominator. 


8 + 4; + 12i + 677 eee 
16 — 4i2 spn 
8 —6 + 16i 
16+4 





2+ 16i is 
= 20 Simplify. 


SS Se i Write in standard form. 


efrveskocint 3 





(oy 9 


b= Zi 





Write in standard form. Bi 


STUDY TIP 





The definition of principal | 
square root uses the rule 


Jab = Jav/b 


fora > Oandb < 0. This 
rule is not valid if both a and 
b are negative. For example, 


J/(—5)(—5) = V25 =5 
whereas 
wi 5~/—5 = 5i* = —5. 


To avoid problems with 

multiplying square roots of 
negative numbers, be sure | 
to convert complex numbers | 
to standard form before 
multiplying. ] 


i 








ALGEBRA TUTOR 





radical expressions, see the 
Chapter 3 Algebra Tutor on 
page 327. 


For help in simplifying A 
| 








FIGURE 3.38 
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Complex Solutions 


When using the Quadratic Formula to solve a quadratic equation, you often obtain a 
result such as \/—3, which is not a real number. By factoring out 7 = Y—1, you can 
write this number in standard form, 


J/=3 = /3C1 = V3V-1 = V3i 


The number \/37/ is called the principal square root of — 3. 


Principal Square Root of a Negative Number 


If a is a positive number, the principal square root of the negative number ~a is 
defined as 


Ja = Jai. 


etdceee Writing Complex Numbers in Standard Form 


a. /—3-/—12 = V3iV/ 121 = 367? = 6(—1) = -6 
b. /=48 — J/—27 = JS48i — J27i = 4V3i -— 3V3i = V3i 


Y Checkpoint 4 


Write 4 + \/—9 in standard form. igi 





ere Complex Solutions of a Quadratic Equation 


Solve 3x2 — 2x + 5 = 0. 





SOLUTION 
 =(-2) + VE 2)? = 4G) | 
x= 2(3) Quadratic Formula 
2+ /-5¢ 
= 24 J : Simplity. 
6 ; 
Dit DAL 
=— v Write in /-form. 
6 
e 
Se ote v4 l Write in standard form, 
3 3 
A OES SS TSC NT 
/ checkpoint IS 
Solve x7 + 3x + 4 = 0. ® 


The graph of f(x) = 3x? — 2x + 5, shown in Figure 3.38, does not touch or cross the 
x-axis. This confirms that the equation in Example 5 has no real solution. 
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Imaginary axis 
\ 


(a,b) @a+t bi 


FIGURE 3.39 


Imaginary axis 


FIGURE 3.40 


2+ 3i 


4 + 
| 


® 


' 
1 
' 
{ 
| 
J 


Qi 
° » 


Real axis 


Real axis 


Applications 


Most applications involving complex numbers are either theoretical (see the next 
section) or very technical, and so are not appropriate for inclusion in this text. However, 
to give you some idea of how complex numbers can be used in applications, a general 
description of their use in fractal geometry is presented. 

To begin, consider a coordinate system called the complex plane. Just as every 
real number corresponds to a point on the real number line, every complex number 
corresponds to a point in the complex plane, as shown in Figure 3.39. In this figure, note 
that the vertical axis is the imaginary axis and the horizontal axis is the real axis. The 
point that corresponds to the complex number a + bi is (a, b). 


Complex number » Ordered pair 
a+ bi ‘ (a, b) 


From Figure 3.39, you can see that i is called the imaginary unit because it is located 
one unit from the origin on the imaginary axis of the complex plane. 


Petey Plotting Complex Numbers in the Complex Plane 


Plot each complex number in the complex plane. 


SOLUTION 


a. To plot the complex number 2 + 3i, move (from the origin) two units to the right on 
the real axis and then three units upward. See Figure 3.40. In other words, plotting 
the complex number 2 + 3/ in the complex plane is comparable to plotting the point 
(2, 3) in the Cartesian plane. 


b. The complex number —1 + 2i corresponds to the point (—1, 2). See Figure 3.40. 
¢. The complex number 4 corresponds to the point (4, 0). See Figure 3.40. 


Jf Checkpoint 6 





Plot each complex number in the complex plane. 


a. —31 b. 1 + 41 Com = 


In the hands of a person who understands “fractal geometry,” the complex plane 
can become an easel on which stunning pictures, called fractals, can be drawn. The 
most famous such picture is called the Mandelbrot Set, named after the Polish-born 
mathematician Benoit Mandelbrot. To draw the Mandelbrot Set, consider the following 
sequence of numbers. 


c, @@te (c2 +c +e, [(c? +c)? + cl* + c, 


The behavior of this sequence depends on the value of the complex number c. For some 
values of c, this sequence is bounded, which means that the absolute value of each 
number (\a + bi| = Ja? + b?) in the sequence is less than some fixed number N. For 
other values of c, this sequence is unbounded, which means that the absolute values of 
the terms of the sequence become infinitely large. If the sequence is bounded, then the 
complex number c is in the Mandelbrot Set. If the sequence is unbounded, then the 
complex number c is not in the Mandelbrot Set. 
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Se cetseye)(-Wam Members of the Mandelbrot Set 


Decide whether each complex number is in the Mandelbrot Set. 


anee 

b. i 

Clie 2 

SOLUTION 

a. For c = —2, the corresponding Mandelbrot sequence is 


—2, cls es 2 fis 2; 
Because the sequence is bounded, the complex number — 2 is in the Mandelbrot Set. 
b. For c = i, the corresponding Mandelbrot sequence is 
L: Sal =n hes ay i, seh te: 


Because the sequence is bounded, the complex number i is in the Mandelbrot Set. 


;, c. For c = | + i, the corresponding Mandelbrot sequence is 
maginary axis = 
PSY, eater ip ahs i eh 9407 — 193i, 


88454401 + 3631103i, . 


Because the sequence is unbounded, the complex number | + 7 is not in the 
Mandelbrot Set. 


Real axis ee eS 


a/ Cheekpoint 7 








Decide whether —3 is in the Mandelbrot Set. Explain your reasoning. ® 
Mandelbrot Set With this definition, a picture of the Mandelbrot Set would have only two colors: 
FIGURE 3.41 one color for points that are in the set (the sequence is bounded) and one color for points 


that are outside the set (the sequence is unbounded). Figure 3.41 shows a black and 
yellow picture of the Mandelbrot Set. The points that are black are in the Mandelbrot 
Set and the points that are yellow are not. 


SUMMARIZE (Section 3.5) 


4. State the definition of a complex number and describe how to add, subtract, 
and multiply complex numbers (pages 297-299). For examples of performing 
operations with complex numbers, see Examples | and 2. 

2. State the definition of a complex conjugate and describe how it is used to 
find the quotient of two complex numbers (page 300). For an example of 
writing quotients of complex numbers in standard form, see Example 3. 

3. State the definition of the principal square root of a negative number 
(page 301). For examples that use the principal square root of a negative 
number, see Examples 4 and 5. 

4. Describe how to plot a complex number in the complex plane (page 302). 
For an example of plotting complex numbers in the complex plane, see 
Example 6. 


David Gilder/Shutterstock com 
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: The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 3.5 these skills in the exercise set for this section. For additional help, review Sections 0.4 and 1.4. 


In Exercises 1-8, simplify the expression. 


ere We 2. ./500 
3. /20 - V5 4. /27 — /243 
5. /24,/6 62 2a/ 18x32 
| 5 
tie — Qe 
oT v5 
In Exercises 9 and 10, solve the quadratic equation. 
9, x7+x-1=0 10. x7 + 2x-—1=0 





Exercises 3.5 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
1. Discovery Write out the first 16 positive integer Writing Complex Numbers in Standard Form In 
powers of i (i, i7, i°,. . ., i'°), and write each as i, —i, Exercises 27-38, write the complex number in standard 
1, or — 1. What pattern do you observe? form and find its complex conjugate. 
2. Finding Powers of i Use the pattern you found in Lie Oey tO 28. 2 ax) =e 
Exercise | to help you write each power of i as i, —1, 1, PA sted he m/e I) 30, 1 = = 
eae: 3 Me “ Bio 32. 45 
EES GND Ns A Sa a ice 33, —6i + 7? 34. 412 — 273 
Equality of Complex Numbers _ In Exercises 3-6, find 35. —5i° A 36. (—i)* F 
the real numbers a and b such that the equation is true. SH, (/ —6) Bae 38. (y =4) a 


Ay Yeh an tay = Hf sine Wy Ad 


rece Oo es ee Writing Quotients of Complex Numbers in Standard 


Form In Exercises 39-50, write the quotient in standard 


























6. (a + 6) + 2bi = 6 — Si form. See Example 3. 
si 8=s 
Adding, Subtracting, or Multiplying Complex 39. 3 = 40. = Fe 
Numbers In Exercises 7-26, perform the indicated elie a 
operation(s) and write the result in standard form. See Al. 5 42. 3 
Examples 1 and 2. 4 21 L gees 
7. (—4 + 3i) + (6 — 2i) 7 + 10% 8 + 1s 
43. 5) 44. 3) 
roy, (CLS) = Aad) seat Si Moya) 
9, (12+5i))-(7-i) 10. (3 + 21) — (6 + 133) 45. — tie, 2 
a me its carta Chae (2i)? (31) 
: 4 
13. (2.7 + 4.31) + 6.0 — (7.4 = 4.7 A 48... SS 
ree He! dain aie se SE 
14, 9:3 (1,6 43,21) se (= 3,3 437) ; 
eds aiid eas Petr Wee h i -eeeet 49 (21 — 7i)(4 + 3i) 50) 3—)2-aan 
Bel i)(. i) shat SUS 241) . 2 — 5i 00. oe 
17, (2 + 3i)(1 — i) Le (6 at) there z) 
19. 5i(4 — 61) On 2h ab. 97) Writing Complex Numbers in Standard Form In 
21. (5 +6i)2 29 eerie Exercises 51-58, perform the indicated operation and 
23, (3+ 4/2 + (3-4) 24. (2 — 5’)? — (2 + 51)? write the result in standard form. See Example 4. 
25. (/5 — J3i)(/5 + Vi) Si. (-2 + /—8) — (5 - /=50) 
/ / r Sar ve as Seah 32 
26. (/14 + /10i)(/14 — ~/103) 2. (5 + 18) — (3 + 32) 


Ke a LN hed 54, ./-—5 Sr) 


55. (/—10) 
Shel —75) 
57. (2 — /—8)(8 + /-6) 
58. (3 + /—5)(7 — /—10) 


Error Analysis In Exercises 59 and 60, a student has 
handed in the specified problem. Find the error(s) and 
discuss how to explain the error(s) to the student. 





59. Write in standard form. 


2) 
ge 21 











Complex Solutions of a Quadratic Equation In 
Exercises 61-70, solve the quadratic equation. See 
Example 5. 

61. x7 +9=0 62. x7 + 36 =0 

63. x7 —2x +2=0 64. x7 + 6x+10=0 

65. 4x2 + 16x +17=0 66. 9x? — 6x + 37 = 0 

67. 4x2 + 16x +20=0 68. 9x? - 6x +2=0 

69. 1677 — 4+ 3 = 0 70. 5s*7 + 65 +3 =0 


71. Think About It Can a quadratic equation have one 
real solution and one complex imaginary solution? 
Explain. (Hint: Consider the Quadratic Formula.) 


On) HOW DO YOU SEE IT? Which statement is 


true for the function shown in the graph? Explain. 
For each of the other statements, describe a 
translation of the graph that represents a function 
for which the statement is true. 











(a) The function has two different real zeros. 
(b) The function has one repeated real zero. 


(c) The function has two complex imaginary zeros. 


© Greg Smith/Corbis 
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Plotting Complex Numbers in the Complex Plane 
In Exercises 73-78, plot the complex number in the 
complex plane. See Example 6. 


D3 74. i 
Pemraaee wane? 16, — 7 ot 
Tit fei al Woh 78. 4+ 3i 


Members of the Mandelbrot Set In Exercises 79-84, 
decide whether the complex number is in the Mandelbrot 
Set. Explain your reasoning. See Example 7. 


ecw SOc 2 
Sl acenl 82. c= —-1 
Sac i 84. c = -i 


True or False? In Exercises 85 and 86, determine 
whether the statement is true or false. Justify your answer. 


85. There is no complex number that is equal to its conjugate. 


86. The conjugate of the sum of two complex numbers is equal 
to the sum of the conjugates of the two complex numbers. 


Business Capsule 


ractal Graphics, established in Australia in 1992, 

built a world-class reputation as a leader in 
application of 3-D visualization technology to the 
interpretation of complex geoscientific models. In 
2002, Fractal Graphics split to form the software 
development group Fractal Technologies Pty Ltd and 
the geological consulting group Fractal Geoscience. 
Five years later, Fractal Technologies and its software, 
FracSIS, were acquired by global mining technology 
leader Runge Limited. FracSIS combines geological, 
geochemical, and geophysical data with an interactive 
3-D visualization environment. 


87. Research Project Use your campus library, 
the Internet, or some other reference source to 
find information about a company that uses 
algorithms to generate 3-D images or gaming 
software. Write a report about the company. 
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cM oli Hat=v9 of Ulevet-lpat=lale-| Mm Malstela-Jaameymal(e(-lelg- 


m Use the Fundamental Theorem of Algebra and the Linear Factorization 
Theorem to write a polynomial as the product of linear factors. 





m@ Find a polynomial with real coefficients whose zeros are given. 


mw Factor a polynomial over the rational, real, and complex numbers, and 
find all real and complex zeros of a polynomial function. 


The Fundamental Theorem of Algebra 


You have been using the fact that an nth-degree polynomial function can have at most 
n real zeros. In the complex number system, this statement can be improved. That is, 
in the complex number system, every nth-degree polynomial function has precisely 
n zeros. This important result is derived from the Fundamental Theorem of Algebra, 
first proved by the famous German mathematician Carl Friedrich Gauss (1777-1855). 





The Fundamental Theorem of Algebra 


If f(x) is a polynomial of degree n, where n > 0, then f has at least one zero in the 
complex number system. 





Using the Fundamental Theorem of Algebra and the equivalence of zeros and 
factors, you obtain the following theorem. 


Linear Factorization Theorem 
In Exercise 69 on page 313, ‘ fj 
you will use a graph to determine the If f(x) is a polynomial of degree n 


rice of a product that yields a specific ; = 
: Catan kt ae g f(x) Beets aR ae ae AR 


where n > 0, then f(x) has precisely n linear factors 
UGalies G-(x =he,) (tec ere en 


where c,, C>,. . . ,¢, are complex numbers and a,, is the leading coefficient of f(x). 


Note that neither the Fundamental Theorem of Algebra nor the Linear Factorization 
Theorem tells you how to find the zeros or factors of a polynomial. Such theorems are 
called existence theorems. To find the zeros of a polynomial function, you still must 
rely on the techniques developed in the earlier parts of the text. 


Method Section Example(s) 
Factoring ae 4,5 
Rational Zero Test 3.4 1-4 
Intermediate Value Theorem 3.4 5 

Graphing Utility 3.4 Ga 


Remember that the n zeros of a polynomial function can be real or complex, and 
they may be repeated. Example | illustrates several cases. 


leedsn/www.shutterstock.com 


Section 3.6 m The Fundamental Theorem of Algebra 307 


Jeeteey)(-wam Zeros of Polynomial Functions 


Determine the number of zeros of each polynomial function. Then list the zeros. 


Bone] (i) ee De fk) Sepia OXer ee 

c. f(x) = x + 4x ds fix) =x? — J 

SOLUTION 

a. The first-degree polynomial function given by f(x) = x — 2 has exactly one zero: 
x =2. 


b. Counting multiplicity, the second-degree polynomial function given by 
Aba) Se eye Se) 
= (xi 3)(— 3) 
has exactly two zeros: x = 3 and x = 3. 


c. The third-degree polynomial function given by 


f(x) =x + 4x 
= sacs Ge ae eal 
has exactly three zeros: x = 0, x = 2i, and x = —2i. 


d. The fourth-degree polynomial function given by 
f(s) = x4 1 
= (c= I+ I@ —ae& + 2) 





has exactly four zeros: x = 1,x = —1,x =i, andx = —1. 


al 





vA Checkpoint 1 





Determine the number of zeros of f(x) = x* — 36. Then list the zeros. a 


TECH TUTOR 


SRS TE FLITE EP 

Remember that when you use a graphing utility to locate the zeros of a 
function, the only zeros that appear as x-intercepts are the real zeros. Match the 
graphs below with the functions in Example 1. Which zeros appear on the graphs? 








(a) 





(c) 4 (d) 6 


A -2 
rr a TT a TT TT 


Supri Suharjoto/www.shutterstock.com 
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st 


f(x) =x? + x7 +2x%-—12x4+8 





FIGURE 3.42 


Example 2 shows how you can use the methods described in Sections 3.3 and 3.4 
(the Rational Zero Test, synthetic division, and factoring) to find all the zeros of a 
polynomial function, including the complex zeros. 


sce} -WAN Finding the Zeros of a Polynomial Function 


Find all the zeros of 
fe) Se eae eat 

and write the polynomial as the product of the linear factors. 

SOLUTION Using the Rational Zero Test, the possible rational zeros are 
ae ek 2p teen PAG Bese 


Synthetic division produces the results below. 














| | 0 | 2 == 8 
| 2 + =8 
| (ey HA —8 0 GED Lisazero. 
| i 2 4 =§ 
] Zo 4 8 
] 2 4 8 0 | is a repeated zero. 
=2) | pe 4 8 
= 0 Fe} 
| 0 4 0 8 j Pp = s = 2 is. a Zero; 


So, you have 
(CaS EES SOLS = Whee ts 
= (x — 1)(x — 1) + 2)(x? + 4). 


By factoring x? + 4 as the difference of two squares over the imaginary numbers 


i 4) a (/—4) 
= (— J=A)le + JA) 
te 20) (ie) 
you obtain 


if oc) ee) ee) ee eel) eat) 
So, the zeros of f are 
sl ee ae) ATC eT 
Note from the graph of f shown in Figure 3.42 that the real zeros are the only ones that 


appear as x-intercepts. _———————— EE 


4/ Chebkpoint 2 





Find all the zeros of each function and write the polynomial as the product of 
linear factors. 


a. f(x) = x*+ 8x7 —9 
i 
a Pte ee ee 3 2 : 
b. 2(x) =x — Sx + 4? 4xt + 3x 9 ant. 


ory 
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Conjugate Pairs 


In Example 2, note that the two imaginary zeros are conjugates. That is, they are of the 
form 


at+bi and a-— bi. 


Complex Zeros Occur in Conjugate Pairs 
Let f be a polynomial function that has real coefficients. Ifa + bi, where b # 0, is 
a zero of the function, then the conjugate a — bi is also a zero of the function. 


Be sure you see that this result is true only if the polynomial function has real 
coefficients. For instance, the result applies to the function given by 


TAC ieee tee 
but not to the function given by 
o(X) SERS, 


You have been using the Rational Zero Test, synthetic division, and factoring to 
find the zeros of polynomial functions. The Linear Factorization Theorem enables you 
to reverse this process and find a polynomial function when its zeros are given. 


Penta Finding a Polynomial Function with Given Zeros 


Find a fourth-degree polynomial function with real coefficients that has 
Sete oo andi? 
as Zeros. 


SOLUTION Because 3: is a zero and the function is stated to have real coefficients, 
you know that the conjugate — 3/ must also be a zero. So, the four zeros are 


— || = Arot. © ander Ol, 


Then, using the Linear Factorization Theorem, f(x) can be written as the product of 
linear factors, as shown. 


i) era ee) (ae 1)(x — 3i)(x + 31) 
For simplicity, let a = 1. Then multiply the factors with real coefficients to get 
(x + 1)(x + 1) = (x? + 2x + 1) 
and multiply the complex conjugates to get 
(x — 3i)(x + 3i) = (&? + 9). 
So, you obtain the following fourth-degree polynomial function. 
Ree Ge a 1) ree) 


x4 + 2x3 + 10x? + 18x + 9 


of Checkpoint 3 





Find a polynomial function with real coefficients that has the given zeros. (There are 
many correct answers.) 


a. —3, 3, 21 
ty, Jt, Shae Sed a 
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Factoring a Polynomial 
The Linear Factorization Theorem shows that you can write any nth-degree polynomial 
as the product of n linear factors. 

PAK) ae rcs) (rec, ) eearicx) are ence) 


However, this result includes the possibility that some of the values of c; are complex. The 
following result implies that even if you do not want to get involved with “imaginary 
factors,” you can still write f(x) as the product of linear and/or quadratic factors. 





eel teats 


Factors of a Polynomial 





Every polynomial of degree n > 0 with real coefficients can be written as the 
product of linear and quadratic factors with real coefficients, where the quadratic 
factors have no real zeros. 


A quadratic factor with no real zeros is said to be irreducible over the reals. Be 
sure you see that this is not the same as being irreducible over the rationals. For example, 
the quadratic x? + 1 = (x — i)(x + i) is irreducible over the reals (and therefore over 
the rationals). On the other hand, the quadratic 


= 2= (x — J2)(x + 2) 


is irreducible over the rationals, but it is reducible over the reals. 


eeesye(-eme Factoring a Polynomial 


Complete parts (a)-(d) using the polynomial x4 — x? — 20. 
a. Write the polynomial as the product of factors that are irreducible over the rationals. 


b. Write the polynomial as the product of linear factors and quadratic factors that are 
irreducible over the reals. 


c. Write the polynomial in completely factored form. 
d. How many of the zeros are rational, irrational, or imaginary? 
SOLUTION 
a. Factor the polynomial into the product of two quadratic polynomials. 
x4 — x2 — 20 = (x? — 5)? + 4) 
Both of these factors are irreducible over the rationals. 
b. By factoring over the reals, you have 
PS sco 8 (x + J5)(x _ J5 (x2 + 4) 
where the quadratic factor is irreducible over the reals. 
c. In completely factored form, you have 
Fe eg emer) () see (x + J5)(x = J5) (x ee 2d) 


d. Using the completely factored form, you can conclude that there are no rational 
zeros, two irrational zeros (+ J5), and two imaginary zeros (+2i). 


*/ Cheoknoint 4 





In Example 4, complete parts (a)—(d) using the polynomial x* + x? — 12. Ea) 
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| Example 5 | Finding the Zeros of a Polynomial Function 


Find all the zeros of 
Gok OX OX a 200) 
given that | + 37 is a zero of f. 


SOLUTION Because imaginary zeros occur in conjugate pairs, you know that | — 3i 
is also a zero of f. This means that both 


[x — (1 + 3i)] and [x — (1 — 3%] 
are factors of f(x). Multiplying these two factors produces 
Ix — (1 + 3x — 1 — 3] = [@— 1) — Bill — 1) + 31] 
=e ce le OF 
fae = Ph eaaig ANG) 
Using long division, you can divide x° — 2x + 10 into f(x) as shown. 


yo — xT 6 


x2 — 2x + 10 )x*—3x9° + 6x2 + 2x — 60 








So, you have 
FUR ean (Cetera LO) (aire eee) 
=. (x2— 2x + 10)(x — 3)(x + 2) 


and you can conclude that the zeros of fare 1 + 34, [= 31,3, and. 2, 


ee TS 


Vf Checkpoint 5 


Find all the zeros of f(x) = 3x3 — 5x2 + 48x — 80 given that 4i is a zero of f. i 


SUMMARIZE (Section 3.6) 


4. State the Fundamental Theorem of Algebra and the Linear Factorization 
Theorem (page 306). For examples that apply these theorems, see 
Examples | and 2. 

2. State the definition of conjugates (page 309). For an example of using 
conjugates to find a polynomial function with given zeros, see Example 3. 

3. Describe what it means for a quadratic factor to be irreducible over the reals 
and irreducible over the rationals (page 3/0). For an example of writing a 
polynomial as the product of factors that are irreducible over the rationals, 
and as the product of linear factors and quadratic factors that are irreducible 
over the reals, see Example 4. 


Kurhan/www.shutterstock.com 
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: The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 3.6 these skills in the exercise set for this section. For additional help, review Section 3.5. 


in Exercises 1-4, write the complex number in standard form and find its 
complex conjugate. 


1.4 — /-29 2. Sin 1 3. -1 + /-32 4.6+ /-1/4 


In Exercises 5-10, perform the indicated operation(s) and write the result in 
standard form. 


5. (-3 + 61) — (10 — 31) 6. (12 — 4i) + 20: 
7. (4 — 2i)(3 + 7i) 8. (2 — 5i)(2 + 5i) 
9, a! 10. (3 + 2i)3 


ia 
Exercises 3 6 SY=Y=MWVAWAWA Ore (1 @1al=1erere) anim ie) @n'70)9.<-1e pre)0] at=vo) [0] ie al-m co mele lobialUlgnlol=\k-10 M-).<olfel soto 
s 








Zeros of Polynomial Functions In Exercises 1-6, 30. g(x) = 3x° — 4x7 + 8x + 8 
determine the number of zeros of the polynomial function. 31. e(x) = x4 — 4x3 + 8x2 — 16x + 16 
nae pe i: ; 32. h(x) = x* + 6x? + 10x? + 6x + 9 
a ae ; BEA Se : 33. f(x) = x4 + 102 +9 

AG) = re 5 eee ee : 

3. h(x) X ~—5 4. f(t) Ci ae 34, f(x) = x4 + 292 + 100 

5. fe) =O : i - 5 

35. fi) = St Wie = Bye = Bi = ae 

6.5f = 3 Oe 


BO. g(x)e= 8 8 0x OF 


Finding the Zeros of a Polynomial Function In 
Exercises 7-36, find all the zeros of the function and 
write the polynomial as the product of linear factors. See 
Example 2. 


Finding a Polynomial Function with Given Zeros In 
Exercises 37-46, find a polynomial function with real 
coefficients that has the given zeros. (There are many 
correct answers.) See Example 3. . 


7. f@) = x2 + 25 8. f(x) = x2 + 49 Pea a 38. 5 Oe 

9. f(x) =x — 12 26 10. fa) =a + 6x 39. 1.2+i2-i 

11. A(x) =x? — 4x 4+ 1 12 os) =e Ores 4006 eS os = 9; 

13. f(x) = x4 - 81 14. f(#) = t4 — 625 We ce oe 

15, 206) = <-> Sx 16. g(x) =x + 7x 42. 2.2.2, 4i, —4i 

17 HAs) 5 a = ne 15x 325 43,25 225 a8: 44.0. 04a 

LS) ee aXe 2 sve ew oe 46. :. eee 

19. o(x) = x9 — 6x2 + 13x — 10 Y ” 

20. fix) = = 252 — 1x + 52 Factoring a Polynomial In Exercises 47-50, write 

21. f(t) = 8 — 32 — 15t + 125 the polynomial (a) as the product of factors that are 

Een at ee nO g \e irreducible over the rationals, (b) as the product of linear 
and quadratic factors that are irreducible over the reals, 

23. f(x) = x° + 24x° + 214x + 740 and (c) in completely factored form. See Example 4. 

24. h(x) =x -—x+6 =») gp ee eee a) 

25. h(x) = x3 + 9x? + 27x + 35 Ag NeAre Gye S75 

26. f(s)'= 2s? — 5s* + 12s = 5 AG Mae carey erie eo te oho 1s 

27. f(x) = 16x7 — 20x? — 4x + 15 (Hint: One factor is x7 — 2x + 3.) 

28. f(x) = 9x7 — 15x? + lin = 5 50. x4 + x9 + 8x? + 9x -—9 

29. f(x) = 5x3 — 9x2 + 28x + 6 (Hint: One factor is x? + 9.) 
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Finding the Zeros of a Polynomial Function In 
Exercises 51-60, use the given zero of f to find all the 
zeros of f. See Example 5. 


51. 
52. 
53. 
54. 
SS. 
56. 
SIF 
58. 
MP 
60. 


ey ee A GA 
ie Oe 


66. 


@y 


67. 


@y 


68. 


f(x) = 2x3 + 3x2 + 50x +75, 5i 
iene 27x — 9, 3k 

a bees = 2x? + 37x2 — 72x + 36, Gi 

f@) = -— 72 —x + 87, 5+2i 

fiery ee 25x + 34x 10, —3 +i 
ie x 22x? + 54x + 29, 2+ Si 
Seeme ox = OX — 21x + 22, -3 + oO 
f(x) = 2x3 — 13x? + 34x — 35, 2- V3i 

f(x) = 83 — 142 + 18x-9, 3(1 — V5i) 
f(x) = 25x3 — 55x? — 54x — 18, 4(-2 + V2i) 


Graphical Analysis In Exercises 61-64, (a) use 
the zero or root feature of a graphing utility to find 
the real zeros of the function and (b) find the exact 
values of the remaining zeros. 


eee 3x = Sx’ — 21x + 22 
gee 4x" + 14x +.20 
fox — 14x? + 18x — 9 


ieee — 55x* — 54x — 18 





Graphical Reasoning Solve x4 — Sx*+4=0. 
Then use a graphing utility to graph 


ee — Ox’? + 4. 


What is the connection between the solutions you found 
and the intercepts of the graph? 


Graphical Reasoning Solve x* + 5x* + 4 = 0. 
Then use a graphing utility to graph 


yaxtt 5x24 4. 


What is the connection between the solutions you found 
and the intercepts of the graph? 


Graphical Analysis Find a fourth-degree polynomial 
function that has (a) four real zeros, (b) two real zeros, 
and (c) no real zeros. Use a graphing utility to graph the 
functions and describe the similarities and differences 
among them. 


Graphical Analysis Find a sixth-degree polynomial 
function that has (a) six real zeros, (b) four real zeros, 
(c) two real zeros, and (d) no real zeros. Use a graphing 
utility to graph the functions and describe the similarities 
and differences among them. 


Revenue The demand equation for a stethoscope 
is given by p = 140 — 0.0001x, where p is the unit 
price (in dollars) and x is the number of units. The 
total revenue R (in dollars) obtained by producing 
and selling x units is given by the model 
R = xp = —0.0001x* + 140x (see figure). 
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Revenue (in dollars) 











ff} + —_}-__+ —_+—_+—_}—} 
1D BOB MESA Oy 78 


Number of units sold 


Write and solve an equation to determine a price that 
yields revenue of $50 million. Discuss the meaning of 
your solution in the context of the problem. Use a 
graphing utility to verify your results. 


0. HOW DO YOU SEE IT? Let/f be a third- 


On 


7k 
72. 


73. 


74. 


” degree polynomial function with real coefficients. 
Two of the zeros of f are 


aml 2 sr 3h). 


The graph of fis shown below. 








fat 


What is the third zero? Explain. 


Reasoning Let f be a fourth-degree polynomial 
function with real coefficients. Three of the zeros of fare 
—1,3 —2i, and 3 + 2i. Explain why the fourth zero 
must be a real number. 


Reasoning The imaginary number 2i is a zero of 
f(x) = x3 — 2ix? — 4x + 8i, but the complex conjugate 
of 2i is not a zero of f(x). Is this a contradiction of the 
conjugate pairs statement on page 309? Explain. 

Reasoning Let fbe a third-degree polynomial function 
with real coefficients. Explain how you know that f 
must have at least one zero that is a real number. 

Think About It A student claims that the polynomial 
x4 — 7x2 + 12 may be factored over the rational 
numbers as (x — J3)(x + /3\(x — 2)(x + 2). Do 
you agree with this claim? Explain your answer. 
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3./ Rational Functions 





= 1000+ 
500 > 
600 + 
400+ 
200 

leds 405 gia oe 


Year ( 0 — 2000) 





In Exercise 79 on page 324, 
you will use a rational function to make 
predictions about the sales of DVDs. 


to 





FIGURE 3.43 


Find the domain of a rational function. 
Find the vertical and horizontal asymptotes of the graph of a rational function. 


@ 

fl 

@ Sketch the graph of a rational function. 

@ Sketch the graph of a rational function that has a slant asymptote. 
a 


Use a rational function model to solve an application problem. 


Introduction 


A rational function is one that can be written in the form 


ep 
f(x) = a) 


where p(x) and q(x) are polynomials, and g(x) is not the zero polynomial. In this section, 
assume that p(x) and q(x) have no common factors. Unlike polynomial functions, whose 
domains consist of all real numbers, rational functions often have restricted domains. 
In general, the domain of a rational function of x includes all real numbers except 
x-values that make the denominator zero. 


se orete(wam Finding the Domain of a Rational Function 


: I 
Find the domain of the rational function f(x) = — and discuss the behavior of fnear any 
excluded x-values. ‘ 


SOLUTION The domain of fis all real numbers except x = 0. To determine the behavior 
of f near this x-value, evaluate f(x) to the left and right of x = 0. 


[| ___ approaches 0 from the left _ 


-05 | ~0.1 | O01 Pe 0.00t neo | 
5) 


5 | 210 | = 100 | — 1000 — =00 | 

















x approaches 0 from the right _ 7 | 














Note that as x approaches 0 from the left, f(x) decreases without bound. In contrast, as 
x approaches 0 from the right, f(x) increases without bound. The graph of fis shown in 


Figure 3.43. a 


*/ checkpoint 1 





Find the domain of the rational function 





and discuss the behavior of f near any excluded x-values. 3 


image copyright Matt Antonino 2010/used under license from www.shutterstock.com 











Vertical 
asymptote: 
y-axis 












FIGURE 3.44 


a 


Horizontal 
asymptote: 
X-axis 





Horizontal 
| asymptote: 


| y= 2 








=3 =f) ay 


(a) 
FIGURE 3.45 
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Horizontal and Vertical Asymptotes 


In Example 1, the behavior of f near x = 0 is denoted as shown. 


f(x) —~ —coasx > 07 


SSH 





f(x) decreases without bound as 
x approaches 0 from the left. 


f(x) > wasx 30° 
Us = 


f(x) increases without bound as 
x approaches 0 from the right. 
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The line x = 0 is a vertical asymptote of the graph of f, as shown in Figure 3.44. In 
this figure, note that the graph of f also has a horizontal asymptote—the line y = 0. 


The behavior of f near y = 0 is denoted as shown. 


f(x) ~ 0asx 4 —©co 
a eee 


f(x) approaches 0 as x 
decreases without bound. 


eR 





OPE EAT IE RAINS EON LRTI AD 





ODENSE 








Definitions of Vertical and Horizontal Asymptotes 


f(x) approaches 0 as x 
increases without bound. 


1. The line x = a is a vertical asymptote of the graph of fif 


f(x) — co or f(x) 2 -—o 


as x — a, either from the right or from the left. 


f(x) — Oasx > co 


———- 


2. The line y = b is a horizontal asymptote of the graph of f if 


f(x) > b 


ASG CO) Ol Na iam OOr 


RAS EAEOA IS ONIN ALINE SPP BOCES LEDGE I LLL SELLS RELA LATER PEDO 


The graph of a rational function can never intersect its vertical asymptote. It may 
or may not intersect its horizontal asymptote. In either case, the distance between the 
horizontal asymptote and the points on the graph must approach zero (as x00 or 
x— —oco). Figure 3.45 shows the horizontal and vertical asymptotes of the graphs of 


three rational functions. 












t cal ipa ob 
2 =i ANSI 2, 
| Horizontal 
| asymptote: 
| y=0 
(b) 


The graphs of f(x) = 1/x in Figure 3.44 and 


Dse ae I 
xe ae Ml 


(x) = 





] 


Hs; 








-1 as / 
| Vertical 


| asymptote: 


LY 


/, 


t 
1 
| 


| 


asymptote: 


y=0 





(c) 





Horizontal 


in Figure 3.45(a) are hyperbolas. You can learn more about hyperbolas in Appendix B.1. 
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Asymptotes of a Rational Function 

Let f be the rational function given by 

Da) 2 Gee id, ace 2 a aealg 
G(x) ee Dt eS Dames bin ZS Dee Den 





f@) = a, # 0, b,, #0. 


Assume that p(x) and g(x) are polynomials with no common factors. 


1. The graph of fhas vertical asymptotes at the zeros of q(x). 


2. The graph of fhas one or no horizontal asymptote determined by comparing 
the degrees of p(x) and g(x). 


a. When n < m, the graph of fhas the line y = O (the x-axis) as a horizontal 
asymptote. 


b. When n = m, the graph of fhas the line y = a,/b,, (ratio of the leading 
coefficients) as a horizontal asymptote. 


c. When n > m, the graph of fhas no horizontal asymptote. 


sete) (-wam Finding Horizontal and Vertical Asymptotes 


Find all horizontal and vertical asymptotes of the graph of each rational function. 





a. f(x) = rr) 


SOLUTION 





a. For this rational function, the degree of the numerator is /ess than the degree of the 
| | Horizontal | denominator, so the graph has the line y = 0 as a horizontal asymptote. To find 

asymptote | any vertical asymptotes, set the denominator equal to zero and solve the resulting 
ped equation for x. Because the equation 





SL =O 


has no real solutions, you can conclude that the graph has no vertical asymptote. The 


graph of the function is shown in Figure 3.46(a). 
Horizontal 
asymptote: y = 2 | b. For this rational function, the degree of the numerator is equal to the degree of 


aT hi ; the denominator. The leading coefficient of the numerator is 2 and the leading 
. coefficient of the denominator is 1, so the graph has the line y = 2 as a horizontal 
asymptote. To find any vertical asymptotes, set the denominator equal to zero and 
solve the resulting equation for x. 





V6 Ts | ee () Set denominator equal to zero. 
} } f } i x ‘ rp =— Jactor 
ae i Bo med (x + 1)(x 1) 0 Factor. 
ie! xe 1 = 0 fs et io Set Ist factor equal to 0. 
Vertical Vertical | 
asymptote: | if 7 ' | asymptote; | tO =p x= | Set 2nd factor equal to 0. 
\ | i y=] } 
. | This equation has two real solutions, x = —1 and x = 1, so the graph has the lines 
(b) x = —1 and x = I as vertical asymptotes. The graph of the function is shown in 
FIGURE 3.46 Figure 3.46(b). en 


vA Checkpoint 2 








Find all horizontal and vertical asymptotes of the graph of f(x) = = aA 
x 
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Sketching the Graph of a Rational Function 


Guidelines for Graphing Rational Functions 
Let 


; p(x) 

ACO ar 

q(x) 

where p(x) and g(x) are polynomials with no common factors, 
1. Find and plot the y-intercept (if any) by evaluating /(0). 


2. Find the zeros of the numerator (if any) by solving the equation p(x) = 0. 
Then plot the corresponding .x-intercepts, 


3. Find the zeros of the denominator (if any) by solving the equation q(x) = 0. 
Then sketch the corresponding vertical asymptotes. 


4. Find and sketch the horizontal asymptote (if any) by using the rule for finding 
the horizontal asymptote of a rational function, 


5. Test for symmetry. 


6. Plot at least one point both between and beyond each x-intercept and vertical 
asymptote. 


7. Use smooth curves to complete the graph between and beyond the vertical 
asymptotes. 





Testing for symmetry can be useful, especially for simple rational functions, Mor 
example, the graph of f(x) = 1/x is symmetric with respect to the origin, and the graph 
of g(x) = 1/x? is symmetric with respect to the y axis, 


Menldckm Sketching the Graph of a Rational Function 





STUDY TIP 

Note that in the examples in _ Sketch the graph of g(x) : _ 

this section, the vertical et Sz 

asymptotes are included in ' SOLUTION Begin by noting that the numerator and denominator have no. common 
the table of additional points. factors. 

eg = Bone to a : y-intercept: (0, 3) because 9(0) 7 

numerically the behavior of : 

the graph of the function. | x-intercept: None, numerator has no zeros. 

ENT SENT 4 Vertical asymptote: x = 2, zero of denominator 


Horizontal asymptote: y = 0, degree of p(x) < degree of q(x) 

















y Additional points: 4 5 4] 5 

oe eae 0.5 | —3 | Undefined | 3 | | 
asymptote: | 
y=o | : By plotting the intercept, asymptotes, and a few additional points, you can obtain the 
BS | ! ; graph shown in Figure 3.47, In the figure, note that the graph of g is a vertical stretch 
ee af ——é ~* and a right shift of the graph of y = 1/x. 

| Vertical 

| asymptote: | v Checkpoint 3 

x= 2 | 

| 8 y 
FIGURE 3.47 Sketch the graph of f(x) nn) a 


Lasse Kristensen/www.shutterstock.com 
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arts 

Vertical Vertical 
asymptote: | —_| asymptote: 
r=—-| | y is 





a 5 | 
| Horizontal | 
asymptote: | 
y=0 a. 








FIGURE 3.48 


Vertical 


: . : 
Horizontal | ) Vertical 


asymptote: | \//| asymptote: 








FIGURE 3.49 





1S tervste)(-w a ~=Sketching the Graph of a Rational Function 


or, feeds eee 
Sketch the graph of f(x) = BPR ey 


SOLUTION — Factor the denominator to determine more easily the zeros of the denominator. 


{x= 2 aT 


x 
(x + 1)(% — 2) 
(0, 0), because f(0) = 0. 
(0, 0) 


Vertical asymptotes: x = —1,x = 2, zeros of denominator 


y-intercept: 


x-intercept: 


Horizontal asymptote: y = 0, degree of p(x) < degree of g(x) 


multndenned lo Undennen 


The graph is shown in Figure 3.48. Confirm the graph with your graphing utility. 


Additional points: 








oY Checkpoint 4 





s Sn, 
Sketch the graph of f(x) = nr 74 . 


Sketching the Graph of a Rational Function 





Ne =) 
Sketch the graph of f(x) = ee 
SOLUTION By factoring the numerator and denominator, you have 
Take) 
f(x) = x2 = 4 
we Ge 2 2Gs oa S)) 
(2) eee) 


(0, 3), because f(0) = 3. 
(—3, 0) and (3, 0) 


Vertical asymptotes: x = —2,x = 2, zeros of denominator 


y-intercept: 


x-intercepts: 


Horizontal asymptote: y = 2, degree of p(x) = degree of g(x) 


With respect to y-axis, because f(—x) = f(x). 


Symmetry: 





Additional points: 








The graph is shown in Figure 3.49. 


af Cheatuclnt 5 





5(x2 = 1 
Sketch the graph of f(x) = ae = 











Vertical 
asymptote: 









asymptote: | 


+—|y=x-2 | 








FIGURE 3.50 











Slant 
asymptote: 
= x 


FIGURE 3.51 





| Vertical 


asymptote: 
y stl 


ot{7 
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Slant Asymptotes 


Consider a rational function whose denominator is of degree | or greater, If the degree 
of the numerator is exactly one more than the degree of the denominator, then the graph 
of the function has a slant (or oblique) asymptote. For example, the graph of 


has a slant asymptote, as shown in Figure 3,50. To find the equation of a slant asymptote, 
use long division. For instance, by dividing x + | into x7 — x, you have 


xw-—x 
(x) = iy 2+ : 
11) Petipa mira, ary 


Slant asymptote 
(y =x - 2) 


bo 





As x increases or decreases without bound, the remainder term 
o! 


eae oe 





approaches 0, so the graph of fapproaches the line y = x — 2, as shown in Figure 3.50, 


esc A Rational Function with a Slant Asymptote 


2—y—2 


call 


Sketch the graph of f(x) = 


SOLUTION . First write fin two different ways. Factoring the numerator enables you to 
recognize the x-intercepts. 





Then long division enables you to recognize that the line y = x is a slant asymptote of 
the graph. 





NCA Ser grass 
ie aA 
2 
pos 
y-intercept: (0, 2), because f(0) = 2. 
x-intercepts: (—1, 0) and (2, 0) 
Vertical asymptote: x = 1, zero of denominator 


Horizontal asymptote: None, degree of p(x) > degree of g(x) 














Slant asymptote: y=x 
Additional points: = a 15 ol iy 
mages Mae 
The graph is shown in Figure 3.51. ————— 
¥ Checkpoint 6 
tee Miter’ 
Sketch the graph of f(x) = a mera 
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SO OOO p 


= 


Cost (in tens of 
thousands of dollars) 
w uv 


20 40 60 80 


Percent of 
pollutants removed 


FIGURE 3.52 





100 —p 


ee eee na ee ee ed eet eae 


100, 


Applications 


There are many examples of asymptotic behavior in business and biology. For instance, 
the following example describes the asymptotic behavior related to the cost of removing 
smokestack emissions. 


« etry (wam Cost-Benefit Model 
Wats. 


A utility company burns coal to generate electricity. The cost of removing a certain 
percent of the pollutants from the stack emissions is typically not a linear function. That 
is, if it costs C dollars to remove 25% of the pollutants, then it would cost more than 
2C dollars to remove 50% of the pollutants. As the percent of pollutants removed 
approaches 100%, the cost tends to become prohibitive. The cost C (in dollars) of 
removing p percent of the smokestack pollutants is given by 


_  80,000p 
~ 100 — p’ 


You are a member of a state legislature that is considering a new law that will require 
utility companies to remove 90% of the pollutants from their smokestack emissions. 
The current law requires 85% removal. 


a. How much additional expense is the new law asking the utility company to incur? 


b. According to the model, would it be possible to remove 100% of the smokestack 
pollutants? 


SOLUTION 


a. The graph of this function is shown in Figure 3.52. Note that the graph has a 
vertical asymptote at 


p = 100. Vertical asymptote 


Because the current law requires 85% removal, the current cost to the utility 
company 1s 


— 80,000(85) ech acd oe 
= 100 — 85. — 35 substitute 65 for p. 
= $453,333. Use a calculator. 


If the new law increases the percent removal to 90%, then the cost to the utility 
company will be 


— 80,000(90) et ae 
"100 — 90 200 substitute or p. 
= $720,000. Use a calculator, 


The new law would require the utility company to spend an additional 
$720,000 — $453,333 = $266,667. 


b. From Figure 3.52, you can see that the graph has a vertical asymptote at p = 100. 
Because the graph of a rational function can never intersect its vertical asymptote, 
you can conclude that it is not possible for the company to remove 100% of the 
pollutants from the stack emissions. 


of Cheokoint 1 





In Example 7, a new law will require utility companies to remove 95% of the 
pollutants. Find the additional cost to the utility company. a 
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Ps 
a Serle Per Capita Land Area 
Sad 


A model for the population P (in millions) of the United States from 1960 to 2009 is 
2.6174t + 176.112, where ¢ represents the year, with ¢ = 0 corresponding to 
1960. A model for the land area A (in millions of acres) of the United States from 1960 


P 


to 2009 is A 


321 


2263.960. Construct a rational function for per capita land area L (in 


acres per person). Sketch a graph of the rational function. Use the model to predict the 


per capita land area in 2015. (Source: U.S. Census Bureau) 


SOLUTION The rational function for the per capita land area L is 


A 2263.960 
P 2.6174t + 176.112 


The graph of the function is shown in Figure 3.53. To find the per capita land area in 
2015, substitute ¢ = 55 into L, 


2263.960 2263.960 
2.6174¢ + 176.112 2.6174(55) + 176.112 


2263.960 
320.069 


7.07 


The per capita land area will be approximately 7.1 acres per person in 2015. 





Per capita land area 
(in acres per person) 


| i | f { { | f f | | | t 
5 (Oe tS 20. seo 200) ao nO S 4a! 00! (50 60 


Year (0 < 1960) 


FIGURE 3.53 ———— 


J Checkpoint 8 


In Example 8, use the model to predict the per capita land area in 2020. 


SUMMARIZE (Section 3.7) 


1. 


State the definition of a rational function and describe the domain of a 
rational function (page 3/4). For an example of finding the domain of a 
rational function, see Example 1. 

State the definitions of vertical and horizontal asymptotes (page 3/5). For an 
example of finding vertical and horizontal asymptotes of rational functions, 
see Example 2. 

State the guidelines for graphing a rational function (page 3/7). For examples 
of sketching graphs of rational functions, see Examples 3, 4, and 5, 

Describe when a rational function has a slant asymptote (page 3/9). For an 
example of sketching the graph of a rational function with a slant asymptote, 


see Example 6. 


lav dolgachov/www. shutterstock ce 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM  P 3.7 these skills in the exercise set for this section. For additional help, review Sections 0.6 and 2.2. 
In Exercises 1-6, factor the polynomial. 
1. = 45 
Sik oe ae eon) 
5.x 4? 3x 





2. 2x? — 6x 
4. x7 — 7x + 10 
6. x2 — 4x2 — 2x + 8 


In Exercises 7-10, sketch the graph of the equation. 


7. y=2 
8. x=-1 
Sy =x 2 
10. y= ax 


ST-Y=MANMAUVANVA Or= l(e1@1 at=l Mere} ninie)@niela,<-\oftel0) mayo) Uii(elal-mcemele(etialllaalel-ik-leM-).¢-1¢e][-c1-m 


























Finding the Domain of a Rational Function In (c) ( (d) 
Exercises 1-6, find the domain of the function f and 6 ! ' 
discuss the behavior of f near any excluded x-values. 4+ | Pe 
See Example 7. ee -2 -1 5 
, | | 5 as feet 
. f(x) = . f(x) = =2 214 6 '-2 
—A 1 i 
Ax 5x 
3 f(x) = , r | 4. i (Vi) = x = | y y 
; (e) f Wes 
) 4 
5. f(x) =—— bf) == ! z 3 
No oak ] Me a" 4 ! 2 9) 


Finding Horizontal and Vertical Asymptotes In 
Exercises 7-14, find all horizontal and vertical asymptotes 
of the graph of the function. See Example 2. 


3x 
































ae 
es 
bh WN 
i Se ee | 
WN 
nN 
Se 
a 














X 
7. f(x) = 8. f(x) = 4 ‘ 2 
| + : = 5. f(x) = -—— . fl) = 
x+] x-2 ee abs) ae 16. f(x) agg 
Sh i LON 
. f(x) = . f(s) = Kote! ; 3. 4x 
th ese oe pe hei Ff) = eee 18. f(x) = == 
ax? + 1 3x? +x —5 
« fea) = , ii 56 oe x chee 
Se ea Be eT) SB EGO ee 20. f(x) = -* 
Xie, oar Jl 
5 
13. f(x) =——; 14. f(x) = nee ' 
(xb 4) Bere Wis Describing a Transformation In Exercises 21-24, 


Matching _ In Exercises 15-20, match the function with its 
graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


compare the graph of f(x) = 1/x with the graph of g. 


21. g(x) = f(x) -2= : =e 








(a) ; (b) 
| 22. g(x) =f(x +1) = 
| ee t—}—}-—t | f—{—}—| x a+ 1 
os oe Dy Bist | 
my : i | aoe 2X) = F(x) 
2 x 
+ + poe JX : - : | 
>-\ | 1 2 om 24, a(x) = =fe + 1) = = 





Describing a Transformation In Exercises 25-28, 
compare the graph of f(x) = 4/x? with the graph of g. 


20, ov = 


By 
x* 


B6n (0) = f(x — 1) = 





(aeaull) 
4 
ag) = —f (x) = 3 


28. e(2) = <f0) = 55 


Describing a Transformation In Exercises 29-32, 
compare the graph of f(x) = 8/x° with the graph of g. 


29. gx) = fs) +5 = 45 





30. g(x) = f(x — 3) = c x 3) 
31. glx) = -f0) = — 3 
32. a(x) = 4/0) = 5 


Sketching the Graph of a Rational Function In 
Exercises 33-58, sketch the graph of the rational function. 
To aid in sketching the graphs, check for intercepts, 
symmetry, vertical asymptotes, and horizontal asymptotes. 
See Examples 3, 4, and 5. 


| 


















































33. f(x) = 3 34, f(x) = ear 

35. f(x) = — 36. f(x) = —. 
37. f(x) = = ¥ : 38. f(x) = E = ; 

39. f(a) = 40. fla) = 5— 

41. f(t) = as usta : zs 
43. C(x) = ae 44. P(x) = — 
45. oo a 46. hG): = git I 
47. f(x) = 5 +2 48. f(x) =2— 5 
49. h(x) = = : 50. h(t) = a q 
51. g(s) = 2 7 52. g(x) = ete 3 
Se Ny eh Shes ets 
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peel a OX 0 Tepe Meee here 
sh} f(x) pe tas 2. 56. f(x) = xw+x-—2 
Aa) 
Is Ree eee 
57. g(x) x? — 16 
58. o(x) = site a9) 
a) 


A Rational Function with a Slant Asymptote In 
Exercises 59-64, sketch the graph of the rational function. 
To aid in sketching the graphs, check for intercepts, vertical 
asymptotes, and slant asymptotes. See Example 6. 




















Dre ee 
59. f(x) = — Cae) = 
x ms 
x* x? 
61. h(x) = 62. f(x) == 
= II ne = | 
i xe 
63. g(x) = er 64. f(x) = eT 


Writing a Rational Function In Exercises 65-68, write 
a rational function f that has the specified characteristics. 
(There are many correct answers.) 


65. Vertical asymptote: None 


Horizontal asymptote: y = 2 


rmiIn 


66. Vertical asymptotes: x = 0,.x = 


Horizontal asymptote: y = —3 
eel 


II 


67. Vertical asymptotes: x 
Horizontal asymptote: None 
68. Vertical asymptote: x = 3 


Horizontal asymptote: x-axis 
if Graphical Analysis In Exercises 69-72, use a 
fe/ graphing utility to graph f and g in the same viewing 
fy window. (Notice that f has a common factor in the 
numerator and denominator.) Use the trace feature 
of the graphing utility to check the value of each 
function near any x-values excluded from its 
domain. Then, describe how the graphs of f and g 
are different. 


(x — 3)(x + 3) 




















69.5) Ee Gee g(x) =x +3 
70. #@) = 2 a ga) =x 41 
nf) =3—, W==5 

mn tmghzdey wm zhy 


73. Think About It You divide out the common factor 
(x — 7) from the numerator and denominator of a 
rational function. How do you specify the domain of the 
new function so that both functions are the same? 


324 


4, HOW DO YOU SEE IT? For each statement 


O; ) 
below, determine which graph(s) show that the 


oe 


76. 


Ife 


78. 


statement is incorrect. 


(11) 











(iii) y (iv) y 














(a) Every rational function has a vertical asymptote. 

(b) Every rational function has at least one asymptote. 

(c) A rational function can have at most one vertical 
asymptote. 

(d) The graph of a rational function with a slant 
asymptote cannot cross the slant asymptote. 


Think About It _ Is it possible for a rational function to 
have all three types of asymptotes (vertical, horizontal, 
and slant)? Why or why not? 

Think About It Is it possible for a rational function 
to have more than one horizontal asymptote? Why or 
why not? 

Federal Drug Enforcement The cost C (in millions 
of dollars) for the federal government to seize p percent 
of an illegal drug as it enters the country is 


528p 


PO eae 00, 
100 — p 


(a) Find the costs of seizing 25% of the drug, 50% of 
the drug, and 75% of the drug. 
(b) According to this model, is it possible to seize 100% 
of the drug? Explain. 
Population of Deer The Game Commission 
introduces 100 deer into newly acquired state game 
lands. The population N of the herd is given by 
25(4 + 2t) 0. wi feriat 
———-, t = 0, where f is time (in years). 
| + 0.021 J 
(a) Find the populations when f is 5, 10, and 25. 
(b) What is the limiting size of the herd as time 


progresses? 
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ra 
&. 79. Retail Sales The table shows the numbers N 
“ (in millions) of DVDs sold in the years 2000 
through 2009. The data can be modeled by 

















_  104.05t + 140.3 
~ 0.0262 — 0.212 + 1’ 





Sif Ss ©) 


where f¢ is the year, with t = 0 corresponding to 2000 
(see figure). (Source: SNL Kagan) 









Year | DVDs, NV 


Year | DVDs, NV 





2000 
2001 


507.5 
2003 | 713.0 
2004 | 976.6 















2009 851.1 


DVDs sold (in millions) 











(a) Use a graphing utility to plot the data and graph the 
model in the same viewing window: How well does 
the model represent the data? 


(b) Use the model to predict the numbers of DVDs 
sold in the years 2012, 2015, and 2020. Are the 
predictions reasonable? 

(c) Determine the horizontal asymptote and explain its 

meaning in the context of the problem. 


80. Average Cost The cost C (in dollars) of producing 
x basketballs is 


C = 375,000 + 4x. 


The average cost C per basketball is 


C= 





C _ 375,000 + 4x 
= ; ; oO: 


x 
¢ (a) Sketch the graph of the average cost function. 


“ (b) Find the average costs of producing 1000, 10,000, 
and 100,000 basketballs. 


(c) Find the horizontal asymptote and explain its 
meaning in the context of the problem. 


81. 


82. 


83 


84. 


Human Memory Model Psychologists have developed 
mathematical models to predict memory performance as 
a function of the number of trials n of a certain task. 
Consider the learning curve modeled by 


_ WSS 0.95(n — 1) 


Son): "7° 


where P is the percent of correct responses (in decimal 
form) after n trials. 


(a) Complete the table. 











| 


(b) According to this model, what is the limiting 
percent of correct responses as n increases? 





Human Memory Model 
curve modeled by 


A) 0.55 + 0.87(n — 1) 
1 + 0.87(n — 1) ° 


Consider the learning 





ea) 


where P is the percent of correct responses (in decimal 
form) after 7 trials. 


(a) Complete the table. 


Bere 


(b) According to this model, what is the limiting 
percent of correct responses as n increases? 











Average Recycling Cost The cost C (in dollars) of 
recycling a waste product is 


C = 450,000 + 6x, x >0 


where x is the number of pounds of waste. The average 
recycling cost C per pound is 
ec 450,000 + G6 
C=—= *, 





en; 
a i 

(a) Use a graphing utility to graph C. 

(b) Find the average costs of recycling 10,000, 100,000, 
1,000,000, and 10,000,000 pounds of waste. What 
can you conclude? 

Drug Concentration The concentration C of a 

medication in the bloodstream f minutes after sublingual 

(under the tongue) application is given by 


(a) Use a graphing utility to graph the function. 
Estimate when the concentration is greatest. 

(b) Does this function have a horizontal asymptote? If 
50, discuss the meaning of the asymptote in terms of 
the concentration of the medication. 


85. 





87. 


. Health Care Spending 
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Domestic Sales The U.S. domestic sales S$ of 
electricity (in millions of kilowatt-hours) from 1990 


through 2008 can be modeled by 
S = 27,904t + 906,950, Os ts 18 


where f represents the year, with ¢ = 0 corresponding to 
1990. The population P (in millions) of the United 
States from 1990 through 2008 can be modeled by 


P= 3.023t- 290.90, OSs 18 


where f represents the year, with ¢ = 0 corresponding to 

1990. (Source: Edison Electric Institute and the U.S. 

Census Bureau) 

(a) Construct a rational function F to represent the per 
capita domestic sales of electricity. 

(b) Use a graphing utility to graph the rational function £. 

(c) Use the model to estimate the per capita domestic 
sales (in kilowatt-hours) of electricity in 2008. 

The total health care spending 

H (in millions of dollars) in the United States from 1990 

through 2008 can be modeled by 


H = 3258.97 + 31,416.1t + 754,111, OSts 18 


where f represents the year, with / 
1990. The population P (in millions) of the United States 
from 1990 through 2008 can be modeled by 


0 corresponding to 


P= 3,025¢-- 250,90, 0 S72 15 


where f represents the year, with ¢ = 0 corresponding to 
1990. Obrey Medicare 
Medicaid Services and the U.S. Census Bureau) 


(Sources: Centers fot and 
(a) Construct a rational function S to represent the per 
capita health care spending. 
(b) Use a graphing utility to graph the rational function S, 
(c) Use the model to predict the per capita health care 
spending in 2012. 
3000-Meter Speed Skating 
the women’s 3000-meter speed skating race at the 
Olympics from 1960 through 2010 can be approximated 
by the quadratic model 


The winning times for 


y = 0.0237 — 5.6247 + 571.67, 60 S145 110 


where y is the winning time (in seconds) and ¢ 

represents the year, with f = 60 corresponding to 1960. 

(Sources: DatabaseOlympics.com and Sports Reference 

LEC) 

(a) Use a graphing utility to graph the model. 

(b) Use the model to predict the winning times in 2014 
and 2018. 


(c) Does this model have a horizontal asymptote? Do 
you think that a model for this type of data should 
have a horizontal asymptote? 
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ALGEBRA TUTOR 





STUDY TIP 





Be sure to remember that 
a polynomial is completely 
factored when each of its 
factors is prime. 





Factoring Expressions 


*Y 


Much of the algebra in Chapter 3 involves factoring. On this page, you can review some of 
the basic techniques for factoring polynomial expressions. The simplest type of factoring 
involves recognizing common factors and factoring them out of the expression. Other types 
of factoring involve special polynomial forms. Several of these are listed below. 


Difference of Two Squares: 


Perfect Square Trinomial: 


ue 


— y? = (u + v)(u — v) 


2+ Quy + vy = (u + v)? 
2 — Quy + v2 =(u — v)? 





Sum or Difference of Two Cubes: uw? + 


y= pve — wee) 
vy? = (u — v)(u2 + uy + v2) 


For trinomials of the form ax? + bx + c that have binomial factors, you need to find a 
combination of factors of a and c such that the outer and inner products of the binomials 


add up to the middle term bx. 


/s<ess}ey(-wam Factoring Expressions 


Completely factor the expression. 
b. 36x" = 4% 
Coy le 


f. x7 — 12x + 27 


a. 6x2 + 21x 


c. 4x2 + 20x + 


Nw 
Nn 


e. 52° + 40 
SOLUTION 
a. Oxo + 2iy = 3x(2x) - 3x7) 


lI 
eS) 
v 
=f 
=) 


b. 36x3 — 4x = 


c. 4x2 + 20x + 25 = (2x)? + 2(2x)(5) + 5? 
= (2x + 5) 


d. y? — 22y + 121 = y? — 2(y)(11) + 112 


=(y — 11) 
e. 523 + 40 = 5(z3 + 8) 
= 5(z? + 23) 


= 5(z + 2)(z* — 2z + 4) 


3x is a common factor. — 

Factor completely. 

4x is a common factor. 

9x° — 1 is a difference of two squares. 
Factor completely. 

Perfect square trinomial 

Factor completely. 

Perfect square trinomial 

Factor completely. 

5 is a common factor. 

z? + 8 is asum of two cubes. Rewrite 8 as 2°. 


Factor completely. 


f. For x? — 12x + 27, you have a = 1, b = —12, and c = 27. Because b is negative 
and c¢ is positive, both factors of 27 must be negative. That is, 27 = (—1)(—27), 


or 27 = (—3)(—9). So, the possible 


factorizations of x? — 12x +27 are 


(x — 1)(~ — 27) and (x — 3)(x — 9). Testing the middle term, you find that 


x? — 12x + 27 = (x — 3)(x — 9). 








| sTUDY TIP 


a 


Be sure to remember that one 


of the conditions for a radical 
expression to be in simplest 
form is that all possible factors 
have been removed from the 


radical. 
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Simplifying Radical Expressions 


Performing operations with complex numbers involves several different algebraic skills. 

One such skill is simplifying expressions involving radicals. Here are some helpful 

simplification techniques. 

1. To add or subtract radical expressions, the radicals must be like radicals (having the 
same index and the same radicand). The Distributive Property can then be used to 
combine like radicals. 


2. To multiply or divide radical expressions, use the following properties. 


Let a and b be real numbers, variables, or algebraic expressions such that the indicated 
roots are real numbers, and let 7 be a positive integer. 


ee ae er Va f4@ pag 


n/p b 


"1 





erycwa Simplifying Expressions Involving Radicals 


Simplify the expression. 
a. /48 b /7 + /28 
ies/ ey 20) e. J2(8 = /3)) 
SOLUTION 
ay /48 = /16 "3 

= JF 

= 4/3 
b /7 + /28 = 


Ce 15 45 
f, (3 + /5)? 


Find largest square factor. 
Rewrite. 


Find root of perfect square. 





Find largest square factor. 


Rewrite. 


II 
= 
ze 
2 
— 


Find root of perfect square. 


| 

; 
N 
a 


Distributive Property 


Add, 





Find largest square factors. 





Rewrite. 
Find roots of perfect squares. 


Distributive Property 





= on 5 Subtract. 

Ge 5/50 520 5/5320 Rewrite. 
= /100 Multiply. 

= 10 Simplify. 


Distributive Property 


= Ravi = 9) 03} Rewrite. 
= eG) = /6 Multiply. 


Distributive Property 


¥ (Sb 75) 3 5 30/5 35 
ld it60/5 


Combine like terms. 


RTT EET TS ET 
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SUMMARY AND STUDY STRATEGIES 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 330. 
Answers to odd-numbered Review Exercises are given in the back of the text.” 





Section 3.1 Review Exercises 
mw Sketch the graph of a quadratic function. I-4 

a Find the equation of a parabola given its vertex and a point on its graph. BY 16) 

s» Construct and use a quadratic model to solve an application problem. 7-12 
Section 3.2 

w Sketch a transformation of a monomial function. 13-20 

w Apply the Leading Coefficient Test to determine right-hand and left-hand 21-24 


behavior of graphs of polynomial functions. 

When n is odd and the leading coefficient is positive, 
f(x) 3 —00 as x —c0 and f(x) 500 as x 0. 

When vn is odd and the leading coefficient is negative, 
f(x) 3 00 as x —00 and f(x) > —00o as x00. 

When n is even and the leading coefficient is positive, 
f(x) > 90 as x —00 and f(x) > 00 as x00. 

When n is even and the leading coefficient is negative, 


f(x) > —00 as x —00 and f(x) = —c0 as x 00, 


m Find the real zeros and sketch the graph of a polynomial function. 25-28 
Section 3.3 

m Divide one polynomial by a second polynomial using long division. 29, 30 
m Use synthetic division to divide two polynomials. 31, 32, 39, 40 
m Use the Remainder Theorem and synthetic division to evaluate a polynomial. 33, 34 
= Use the Factor Theorem to factor a polynomial. SP 55) 
aw Simplify a rational expression using long division. BRE Gs) 
Section 3.4 

# Find all possible rational zeros of a function using the Rational Zero Test. 41, 42 
= Find all the real zeros of a function. 43—S0 
m Approximate the real zeros of a polynomial function using the Intermediate ey heey’: 

Value Theorem. 

= Approximate the real zeros of a polynomial function using a graphing utility. 53, 54 
= Apply techniques for approximating real zeros to solve an application problem. adoioa 


* 


A wide range of valuable study aids are available to help you master the material in this chapter. 
The Student Solutions Manual includes step-by-step solutions to all odd-numbered exercises to 
help you review and prepare. The student website at www.cengagebrain.com offers algebra help 
and a Graphing Technology Guide, which contains step-by-step commands and instructions for 
a wide variety of graphing calculators. 
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Section 3.5 Review Exercises 
a Find the complex conjugate of a complex number. 57-60 
= Perform operations with complex numbers and write the results in standard form. 61-74 


(a + bi) + (c + di) =(a+c)+ (b+ d)i 
(a + bi) —(c + di) =(a-—c)+(b-d)i 
(a + bi)(c + di) = (ac — bd) + (ad + bc)i 





= Solve a polynomial equation that has complex solutions. 75-78 

= Plot a complex number in the complex plane. 79, SO 

Section 3.6 

m Use the Fundamental Theorem of Algebra and the Linear Factorization 81-86 
Theorem to write a polynomial as the product of linear factors. 

a Find a polynomial with real coefficients whose zeros are given. 87, 38 

= Factor a polynomial over the rational, real, and complex numbers, and find 89-94 


all real and complex zeros of a polynomial function. 





TP I I A ITI ETT IEE TE SILL OOO RE TE I I ST I IAIN TON TE IIE SIE AE 








Section 3.7 
= Find the domain of a rational function. 95-98 
a Find the vertical and horizontal asymptotes of the graph of a rational function. 95-98 
: Ea sy tte he, ae aks “tal 
Let f(x) =! 2 Sa 2 a, #0,b,, # 0. 
RD Da wep ctet oe Div ra DG 


Assume that p(x) and q(x) are polynomials with no common factors. 
1. The graph of fhas vertical asymptotes at the zeros of qx). 
2. The graph of f has one or no horizontal asymptote determined by comparing 
the degrees of p(x) and q(x). 
a. When n < m, the graph of fhas the line y = 0 (the x-axis) as a horizontal asymptote. 
b. When n = m, the graph of f has the line y = a, /b,, (ratio of the leading coefficients) 
as a horizontal asymptote. 


¢. When n > m, the graph of fhas no horizontal asymptote. 





= Sketch the graph of a rational function, including graphs with slant asymptotes. 99-104 
m Use arational function model to solve an application problem. 105-108 
Study Strategies 


a Use a Graphing Utility A graphing calculator or graphing software for a computer can help you in this course in 
two important ways. As an exploratory device, a graphing utility helps you to learn concepts by comparing graphs of 
functions. For instance, sketching the graphs of f(x) = x* and f(x) = —x? shows that the negative coefficient has the 
effect of reflecting the graph in the x-axis. As a problem-solving tool, a graphing utility frees you from sketching 
complicated graphs by hand. The time you save can be spent using mathematics to solve real-life problems. 

= Problem-Solving Strategies When you get stuck trying to solve a real-life problem, consider the strategies below. 


1 


Draw a Diagram. Draw a diagram representing the problem. Label all known values and unknown values on the diagram. 


Solve a Simpler Problem. Simplify the problem, or write several simple examples of the problem. For instance, if you 
are asked to find the dimensions that will produce a maximum area, try calculating the areas of several examples. 


a 


Rewrite the Problem in Your Own Words. Rewriting a problem can help you understand it better. 


= 


Guess and Check. Try guessing the answer, then check your guess in the statement of the original problem. By refining 
your guesses, you may be able to think of a general strategy for solving the problem. 


= 
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Review Exercises See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Using Standard Form to Graph a Parabola In 
Exercises 1-4, write the quadratic function in standard 
form (if necessary) and sketch its graph. Identify the 
vertex and intercepts. 


1. f(x) = G243)2=3 

2. ex) = == .1)? E38 
3: Ax) =32 = 126d 
4. f(x) = Hx? + 5x — 4) 


Finding an Equation of a Parabola_ In Exercises 5 
and 6, find an equation of the parabola that has the 
indicated vertex and whose graph passes through the 
given point. 

5. Vertex: (—5, —1); point: (—2, 6) 

6. Vertex: (2,5); point: (4, 7) 


7. Optimal Area The perimeter of a rectangular 
archaeological dig site is 500 feet. Let x represent the 
width of the dig site. Write a quadratic function for the 
area of the rectangle in terms of its width. Of all 
possible dig sites with perimeters of 500 feet, what are 
the measurements of the one with the greatest area? 

8. Optimal Revenue Find the number of units that 
produces a maximum revenue R (in dollars) for 


R = 900x — 0.015x? 


where x is the number of units produced. 
9. Optimal Cost A manufacturer of retinal imaging 
systems has daily production costs C (in dollars per 
unit) of 





C = 25,000 — 50x + 0.065x? 

where x is the number of units produced. 

(a) Use a graphing utility to graph the cost function. 

(b) Graphically estimate the number of units that should 
be produced to yield a minimum cost per unit. 

(c) Explain how to confirm the result of part (b) 
algebraically. 

10. Optimal Profit The profit P (in dollars) for an 

electronics company is given by 


P = —0,.00015x? + 155x — 450,000 


where x is the number of units produced. 
) Use a graphing utility to graph the profit function. 
(b) Graphically estimate the number of units that 
should be produced to yield a maximum profit. 


(c) Explain how to confirm the result of part (b) 
algebraically. 








11. Batting Distance In a study, baseballs were 
batted at angles of x degrees above the horizontal, 
each with an initial speed of 40 meters per second 
and a backspin of 30 revolutions per second. The 
distances d(x) (in meters) traveled by the balls 
are shown in the table. (Source: The Physics of 


Sports) 
15 | 30 36 


83.0 | 130.4 | 139.4 


d(x) , 
54 60) 
142.8 | 142.7 | 140.7 | 132.8 ger 


(a) Use a graphing utility to create a scatter plot of the data. 























(b) Use the regression feature of the graphing utility to 
find a quadratic model for the data. 

(c) Use the graphing utility to graph the model from 
part (b) in the same viewing window as the scatter 
plot of the data. 

(d) Find the vertex of the graph of the model from part (c). 
Interpret its meaning in the context of the problem. 


12. Dormitory Room Costs The average costs C 
(in dollars) of a college dormitory room for the 
years 2003 through 2010 are shown in the table. 
(Source: Digest of Education Statistics) 


Year 2003 | 2004 | 2005 | 2006 
Coste) 3179 | 3359 | 3569 | 3804 


2007 | 2008 | 2009 | 2010 





















4019 | 4214 | 4446 | 4657 





(a) Use a graphing utility to create a scatter plot 
of the data. Let f represent the year, with f = 3 
corresponding to 2003. 

(b) Use the regression feature of the graphing utility to 
find a quadratic model for the data. 

(c) Use the graphing utility to graph the model from 
part (b) in the same viewing window as the scatter 
plot of the data. 

(d) Use the graph of the model from part (c) to predict 
the average cost of a dormitory room in 2011. 


Sketching a Transformation of a Monomial Function 
In Exercises 13-16, use the graph of y = x5 to sketch the 
graph of the function. 


13. fix) = (w+ 4h 
15. fa) = 3-3 


14. f(x) =~ +1 
16. 7\x) 


Ax + 3h 


Sketching a Transformation of a Monomial Function 
In Exercises 17-20, use the graph of y = x® to sketch the 
graph of the function. 
17. fix) = x* — 2 18. f(x) = —jr® 


20. f(x) = —(« + 7)? +2 


Applying the Leading Coefficient Test In Exercises 
21-24, describe the right-hand and left-hand behavior of 
the graph of the polynomial function. 


21. fit =3x + 2x 22. fx) =5 440-3 
ees — —x° + 3x* — x? + 6 


24. flx) = Sx + 3x + 2) 


Finding Zeros of a Polynomial Function In Exercises 
25-28. find all real zeros of the function algebraically and 
use the results to sketch the graph by hand. Then use a 
graphing utility to confirm your sketch. 


25. fix) = 16 -x 26. f(x) =x -— 6248 
27. fix) = x — Tx + 10x 
28. fla) = — Ge — 3x + 18 


Long Division of Polynomials In Exercises 29 and 
30, use long division to divide. 

meee — Sx — x) = (2x + 1) 

Bete — Sx 4+ 102° — 12) + @ -— 2x+ 4) 

Using Synthetic Division In Exercises 31 and 32, use 
synthetic division to divide. 

Si (x — &x + 9) = (x + 3) 

ede? — x" + 3° — 13x" + x + 6) = (x — 2) 


Using Synthetic Division In Exercises 33 and 34, use 
synthetic division to find each function value. 

33. fix) = 6 + 2c -— 38 (a) #2) =) F(-1) 
34. f(x) = 2x4 + 3x + 6 (a) #3) = f(-0) 


Factoring a Polynomial in Exercises 35 and 36, 
(a) verify the given factors of f(x), (b) find the remaining 
factors of f(x), (c) use your results to write the complete 
factorization of f(x), (d) list all real zeros of f, and (e) confirm 
your results by using a graphing utility to graph the function. 


Factors 
(x — 5), (x + 3) 
(3x — 1), (a + 5) 


Function 
me fia = 2° — 4x7 — 11x + 30 
36. fix) = 3x° + 23x° + 37x — 15 
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Simplifying a Rational Expression In Exercises 37 
and 38, simplify the rational expression. 


x + Oc + 2x — 48 








37. —- 
- ES = We — 16 
3s. : 
Stag | 


39. Profit The profit P (in dollars) from selling a 

motorcycle is given by 

P = —42x* + 3000x* — 6000, 0 Sx 5 65 

where x is the advertising expense (in tens of thousands 

of dollars). For this motorcycle, the advertising expense 

was $600,000 (a = 60) and the profit was $1,722,000. 

(a) Use a graphing utility to graph the function and use 
the result to find another advertising expense that 
would have produced the same profit. 

(b) Use synthetic division to confirm the result of 
part (a) algebraically. 

40. Profit The profit P (in dollars) from selling a novel is 

given by 

P = —150x° + 7500x? — 450,000, Osx s 45 

where x is the advertising expense (in tens of thousands 

of dollars). For this novel, the advertising expense was 

$400,000 (x = 40), and the profit was $1,950,000. 

(a) Use a graphing utility to graph the function and use 
the result to find another advertising expense that 
would have produced the same profit. 


(b) Use synthetic division to confirm the result of 
part (a) algebraically. 


Using the Rational Zero Test In Exercises 41 
and 42, use the Rational Zero Test to list all possible 
rational zeros of f. Then use a graphing utility to 
graph the function. Use the graph to help determine 
which of the possible rational zeros are actual zeros 
of the function. 


41. f(x) = —4¢ + 8e — 3x + 15 
42. f(x) = 3x4 + 46 — Se? + 10x - 8 


Using the Rational Zero Test In Exercises 43-50, find 
all the real zeros of the function. 


43. f(x) =x + 27° — Sx - 6 er eel 
44. ¢(x) = 2x3 — 15x? + 24x + 16 ; 
45. h(x) = 3x- 272 +60 FE, * U9 
46. f(x) =x — 48 + 3x 

47. B(x) = GC — 19x° + 1llx + 6 g 
48. C{x) = 3x4 +38 -— 7x48 — x +2 

49. p(x) =2x* - x -2x-4 al) 
50. g(x) = 8 — 2x4 + 2S — 4° — 3x + 6 
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Using the Intermediate Value Theorem _|n Exercises 
51 and 52, use the Intermediate Value Theorem to 
approximate the zero of f in the interval [a, b]. Give your 
approximation to the nearest tenth. 


51. fix) =e — 4643, [3.2] 
SI cof (x) Se ae ed ln ONE] 


Approximating the Zeros of a Polynomial 
Function In Exercises 53 and 54, use the zero, 
root, or zoom and trace features of a graphing 
utility to approximate the real zeros of f. Give your 
approximations to the nearest thousandth. 


Bs) = ae 
54) = 2k Oe oe Oy ale 





55. Wholesale Revenue The revenues R (in 
millions of dollars) for Costco Wholesale for the 
years 2001 through 2010 are shown in the table. 
(Source: Costco Wholesale) 


Year | Revenue, R 


2001 34,797 1 











2002 38,762 





2003 42,546 





2004 | asia 





| 2005 52,935 





2006 60,151 





2007 64,909 





2008 72,483 





2009 71,449 








2010 771,946 











(a) Use a graphing utility to create a scatter plot of 
the data. Let t represent the year, with t= | 
corresponding to 2001. 

(b) Use the regression feature of the graphing utility 
to find a linear model, a quadratic model, and a 
quartic model for the data. 

(c) Use the graphing utility to graph each model 
with the data. How well does each model fit the 
data? 

(d) Use each model to predict the year in which the 
revenue will be about $87 billion. Explain any 
differences in the predictions. 








56. Home Furnishing Sales The sales S (in 
millions of dollars) for Bed Bath & Beyond for 
the years 2000 through 2009 are shown in the 
table. (Source: Bed Bath & Beyond) 


2005 | 5809.6 
6617.4 


Salesans, 

































(a) Use a graphing utility to create a scatter plot 
of the data. Let t represent the year, with t = 0 
corresponding to 2000. 


(b 


— 


Use the regression feature of the graphing utility to 
find a linear model, a quadratic model, and a quartic 
model for the data. 


wa 


(c) Use the graphing utility to graph each model 


with the data. How well does each model fit the data? 
(d) Use each model to predict the year in which the sales 


will be about $8.8 billion. Explain any differences in 
the predictions. 


Writing Complex Numbers in Standard Form In 
Exercises 57-60, write the complex number in standard 
form and find its complex conjugate. 


Bi) Peon Soe? 
ear yy) = alke) 60.22) Vials 


Adding, Subtracting, or Multiplying Complex 
Numbers In Exercises 61-70, perform the indicated 
operation and write the result in standard form. 


61. (7 — 31) + (-2 + 51) 62. (14 + 81) — (= 1 42) 


63. (5 + 8i)(5 — 81) 64. (5 + ii)(5 — Zi) 
65. —2i(4 — 5i) 66. —3(—2 + 4i) 
67. (3 + 4i)? 68. (2 - Si)? 

69. 3+ 22+ 3-2? 70 (1+i?-(1- 


Writing Quotients in Standard Form In Exercises 


71-74, write the quotient in standard form. 








8 —j aA 

hacer Pie ces 
oey 2 

ya! 74. 








i (1 + i)? 


Complex Solutions of a Quadratic Equation In 
Exercises 75-78, solve the quadratic equation. 


15, 2x = ero = 0 76. 3x° + 6x + Tia 


fet + lix + 3 =0 19900 et 
Plotting Complex Numbers in the Complex Plane 
In Exercises 79 and 80, plot the complex number in the 
complex plane. 
19 — 342i 80. —1 — 4 

Finding the Zeros of a Polynomial Function In 
Exercises 81-86, find all the zeros of the function and 
write the polynomial as the product of linear factors. 
Sie x — 81 SZ eee LO 
Some er ot + St + 15 

Ramet Ox? + 4x — 10 

Some 4 — 8x2 + 9x = 18 

86. f@) = — 24+ 8-2 4+2r-1 


Finding a Polynomial Function with Given Zeros In 
Exercises 87 and 88, find a polynomial function with real 
coefficients that has the given zeros. 


Sep last, 31 SS) St glace SL 


Factoring a Polynomial In Exercises 89 and 90, write 
the polynomial (a) as the product of factors that are 
irreducible over the rationals, (b) as the product of linear 
and quadratic factors that are irreducible over the reals, 
and (c) in completely factored form. 

SO 5x7 — 24 


eae = 2x — 14x — 63 
(Hint: One factor is x7 + 7.) 


Finding the Zeros of a Polynomial Function In 
Exercises 91-94, use the given zero of f to find all the 
zeros Of f. 


ieee — 2 + 64x - 16, —4: 
m0 — 75x + 2x* — 32°, Si 
ee x + 24x? + 58x + 40, —1 + 31 
94, f(x) =x + 434+ 82+ 4x47, -2- V3i 


Finding the Domain and Asymptotes of a Rational 
Function In Exercises 95-98, find the domain of the 
function and identify any horizontal or vertical asymptotes. 








3 Dees ena id ee 
95. f(x) = a 96. f(x) = a8 
ax = 34 
97. f(x) = ==9 98. f(x) = POR iE 


Sketching the Graph of a Rational Function In 
Exercises 99-102, sketch the graph of the rational 
function. To aid in sketching the graphs, check for intercepts, 
symmetry, vertical asymptotes, and horizontal asymptotes. 


3 hiaate Crete 
aD) La seep? 








99, P(x) = 


m Review Exercises S00 








! 
101.28), == a = 
gx) tee Ol Dye 3% = 5 
Sketching the Graph of a Rational Function In 
Exercises 103 and 104, find all asymptotes (vertical, 
horizontal, and/or slant) of the given function. Sketch the 
graph of f. 


j 2a 16 x3 
103. f(x) = ~—— 104. f(x) = =— 
: Sones 
105. Population of Fish The Wildlife Commission 
introduces 60,000 game fish into a large lake. The 
population N (in thousands) of the fish is 


206s 51) 
07s 





where f is time (in years). 

(a) Find the populations when t = 5, 10, and 25. 

(b) What is the limiting number of fish in the lake as 
time progresses? 

106. Average Recycling Cost The cost C (in dollars) 
of recycling a waste product is C = 325,000 + 8.5x, 
for x > 0, where x is the number of pounds of waste. 
The average recycling cost C per pound is 

Gas 2a 000 8x 


X Xx 





C= 0. 


(a) Sketch the graph of C. 

(b) Find the average costs of recycling 1000, 10,000, 
100,000, and 1,000,000 pounds of waste. What 
can you conclude? 

107. Smokestack Emissions The cost C (in dollars) of 
removing p percent of the air pollutants in the stack 
emissions of a utility company that burns coal to 
generate electricity 1s 


105,000p 
C=: < 100. 
100 — p Ot pa) 100 
(a) Find the cost of removing 25% of the pollutants. 
(b) Find the cost of removing 60% of the pollutants. 
108. Human Memory Model Consider the learning 
curve modeled by 
Ue AN 1) 
1+ 0.65(7 — 1) 





n=0 


where P is the percent of correct responses (in decimal 
form) after n trials. 


(a) Complete the table. 


ae 


(b) According to this model, what is the limiting 
percent of correct responses as n increases? 
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T ad ST YO U re Ss i L F See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


1. Sketch the graph of the quadratic function given by 
k= a A SF 
Identify the vertex and intercept(s). 
2. Describe the right-hand and left-hand behavior of the graph of f. 
(ayo fxn = xe 9x 1S 
(Dyefe) eo. ee nl Lo 























Year | Sales per share, s | eee et 19 UGK =n 10) 

3. Simplify eee : 
2001 14.87 Sodas 

=| 4. List all possible rational zeros of 
2002 14.13 4 : 
20 UAC) ic Nien Sig £1598 2), 

2003 15.15 Use synthetic division to show that x = —3 and x = ; are zeros of f. Using these 
2004 | 17.33 results, completely factor the polynomial. 


5. The sales per share S (in dollars) for Hormel Foods for the years 2001 through 2010 


9 
ewe Mee are shown in the table at the left. (Source: Hormel Foods Corporation) 





aie 
2006 20.92 (a) Use a graphing utility to create a scatter plot of the data. Let ¢ represent the 


year, with t = | corresponding to 2001. 





























2007 22.82 4 

a - (b) Use the regression feature of the graphing utility to find a linear model, a 

2008 25.11 quadratic model, and a quartic model for the data. 

2009 24.45 (c) Use the graphing utility to graph each model separately with the data in the 

5010 57.15 same viewing window. How well does each model fit the data? 

= = (d) Use each model to predict the year in which the sales per share will be about $35. 
Table for 5 Then discuss the appropriateness of each model for predicting future values. 


In Exercises 6-9, perform the indicated operation and write the result in standard 





form. 
6. (12 + 3i) + (4 — Si) 
(PAC OF) TGR ety) 
g. (5 + /—12)(3 - /—12) 
OR ao!) 2a so!) 
10. Write the quotient in standard form: ; as 


In Exercises 11 and 12, solve the quadratic equation. 
1 oe 5x 7 =0 
12 ox 0 


13. Find a polynomial function with real coefficients that has 2, 5, 31, and — 37 as zeros. 
14. Find all the zeros of f(x) = x? + 2x? + 5x + 10, given that /5i is a zero. 
15. Sketch the graph of 


ain 


Label any intercepts and asymptotes. What is the domain of f? 


MOPEE SSCS Es WPEEUELEW EOL EE 


4 Exponential 
and Logarithmic 
Functions 


4.1. Inverse Functions 


n 
o 
n 
a 
3) 
em, 
o) 
= 
je) 
Qy 
o 
(4 


4.2 Exponential Functions 
4.3. Logarithmic Functions 
4.4 Properties of Logarithms 


4.5 Solving Exponential and 


i Logarithmic Equations 
8 9 101112131415161718 . ; : 
Year (8 > 1998) 4.6 Exponential and Logarithmic Models 








Example 1 on page 388 shows how an 
exponential growth function can be used 
to model the number of reported cases of 

Rocky Mountain spotted fever. 
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4.1 Inverse Functions 


m Determine whether a function has an inverse function. 





mw Find the inverse function of a function. 


@ Graph a function and its inverse function. 





Ae 
Inverse Functions 


e Z 0.75 Recall from Section 2.4 that a function can be represented by a set of ordered 
| 30:0 $ pairs. For instance, the function f(x) = x + 4 from the set A = {1, 2, 3, 4} to the set 
Zz 025 B = {5, 6, 7, 8} can be written as 
5 3.0 3.5 40 


f(x) = x id: 4 (1,5), (2, 6), (3, 7), (4, 87). 


045 10 15 2.0 


Earnings per share (in dollars) 
By interchanging the first and second coordinates of each of these ordered pairs, you 
can form the inverse function of f, which is denoted by f-!. It is a function from the 
set B to the set A and can be written as 


fn) =x — 4) {(5, 1), (6, 2), 7, 3), (4p 


Note that the domain of fis equal to the [ fixyex+4 | 

range of f | and vice versa, as shown in 

Figure 4.1. Also note that the functions Domain of / / Range of f 
fand f—! have the effect of “undoing” . 
each other. In other words, when you & fa) 


form the composition of f with f-! or , ; 
the composition of f-' with f, you _ g wbgl. 
I i ity Range of / Domain of / 


obtain the identity function, as shown. 





In Exercise 75 on page 345, FF NOD) = Fla 4) ) | 
you will use an inverse function to =(x—4)+4= x FIGURE 4.1 
approximate the earnings per share in 
2008 for Wal-Mart Stores. f (Ff @)) =f la +4) 


eervye)-Wam Finding Inverse Functions Informally 


Find the inverse function of f(x) = 4x. Then verify that both f(f- '(x)) and f MY F(x)) 
are equal to the identity function. 


SOLUTION The function f(x) = 4x multiplies each input by 4. To “undo” this function, 
you need to divide each input by 4. So, the inverse function of f(x) = 4a is 


if st) 


You can verify that both f(f-'(x)) and f-'(f(x)) are equal to the identity function as 
shown. 


f(f-“(x)) = i(*) = 4(*) x fOCfO)) = f(4x) oe 


a/ Gheakcolnt 1 





Find the inverse function of f(x) 6" Then verify that both f(f '(x)) and f- '(f(a)) 
; : ' : 
are equal to the identity function. fray 
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e<eheye}(Wa Finding Inverse Functions Informally 


Find the inverse function of 
je pa hae 
Then verify that both f( f~'(x)) and f~'(f(x)) are equal to the identity function. 


SOLUTION The function f(x) = x — 6 subtracts 6 from each input. To “undo” this 
function, you need to add 6 to each input. So, the inverse function of f(x) = x — 6 is 


f(x) =x + 6. 


You can verify that both f(f~'(x)) and f~'(f(x)) are equal to the identity function as 
shown. 


TG +S) =e = G) Substitute x + 6 for f~'(x). 
=(x + 6) -—6 Substitute x + 6 into f(x). 
<n Identity function 
f'U()) = f-3@ — 6) Substitute x — 6 for f(x) 
=(x-—6) +6 Substitute x — 6 into f~!(x). 
= x Identity function (SSSR ee 


*/ Cheokoolnt 2 
Find the inverse function of f(x) = « + 10. Then verify that both f(f~!(x)) and 


ff '(f(x)) are equal to the identity function. z 


The formal definition of inverse function is shown below. 


Definition of ‘Inversa Function 
Let fand g be two functions such that 

Sle) =x for every x in the domain of g 
and 

e( f(x)) =x for every x in the domain of f, 


Under these conditions, the function g is the inverse function of the finchon 
The function g is denoted by f~! (read “f-inverse”). So, 


Fp) = wand falGr i) a: 


The domain of f must be equal to the range of f~', and the range of f must be 
equal to the domain of f~! 


Do not be confused by the use of — 1 to denote the inverse function f~!. In this text, f~! 
always refers to the inverse function of the function f and not to the reciprocal of f(x). 
That is, 


sen orm 
Ten) oF) 


If the function g is the inverse function of the function f, then it must also be true 
that the function fis the inverse function of the function g. For this reason, you can say 
that the functions fand g are inverse functions of each other. 
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iS esssse)(-uegm Verifying Inverse Functions 


Show that the following functions are inverse functions. 


5 ie ar 
2) 





fia 2 ands) 


SOLUTION 


plot) =4( 9/24) =f of) 1 











=xi1-1 
== 38 
oe yee 
eG) = ear = l= o 
_ 3/28 
2 
= es 


a/ Checkpoint 3 





Show that the following functions are inverse functions. 


Ts) 35 Ow anid moe) 6 wi 


seis ae Verifying Inverse Functions 


Which of the functions given by 


ek ee 
5 





2(x) and A(x) = 2 +2 


5 
= 2) 





is the inverse function of f(x) = ? 


SOLUTION By forming the composition of f with g, you can see that 





The SN eae meee ad 5 eee ; 
fist) = 5 Sass = ages 


Because this composition is not equal to the identity function x, it follows that g is not 
the inverse function of f. By forming the composition of f with h, you have 


fe Sone oi 2 =2 = 
f(h(x)) =/(2 a 2] [(5/x)+2]—2 5/x 


So, it appears that h is the inverse function of f. You can confirm this result by showing 
that the composition of h with fis also equal to the identity function. 





x: 


Y Checkpoint 4 





oo 
3 : and h(x) = 
function of f(x) = 3x — 4? oy 





Which of the functions given by g(x) = : + 4 is the inverse 


Wile 





STUDY TIP 


Note in Step 3 of the 4 
guidelines for finding inverse 
functions that it is possible for 
a function to have no inverse 
function. For instance, the 
function given by f(x) = x? 
has no inverse function. 








LS 


Sa NT TRE FP ATRESIA EON 
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Finding Inverse Functions 


For simple functions (such as the ones in Examples 1 and 2), you can find inverse 
functions by inspection. For more complicated functions, it is best to use the following 
guidelines. The key step in these guidelines is switching the roles of x and y. This step 
corresponds to the fact that inverse functions have ordered pairs with the coordinates 
reversed. 


ASCE RR DIESER AMO RII ANY cesmsarascsaacventces ns io Ipseseracetierone 


Guidelines for Finding Inverse Functions 


1. 
2. 
oe 


In the equation for f(x), replace f(x) with y. 
Interchange the roles of x and y. 


Solve the new equation for y. If the new equation does not represent y as a 
function of x, then the function f does not have an inverse function. If the new 
equation does represent y as a function of x, then continue to Step 4. 


. Replace y with f~ '(x) in the new equation. 


. Verify that f and f~! are inverse functions of each other by showing that the 


domain of f is equal to the range of f~!, the range of fis equal to the domain 
of f—!, and 


TT OO) ek fF), 


eerste Finding Inverse Functions 


Find the inverse function of 


SOLUTION 

















3) = She 
CO) ee ae 
Sheesh § 
f(x) = 5 Write original function. 
ASX 
Vi 5 Replace f(x) with y. 
inne) 
x= 5 : Interchange x and y. 
Dips SY Shy Multiply each side by 2. 
SV = PV DX Isolate the y-term. 
ake Solve f 
y= olve for y. 
~ 3 - 
e eas 2 we 
ie (x) = 3 Replace y with f~'(x). 


Note that both f and f~! have domains and ranges that consist of the entire set of real 
numbers. Check that 


of (fe x) ey, wand of *(filx) ia See RT eT 


Y Checkpoint 5 





Find the inverse function of f(x) = 4x + 5. 
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TECH TUTOR 





A graphing utility can 
help you check that the graphs 
of fand / ! are reflections of 

each other in the line y =x, 
palgrci 


yin the 


To do this, graph y 
y=f 


same viewing window, using 


'(v), and y 


a square setting, 





@(0, 3) 
(=1, =5) 
e 
| \ \ oO 
FIGURE 4.3 
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The Graph of an Inverse Function 

The graphs of a function f and its inverse function f~! are related to each other in the 
following way. If the point (a, b) lies on the graph of f, then the point (b, a) must lie on 
the graph of f~', and vice versa. This means that the graph of f~! is a reflection of the 
graph of fin the line y = x, as shown in Figure 4.2. 








The graph of f~' is a reflection of the 
graph of fin the line y = x. 


FIGURE 4.2 


eereye)Mae The Graphs of f and f~! 


Sketch the graphs of the inverse functions given by 
and 


in the same coordinate plane, and show that the graphs are reflections of each other in 
the line y = x. 


SOLUTION The graphs of fand f~' are shown in Figure 4.3. Visually, it appears that 


the graphs are reflections of each other in the line y = x. You can further verify this 
reflective property by testing a few points on each graph. Note in the following list that 
if the point (a, b) is on the graph of f, then the point (b, a) is on the graph of f~!. 


Graph of f(x) = 2x — 3 Graph of f~'(x) = F(x + 3) 


(0, —3) (==320) 
(i, =]) (11) 
(2, 1) (12) 
(3, 3) (3, 3) 


¥ Checkpoint 6 





Sketch the graphs of the inverse functions given by 


flo) fo) = bx 


) 


+, 1. %9 ‘ 
x +2 and 


in the same coordinate plane, and show that the graphs are reflections of each other in 
the line y = x. a 








FIGURE 4.4 
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The Study Tip on page 339 mentioned that the function given by /(v) = has no 
inverse function. This means, assuming the domain of f is the entire real line, that 
the function given by f(x) = x° has no inverse function, If the domain of / is restricted 
to the nonnegative real numbers, however, then / does have an inverse function, as 
demonstrated in Example 7. 


> <ereyey(-Wam The Graphs of f and f~! 


Sketch the graphs of the inverse functions given by 

f(x) = ae 0, andy PN) = x 
in the same coordinate plane, and show that the graphs are reflections of each other in 
the line y = x. 
SOLUTION The graphs of fand f! are shown in Figure 4.4, Visually, it appears that 
the graphs are reflections of each other in the line y = x, You can further verify this 


reflective property by testing a few points on each graph, Note in the following list that 
if the point (a, b) is on the graph of f, then the point (>, a) is on the graph of /- ', 


Graph of f(x) = x7, x 20 Graph of f—'(x) = Vx 
(0, O) (OQ, O) 
(121) (a) 
(2, 4) (4, 2) 
(3, 9) (9, 3) 


You can verify algebraically that the functions are inverse functions of each other by 
showing that f(f~'(x)) = «and f- '( f(x) = x as shown, 


fUF@)) = f( Vx) 


l| 
= 
4 
=) 
Sao 
i) 


T 
e 
= 
= 
IV 
2 
° 


— on, cabin —) 10] 


7 Onankoolnt ve 





Sketch the graphs of the inverse functions given by 

f(x) =2x* +3, x20, and f@)=Vx-3 
in the same coordinate plane, and show that the graphs are reflections of each other in 
the line y = x. ~ 


The guidelines for finding the inverse function of a function include an a/gebraic test 
for determining whether a function has an inverse function, The reflective property of the 
graphs of inverse functions gives you a geometric test for determining whether a function 
has an inverse function. This test is called the Horizontal Line ‘Test for inverse functions 





Horizontal Line Test for Inverse Functions 


A function f has an inverse function if and only if no horizontal line intersects the 
graph of fat more than one point, 
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}etss}e)(-Memm Applying the Horizontal Line Test 


Use the graph of fto determine whether the function has an inverse function. 
ee eee Deyet cs) ev ee 
SOLUTION 


a. The graph of the function given by 


is shown in Figure 4.5(a), Because no horizontal line intersects the graph of fat more 
than one point, you can conclude that f does have an inverse function. 


b. The graph of the function given b 
g g 
f(x) =x? - 1 


is shown in Figure 4.5(b). Because it is possible to find a horizontal line that intersects 
the graph of fat more than one point, you can conclude that f does not have an 
inverse function. 


w 
i) 











(a) (b) 


a/ Cheekpatnt 8 





Use the graph of f to determine whether the function has an inverse function. 


a. f(x) = |x| ni dea os © 


SUMMARIZE (Section 4.1) 


1. State the definition of an inverse function (page 337). For examples of 
finding inverse functions informally and verifying inverse functions, see 
Examples 1, 2, 3, and 4. 

2. Describe how to find an inverse function (page 339). For an example of 
finding an inverse function, see Example 5. 

3. Describe the relationship between the graph of a function and the graph of 
its inverse function (page 340). For examples of sketching the graphs of 
functions and their inverse functions, see Examples 6 and 7. 


4. Describe the Horizontal Line Test for inverse functions (page 34/). For an 
example of applying the Horizontal Line Test, see Example 8. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 4.1 these skills in the exercise set for this section. For additional help, review Sections 0.2, 0.4, 1.2, 


and 2.4. 


In Exercises 1-4, find the domain of the function. 








ff = 3/x + 1 DoT eee cel 
2 
3. 9(x) = pie 5. 4. h(x) = ar : 
4 


In Exercises 5-8, simplify the expression. 


aS) y= 5 
a, = _ 
(254) - 6. 7-104) 


3 
Tee | (= = 2) 4 $ e/a 


In Exercises 9 and 10, solve for x in terms of y. 


i =a 10. y= ¥2x-4 











3) 


Exercises 4 1 Stele mA Ore lei intel ere lanim Colm Zed cve pre] U) mrsve) (6) ((oaromcomelele bial U lanl ol-iccle m=) (clcelisicioe 
r 1] 





Finding Inverse Functions In Exercises 1-4, find the 14 fa) 9s = 0, eG) = /9 — x, x= 9 








inverse function of the function f given by the set of 1S fG) le ee) = ex 
ordered pairs. 
ae! 

1. {(1, 4), (2, 5), (3, 6), (4, 7)} 16 ACN eset a aaa) g(x) = ; Outs 
2a (Gy 2),1(55 3), (4,4), (3, 5)} 
pe!) —2, 2), (3, 3), (—4, 4)} Sketching Inverse Functions In Exercises 17 and 18, 
4. {(6, —2), (5, —3), (4, —4), (3, —5)} use the graph of f to complete the table and to sketch the 

graph of f-". 





Finding Inverse Functions Informally In Exercises 
5-8, find the inverse function informally. Verify that 
f(f-"(x)) = x and f-‘(f(x)) = x. See Examples 7 and 2. 








5. f(x) = 2x 6. f(x) = -—— 
Ta x — 5 8. f(x) =k 7 
Verifying Inverse Functions In Exercises 9-16, show 


that f and g are inverse functions by using the definition 
of inverse functions. See Examples 3 and 4. 


P= Il 











9. f(x) =5x+1, g(x)= 

















ise) =x — 4, glx) = x? -+ 4, x= 0 
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Finding Inverse Functions In Exercises 19-34, AT. f(x) = /x 


determine whether the function has an inverse function. 48. f(x) = x2, x 20 
If it does, find its inverse function, See pal 5, 49. f(x) /16 Sh ere 
19, /( ' 20. /(x) 3 
ha MN 50. f(x) = 
x+ 1 
21. g(x) : 22. f(x) = 3x +5 51. f(x) = Y¥x +2 
ed 52, f(x) = x3 — 2 
23. p(x) 4 24, f(x) => P 
Applying the Horizontal Line Test In Exercises 
25. f\x) = (x + 3)*,x 2 —3 53-56, use the graph of f to determine whether the 
26. g(x) = (x — 5) function has an inverse function. See Example 8. 
| So, 54. y 
27. h(x) 28. f(x) = |x — 2|,xs 2 ai f 
\ é e 
29, f(x) = J/2x +3 30. f(x) = /x -2 
SL. v(x) y* — x4 Spl yen) 7 
\ 
33. f(x) =25—x*, xs 0 : 











34. / (x) 6+ xe, xs 0 


mn 
nm 
rn 
=" 


The Graphs of f and f~' In Exercises 35-40, sketch 
the graphs of the inverse functions in the same coordinate 
plane and show that the graphs are reflections of each 
other in the line y = x, See Examples 6 and 7 | 











oo, FX) f(x) sy |) fix) | 


36. /(X) r 8, '( 8 : : 
loli : a Applying the Horizontal Test In Exercises 57-62, 


37, f(x) = 7x + 1 f '(x) : . graph the function and use the Horizontal Line Test to 
/ determine whether the function has an inverse function. 
4 4 5 phen 
38. f(x) = =, fix) = = 87. g(x) = = 58. f(x) = 10 
39, f(x) " am. f '(y) Sx + 2 59, h(x) |. 5| 60. e(x) = (x — 3? 
40. f(x) = /4—x4, OSxS 2, OL. f(x) J =x 62. fix) = & = 


f-1(x) /4 Ym OSxs2 
Finding the Composition of Functions In Exercises 
Error Analysis |n Exercises 41 and 42, describe and 63-66, use the functions given by 


correct the error in finding the inverse function. 
g (x) =xX+4 and g(x) =2x-6 


41, Vind the inverse function /- ! of f(y) J/2x = 5, 
to find the composition of functions. 
f(x) = Js =H) : rh 63. go of ! 64. fo! og! 
pf 2% Sy 
65. (f° 2)! 66. (g ef)! 


42. Hind the inverse function | of f(y) im * % 
Evaluating Functions In Exercises 67-70, use the 


4 | , ry 
10 : a 
x) = 5 er (4 functions given by 


Graphing Inverse Functions In Exercises f(x) iy 3 and g(x) =x? 
43-52, find the inverse function f=! of the function 8 
f, Then, using a graphing utility, graph both f and 
f~' in the same viewing window. 

43. f(x) = 2x } 44, f(x) = Sx +2 


45, / (x) ~ 46, /(v) w+ | 


to find the value. 
67. (f>! 0 @@")(1) 68. (eg! ° f-')(—3) 
69 (f-' of (6) 70. (g~! © g~')(—4) 


71. Profit 


72.( }) HOW DO YOU SEE IT? 


A company’s protit P for producing w units is 
given by P(x) = 47x — 5736. Find the inverse function 
P~'(x) and explain what it represents, Describe the 
domains of P(x) and P> !(x). 


The cost C fora 
business to make personalized ‘T-shirts is given by 


C(x) = 7.50x + 1500 
where .x represents the number of T-shirts. 


(a) The graphs of C(x) and Co '(x) are shown below. 
Match each function with its graph. 


Cc 
4 










6000 m 
4000 


2000 4 





f—j—e 
2000) 4000 6000 





(b) Explain what C(x) and C” '(x) represent in the 
context of the problem. 


(ii! 73. Movie Theaters The average prices of 
admission y (in dollars) to movie theaters for the 
years 2003 through 2010 are shown in the table, 
(Source: National Association of Theater Owners) 


2003 







2004 | 2005 | 2006 

Admission price, y | 6.03 | 6.21 | 641 | 6.55 
2007 | 2008 | 2009 | 2010 

Admission price, y | 6.88 | 7.18 | 7.50 | 7.89 


(a) Use a graphing utility to create a scatter plot of the data, 
Let f represent the year, with 1 
to 2003. 

(b) Use the regression feature of the graphing utility to 
find a linear model for the data, 


3 corresponding 


(c) Algebraically find the inverse function of the model 
in part (b). Explain what this inverse function 
represents in a real-life context, 

(d) Use the inverse function you found in part (c) to 
predict the year in which the average admission 
price to a movie theater will reach $9.00. 





74. 


76. 


acd] 
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Lead Exposure 
amount of lead accumulated in the bones of humans, 


A project is conducted to study the 


The concentration L (in micrograms per gram of bone 
mineral) of lead found in the bia of a man is measured 
every five years, The results are shown tn the table, 


Age LS) 40> 120 40) te 40 


bengeen 3.2 | 5.4 | 9.2 | 12.2 | 13.8 | 16.0 

(a) Use a graphing utility to create a scatter plot of the 
data, Let. represent the age (in years) of the man, 

(b) Use the regression feature of the graphing utility to 
find a linear model for the data, 

(c) Algebraically find the inverse function of the model in 
part (b), Explain what this inverse function represents 
ina real-life context, 

(d) Use the inverse function you found in part (e) to 
estimate the age of the man when the concentration 
of lead in his tibia reaches 25 micrograms per gram 
of bone mineral, 

Earnings-Dividend Ratio From 2000. through 

2009, the earnings per share for Wal-Mart Stores were 

approximately related to the dividends per share by the 

function 


/0,0209x" — 0.021, 1.40 s x 4.06 


where f represents the dividends per share (in dollars) 
and v represents the earnings per share (in dollars), (See 
figure.) 


y | 
4 | SQ V0,0209." 0.021 | 


\ 


1.00 \ 


0.75 
0,50 


0.25 


Dividends per share 
(in dollars) 





[te er teenie 
(oy wlqol Tole Ese Hal Hb 7a) 


Harnings per share Gin dollars) 


In 2008, Wal-Mart paid dividends of $0.93 per share, 
Find the inverse function of fand use the inverse function 
to approximate the earnings per share in 2008, (Source: 
Wal-Mart Stores, Inc.) 


Diesel Mechanics ‘The function given by 


y = 0,03x* + 245.5, 0 <x < 100 


approximates the exhaust temperature y for a diesel 
engine in degrees Fahrenheit, where x is the percent 
load for the diesel engine. Solve the equation for x in 
terms of y and use the result to find the percent load for 
a diesel engine when the exhaust temperature is 410°F 
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50,000 


45,000 


ns 


40,000 
35,000 
30,000 
25,000 
20,000 


15,000 


Digital cinema scree 


—<— 


10,000, 
5,000 


Year (0 € 2000) 


i 


In Exercise 73 on page 356, 
you will use a natural exponential 
function to determine the number of 
digital cinema screens in the world. 


4.2 Exponential Functions 





@ Evaluate an exponential expression, 

@ Sketch the graph of an exponential function. 

@ Evaluate and sketch the graph of the natural exponential function. 
m Use the compound interest formulas. 
| 


Use an exponential model to solve an application problem. 


Exponential Functions 


So far, this text has dealt only with algebraic functions, which include polynomial 
functions and rational functions. In this chapter, you will study two types of nonalgebraic 
functions—exponential functions and logarithmic functions. These functions are examples 
of transcendental functions. 


Definition of Exponential Function 
The exponential function f with base a is denoted by 
f(x) = a 


where a > 0, a # 1, and x is any real number, 


The base a = | is excluded because it yields 
f(x) = 1*¥ = 1, 


This is a constant function, not an exponential function, 
You already know how to evaluate a* for integer and rational values of x, For 
example, you know that 


At 64 sand 4l/> = 2) 


However, to evaluate 4" for any real number x, you need to interpret forms with 
irrational exponents. For the purposes of this text, it is sufficient to think of 


/ 


av? (where /2 ~ 1.414214) 


as that value having the successively closer approximations 


1.4 | 


a HL Gglal4a | 


4142 4142 : |. 
14142 ql F421, gl Al42i4 


1 { 


ete wae Evaluating an Exponential Expression 
Scientific Calculator 
Number Keystrokes Display 
ei 24 rbO8) 0,113314732 
Graphing Calculator 


Number Keystrokes Display 
the 2 (A) ©) a (ENTER) 1133147323 


Y Checkpoint 1 





Use a calculator to evaluate 2.2¥*, Round your result to three decimal places. “ 


Artpose Adam Borkowski/Shutterstock.com 
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Graphs of Exponential Functions 


The graphs of all exponential functions have similar characteristics, as shown in 
Examples 2, 3, and 4, 


y [e@oed" | eer) cwas Graphs of y = aX 


t . 
In the same coordinate plane, sketch the graph of each function, 
a. f(x) = 2° 
b. g(x) = + 


SOLUTION ‘The table below lists some values for each function, and Figure 4.6 shows 
their graphs, Note that both graphs are increasing, Moreover, the graph of giv) © 4" is 


























increasing more rapidly than the graph of f(y) = 2°. 
——— | » : 
ae : “s 2 | () | 2 ; 
FIGURE 4.6 ee | | | | 
ome 2 org (2 ates |? =! Q2=2/2=4 | 2=8 
) | | \ | | 0 | u 4 
g(x) = 4 | 4° Tiny 4 (i | 1|4 4 | 4 lo} 4 O4 
&.* ) é ‘ 
of Checkpoint 2 
Sketch the graph of /(v) = 5 “ oa 


Gix) =4 Ei y eaehelycmm Graphs of y = a* 
N 


In the same coordinate plane, sketch the graph of each function, 
a. F(x) = 2 
b. G(x) = 4 


SOLUTION The table below lists some values for each function, and Figure 4.7 shows 


\ 


their graphs. Note that both graphs are decreasing. Moreover, the graph of G(x) = 4 








is decreasing more rapidly than the graph of F(x) = 20°. 
t | | ee 2 
—2 =| | 2 \ 3 2 |] toy ff 4 2 
FIGURE 4.7 Foye ois (4 [2 11/414 


¥ Checkpoint 3 


Sketch the graph of F(v) = 5°. o 





ALGEBRA TUTOR 


For help with evaluating y 


expressions involving 
exponents, see the Chapter 4 
Algebra Tutor on page 400. 







The tables in Examples 2 and 3 were evaluated by hand, You could use the table 
feature of a graphing utility to construct tables with more values, 

In Example 3, note that the functions given by /(x) = 2." and G(x) a 
rewritten with positive exponents, 


F(x) = 27" (4) ; (4) and G(x) =474 (}) (a)" 


can be 
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Comparing the functions in Examples 2 and 3, observe that 
F(x) = 27 =fl—x) and G(x) =4~*= g2(—x). 


Consequently, the graph of F is a reflection (in the y-axis) of the graph of f. The graphs 
of G and g have the same relationship. 

The graphs in Figures 4.6 and 4.7 are typical of the exponential functions y = a* 
and y = a *. They have one y-intercept and one horizontal asymptote (the x-axis), and 
they are continuous. The basic characteristics of these exponential functions are 
summarized in Figures 4.8 and 4.9. 


Characteristics of Exponential Functions 

Graph of y = a*,a > | 

¢ Domain: (—©o, oo) 

* Range: (0, 00) 

* Intercept: (0, 1) 

* Increasing 

* x-axis is a horizontal asymptote (a*— 0 as x > — co) 


¢ Continuous 


- - 
~~ 





FIGURE 4.8 


Graph of y=a™*,a > ] 
* Domain: (—co, co) 

¢ Range: (0, co) 

* Intercept: (0, 1) 

¢ Decreasing 


* x-axis 1s a horizontal asymptote (a~*— 0 as x 4 00) 
| 





¢ Continuous 


i * ~ . . . . . 
é * Reflection of graph of y = a* in y-axis 





FIGURE 4.9 


Dmitriy Pochitalin/Shutterstock.com 





STUDY TIP 


ae 


Notice in Example 4(b) that 
shifting the graph downward 
two units also shifts the 
horizontal asymptote of 
f(x) = 3* from the x-axis 
(y = 0) to the line y = 


SO RNEREYONRNBI NT TH 
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In the following example, notice how the graph of y = a* is used to sketch the 
graphs of functions of the form 


x) bear ae 


/$%ere(- ae Transformations of Graphs of Exponential Functions 


Each of the following graphs is a transformation of the graph of f(x) = 3*, as shown in 
Figure 4.10. 


a. Because g(x) = 3*t! = f(x + 1), the graph of g can be obtained by shifting the 
graph of f one unit to the left. 


b. Because h(x) = 3* — 2 = f(x) — 2, the graph of h can be obtained by shifting the 
graph of f downward two units. 


c. Because k(x) = —3* = —f(x), the graph of k can be obtained by reflecting the graph 
of f in the x-axis. 

d. Because j(x) = 3~* = f(—.x), the graph of j can be obtained by reflecting the graph 
of fin the y-axis. 


Nm 
i 
T 











Y 


h(x) =3*-2 














(a) (b) 


Nm 









n+ 


[ k(x) = -3*| 














(c) (d) 


*/ Chackaaint 4 
Sketch the graph of 
fe) = 2-1. * 
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FIGURE 4.11 


—4 3 —2 -!I | | 2 3 4 


(b) 
FIGURE 4.12 





The Natural Base e 

In many applications, the most convenient choice for a base is the irrational number 
e = 2.718281828. . . 

called the natural base. The function given by 
JO)= ee 


is called the natural exponential function. Its graph is shown in Figure 4.11. The graph 
of the natural exponential function has the same basic characteristics as the graph of the 
exponential function given by f(x) = a* (see page 348). Be sure you see that for the 
exponential function given by f(x) = e’, e is the constant 2.718281828 ..., whereas x is 
the variable. 


eho) Evaluating the Natural Exponential Function 


Use a calculator to evaluate the function given by f(x) = e* when x = 2 and x = —1., 
SOLUTION 


Scientific Calculator 











Number Keystrokes Display 

e 2 lex] 7.389056099 

e! Il lex] 0.36787944 | 

Graphing Calculator 

Number Keystrokes Display 

e [ex] 2 7.389056099 

e! 2nd) [ex] (3) 1 0) (ENTER) 3678794412 

Y checkpoint 5 

Use a calculator to evaluate f(x) = e* when x = 6 and x = —3.5. “ 


| <ehee})(Nom Graphing Natural Exponential Functions 


Sketch the graph of each natural exponential function. 


aia) = 2" b. 2(x) = =e 05% 

SOLUTION Use a calculator to find several points on each graph, as shown in the table. 
Then, plot the points and connect them with smooth curves, as shown in Figure 4.12. 
Note that the graph in part (a) is increasing, whereas the graph in part (b) is decreasing. 





=n ao, =i 0 








pee em 0.974 | 1.238 | 1.573 | 2 





Bore 1 S957 0893 + | .0.5 


———— 








af Ghenkpolnt 6 





Sketch the graph of f(x) = e®°*. ‘ 
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Compound Interest 


One of the most familiar examples of exponential growth is that of an investment earning 
continuously compounded interest. The formula for the balance in an account that is 
compounded n times per year is 


nt 
Me P(i + ") 
n 


where A is the balance in the account, P is the initial deposit, r is the annual interest rate 
(in decimal form), and t is the number of years. Using exponential functions, you will 
develop this formula and show how it leads to continuous compounding. 

Suppose a principal P is invested at an annual interest rate r, compounded once a 
year. The principal at the end of the first year, P,, is equal to the initial deposit P plus 
the interest earned, Pr. So, 


| Bop Sea = Seyi 
This can be rewritten by factoring out P from each term as shown. 
(Vase eae 
Ell Se a8) 


This pattern of multiplying the previous principal by | + r is then repeated each 
successive year, as shown below. 


Year Balance After Each Compounding 

0 P=P 

l Pe P(icer) 

2. Pee P(e 7) = Plesar)(le7) = PU 7)2 
2) P, =P, +7) = Pd +7) +71) = Pl + 7)? 
t P= Rear) 


To accommodate more frequent (quarterly, monthly, or daily) compounding of 
interest, let n be the number of compoundings per year and let t be the number of years. 
Then the rate per compounding is r/n and the account balance after f years 1s 


nt 
A= Pi te ") : Amount (balance) with n compoundings per year 
n 
When you let the number of compoundings n increase without bound, the process 


approaches what is called continuous compounding. In the formula for n compoundings 
per year, let m = n/r. This produces 


r nt 
A= Pi sip ") Amount with n compoundings per year 
n 
it mrt 
= P(t ai 1) Substitute mr for n and simplify. 
m 
] m |rt 
= Al(: = ) ‘ Property of exponents 
m 


As m increases without bound, it can be shown that 


iT m 
m 
approaches e. From this, you can conclude that the formula for continuous compounding is 


A = Pe". Continuous compounding 


02 


Chapter 4 m Exponential and Logarithmic Functions 


Formulas for Compound Interest 


After f years, the balance A in an account with principal P and annual interest 
rate r (in decimal form) is given by the following formulas. 


nt 
1. For n compoundings per year: A = Pi Si ") 


2. For continuous compounding: A = Pe" 


Be sure that the annual interest rate is written in decimal form. For instance, 6% 
should be written as 0.06 when using compound interest formulas. 


€ Compound Interest 


You invest $12,000 at an annual rate of 3%. Find the balance after 5 years when the 
interest is compounded (a) quarterly, (b) monthly, and (c) continuously. Which type of 
compounding earns the most money? 


SOLUTION 


a. For quarterly compounding, you have n = 4. So, in 5 years at 3%, the balance is 


r nt 
A= at si 4 Formula for compound interest 
nN 
O07 \t2 
= 112,000" b+ — Substitute for P, r, n, and t. 
= $13,934.21. Use a calculator. 


b. For monthly compounding, you have n = 12. So, in 5 years at 3%, the balance is 





1 nt 
A= Pi sis ‘) Formula for compound interest 
nN 
0.03 12(5) 
= 12,000( 1 ae 12 Substitute for P, r, n, and t. 
=~ $] 3,939.40. Use a calculator. 


c. For continuous compounding, the balance is 


A = Pe” Formula for continuous compounding 
= 12,000e°%) Substitute for P, r, and t. 
= $13,942.01. Use a calculator. 


Continuous compounding yields more than quarterly and monthly compounding. This 
is typical of the two types of compounding. That is, for a given principal, interest rate, and 
time, continuous compounding will always yield a larger balance than compounding 
n times a year. 





‘aA Gheat coin 7 





You invest $6000 at an annual rate of 4%. Find the balance after 7 years when the 
interest is compounded 


a. quarterly. 
b. monthly. 


¢. continuously. be) 


if p= eo | 


> 





Plutonium (in pounds) 








Years of decay 


FIGURE 4.13 
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Another Application 


ra 
a iSeoteye-eeme Radioactive Decay 


tn 1986, a nuclear reactor accident occurred in Chernobyl in what was then the Soviet 
Union. The explosion spread highly toxic radioactive chemicals, such as plutonium, 
over hundreds of square miles, and the government evacuated the city and the surrounding 
area. Consider the model 


| \1/24,100 
p= 10(5) 
which represents the amount of plutonium P that remains (from an initial amount of 
10 pounds) after t years. Sketch the graph of this function over the interval from 
t = 0 to t = 100,000, where t = 0 represents 1986. How much of the 10 pounds of 
plutonium will remain in the year 2012? How much of the 10 pounds will remain after 
100,000 years? Why is this city uninhabited? 


SOLUTION The graph of this function is shown in Figure 4.13. Plutonium has a half-life 
of about 24,100 years. That is, after 24,100 years, half of the original amount of plutonium 
will remain. After another 24,100 years, one-quarter of the original amount will remain, 
and so on. In the year 2012 (t = 26), there will still be 


| \26/24,100 
P= 10 5 Substitute 26 for f. 
| 0.0010788 
= 10 A Approximate exponent. 
= 9,993 pounds Use a calculator. 


of plutonium remaining. After 100,000 years, there will still be 


fil 100,000/24,100 
P= 10 A Substitute 100,000 for t. 
] 4.149 
= 10 2 Approximate exponent. 
= ().564 pound Use a calculator. 


of plutonium remaining. This city is uninhabited because much of the original amount 
of radioactive plutonium still remains. SS 


R/ Chaekoomt 8 


In Example 8, how much of the initial 10 pounds of plutonium will remain in the 
year 2086? ay 


SUMMARIZE (Section 4.2) 


4. State the definition of an exponential function f with base a (page 346). For 
an example of evaluating an exponential expression, see Example 1. 


2. Describe the relationship between the graphs of the functions f(x) = a* and 
g(x) = a, where a > 1 (pages 347 and 348). For examples of graphing 
exponential functions, see Examples 2, 3, and 4. 


3. State the definitions of the natural base and the natural exponential function 
(page 350). For examples of evaluating and graphing natural exponential 
functions, see Examples 5 and 6. 


David Gilder/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM \P 4.2 these skills in the exercise set for this section. For additional help, review Sections 0.3 and 0.4. 


In Exercises 1-12, use the properties of exponents to simplify the expression. 








4°* 
1. 52*(5-) 2. 3-*(33%) Sore 
a 5. (4°) 6. (4245 
Dx = 
7. (=) 8, (46172 9. (2) 
Z4x\ 1/4 
wo. (2) 11. (16*)!/4 12. (27°) 


Exercises 4.2 tSY=1= IVAN ANVA @f- (61 @1 ar- lero) a alm (ol @n' old. ¢-\o pol) at=vo) [0] i(olalom CometolepralUlanle)-1¢-10 M=).<-1¢el[3\-1- 





Evaluating an Exponential Expression In Exercises 
1—6, use a calculator to evaluate the expression. Round 
your result to three decimal places. See Example 7. 


1. (2.6)!3 2. (1.12)205 
3. 100(1.03)~9/5 
4. 1500(2~5/2) 
5. 6? 6. 1.3-¥5 








Matching In Exercises 7-14, match the function with 
its graph. [The graphs are labeled (a), (b), (c), (d), (e), (f), 
(g), and (h).] 





=2*+3 12. f(x) = 2 oe 
= 14. f(x) = 2*-3 


Graphing an Exponential Function In Exercises 
15-26, sketch the graph of the function. See Examples 2, 


3, and 4. 

15. (x) = 4 16. f(x) = GY 
17a fC 18. A(x) = 2)? 
eee 20. w(x) = (3) 
21) Aa 

22. f(x) = (3) * +2 

23. h(x) = —4 14. eC _(3" 
2, y= 2 

26. y=3% 


Evaluating the Natural Exponential Function In 
Exercises 27-30, use a calculator to evaluate the function 
f(x) = e* for the given value of x. Round your result to 
three decimal places. See Example 5. 

27. x =4 28. % = so 


OA le a Tica 30. x = 0.3 








Graphing a Natural Exponential Function In 
Exercises 31-38, sketch the graph of the function. See 
Example 6. 


Bivay = eo 

33. f(x) = 26012 
35. f(x) = e**3 
B7eecix) = 1 + e—* 


32. y = e029 

34. f(x) = 30-02 
36. h(x) = e*~? 
38. Nit) = 2 —e! 


39. Think About It Is the natural exponential function 
also an exponential function with base a? Explain. 


On HOW DO YOU SEE IT? 


_— The figure shows the graphs 
more 2,y—e*,y=10% \ c ot 
y=2*,y =e*, and \ 
y = 10-*. Match each 
function with its graph. 
(The graphs are labeled 
A through F.) Explain 
your reasoning. 








Compound Interest In Exercises 41-44, complete the 
table to find the balance A for P dollars invested at rate r 
for t years, compounded n times per year. See Example 7. 


Eat pla i325 365 | Continuous 
i | 


41. P = $5000, r = 8%, t = 5 years 
A2. P = $1000, r = 10%, t = 10 years 
43. P = $2500, r = 5%, t = 20 years 
44. P = $1000, r = 10%, t = 40 years 



















| 


45. Compound Interest A bank offers two types of 
interest-bearing accounts. The first account pays 
5% interest compounded quarterly. The second account 
pays 3% interest compounded continuously. Which 
account earns more money? Why? 

46. Compound Interest A bank offers two types of 
interest-bearing accounts. The first account pays 
6% interest compounded monthly. The second account 
pays 5% interest compounded continuously. Which 
account earns more money? Why? 


Present Value The present value of money is the 
principal P you need to invest today so that it will grow to 
an amount A at the end of a specified time. The present 
value formula 


ps Al : rn 
n 


is obtained by solving the compound interest formula 
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t 
A= P(t + ry 
n 
for P. Recall that t is the number of years, ris the interest 
rate per year, and n is the number of compoundings 
per year. In Exercises 47-50, find the present value of 


amount A invested at rate r for t years, compounded 
n times per year. 


47. A = $10,000, r = 6%, t = 5 years, n = 4 

48. A = $50,000, r = 7%, t = 10 years, n = 12 
49. A = $20,000, r = 8%, t = 6 years, n = 4 

50. A = $1,000,000, r = 8%, t = 20 years, n = 2 


ll 


Compound Interest In Exercises 51-54, complete the 
table to find the amount P that must be invested at rate 
r to obtain a balance of A = $100,000 in t years. 


t Pp elOe e208 130 407150 
P 


10%, compounded monthly 











mn 
= 
: 
i, 
II 


52. r = 7%, compounded daily 


53. r = 9%, compounded continuously 


54. r = 5%, compounded continuously 


Compound Interest In Exercises 55-58, you deposit a 
lump sum P in a trust fund on the day your child is born. 
The fund earns 6.5% interest compounded continuously. 
Find the amount P that will yield the given balance A on 
your child’s 25th birthday. 


55. A = $100,000 
57. A = $750,000 


56. A = $500,000 
58. A = $1,000,000 


Compound Interest In Exercises 59-62, you deposit 
a lump sum P in a trust fund on the day your grandchild 
is born. The fund earns 7.5% interest compounded 
continuously. Find the amount P that will yield the given 
balance A on your grandchild’s 21st birthday. 


59. A = $100,000 60. A = $500,000 
61. A = $750,000 62. A = $1,000,000 


63. Demand Function The demand function for a limited 
edition comic book is given by 


5 
p= 3000( — son) 


(a) Find the price p for a demand of x = 75 units. 

(b) Find the price p for a demand of x = 200 units. 

(c) Use a graphing utility to graph the demand function. 

(d) Use the graph from part (c) to approximate the 
demand when the price is $100. 


356 


64, 


65. 


66. 


67. 


68. 


69. 


Demand Function The demand function for a home 


theater system is given by 


e aed 


(a) Find the price p for a demand of x 


p 7500 | 


200 units, 

(b) Find the price p for a demand of x = 900 units. 

(c) Use a graphing utility to graph the demand function, 

(d) Use the graph from part (c) to approximate the 
demand when the price is $400, 

Bacteria Growth 

bacteria increases according to the model 


P(t) 10) 00:01 8960 


where / is time (in hours). 
(a) Find P(Q), (b) Find PCS). 
(c) Find P(1O). (d) Pind P(24). 


Bacteria Growth As aresult of a medical treatment, 
the number of a certain type of bacteria decreases 
according to the model 


O.O851 


P(t) 1O00e 


where fis time (in hours), 

(a) Find P(O). (b) Find P(S), 

(c) Find P10). (d) Find P(24), 

Population Growth The population P of a town 
increases according to the model 

P(t) = 4500¢%92721 

where ¢ represents the year, with ¢ = 0 corresponding 
to 2000, Use the model to predict the population in 
each year, 
(a) 2010 
(Gey) PAO IN) 


Population Growth 
city increases according to the model 


(b) 2012 

(d) 2020 

The population P of a small 
P(t) 36,000 e009 

where ¢ represents the year, with ¢ = 0 corresponding 
to 2000, Use the model to predict the population in 
each year. 
(a) 2009 
(c) 2015 


(b) 2011 
(d) 2018 


Radioactive Decay  Strontium-90 has a half-life of 
100° kilograms of 


29,1 The 


strontium-90 present after / years 1s given by 


years, amount Sof 


S =100¢~.0238r, 


How much of the 100 kilograms will remain after 


50 years’? 


The number of a certain type of 
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70. Radioactive Decay Neptunium-237 has a half-life 
of 2.1 million years, The amount N of 200 kilograms of 
neptunium-237 present after ¢ years is given by 


N 200e 0,.000000430071 


How much of the 200 kilograms will remain after 
20,000 years’? 

71. Radioactive Decay Five pounds of the element 
polonium (!°Po) is released in a nuclear accident, The 
amount of polonium / that is present after months is 
given by P = 5e~?. 1907, 

(a) Use a graphing utility to graph this function over the 


interval from ¢ = 0 to f 10. 


(b) How much of the 5 pounds of polonium will remain 
after 10 months? 


(c) Use the graph to estimate the half-life of 2!Po. 
Hxplain your reasoning. 

72. Radioactive Decay One hundred grams of radium 
(°°°Ra) is stored in a container, The amount of radium R 
present after f¢ years is given by R = 100e™ %0004335¢, 

(a) Use a graphing utility to graph this function over the 

0 to 10,000. 

(b) How much of the 100 grams of radium will remain 
after 10,000 years? 


interval from 


(c) Use the graph to estimate the half-life of ?7°Ra. 
Explain your reasoning. 


73. Digital Cinema Screens The numbers y of 
digital cinema screens in the world from 2000 
through 2010 can be modeled by 


€ 













y = 258709732" QO <74< 10 


where ¢ represents the year, with ¢ = 0 corresponding to 
2000 (see figure), (Source: [HS Screen Digest) 


50,000 f 
45,000, 
40,000 
45,000 
40,000 
25,000 
20,000 
15,000 
10,000, 
5,000 


= 


Digital cinema screens 





le 28 7A SB 6 Fe Ott 
Year (0 © 2000) 


(a) Use the graph to estimate graphically the numbers 
of digital cinema screens in 2008 and 2010, 

(b) Use the model to confirm algebraically the estimates 

obtained in part (a). 





74. Revenue The revenue R (in 
dollars) for Research in Motion each year from 
2000 through 2009 can be modeled by 


ieelo2j3e°" °°", O< ts 9 . 


where f represents the year, with rf = 0 corresponding 
to 2000 (see figure). 
Limited) 


(Source: Research in Motion 


Revenue (in 
millions of dollars) 








Year (0 <> 2000) 


(a) Use the graph to estimate graphically the revenues 
for Research in Motion in 2003, 2007, and 2009. 


(b) Use the model to confirm algebraically the estimates 
obtained in part (a). 





75. Age at First Marriage For each year from 
1980 through 2010, the median age A of an 
American woman at her first marriage can be 
modeled by 

T1202 


ler e 9.05231 — 2.6314" 





AN = =2'S\ 0 ORS S30 


where f represents the year, with ¢ = 0 corresponding 
to 1980 (see figure). (Source: U.S. Census Bureau) 





Median age (in years) 


pf} +} +} + + ++} > 
Seer oe Ome oe 18) 21) 24027 30 


Year (0 © 1980) 


(a) Use the graph to estimate graphically the 
median age of an American woman at her first 
marriage in each of the years 1980, 1990, 2000, 
and 2010. 


(b) Use the model to confirm algebraically the 
estimates obtained in part (a). 


millions of 


76. Prescriptions 








78. 


79. Project: Drug Concentration 


. Gross Domestic Product 
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The numbers of mail-order prescriptions 
P (in millions) filled in the United States trom 2002 
through 2009 can be modeled by 


89.24 


| +} e O.O89AP + 2.8749" 


where f represents the year, with / 
2002. 
Stores) 


2 corresponding to 


(Source: National Association of Chain Drug 


(a) Use a graphing utility to graph P for the years 2002 
through 2009, 

(b) Use the graph from part (a) to estimate the numbers 
of mail-order prescriptions filled in 2002, 2006, and 
2009, 

The U.S, annual gross 

domestic product G (in billions of dollars) trom 1985 


through 2009 can be modeled by 
G = 3355.4(1.0541)’", 5 sts 29 


where f represents the year, with / 
1985. 


5 corresponding to 

(Source: U.S. Bureau of Economic Analysis) 

(a) Use a graphing utility to graph G for the years L985 
through 2009, 

(b) Use the graph from part (a) to estimate the gross 
domestic product in 1990, 2000, and 2009, 

271,801 


Determine whether @ ; 
99 9O() 


Writing 


answer, 


Justily your 


Ror a 
project involving the concentration of a drug ina 
patient’s bloodstream, visit this text's website at 
www.cengagebrain,com, 


Project; Drug Concentration 


Project) Drug Concentration Ty hats Hhocabadiaiit doer inne 







cv a cleay i a patient 


irae por NUTTIN. The (ote shows the ennwantiation af the 
avin. TYye: NHC Ahev chown Ly SEH NDA yer OATH 


Howe f Coneontiatiog, 
440) 






(a) Use a poaphing utility (0 onsale a seation plot at thie dite in the Hable anil wraply he auwbel (iy iNhe sane 








A table that conyparn the neni dati Vallioy White (he ya 
(ve foe abe sla Fay 









(at) Whvat ts tho Hat the deg after U2 hy 





(o) Use the graphy to determine haw tong Ht tahoe fie the conan 
Wwitial hone 


vutieny oF Ue cia (0 He Hal Ut at Ale 





(1) The dingy bs 
peapl ls detornnine wehwn A me 





sani poor Wulllilivon, Line the 
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rec ws Wofer-Taitalailcom melarertcelacs 


@ Recognize and evaluate a logarithmic function with base a. 





@ Sketch the graph of a logarithmic function. 
@ Recognize and evaluate the natural logarithmic function. 
@ Use a logarithmic model to solve an application problem. 


Logarithmic Functions 


In Section 4.1, you learned that if a function has the property that no horizontal line 
intersects the graph of the function more than once, then the function must have an 
inverse function. By looking back at the graphs of the exponential functions introduced 
in Section 4.2, you will see that every function of the form 





Median age (in years) 


f(x) = a* (where a > O anda # 1) 


10 20. 30 40 50 60 70 80 


eae isch passes the Horizontal Line Test and therefore must have an inverse function. This 
ca =; ¢ 


inverse function is called the logarithmic function with base a. 


ARR SED OSES SEA, 


Definition of Logarithmic Function 
For x > 0,a > 0, anda # 1, 

y = log, x if and only if x = a. 
The function given by 

f(x) = log, x 


In Exercise 100 on page 367, is called the logarithmic function with base a. 
you will use a natural logarithmic model 
to approximate the median age of the 
United States population. 





The equations y = log,x and x = a” are equivalent. The first equation is in 
logarithmic form and the second is in exponential form. 

When evaluating logarithms, remember that a logarithm is an exponent. This 
means that log, x is the exponent to which a must be raised to obtain x. For instance, 


od 


log, 8 = 3 


because 2 must be raised to the third power to obtain 8. 


2% <otee}e)(-Wam Evaluating Logarithmic Expressions 











STUDY TIP 
ee a. log, 32 =5 because 2° = 32. 
By the definition of a ‘ 
garithmic functi l 7 
logarithmic function, b. log, 2 = = because [hl my ge py 
ay a s 
Al / | = | | 
34 = 8] Bc. loSi0 700 =-2 because KUT 102 100° 
can be written as Fed. loc, 1 = 0 because Cae 
teas & y 
ate / 7 Chackpoint 1 
log, 81 = 4. 
es A Evaluate each expression. 
a. log, 81 b. log, a5 a 


EDHAR/Shutterstock.com 





STUDY TIP 
Because y = log, x is the 


inverse function of y = a’, it 
follows that the domain of 
y = log, x is the range of 


: 
| 
y = a’, (0, oc). In other 


words, y = log, x is defined 
only if x is positive. 


i 
= —— 
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The logarithmic function with base 10 is called the common logarithmic function. 
On most calculators, this function is denoted by (LOG). 


Seteye)(-Wam Evaluating Logarithmic Expressions on a Calculator 


Scientific Calculator 








Number Keystrokes Display 
a. log,, 10 10 l 
b. 2 log), 2.5 Oe) Ze) 0.795880017 
Clog =2) 2 ERROR 
Graphing Calculator 

Number Keystrokes Display 
a. log, 10 (LOG) 10 0) (ENTER) | 
b. 2 log,)2.5 2 (LOG) 2.5 O) (ENTER) 7958800173 
c. logyo(—2) (Cos) © 2 O ENTER) ERROR 





Many calculators display an error message (or a complex number) when you try to 
evaluate log,)(—2). This is because the domain of every logarithmic function is the set 
of positive real numbers. In other words, there is no real number power to which 10 can 
be raised to obtain — 2. 


Wo Checkpoint 2 





Use a calculator to evaluate the expression log,, 200. Round your result to three 
decimal places. a 


The following properties follow directly from the definition of the logarithmic function 
with base a. 


Properties of Logarithms 


1. log, 1 = 0 because a® = 1. 


2. log, a = 1 because a! 


II 
s 


3. log, aX = x and a!%* = x Inverse Properties 


4, If log, x = log, y, then x = y. One-to-One Property 


Sdettecwme Using Properties of Logarithms 


a. Solve the equation log, x = log, 3 for x. 


[stoner 


b. Solve the equation logs x 
SOLUTION 
a. Using the One-to-One Property (Property 4), you can conclude that x = 3. 


b. Using Property 2, you can conclude that x = 5. 


A Checkpoint 3 





Solve the equation log, | = x for x. Pa 
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) 


| ike) mas | 
9 a =) 
8 e 
Al 7 
6 —4 
5 e(x) =log,.x | 
5 ) 
t e — 
3 
= 






3) A 5: (607, 


Inverse Functions 
FIGURE 4.14 


0 | f(x) = log jx 





Common Logarithmic Function 
FIGURE 4.15 


Graphs of Logarithmic Functions 


To sketch the graph of y = log,, x, you can use the fact that the graphs of inverse functions 
are reflections of each other in the line y = x. 


sess) am Graphs of Exponential and Logarithmic Functions 


In the same coordinate plane, sketch the graph of each function. 


a. f(x) = 2" 


SOLUTION 


a. For f(x) = 2*, construct a table of values. 

















By plotting these points and connecting them with a smooth curve, you obtain the 
graph of f shown in Figure 4.14. 

b. Because g(x) = log, x is the inverse function of f(x) = 2*, the graph of g is obtained 
by plotting the points (f(x), x) and connecting them with a smooth curve. The graph 
of g is a reflection of the graph of fin the line y = x, as shown in Figure 4.14. 





Jf Checkpoint 4 





In the same coordinate plane, sketch the graph of each function. 

a. f(x) = 4 

b. g(x) = log, x # 
Before you can confirm the result of Example 4 with a graphing utility, you need to 


know how to enter log, x. You will learn how to do this using the change-of-base formula 
discussed in Section 4.4. 


Serle Sketching the Graph of a Logarithmic Function 


Sketch the graph of the common logarithmic function given by f(x) = logy, x. 


SOLUTION Begin by constructing a table of values. Note that some of the values can 
be obtained without a calculator by using the properties of logarithms and the definition 
of a logarithmic function. Others require a calculator. Next, plot the points and connect 
them with a smooth curve, as shown in Figure 4.15. 












Without Calculator With Calculator 








0.301 | 0.699 | 0.903 





a/ Checkpoint 5 





Sketch the graph of the function given by f(x) = 2 log,,.. a 
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The nature of the graph in Figure 4.15 is typical of functions of the form 
f(x) = log, x, a > 1. They have one x-intercept and one vertical asymptote. Notice 
how slowly the graph rises for x > 1. The basic characteristics of logarithmic graphs 
are Summarized below and shown in Figure 4.16. Note that the vertical asymptote 


occurs at x = 0, where log, x is undefined. 


Characteristics of Logarithmic Functions 





y Graph of y = log, x, a > 1 
all ¢ Domain: (0, co) 
2 [ y= log, | ° Range: (— 00, oo) 
‘ sr, a ° Intercept: (1, 0) 
ze ¢ Increasing 
¢ Passes the Horizontal Line Test; 





therefore has an inverse function 
* y-axis is a vertical asymptote 
(log, x —coasx—>0*) 
FIGURE 4.16 ¢ Continuous 
Reflection of graph of y = a* about 
the line y = x 





Remember that the domain of y = log, x is the range of y = a* and the range of 
y = log, x is the domain of y = a*. 


leery) Sketching the Graphs of Logarithmic Functions 


The graph of each function below is similar to the graph of f(x) = logy x. 


a. Because g(x) = log,)(x — 1) = f(x — 1), the graph of g can be obtained by shifting 

STUDY TIP the graph of f one unit to the right. The domain of g is (1, 00) because log; (x — 1) 
a is defined only when x — | > 0. See Figure 4.17(a). 

Notice in Example 6(a) that | 
shifting the graph of f(x) one 
unit to the right shifts the 
vertical asymptote from the 
y-axis (x = 0) to the line 


b. Because h(x) = 2 + log,)x = 2 + f(x), the graph of h can be obtained by shifting 
the graph of f two units upward. The domain of h is (0, 00) because 2 + logyy x Is 
defined only when x > 0. See Figure 4.17(b). 




































: | y y 
x = 1. It also shifts the i 
x-intercept from (1, 0) to | | 
(2, 0). | i eee ies 24 ‘ | 
4 | | f(x) = log 10% | LE _ BS a 
ieee mmimumaiali — | f | h@)=2 + log jx h 
Pie GLO) ) See ee <= 
= > x ee 
| | f(x) = log jx Bos! 
af SR se 
! = = ee ussn)) 
( \ 
Sell | (0) = log ig — 1) | 1_ge 4} yy 
| 2 
| Sees t yeu 
(a) Right shift of one unit (b) Upward shift of two units 
Domain of g: (1, 00) Domain of h: (0, 00) 


7 Gheakpolnt 6 


Sketch the graph of f(x) = logy (x + 3). " 





362 Chapter 4 m Exponential and Logarithmic Functions 


The Natural Logarithmic Function 


By looking back at the graph of the natural exponential function introduced in Section 
4.2, you will see that the graph of f(x) = e* passes the Horizontal Line Test. So, it has 
an inverse function. This inverse function is called the natural logarithmic function 
and is denoted by the special symbol In x, read as “el en of x.” 


ronan cee EPRI ESSEC ESE SELES IS NE EDI LEI LEST LTT ELD TOON EN LE LTE I TTT TTT TEED, 


: The Natural Logarithmic Function 

| mie, / & ; 
fae we The function defined by 
2 + Wea | y=x 


f(x) = log,x =Inx, x >0 


is called the natural logarithmic function. 


Because the functions given by 


f(x) =e* and 2(x) = Inx Inverse functions 








are inverse functions of each other, their graphs are reflections of each other in the line 
Inverse Functions y =x. This reflective property is illustrated in Figure 4.18. The four properties of 
FIGURE 4.18 logarithms listed on page 359 are also valid for natural logarithms. 


ne ors PRINT SAND SREAEE LS EAE TE OS GL AIL OIE ENE TEER op SSS NN EPID ORT RR ET TT TTR 


Properties of Natural Logarithms 
1. In 1 = 0 because v=? 
eee 
2. Ine = 1 because e! = e. 
3. ln e* = and 22% Inverse Properties 


4. If Inx = Iny, then x = y. One-to-One Property 


ieeerty(-Wan Using Properties of Natural Logarithms 


Evaluate each logarithmic expression. 


| In | 
a. in b. el? Chae d. 2 Ine 
e 3] 
SOLUTION 
I = 
a. In— = Ine =i Inverse Property 
e 
b. em =5 Inverse Property 
ic olen 0 P | 
Pep roperty 
d. 2Ine = 2(1) = 2 Property 2 


a/Chackoolnt 1 





Evaluate each logarithmic expression. 
a. Ine’ 
b. 5 In 1 


3 
c. zIne w 





Benjamin Thorn/www.shutterstock.com 


Vertical 
asymptote: 
2 r= 











e ie) = 1n(2 =), 
Domain of g: (—©¢, 2) 
FIGURE 4.19 
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On most calculators, the natural logarithm is denoted by (LN), as illustrated in 
Example 8. 


a 
je <ereeye(-eeme Evaluating the Natural Logarithmic Function 


Use a calculator to evaluate each expression. 


a. In 2 b. In 0.3 c. Ine ibe eel — ay) 
SOLUTION 
Scientific Calculator 

Number Keystrokes Display 
a. In 2 2 0.69314718 
b. In 0.3 3 — 1.203972804 
c. In e? 2 [ex] 2 
d. In(—1) | ERROR 
Graphing Calculator 

Number Keystrokes Display 
a. In2 #4 .693 1471806 
b. In 0.3 2 — 1.203972804 
c. In e? (LN) (2nd) [ex] 2 0) O) (ENTER) g} 
dint") | ERROR 


R/Gheckpoint 8 





Use a calculator to evaluate the expression In 0.1. Round your result to three decimal 
places. a 


In Example 8, note that In(— 1) gives an error message on most calculators. This 
occurs because the domain of In x is the set of positive real numbers (see Figure 4.18). 
So, In(— 1) is undefined. 


eer CeM Finding the Domains of Natural Logarithmic Functions 


Find the domain of each function. 
a. f(x) = In(x — 2) b. 2(x) = In(2 — x) 
SOLUTION 


¢. Aine 


a. Because In(x — 2) is defined only when x — 2 > 0, it follows that the domain of f 
isi(2"60))s 


b. Because In(2 — x) is defined only when 2 — x > 0, it follows that the domain of g 
is (— oo, 2). The graph of g is shown in Figure 4.19. 


c. Because In x? is defined only when x? > 0, it follows that the domain of / is all real 
numbers except x = 0. 


a/cheackpolnt 9 





Find the domain of the function given by f(x) = In(x + 5). wae 
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Average score 


in T a T i} T = = 
A ee Ole Oem 
Time (in months) 


FIGURE 4.20 








Application 


€ Penny cwlme Human Memory Model 


A group of students participating in a psychological experiment attended several 
lectures on a subject. Every month for a year after that, the students were tested to see 
how much of the material they remembered. The average scores f(t) for the group are 
given by the human memory model 


tah = Je ONG A Ses 


where t is the time (in months). Based on the results of the experiment, how many months 
can a student wait before retaking the exam and still expect to score 60 or better? (Do not 
count portions of months.) 


SOLUTION To determine how many months a student can wait before retaking the 
exam and still expect to score 60 or better, use the model to create a table of values 
showing the scores for several months. 


| Month, 1 | 0 ie Ae 
Score) Bie 84 | 68.41 | 66.68 63.32 


Month, t¢ | 7 - 9 10 D, 
Score, f() | 62.52 61 61.82 | 61.18 oh 59.61 























From the table, you can see that a student would need to retake the exam by the 11th 
month in order to score 60 or better. The graph of f is shown in Figure 4.20. 


/ checkpoint 10 
Biologists have found that an alligator’s length / (in inches) can be approximated by 
the model 

1 = 27.1 Inw — 32.8 


where w is the weight (in pounds) of the alligator. Find the lengths of alligators for 
which w = 150, 225, 380, 450, and 625 pounds. Round your results to the nearest 
tenth of an inch. Fa 


SUMMARIZE (Section 4.3) 


4. State the definition of a logarithmic function with base a (page 358). For 
examples of evaluating logarithmic expressions, see Examples | and 2. 


2. Make a list of the properties of logarithms (page 359). For an example that 
uses properties of logarithms, see Example 3. 


3. Describe the relationship between the graphs of the functions f(x) = a* and 
g(x) = log, x, where a > 1 (pages 360 and 361). For examples of graphing 
exponential and logarithmic functions, see Examples 4, 5, and 6. 


4. State the definition of the natural logarithmic function and make a list of 
the properties of natural logarithms (page 362). For examples of evaluating 
natural logarithms and using the properties of natural logarithms, see 
Examples 7 and 8. 


David Gilder/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Sections 2.6 and 4.2. 


SKILLS WARM UP 4.3 


In Exercises 1-4, determine the value df x. 


1, 2% = 2. 4° = 1 3. 10° = 0.1 4. e=e 


In Exercises 5 and 6, evaluate the expression. (Round the result to three decimal places.) 
Bore? 6ten! 


In Exercises 7-10, describe how the graph of g is related to the graph of f. 


7. g(x) = f(x + 2) 8. g(x) = —f(x) 


Exercises 4.3 


OO Fe( 2) Saat lied oC) 


10. g(x) ==) 


AST=T-MAUVAWAWA @f=1(01 01 a¥=1erolnnln (olan 0) 4 ,¢21e hrelU) mye) [Uj ile) atom (oMele(oPtalUlanle\-1¢-10 lM -).4-]fel ioe 





Logarithmic Equations in Exponential Form In 
Exercises 1-6, match the logarithmic equation with its 
exponential form. [The exponential forms are labeled (a), 


(b), (c), (d), (€), and (f).] 


1. log, 16 = 2 (ay 4D 
Qmlon, 16 = 4 (id) De Se 
3. loz) = (c) 42 = 16 
4. log,ig = —2 CQ) 4-2 = 
Smog) = (e) 16/2 = 4 
fees. 4 = 5 (Cy 6 


Writing Logarithmic Equations In Exercises 7-12, 
write the exponential equation in logarithmic form. For 
example, the logarithmic form of 2° = 8 is log, 8 = 3. 


Bn =2256 8. 73 = 343 
9, 811/4 = 3 10. 93/2 = 27 
finon = = 1210 =50.001 


Writing Exponential Equations In Exercises 13-20, 
write the logarithmic equation in exponential form. 
For example, the exponential form of log, 125 = 3 is 
58 = 125. 


13. log, 16 = 2 14. log,,. 1000 = 3 
15 log, 5 =-] 16. log; 5 = -2 
eos, 02> — | 18. log,, 0.1 = -—1 
foniog 3 = 5 20 og 2 


Evaluating Logarithmic Expressions In Exercises 
21-30, evaluate the expression without using a calculator. 
See Example 1. 
21. log, 9 
25. log, 7 
25. log, 2 


22. log, 125 
24. log. 3 
26. loge, 4 


27. log, 7 28. log,, | 
29. log), 0.0001 30. log,, 100 


Evaluating Logarithmic Expressions on a Calculator 
In Exercises 31-36, use a calculator to evaluate the 
logarithm. Round your result to three decimal places. See 
Example 2. 


31. log), 345 32. log,, 163 
33. log) 34. logig 4 
35 clogna/8 36. logi) V3 


Using Properties of Logarithms In Exercises 37-44, 
solve the equation for x. See Example 3 


SiO 5.04% 38. log, 6? = x 
39. log, phe! =X 4(). log, 43 ay; 
41. log,(x + 1) =log,4 42. log,(x — 3) = log, 9 


aI 2: 
43. log(2x + 1) =log15 44. log(5x + 3) = log 12 


Graphs of Exponential and Logarithmic Functions 
In Exercises 45-48, sketch the graphs of f and g in the 
same coordinate plane. See Example 4. 


AS. f(x) = 7", gtx) = loge x 
46. f(x) = 5*, g(x) = log, x 
47. f(x) = 6%, g(x) = log, x 
48. f(x) = 10*, g(x) = log) x 


Sketching the Graphs of Logarithmic Functions In 
Exercises 49-54, find the domain, vertical asymptote, 
and x-intercept of the logarithmic function. Then sketch 
its graph. See Examples 5 and 6. 

49. f(x) = log, x 50. g(x) = log, x 

51. h(x) = log,(x + 4) 52. f(x) = log,(x — 3) 

53. f(x) = —log, x 54. h(x) = —log,(x — 1) 
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Writing Logarithmic Equations |n Exercises 55-58, 
write the exponential equation in logarithmic form. 

56. e* = 54.5981... 

BS, 6 2 


Writing Exponential Equations In Exercises 59-62, 
write the logarithmic equation in exponential form. 


| 
59. Ine = 1 60. n- = -1 
e 


61. Inl = 0 62. Inj = —0.693... 
Using Properties of Natural Logarithms In 
Exercises 63-66, evaluate the expression without using 
a calculator. See Example 7. 


63. Ine 64. In e!° 


65. In e~* 66. In- 
e 
Evaluating the Natural Logarithmic Function In 


Exercises 67-72, use a calculator to evaluate the logarithm. 
Round your result to three decimal places. See Example 8. 


67. In7 68. 2 In9 
69. In 18.42 70. In 36.7 
71. In/6 72. In /10 


Using Properties of Logarithms In Exercises 73-76, 
use the One-to-One Property to solve the equation for x. 
73. In(x + 2) = In6 74. In(x — 4) = In2 
75. In(x? — 2) = In 23 76. In(x? — x) = In6 


Graphs of Exponential and Logarithmic Functions 
In Exercises 77 and 78, sketch the graphs of f and g in 
the same coordinate plane. 
77. f(x) = e%, g(x) =Inx 78. f(x) = e, g(x) =3Inx 
Finding the Domains of Natural Logarithmic 
Functions In Exercises 79-82, find the domain, vertical 
asymptote, and x-intercept of the logarithmic function. 
Then sketch its graph. See Example 9. 


79. g(x) = In(—-x) 80. f(x) = In(3 — x) 
81. A(x) = In(x + 1) PR id Ea SRS 


Matching — In Exercises 83-86, match the function with 
its graph. [The graphs are labeled (a), (b), (c), and (d).] 




















——$+—+> « a 
| 2 3 


83. f(x) = Inx + 2 
85. f(x) = —3 In(x — 2) 


84. f(x) = —Inx 
86. f(x) = 4 In(—x) 


Graphing Logarithmic Functions In Exercises 
87-92, use a graphing utility to graph the function. 
Be sure to use an appropriate viewing window. 

87. f(x) = log(x + 1) $8. f(x). = los (aa 

89. f(x) = In& — 1) 90. f(x) = Inge 

91. f(x) =Inx+ 1 92. f(x) =3Inx-1 


93. Population Growth The population of a town will 
double in 


ae 8 In 3 
~ 1n63 — In 45 


Find ¢. 
94. Work The work W (in foot-pounds) done in 
compressing a volume of 9 cubic feet at a pressure of 


15 pounds per square inch to a volume of 3 cubic feet is 
W = 19,440(In 9 — In 3). Find W. 


years. 


Skill Retention Model In Exercises 95 and 96, 
participants in an industrial psychology study were 
taught a simple mechanical task and tested 
monthly on this mechanical task for a period of 
1 year. The average scores for the participants are 
given by the model f(t) = 98 — 14 log,,(t + 1), for 
O < t < 12, where t is the time (in months). 
95. Use a graphing utility to graph the function. Use the 
graph to discuss the domain and range of the function. 
96. Think About It Based on the graph of f, do you think 
the study’s participants practiced the simple mechanical 
task very often? Cite the behavior of the graph to 
justify your answer. 


97. Human Memory Model Students in a seventh-grade 
class were given an exam. During the next 2 years, 
the same students were retested several times. The 
average score g can be approximated by the model 


g(t) = 87 — 16log, (f+ 1), O Sts 24 

where f is the time (in months). 

(a) What was the average score on the original exam? 
(b) What was the average score after 6 months? 


(c) When did the average score drop below 70? 


8. )) HOW DO YOU SEE IT? 


The figure shows 


f 
4 b) the graphs of f(x) = 3* and g(x) = log, x. [The 


09: 


graphs are labeled m and n.] ., 


y 


eee see =O i? 384910 





(a) Match each function with its graph. 
(b) Given that f(a) = b, what is g(b)? Explain. 


Monthly Payment The length ¢ (in years) of a 
home mortgage of $150,000 at 8% interest can be 
approximated by the model 


t= 12.542 n( x > 1000 


x 
x — 1000)’ 


where x represents the monthly payment (in dollars) 
(see figure). 


(in years) 





Length of mortgage 
a 





= i= + fe feet 
2000 4000 6000 8000 10,000 


Monthly payment (in dollars) 


(a) Use the model to approximate the length of a 
$150,000 mortgage at 8% interest when the monthly 
payment is $1100.65 and when the monthly payment 
is $1254.68. 

(b) Approximate the total amount paid over the term of 
the mortgage with a monthly payment of $1100.65 
and with a monthly payment of $1254.68. 


(c) Approximate the total interest charge for a monthly 
payment of $1100.65 and for a monthly payment of 
$1254.68. 


(d) What is the vertical asymptote of the model? 
Interpret its meaning in the context of the problem. 
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age A of the U.S. population for each year from 
1980 to 2050 can be approximated by the model 


Maa lowstawO307 + 5.950 Int, 10s 7s 80 


where f represents the year, with t = 10 corresponding 
to 1980 (see figure). 


(Source: U.S. Census Bureau) 





Median age (in years) 








> ia a aa ee 
10 20 30 40 50 60 70 80 


Year (10 < 1980) 


(a) Use the model to estimate the median age of the U.S. 
population in 1980. 


(b) Use the model to estimate the median age of the 
U.S. population in 1990. 

(c) Use the model to estimate the change in the median 
age of the U.S. population from 1980 to 2050. 


(d) Use the model to project the change in the median 
age of the U.S. population from 1980 to 2050. 


101. Investment Time A principal P, invested at 5.25 % 
interest compounded continuously, increases to an 
amount that is K times the principal after ¢ years, 
where f¢ is given by 


Ms In K 
0.0525° 





(a) Complete the table. 


ere 


(b) Use the table in part (a) to graph the function. 


102. Think About It The table of values was obtained by 
evaluating a function. Determine which of the statements 
may be true and which must be false. 




















(a) y is an exponential function of x. 
(b) y is a logarithmic function of x. 
(c) x is an exponential function of y. 


(d) y is a linear function of x. 
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Q U i Zz Y oO U = 4 S E L F See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Take this quiz as you would take a quiz in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, determine whether the function has an inverse function. If it 
does, find its inverse function and graph f and f~' in the same coordinate plane. 


Li) = 3x2 De fea ead 


In Exercises 3 and 4, (a) find f-’, (b) sketch the graphs of f and f~' in the same 
coordinate plane, and (c) verify that f-1(f(x)) = x and f(f~'(x)) = x. 


) sPabaeaeee = 

A fC) ad 

In Exercises 5-8, use the graph of f(x) = 3* to sketch the graph of the function. 
7 ea) = 2 

. h(x) = 3 ~* 

k(x) = log, x 





a ee 


Figure for 5-8 . j(x) = logs(x — 1) 


9. For P = $10,000, r = 5.15%, and t = 8 years, find the balance in an account when 
interest is compounded (a) monthly and (b) continuously. 

10. The numbers of children C (in millions) participating in the Federal School 
Breakfast Program from 2000 through 2009 can be approximated by the model 
C = 7.50(1.04), Ost s9 
where f¢ represents the year, with tf = 0 corresponding to 2000. (Source: U.S. 
Department of Agriculture) 


(a) Use the model to estimate the numbers of children participating in the Federal 
School Breakfast Program in 2006 and 2008. 


(b) Use the model to predict the numbers of children who will participate in the 
Federal School Breakfast Program in 2014 and 2015. 


11. The size of a bacteria population is modeled by 
P(t) = 100e9-2154t 
where f is the time in hours. Find (a) P(O), (b) P(6), and (c) P(12). 


12. Use the demand function 


8 
p= 4000( - aim 


to find the price for a demand of x = 500 MP3 players. 


In Exercises 13-16, evaluate the expression without using a calculator. 
ah, oven... WIG) 


510 
14. In e+ 
15; logy 7 
16. In 1 


17. Sketch the graphs of f(x) = 3* and g(x) = log, x in the same coordinate plane. 
Identify the domains of f and g. Discuss the special relationship between f and g 
that is shown by their graphs. 
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eh 


Sound level, L A bet 





Sound intensity, / 
{in watts per square meter 





In Exercise 107 on page 376, 
you will use properties of logarithms to 
determine the difference in loudness 
between two sounds. 


m Evaluate a logarithm using the change-of-base formula. 

m Use properties of logarithms to evaluate or rewrite a logarithmic expression. 
m Use properties of logarithms to expand or condense a logarithmic expression. 
@ Use logarithmic functions to model and solve real-life applications. 


Change of Base 


Most calculators have only two types of log keys, one for common logarithms (base 10) 
and one for natural logarithms (base e). In some situations, you must use logarithms with 
other bases. To evaluate logarithms with other bases, you can use the change-of-base 
formula. 


Change-of-Base Formula 


Let a, b, and x be positive real numbers such that a # | and b = 1. Then log, x 
can be converted to a different base as shown. 





Base b Base 10 Base e 
log, x los In x 
= b = 10 
log, x = lngiiiSiers aa: log, x = 
log, a log, @ Ina 


One way to look at the change-of-base formula is that logarithms to base a are 
simply constant multiples of logarithms to base b. The constant multiplier is 


l 


log, @ 





| Example 1 | Changing Bases Using Common Logarithms 





' 30 log), 30 1.47712 > 4534 
a. DS, 2 = = = £Z4)5 
wnt log,,4 0.60206 

logy, 14 1.14613 





. log, 14 = ~ ~ 3.8074 
Rares log,,2 0.30108 


| Example 2 | Changing Bases Using Natural Logarithms 


In30 3.40120 








. log, 30 = ~ = 2.4534 
Og oO ind dan hBG2O4 

Inl4 2.63906 
. log, 14 = ~ ~ 3.8074 
be In2 0.693147 


o/ Ghecknolnts 1 and 2 





Evaluate log. 56 using common logarithms and natural logarithms. Round your 


os 


results to three decimal places. 7) 


Notice in Examples | and 2 that the result is the same whether common logarithms 
or natural logarithms are used in the change-of-base formula. 


GLUE STOCK/Shutterstock.com 
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STUDY TIP 





There is no general property 
that can be used to rewrite 
log,(u + v). Specifically, 
log,(x + y) is not equal to 
log, x + log, y. 


Se Ee ET TTT 


Properties of Logarithms 


You know from the preceding section that the logarithmic function with base a is the inverse 


function of the exponential function with base a. So, it makes sense that the properties of 


exponents should have corresponding properties involving logarithms. For instance, the 
exponential property a? = | has the corresponding logarithmic property log, 1 = 0. 





ens ~ eee st EPR REIN TE 2 I EI TIE EAN ENTE RIS — 


Properties of Logarithms 


Let a be a positive number such that a # 1, and let n be a real number. If u and v 
are positive real numbers, then the following properties are true. 


Logarithm with Base a Natural Logarithm 

log,(uv) = log, u + log, v In(uv) = Inu + Inv Product Property 
u u 

log, ai log, u — log, v In a Inu — Inv Quotient Property 

log, u" = nlog,u Inu" = ninu Power Property 


eeretey(-age Using Properties of Logarithms 


Write each logarithm in terms of In 2 and In 3. 


a. In 6 b. nee 


2. 
SOLUTION 
a. In 6 = In(2 - 3) Rewrite 6 as 2 + 3. 
=In2+in3 Product Property 
b. In 2 eT) Quotient Property 
hh Ah Rewrite 27 as 3°. 
=In2 —31n3 Power Property — 


sf Cheokpolnt 3 





25 


Write log,, 3 in terms of log,, 3 and log,, 5. a 


ie crrte)(-e am Using Properties of Logarithms 
Use the properties of logarithms to verify that — log, sc = log), 100. 
SOLUTION 





| 
log jo 100 = logyo( 1007!) Definition of negative exponent 
= —(—]) log jo 100 Power Property 
= log,, 100 Simplify. 


Vv Checkpoint 4 





Use the properties of logarithms to verify that —In he Len: a 
e 





STUDY TIP 





Be careful when rewriting the 


logarithmic expression log ax”. 


It should be rewritten as 
log a + nlog x 


instead of n log ax. 





STUDY TIP 


eos 
Be careful when rewriting the 
logarithmic expression 

log x — log y. It should be 
rewritten as 


x 
log — 
ey 


instead of 


log x 
log y 
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Rewriting Logarithmic Expressions 


The properties of logarithms are useful for rewriting logarithmic expressions in forms 
that simplify the operations of algebra. This is true because these properties convert 
complicated products, quotients, and exponential forms into simpler sums, differences, 
and products, respectively. 


Serle Expanding Logarithmic Expressions 


Expand each logarithmic expression. 








eo! camer) 
a. log, Sey bd. ee oe 
SOLUTION 
a. log, 5x°y = log, 5 + log, x + log, y Product Property 
= log,5 + 3log,x + log, y Power Property 
3x— 5 (3x — 5)? 
b. In = In 7 Rewrite using rational exponent. 
= In(3x = ye ny, Quotient Property 
1 
= > In(3x = 5) = tin 7 Power Property 
+f Checkpoint 5 
Expand the expression In 2mn?. a 


seerteycame Condensing Logarithmic Expressions 


Condense each logarithmic expression. 


ass logy ae 30s pa el)e | being 2) —Inx  c. +[log, x + log,(x + 1)] 


SOLUTION 
a. 4 1logigx + 3 logyo(x + 1) = logygx!/? + log, (x + 1) Power Property 
= logo Vx(x t 1)5] Product Property 
b. 2 In(v-+ 2) — Inx = In(x + 2)? — nx Power Property 
= In pas Quotient Property 
c. ‘[log, x + log,(x + 1)] = + {log,[x(x + 1)]} Product Property 
S107 Primal) (ble Power Property 


= log, EE 1) Rewrite with a radical. 


VA Checkpoint 6 


Condense the expression 2 log, (x + 1) — 3 logyo(x — 1). Mi 





When applying the properties of logarithms to a logarithmic function, be careful to 
check the domain of the function. For example, the domain of f(x) = In x? is all real 
x # 0, whereas the domain of g(x) = 2 In x is all real x > 0. 
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; » Saturn 
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po aes 
pp 4 6 8 10 
Mean distance 
(in astronomical units) 
FIGURE 4.21 





Mercury 


FIGURE 4.22 





Applications 


One method of determining how the x- and y-values of a set of nonlinear data are related 
begins by taking the natural logarithm of each of the x- and y-values. If you graph the 
points (In x, In y) and they fall in a straight line, then you can determine that the x- and 
y-values are related by the equation 


Iny = mlinx 


where m is the slope of the straight line. 


sana @ Example 7 | Finding a Mathematical Model 


The table shows the mean distance from the sun x and the period (the time it takes a 
planet to orbit the sun) y for each of the six planets that are closest to the sun. In the 
table, the mean distance is given in astronomical units (where Earth’s mean distance is 
defined as 1.0), and the period is given in years. Find an equation that relates y and x. 


Mercury 





Venus 








Mars 





Jupiter 


heh) 29.447 





SOLUTION The points in the table are plotted in Figure 4.21. From this figure, it is 
not clear how to find an equation that relates y and x. To solve this problem, take 
the natural logarithm of each of the x- and y-values in the table. This produces the 
following results. 


Planet S Earth | Mars | Jupiter Saturn 
In x =(0.949 .\§= 0.324 «0,000 0.421 | 1.649 


0.000 0.632 | 2.473 




















Now, by plotting the points in the second table, you can see that all six of the points 
appear to lie in a line (see Figure 4.22). Choose any two points to determine the slope 
of the line. Using the two points (0.421, 0.632) and (0, 0), you can determine that the 
slope of the line is 


By the point-slope form, the equation of the line is Y = aX, where Y = Iny and 
X = In x. You can therefore conclude that In y = 3 ee 





a/ Gheeknpint 7 





Find a logarithmic equation 
that relates y and x. 





BE 1.414 | 1.732 a 
| 
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gC S<oreeyey(-M-mme Sound Intensity 
So 


The level of sound L (in decibels) with an intensity of / (in watts per square meter) is 
given by 


I 
L = 10 logy 7 


0 
where J, represents the faintest sound that can be heard by the human ear, and is 
approximately equal to 10” '* watt per square meter. You and your roommate are playing 
your stereos at the same time and at the same intensity. How much louder is the music 
when both stereos are playing than when just one stereo is playing? 
SOLUTION Let L, represent the level of sound when one stereo is playing and let L, 
represent the level of sound when both stereos are playing. Using the formula for level 
of sound, you can express L, as 

L, = 10 logy T9212 
For L,, multiply / by 2 as shown below 


5 


L, = 10 logio 1072 


( 


because L, represents the level of sound when two stereos are playing at the same 
intensity /. To determine the increase in loudness, subtract L, from L, as shown. 
9} 


21 / 
Ly — Ly = 10 logy 7-73 — 10 lo8s9 79-1 


21 | 
L0( lor 10-12 = log 10 10-2 


/ | 
10(lozi0 2 + logo 10-12 logio 19 5) 


= 10 log,)2 = 3 


lI 


So. the music is about 3 decibels louder. Notice that the variable / drops out of the 
equation when it is simplified. This means that the loudness increases by 3 decibels 
when both stereos are playing at the same intensity, regardless of the individual 


intensities of the stereos. a 


of chackpoint 8 


aE 

Two sounds have intensities of J, = 10~° watt per square meter and /, = 10” watt 
per square meter. Use the formula for the level of sound in Example 8 to find the 
difference in loudness between the two sounds. a 


SUMMARIZE (Section 4.4) 


4. State the change-of-base formula (page 369). For examples that use the 
change-of-base formula, see Examples | and 2. 

2. Make a list of the properties of logarithms (page 370). For examples that use 
properties of logarithms, see Examples 3 and 4, 

3. Describe how the properties of logarithms are useful for rewriting logarithmic 
expressions (page 371). For examples of expanding and condensing logarithmic 
expressions, see Examples 5 and 6. 


Kurhan/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 4.4 these skills in the exercise set for this section. For additional help, review Sections 0.3, 0.4, and 4.3. 
In Exercises 1-4, evaluate the expression without using a calculator. 


| | 
1. log, 49 2. log. 35 2B Ine 4. log), 0.001 


In Exercises 5-8, simplify the expression. 


e 


3 


5. ee ; 
si 


Caglea)s 


8. (e7)° 


In Exercises 9-12, rewrite the equation in exponential form. 


eee 10 


Exercises 4.4 


11. log, 64 = 3 


! 
12. log.,4 = 3 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Changing the Base Using Common Logarithms In 
Exercises 1-4, evaluate the logarithm using common 
logarithms. Round your result to three decimal places. 
See Example 1. 


1. log; 8 
3. log, 30 


2. log, 12 
4. log, 20 


Changing the Base Using Natural Logarithms In 
Exercises 5-8, evaluate the logarithm using natural 
logarithms. Round your result to three decimal places. 
See Example 2. 

5. log, 8 

6. log, 12 

7. log, 14 

8. log, 18 

Changing the Base _ In Exercises 9-18, evaluate the 


logarithm. Round your result to three decimal places. See 
Examples 7 and 2. 


9. log, 6 10. log, 3 

11. log.. 35 12. log, 42 
13. log,, 1250 14. log,, 1575 
15. log. 4 16. logs? 

17. log, /4 10 

18. log, 35 


Using Properties of Logarithms In Exercises 19-24, 
write the logarithm in terms of In 2 and In 5. See Example 3. 


19. In 10 20. In 
21. In} 22. In 20 
23. In 100 24, In 


Using Properties of Logarithms In Exercises 25-28, 
use the properties of logarithms to verify the statement. 
See Example 4. 





25. —10210 i = logio i 


26. —In; = In 
27, -2in= = 2In7 — 2 


28. —3 logo 5 = 6 = 3 log. s 

Using Properties of Logarithms In Exercises 29-42, 
approximate the logarithm using the properties of 
logarithms, given log, 2 ~ 0.3562, log, 3 ~ 0.5646, and 
log, 5 ~ 0.8271. 


29. log, 10 30. log, 15 
a1; log, 5 32. log, 
33. log, 8 34. log, 81 
35, log, ~«/2 36. log, 5 
37. log, 40 38. log, 45 
39. log,(2b)~? 40. log,(3b7) 
41. log, 3/4b 42. log, 2°/3b 


Using Properties of Logarithms In Exercises 43-50, 
use the properties of logarithms to simplify the logarithmic 
expression. 

44. log sis 

46. log; /75 


43. logy 7 
45. log, 70 
47. log. st 
48. logo 300 
49. In(Se°) 


50. In £ 


e 


Error Analysis In Exercises 51-54, describe and 
correct the error. ig 


51. oR >< 52. nx 4e8 Ina 
53. ng =e= 54, Tog, Sxt=delog)g 5x 


Expanding a Logarithmic Expression In Exercises 
55-76, use the properties of logarithms to expand 
the expression as a sum, difference, and/or multiple of 
logarithms. (Assume all variables are positive.) See 
Example 5. 


55. log,(4° + 3°) 56. log,(3° + 4°) 
57. log, 4n 58. log, 6x 
~ y 

59. logs 55 60. logy, 5 
61. log, x4 62. log, z~* 
63. Inv/z 64, In 3/t 
65. In xyz 66. In “ 
67. n/a-—1, a>! 68. In 3/y —2, y>2 

i | Roext 
0) 70. | 

a = i Jx2 + 1 
71. n= v) 


TAtnO?, 
OLo 77: 


3/2 + 3 
73. In sf 74. In i 
75. In </x-(x* + 3) 76. In /x2(x + 2) 


Condensing a Logarithmic Expression In Exercises 
77-92, condense the expression to the logarithm of a 
single quantity. See Example 6. 


77, log, x + log, 5 78. logs y + logs x 
79. log, 8 — log,x 80. logio 4 — logio z 
81. 2 log, (x + 4) 82. —4 log, 2x 
Boinx 3 Ind 84, 2In8 + 5Inz 


85. ‘In 5x — In(x + 1) 86. 5 In(z -2) + 1Inz 
87. log.(x — 2) — logg(x + 2) 

88. 3 log, x + 2 log, y — 4 log, z 

89, 2In4 + 2In3 — 5 In(x? + 1) 

90. 2 In(x? — 2) + 31n tS — j Ine? 

91. 2Inx — [In(x + 2) + In(x — 2)] 

92. 41n(x + 1) + 2In(x — 1) — 3 Inx 


93. Graphical Analysis Use a graphing utility to graph 
f(x) = In 5x and __ g(x) = In5 + Inx 


in the same viewing window. How do the two graphs 
compare? What property of logarithms do the graphs 
demonstrate? 
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94, Think About It Consider the functions below. 


fix) = In =, 9(x) = In x 


= ‘\) = “a fo) 
Be in?” A(x) = In x — In 2 


Which two functions have identical graphs? Verify 
your answer by using a graphing utility to graph all 
three functions in the same viewing window. 


95. Graphical Analysis Use a graphing utility to graph 
f f(x) =log,)x* and g(x) = 3 logiox 


in the same viewing window. How do the two graphs 
compare? What property of logarithms is shown? 


The figure shows the 
graphs of y = Inx, 

y = In x’, y = In 2x, 
and y = In 2. Match 
each function with 

its graph. (The graphs 
are labeled A through 
D.) Explain your 
reasoning. 


Onyx) HOW DO YOU SEE IT? 
ty 
: 








Using Inverse Properties In Exercises 97-102, find 
the exact value of the logarithmic expression without 
using a calculator. 


97. log, 3/4 98. log, V/8 
100. In 2/e3 


102. log, 44 


| 
oo ln = 
Ve 
101. logs js 
Finding a Mathematical Model In Exercises 103 and 


104, find a logarithmic equation that relates y and x. Explain 
the steps used to find the equation. See Example /. 
| 


103. | 
x 
» 


104. ; — 
ae | 





#3 3 4 ) 6 









1.189 | 1.316 1.414 | 1.495 | 1.565 








nN 
Ww 


4 5 6 











- 
ly | 1.587 | 2.080 | 2.520 | 2.924 | 3.302 





105. Nail Length The approximate lengths and diameters 
(in inches) of common nails are shown in the table. 
Find a logarithmic equation that relates the diameter y 
of a common nail to its length x. 
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106. 


107. 


108. 


109. 


110. 
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Galloping Speeds of Animals Four-legged animals 
run with two different types of motion: trotting and 
galloping. An animal that is trotting has at least one 
foot on the ground at all times, whereas an animal that 
is galloping has all four feet off the ground at some 
point in its stride. The number of strides per minute at 
which an animal breaks from a trot to a gallop depends 
on the weight of the animal. Use the table to find a 
logarithmic equation that relates an animal’s lowest 


galloping speed y (in strides per minute) to its weight 


x (in pounds). 


Galloping 
speed, y 


























Sound Intensity Use the equation for the level of 
sound in Example 8 to find the difference in loudness 
between an average office and a broadcast studio with 
the intensities given below. 


Office: 1.26 x 10~7 watt per square meter 
Broadcast studio: 3.16 x 10~!° watt per square meter 


Sound Intensity Use the equation for the level of 
sound in Example 8 to find the difference in loudness 
between a bird singing and rustling leaves with the 
intensities given below. 


Bird singing: 10~° watt per square meter 
Rustling leaves : 10~!° watt per square meter 


Think About It For each property of logarithms 
given below, write a related property of exponents. 


(a) log,(uv) = log, u + log, v 
u 
(b) log, 5 =I log, eh log, ¥ 


(c) log, u” = nlog_u 


Proof Complete the proof of the logarithmic property 
log, uv = log, u + log, v. 


Let log, u = x and log, v = y. 


; Rewrite in 
a= and @ = ave 
exponential form. 
ra i Multiply and substitute 
LF toa hoe 4 8! : . 
; for wand y, 
= 4 Gy Rewrite in 


logarithmic form. 


log, PW ae Substitute for x and y. 


Courtesy of Maggie's Place 


111. Proof 


Complete the proof of the logarithmic property 
u 

log, — = log, u — log, v. 
V 


Let log, u = x and log, v = y. 


ae anid Loo Rewrite in 
exponential form. 
U_ a, Divide and substitute 
yp for wand y. 
= Rewrite in 
— BXs — y « ° . 
: logarithmic form. 
u ; ‘ 
log,-— = = Substitute for x and y, 
Vv 


SL ACE id 
Homes of hospitality for 
expectant women. 


www: maggiesplace- a 


Business Capsule 


o-founded by five recent college graduates, 

Maggie’s Place is a community of homes that 
provides hospitality for pregnant women who are alone 
or living on the streets. In homes shared with staff 
members, expectant mothers have their immediate 
needs met while being connected to community 
resources such as prenatal care, education programs, 
and low-cost housing. Maggie’s Place opened its first 
home, the Magdalene House, on May 13, 2000 in 
Phoenix, Arizona. Today, there are five homes, and a 
resource and support center for women and children 
who have completed the Maggie’s Place program. 


112. Research Project Use your campus library, 
the Internet, or some other reference source to 
find information about a nonprofit group or 
company whose growth can be modeled by a 
logarithmic function, Write a brief report about 
the growth of the group or company. 
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MMe wmeoyeo)\ilale mm =>.4ele)al=\alit-lmr-lacem mele l-lalialaalce Equations 


m Understand the strategies for solving exponential and logarithmic equations. 
@ Solve an exponential equation. 
® Solve a logarithmic equation. 


@ Use an exponential or a logarithmic model to solve an application problem. 


Introduction 





So far in this chapter, you have studied the definitions, graphs, and properties of 
exponential and logarithmic functions. In this section, you will study procedures for 


q. 
(in decimal form) 








ek 
04 sy solving equations involving these exponential and logarithmic functions. 
02 There are two basic strategies for solving exponential or logarithmic equations. 
ee 2 7 ~(CLhe first is based on the One-to-One Properties and the second is based on the Inverse 
Height (in inches) Properties. For a > 0 and a # 1, the following properties are true for all x and y for 
which log, x and log, y are defined. 
One-to-One Properties Inverse Properties 
a* = a” if and only if x = y. qiba* = x 
log, x = log, y if and only if x = y. loo Gar t 
setntecwen Solving Simple Equations 
Original Rewritten 
Equation Equation Solution Property 
a. 2* = 32 OP) SS One-to-One 
In Exercise 110 on page 386, you 
will use exponential models to find b. Inx — In3 = 0 Inx = In3 x=3 One-to-One 
the median heights of American males 
and females between the ages of C..87 =] kang bak tae Lie) Inverse 
Siero O10: d. Inx = —3 gin sie x=e° Inverse 
Gs lOgin el 10 8i0% = 107} n= 10-4 = 55 Inverse 
ee el 
of Checkpoint 1 
Solve each equation for x. 
a, 3* = 81 
b. log. x = 3 
Cali ye 0) & 


eae ao re nom iain aceeeeiemmmmediammanitialial 


Strategies for Solving Exponential and Logarithmic Equations 


1. Rewrite the original equation in a form that allows the use of the One-to-One 
Property of exponential or logarithmic functions. 


2. Rewrite an exponential equation in logarithmic form and apply the Inverse 
Property of logarithmic functions. 


3. Rewrite a logarithmic equation in exponential form and apply the Inverse 
Property of exponential functions. 


Edyta Pawlowska /Shutterstock.com 
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TECH TUTOR 





When solving an 
exponential or logarithmic 
equation, you can check your 
solution graphically by 
“graphing the left and right 
sides separately” and using the 
intersect feature of your 
graphing utility to determine 
the point of intersection. 

For instance, to check the 
solution of the equation in 
Example 2(a), graph 


y,=4 and y,=72 


in the same viewing window, 
as shown below. Using the 
intersect feature, you can 
determine that the graphs 
intersect when x ~ 3.085, 
which confirms the solution 
found in Example 2(a). 


100 





For instructions on how to 
use the intersect feature, 
see Appendix A. Consult the 
user’s guide for your graphing 
utility for more information. 








Solving Exponential Equations 


1<0i0})(-WAm Solving Exponential Equations 


Solve each equation and approximate the result to three decimal places. 


a. 4* = 72 b. 3(2*) = 42 
SOLUTION 
a. Ax = 72 
log, 4* = log, 72 
log, 72 


han W2 
In 4 


ll 


Xx 


II 





=~ 3.085 


The solution is x = log, 72 ~ 


b. 3(2*) = 42 


log, 2% = log, 14 





x = log, 14 
In 14 
aia 3.807 


Write original equation. 
Take log (base 4) of each side. 


Inverse Property 
Change-of-base formula 


3.085. Check this in the original equation. 
Write original equation. 
Divide each side by 3 to isolate the exponential expression. 
Take log (base 2) of each side. 


Inverse Property 


Change-of-base formula 


The solution is x = log, 14 ~ 3.807. Check this in the original equation. 


° Checkpoint 2 





Solve each equation and approximate the result to three decimal places. 


a. 6% = 84 


b. 62 — 10% = 24 . a 


In Example 2(a), the exact solution is x = log, 72 and the approximate solution is 


x ~ 3.085. An exact answer is preferred when the solution is an intermediate step in a 


larger problem. For a final answer, an approximate solution in decimal form is easier to 


comprehend. 


Scotto) e Solving an Exponential Equation 


ex + 5 = 60 
ex = 55 
In e* = In55 
x = In55 
x ~ 4.007 


Original equation 

Subtract 5 from each side to isolate the exponential expression. 
Take natural log of each side. 

Inverse Property 


Use a calculator. 


The solution is x = In 55 ~ 4.007. Check this in the original equation. 


Vv Checkpoint 3 





Solve 2e* — 7 = 23 and approximate the result to three decimal places. i 
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ery ae Solving an Exponential Equation 


Solve 2(32/-5) — 4 = 11 and approximate the result to three decimal places, 












SOLUTION 
2(3% = 4 Ll Write original equation 
2(3+ >) 1S Add 4 to each side 
ag 
oh Divide each side by 2 
2 
ae 15 
IOS. Ben: log, ‘ Take log (base 3) of each side 
STUDY TIP ? 
2t 2) log, < Inverse Property 
Remember that to evaluate . 
a logarithm such as log, 7.5, 2t = 5 + log, 7.5 Add 5 to each side, 
you need to use the change- p 
of-base formula as shown. t= = + > log, 7.5 Divide each side by 2. 
logi,y 7.5 ASS 
S10. ) 
oOo a J 
log, 7S 1.834 t 3.417 Use a calculator, 


ai logio 3 
The solution is f . | : log, 7.5 © 3.417. Check this in the original equation, 


ST 


Wf Checkpoint 4 





Solve 4(42"7) + 14 = 110 and approximate the result to three decimal places. 2 
When an equation involves two or more exponential expressions, you can still use 


a procedure similar to that demonstrated in Examples 2, 3, and 4, However, the algebra 
is a bit more complicated. 


Send cee Solving an Exponential Equation of Quadratic Type 


ALGEBRA TUTOR 









|= sna ranean e* — 3e*°+2=0 Original equation 
For help with the algebra : (e De 3e*%* + 2 QO Write in quadratic form, 
used to factor the left side of 
the equation in Example 5, see (6x) (OL) ed Factor 
the Chapter 4 Algebra Tutor e* 2 0) | 4 mi In 2 Set Ist factor equal to 0 
on page 401. j 
e | () | yw, 0 Set 2nd factor equal to 0. 


The solutions are x = In 2 and.x = 0. 
Check these in the original equation, 

Or, check by graphing y = e** — 3e* + 2 
using a graphing utility. The graph should 
have two x-intercepts: x = In 2 andx = 0, 
as shown in Figure 4.23. 


(0,0) | (in 2,0) 





FIGURE 4.23 


SLA TY 


oY Checkpoint 5 


I 


Solve e® — J7e* + 12 = 0. F 
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Solving Logarithmic Equations 


To solve a logarithmic equation such as 


Inx =3 


Logarithmic form 


write the equation in exponential form as shown. 


en 2 es Oe 


KS ES 


Exponentiate each side. 


Exponential form 


This procedure is called exponentiating each side of an equation. 


SOLUTION 


a, lage + 5) = 1 


Inter 5) 


vA Checkpoint 6 


a. Solve In(x + 5) 


iS <esee)(-Meee Solving Logarithmic Equations 


= il, b. Solve 2 log, 3x = 4. 


Write original equation. 
Exponentiate each side. 
Inverse Property 


Subtract 5 from each side. 


= e — 5. Check this in the original equation. 


e 
28 SS 
ne A 8) 
The solution is x 
b. 2 log, 3x = 4 
log, 3x = 2 
Blog aKa 52 
3x = 25 
os) 
a 
The solution is x = 2 


Solve each logarithmic equation. 


a. In(x — 4) =0 


b. log, 2x = 4 


Write original equation. 
Divide each side by 2. 
Exponentiate each side (base 5). 


Inverse Property 


Divide each side by 3. 


Check this in the original equation. 


IS <erete)(-wae Solving a Logarithmic Equation 


Solve log,(5x — 1) = log,(x + 7). 


SOLUTION 
log, (5x tal) 
Sx sel 
4x 


Xx 


log,(x + 7) 
xT 


8 


tO 


Write original equation. 
One-to-One Property 
Add —.x and | to each side. 


Divide each side by 4. 


The solution is x = 2. Check this in the original equation. 


WA Checkpoint 7 





Solve In(3x + 2) = In(x + 8). 


Ken Hurst/www.shutterstock.com 
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Serlecm Solving a Logarithmic Equation 


Solve 5 + 2 Inx = 4 and approximate the result to three decimal places. 


SOLUTION 
5+2\Inx=4 Write original equation. 
Shih. al Subtract 5 from each side. 
| 
Inx = — 7 Divide each side by 2. 
elnx = eg 1/2 Exponentiate each side. 
c= ent Inverse Property 
x =~ 0.607 Use a calculator. 


The solution is x = e~!/2 ~ 0.607. Check this in the original equation. 


SS aS ES 


TECH TUTOR 


a 
You can use a graphing ™ 
utility to verify that the 





+/ checkpoint 8 


SR 2H 





equation in Example 9 has Solve 4 + 3 Inx = 16 and approximate the result to three decimal places. & 
x = 5 as its only solution. 
Graph Because the domain of a logarithmic function generally does not include all real 
y, = logy, 5x + log,o(x — 1) numbers, be sure to check for extraneous solutions of logarithmic equations. 
and ; ‘ 

ery Checking for Extraneous Solutions 


y, = 2 


in the same viewing window, 
as shown below. It appears 
that the graphs intersect at 
one point. Use the intersect 
feature or the zoom and trace 
features to determine that 

x = Sis the solution. 

















Solve log,) 5x + logiolx — 1) = 2. 
SOLUTION 
log jy 5x + logio(x — 1) = 2 Write original equation. 
oye Bees aa ll 


10 lok 0(Sx° -5x) = 102 Exponentiate each side (base 10). 


ll 
~~ 


Product Property of logarithms 


wa) 
I 

b 

| 
Nn 
= 

i 
2 
S 


Inverse Property 


NRO 

| 
> 

| 
S 

| 
_) 


Write in general form. 


y, = log). 5x + log jy @ 1) | 










‘cent (x = 5)(x ate 4) — Factor. 
2 aaa ie Set Ist factor equal to 0. 
x=5 Solution 
O} Intersection 9 
n=& v= : . 
g x+4=0 Set 2nd factor equal to 0. 
x=-4 Solution 
For instructions on how to ; 
The solutions appear to be x = 5 and x = —4. However, when you check these in the 


use the zoom and trace 
features, see Appendix A. 
Consult the user’s guide for 
your graphing utility for 
more information. 


original equation, you can see that x = 5 is the only solution. 


¥ Checkpoint 9 


SARE 


Solve log,x + log,(x + 5) = 2. cy 


In Example 9, the domain of log), 5x is x > 0 and the domain of log,,(x — 1) is 
x > 1, so the domain of the original equation is x > I. Because the domain is all real 
numbers greater than 1, the solution x = —4 is extraneous. 
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Applications 


€ eeresye)(-Wlll Doubling and Tripling an Investment 


You deposit $500 in an account that pays 6.75% interest, compounded continuously. 
a. How long will it take your money to double? 
b. How long will it take your money to triple? 


SOLUTION Using the formula for compound interest with continuous compounding, 
you can find that the balance in the account is given by 


i Pe" = 5009-9975, 


a. To find the time required for the balance to double, let A = 1000 and solve the 
resulting equation for f. 





500e°-9675* = 1000 Substitute 1000 for A. 
ee = Divide each side by 500. 
le oer e in 2 Take natural log of each side. 
0.0675t = In 2 Inverse Property 
t= In 2 Divide each side by 0.0675. 
0.0675 
t ~ 10.27 Use a calculator. 


The balance in the account will double after approximately 10.27 years. 


b. To find the time required for the balance to triple, let A = 1500 and solve the resulting 
equation for f. 





500e%%?>! = 1500 Substitute 1500 for A. 
eo) 3 Divide each side by 500. 
Ine ins Take natural log of each side. 
0.0675t = In 3 Inverse Property 
L= In 3 Divide each side by 0.0675. 
0.0675 
t ~ 16.28 Use a calculator. 


The balance in the account will triple after approximately 16.28 years. 


Notice that it took 10.27 years to earn A 
the first $500 and only 6.01 years to 
earn the second $500. This result is 
graphically demonstrated in Figure 4.24. 







1600 
1400 
1200 


S = (16.28, 1500) 


(10.27, 1000) 





S 
S 


S38 
8s 


Account balance (in dollars) 
to foo} 
Ss Ss 


2 4 6 8 1012 14 16 
Time (in years) 


FIGURE 4.24 
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In Example 10, how long will it take for the account balance to reach $600? a 
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* 
& ) Example 11 | Hospital Expenses 


From 1997 through 2008, the yearly expenses y (in billions of dollars) of hospitals in 
the United States can be approximated by 


ye 208.0529 


where f represents the year, with f = 7 corresponding to 1997 (see Figure 4.25). Use 
the model to estimate the year in which the expenses of hospitals reached about 
$610 billion. (Source: Health Forum, An American Hospital Association Company) 


y 

A 
800 
700 + 
600 ~ 
500 - P HOSPITAL | 
400 = 
300 + 
200 + 
100 - 


Expenses (in 
billions of dollars) 





eter 


Att} $$$ t+ ++ +--+ 
7 7 18 


Sie Ore Oil Jul ed Sit oe LOL 
Year (7 © 1997) 


FIGURE 4.25 


SOLUTION _ To solve this problem, let y = 610 and solve the resulting equation for f. 


208.05e9-°°7" = 610 Substitute 610 for y. 
9-067 == 2.932 Divide each side by 208.05. 
In 29-0671 = In 2.932 Take natural log of each side. 
0.067t ~ 1.076 Inverse Property 
t~ 16 Divide each side by 0.067. 


The solution is t ~ 16. Because t = 7 represents 1997, you can conclude that, according 
to the model, expenses were about $610 billion in 2006. ——_—_—_— 


/ Checkpoint 11 


Use the model in Example 11 to estimate the year in which the expenses of hospitals 
reached about $435 billion. & 


SUMMARIZE (Section 4.5) 


4. State the One-to-One Properties and the Inverse Properties that can be used to 
solve simple exponential and logarithmic equations (page 377). For an example 
of solving simple exponential and logarithmic equations, see Example 1. 


2. Describe the strategies for solving exponential and logarithmic equations 
(page 377). For examples of solving exponential equations, see Examples 2, 
3, 4, and 5. 


3. Describe what it means to exponentiate each side of an equation (page 380). 
For examples of solving logarithmic equations, see Examples 6, 7, 8, and 9. 


4. Describe a real-life example of how an exponential equation can be used to 
find the balance in an investment account (page 382, Example | 0). 


David Gilder/Shutterstock.com 
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SKILLS WARM P45 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
" these skills In the exercise set for this section, For additional help, review Sections 1.4 and 4.3. 





In Exercises 1-6, solve for x, 
lL, xIn2 =1n3 eh Aes I) In4g =2 3, 2xe* = &° 


4. 4xe"' = 8 §, x* —-4x+5=0 6. 2x7 — 3x + 1=0 


In Exercises 7-10, simplify the expression. 
7, logy, 10" 8. log,, 10% 9, In ec 10. Ine~* 


See www,CalcChat.com for worked-out solutions to odd-numbered exercises. 














Solving Simple Equations In Exercises 1-10, solve 47, 6(2*7') -7=9 48. 8(49-2*) + 13 = ay 
or X, See Exampie 7 49, e*—8e'+12=0 50, e* — 5ex>+6=0 
l, St = 25 2, 2" = 04 51, e% — 3e79 - 4 =0 52, 2% — 9e* — 36 = 
\ | \ | 
d 7" = 46 4, 4% = 395 ee 54 100 ee 
§, 4¢~! = 64 6. 3°7! = 27 W100 = ee = [ob ett ae 
Ta LOB 2 5 8. logs, 4 2 3000 119 
| ai 55, — = 56 ee 
9, log, 5x = log, 2 10. In 2x = In6 2 e* eo — 14 
0.065 \ 30%" 0/073," 
Using Inverse Properties — In Exercises 11-22, apply the 57. { 365 ae 58. [1 P3 4 =e 
se P rl f } ) stl tions \ 12 
Inverse Property of logarithmic or exponential functions to ().10\ 1 ().0825\ 260 
simplify the expression, 59, | 14 2 60. | 1 + =9 
/ 12 26 
Il. Ine! 12. Ine"! 
13. logy, 10" + | 14, logig LO*” Solving Logarithmic Equations In Exercises 61-86, 
15. log. 5” = 7 16. logy 8° + I solve the logarithmic equation algebraically. Approximate 
17. 8 4 pln 18 eae. the result to three decimal places. See Examples 6, 7, 8, 
‘ and 9 
19. {lok If oo) 20. Olopo hy + 7) 
y = 9 oO ma 
21, doe 22, [(oBiwlr + 7 10) 61. logo. 4 62. logo. 5 
63. In 3 64. Inv = 6 
Solving Exponential Equations In Exercises 23-60, 65. In 2x = 2.4 66. Indx = | 
solve the exponential equation algebraically, Approximate 67. log, 2x = 7 68. log.) 3z = 2 
Se to three decimal places. See Exarnples 2, 3, 4, 69. 4log,(v + 1) |? 70. 5 log,.(x — 2) = 10 
(AE Sillvvesps LO 72, 2Inx =7 
23. 3e% = 9 24. 5e* = 20 — 
73. Inn/x tb 2 | 74, In./x — 8 =$ 
25. 2(3*) = 16 26. 3(4") = 8] : 
75. 7 + 3inx = 5 76. 2 — 6Inx = 10 
ais a 9 19 28. e + 4 ls 
77, Inx—In + 1)=2 78. Inx = In@ +92) Se8 
29, 32" = RO 30. 6 = 3000 f 
79, In(x + 5) In(x — 1) = In + 1) 
Sluis 0.20 32. 47%" = 0,15 
80. In(x + 1) — In(x — 2) = Inx 
33, 3*-! = 28 44, 2° >" = 3] 
81. log,(2x — 3) = log,(x + 4) 
3S. 2°>* = 565 36. 87*"* = 43] 82. | a )=] (3 ?) 
4 lOg,(x + 8) = log,(3x + 2 
37, 8110") = 12 38, 5(10*) = 7 ay 8s! ; 
39, 3(5" !) © 24 40. 8(3°°") = 40 Pit AOMigEDe t= tORid 7 SNOR nit aie 
‘f° elt op i ere 84, logio x + logig(v + 1) = logy (x + 3) 
aw. ¢ , a» ¢ 
85. log, x — log,(x — 1) = 4 
43, 500¢ °° = 300 44, 1000e° "" = 75 , 


86. log, x + log,(~ — 8) = 2 
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Rewriting Logarithmic Equations 
87-90, solve for y in terms of x. 


87. Iny = In(2x + 1) + Inl 

$8. In y = 21nx + In(x — 3) 

89. logo y = 2 log,o(x — 1) — log, (x + 2) 
90. log,o(y — 4) + logiox = 3 log.) x 


In “Exercises 


Solving Equations Using a Graphing Utility In 
Exercises 91-94, use a graphing utility to solve the 
equation. Approximate the result to three decimal 
places. Verify your result algebraically. 


91, 27—7=0 92. 500 — 1500e-7/2 = 0 
93. 3 —Inx = 0 
94, 10 — 41n(x — 2) = 0 


Doubling an Investment In Exercises 95 and 96, find 
the time required for a $1000 investment to double at 
interest rate r, compounded continuously. See Example 10. 


95. r = 0.0725 96. r = 0.065 


Tripling an Investment In Exercises 97 and 98, find the 
time required for a $1000 investment to triple at interest 
rate r, compounded continuously. See Example 70. 


97. r = 0.0825 98. r = 0.0775 


99. Suburban Wildlife The number V of varieties of 
suburban nondomesticated wildlife in a community is 
approximated by the model 


V=15- 10°92, O<x <= 36 


where x is the number of months since the development 
of the community was completed. Use this model 
to approximate the number of months since the 
development was completed when V = 60. 


100. Native Prairie Grasses The number A of varieties 
of native prairie grasses per acre within a farming 
region is approximated by the model 


Maemo 10°". Os x S 24 


where x is the number of months since the farming 
region was plowed. Use this model to approximate the 
number of months since the region was plowed using 
a test acre for which A = 80. 


101. Demand Function The demand function for a 
special limited edition coin set is given by 


=) 
5 + e70.001x |" 
(a) Find the demand x for a price of p = $139.50. 
(b) Find the demand x for a price of p = $99.99. 


(c) Use a graphing utility to confirm graphically the 
results found in parts (a) and (b). 


p= 1000 - 


102. 





104. 





106. 
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Demand Function The demand function for a hot 


tub spa is given by 


3 
p= 105,000 = oa). 


(a) Find the demand x for a price of p = $25,000. 

$21,000. 

(c) Use a graphing utility to confirm graphically the 
results found in parts (a) and (b). 


(b) Find the demand x for a price of p 


. Forest Yield The yield V (in millions of cubic feet 


per acre) for a forest at age f years is given by 


Vie 67eeeN'~ t->,0. 


(a) Use a graphing utility to find the time necessary to 
obtain a yield of 1.3 million cubic feet per acre. 
(b) Use the graphing utility to find the time necessary 
to obtain a yield of 2 million cubic feet per acre, 
Human Memory Model 
learning theory, a mathematical model for the percent 


In a group project on 


P (in decimal form) of correct responses after 7 trials 
was found to be 


0.98 


P a | ae e 0.3n? 


n = 0. 


(a) After how many trials will 80% of the responses be 
correct? (That is, for what value of n will P = 0.8?) 

(b) Use a graphing utility to graph the memory model 
and confirm the result found in part (a). 


(c) Write a paragraph describing the memory model. 


5. Drug Prescriptions The numbers y (in millions) of 


mail-order drug prescriptions in the United States 

from 2002 through 2009 can be approximated by the 

model y = 143.09 + 47.2 Int, for2 < t S$ 9, where t 

represents the year, with ¢ = 2 corresponding to 2002. 

(Source: National Association of Chain Drug Stores) 

(a) Use a graphing utility to graph the model. 

(b) Use the graphing utility to estimate the year when 
the number of mail-order drug prescriptions 
exceeded 200 million. 

(c) Verify your answer to part (b) algebraically. 

Air Transportation The numbers of employees y (in 

thousands) in air transportation in the United States from 

2001 through 2009 can be approximated by the model 

y = 608 — 64.2 Int, for 1 < t < 9, where f represents 

the year, with tf = | corresponding to 2001. (Source: 

U.S. Bureau of Labor Statistics) 

(a) Use a graphing utility to graph the model. 

(b) Use the graphing utility to estimate the year in 
which the number of air transportation employees 
fell below 500,000. 


(c) Verify your answer to part (b) algebraically. 
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Automobiles Automobiles are designed with 
crumple zones that help protect their occupants. The 
crumple zones allow the occupants to move short 
distances when the automobiles come to abrupt stops. 
The greater the distance moved, the fewer g’s the crash 
victims experience. (One g is equal to the acceleration 
due to gravity. For very short periods of time, humans 
have withstood as much as 40 g’s.) In crash tests 
with vehicles moving at 90 kilometers per hour, analysts 
measured the numbers of g’s experienced during 
deceleration by crash dummies that were permitted to 
move x meters during impact. The data are shown in 
the table. 

















A model for these data is given by 


36.94 
y = —3.00 + 11.88 Inx + at 
a 


where y is the number of g’s. 

(a) Use the model to expand the table by adding 
a row of y-values that correspond to the given 
x-values. 

(b 


— 


Use a graphing utility to graph the data points and 
the model in the same viewing window. How do 
they compare? 

Use the model to estimate the least distance traveled 
during impact for which the passenger does not 
experience more than 30 g’s. 


— 


(Cc 


(d) Do you think it is practical to lower the number of 
@’s experienced during impact to fewer than 23? 
Explain your reasoning. 


HOW DO YOU SEE IT? Solving 

log, x + log,(x — 8) = 2 algebraically, the 
solutions appear to be x = 9 and x = —1. Use 
the graph of y = log, x + log,(x — 8) — 2 to 
determine whether each value is an actual solution 
of the equation. Explain your reasoning. 


y 





oF 
(9, 0) 
+ + t med 
3 6 12, 15 
-3 








109. Think About It Is it possible for a logarithmic 
equation to have more than one extraneous solution? 
Explain. 


110. Average Heights The percent m of American 
males (between 20 and 29 years old) who are less 
than x inches tall is approximated by 


m = —0.018 + bed 6475 Sas 


Pee e 9:5325(«— 69.44)? 





and the percent f of American females (between 20 
and 29 years old) who are less than x inches tall is 
approximated by 


031 
f= =0.013 + re 59 <x < 73 


i ate e9:5604(x — 64.48)? 





where m and f are the percents (in decimal form) and x 
is the height (in inches) (see figure). (Source: U.S. 
National Center for Health Statistics) 


Percent 
(in decimal form) 








asl t t f t men 
SS GO| Gy) SR 


Height (in inches) 


(a) What is the median height for each sex between 20 
and 29 years old? (In other words, for what values of 
x are m and f equal to 0.5?) 


(b) Write a paragraph describing each height model. 


Writing Equations In Exercises 111-114, rewrite each 
verbal statement as an equation. Then decide whether 
the statement is true or false. Justify your answer. 


111. The logarithm of the product of two numbers is equal 
to the sum of the logarithms of the numbers. 

112. The logarithm of the sum of two numbers is equal to 
the product of the logarithms of the numbers. 

113. The logarithm of the difference of two numbers is equal 
to the difference of the logarithms of the numbers. 


114. The logarithm of the quotient of two numbers is equal 
to the difference of the logarithms of the numbers. 


115. Think About It Are the times required for the 
investments in Exercises 95 and 96 to quadruple twice 
as long as the times for them to double? Give a reason 
for your answer and verify your answer algebraically. 
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In Exercise 43 on page 397, you will 
use the graph of a Gaussian model to 
determine the average IQ score for the 

students at a college. 


Understand the shapes of the graphs of the most common types of mathematical 
models involving exponential and logarithmic functions. 


Construct and use a model for exponential growth or exponential decay. 
Use a Gaussian model to solve an application problem. 

Use a logistic growth model to solve an application problem. 

Use a logarithmic model to solve an application problem. 


Choose an appropriate model involving exponential or logarithmic functions 
for a real-life situation. 


Introduction 


The five most common types of mathematical models involving exponential functions 
and logarithmic functions are shown below. 


1. Exponential growth model: y = ae’, b > 0 


2. Exponential decay model: y = ae’, b> 0 


3. Gaussian model: yi oem 
4. Logistic growth model S 

‘ isti : Sa aes 

eS 2 orl en 

5. Logarithmic models: y=at+binx 


y=art blogiyx 


The basic shape of the graph of each of these models is shown in Figure 4.26. 


y 
‘ 


b=] 

















1+] y= 
ae, = log ,)* 


























FIGURE 4.26 


You can often gain quite a bit of insight into a situation modeled by an exponential 
or logarithmic function by identifying and interpreting the function’s asymptotes. Use 
the graphs in Figure 4.26 to identify the asymptote(s) of the graph of each function. 


Poznyakov/Shutterstock.com 
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FIGURE 4.27 


TECH TUTOR 





Some graphing 
utilities have an exponential 
regression feature that can be 
used to find an exponential 
model that represents data. If 
you have such a graphing 
utility, try using it to find a 
model for the data given in 
Example |. How does your 
model compare with the 
model given in Example |? 
For instructions on how to 
use the regression feature, 
see Appendix A. Consult 

the user’s guide for your 
graphing utility for more 
information. 





Exponential Growth and Decay 


fa 
« oe}e)(-Wa Rocky Mountain Spotted Fever 


The number of reported cases of Rocky Mountain spotted fever for each year from 1998 


through 2008 are shown in the table. 
Prevention) 











Year 1998 | 1999 a 2002 


Reported cases | 365 579 495 695 1104 
































Year | 2004 2005 | 2006 | 2007 | 200 
Reported cases | 1713" 1936 2288 | 2221 2563 








An exponential growth model that approximates these data 1s 


CHs138, 78ers 8 Ss tssels 


2003 
1091 


(Source: Centers for Disease Control and 


where C is the number of reported cases and f represents the year, with t= 8 
corresponding to 1998. Compare the estimates given by the model with the values given 
by the Centers for Disease Control and Prevention. Use the model to predict the year in 


which the number of reported cases will reach 5500. 


SOLUTION The following table compares the two sets of data. The graph of the model 


and the original data values are shown in Figure 4.27. 





Year 1998 


+ 





2000 | 2001 | 2002 





Reported cases | 365 








Model 








2004 | 2005 









Reported cases | 1713 | 1936 














Model 1438 | 1699 








To find the year in which the number of reported cases will reach 5500, let C = 5500 


in the model and solve for f. 
138.78e0187? = C 
138.78eo 87! = 5500 


Write original model. 
Substitute 5500 for C. 
gr Loti a 39.63) Divide each side by 138.78. 
In e9:167" = In 39.631 Take natural log of each side. 
0.167t ~ 3.680 


Inverse Property 


t = 22 Divide each side by 0.167. 


The solution is t ~ 22. Because t = 8 represents 1998, you can conclude that, according 


to the model, the number of reported cases will reach 5500 in 2012. 


<7 Ghabkooint 1 





Use the model in Example | to predict the year in which the number of reported cases 


will reach 7500. 
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The be poneutial model in Example | increases by the same percent each year. 
What is the annual percent increase for this exponential model? 

In Example 1, you are given the exponential growth model. How could you find 
such a model if you are given only a set of data? To find an exponential growth model 
that fits a set of data, choose any two of the points and substitute them in the general 
exponential growth model y = ae’. This technique is demonstrated in Example Ze 


eeteaeae Finding an Exponential Growth Model 


Find an exponential growth model whose graph passes through the points (0, 4453) and 
(7, 5024), as shown in Figure 4.28(a). 


SOLUTION The general form of the model is 


y = ae*. 


From the fact that the graph passes through the point (0, 4453), you know that y = 4453 
when x = 0. By substituting these values into the general model, you have 


4453 = aco EE a = 4453. 


In a similar way, from the fact that the graph passes through the point (7, 5024), you 
know that y = 5024 when x = 7. Substitute these values into the model y = ae?* and 
solve for b. 


5024 = 4453e” Substitute for y, a, and x. 
1.12823 = e7 Divide each side by 4453. 
In 1.12823 ~ Ine” Take natural log of each side. 
0.12065 ~ 7b Inverse Property 
0.01724 ~ b Divide each side by 7. 


So, the exponential growth model is 
y= 4453 e9-01724x 


The graph of the model is shown in Figure 4.28(b). 











y y 
h h 
6000 = 6000 +> 
} ii (7, 5024) 
5000 (7, 5024) e 5000 
e J 
0, 4453) 
4000 + 4000 + (0, 4453) 
3000 ~ 3000 - 
2000 2000 + 
1000 + 1000 + 
+—_+—_}—__+—_+_ +_ ++ - x ——_}—_ —_++—_ + ++ * 
ley 24 35 AnbeSiy Coates 1 22 39 £4 See O78 
(a) (b) 


vA Checkpoint 2 


Find an exponential growth model whose graph passes through the points (0, 3) 
and (5, 8). o 
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In living organic material, the ratio of the number of radioactive carbon isotopes 
io“? A 7 (carbon 14) to the number of nonradioactive carbon isotopes (carbon 12) is about | to 

\ nN 10!2. When organic material dies, its carbon 12 content remains fixed, whereas its 
radioactive carbon 14 begins to decay with a half-life of about 5700 years. To estimate 
the age of dead organic material, scientists use the following formula, which denotes 
the ratio R of carbon 14 to carbon 12 present at any time f (in years). 





Ratio 
ni- 
So 
‘ 


t= 19,000 
/ 





—j.—+—+—} > t 1 
5,000 15,000 e. o-1/8223 





Time Ga years) 102 Carbon dating model 


In Figure 4.29, note that R decreases as the time ¢ increases. Any material that is 
composed of carbon, such as wood, bone, hair, pottery, paper, and water, can be dated. 


: ia ® Example 3 | Carbon Dating 


The ratio of carbon 14 to carbon 12 in a newly discovered fossil is 


aa 
ioe 


FIGURE 4.29 





Estimate the age of the fossil. 


SOLUTION In the carbon dating model, substitute for R and solve for f. 





1 
102 CAE Sd Write original model. 
e 1/8223 1 | 
We = 103 Substitute ——; 103 for R. 
1 
(BES 10 Multiply each side by 10!?. 
1 
ines in 10 Take natural log of each side. 
Sa ee =), KONG) Inverse Property 
t ~ 18,934 Multiply each side by — 8223. 


So, you can estimate the age of the fossil to be about 19,000 years. 


WY Checkpoint 3 


The ratio of carbon 14 to carbon 12 in a newly discovered fossil is 








In 1960, Willard Libby of the University 


of Chicago won the Nobel Prize for ] 
Chemistry for the carbon 14 method, a Lo gis" 
valuable tool for estimating the ages of 
ancient materials. Estimate the age of the fossil. % 


An exponential model can be used to determine the decay of radioactive isotopes. For 
instance, to find how much of an initial 10 grams of radioactive radium (?7°Ra), with a 
half-life of 1599 years, is left after 500 years, use the exponential decay model, as shown. 

| 


y=ae > (10) = = 10¢—6(1599) [E> In = — 1599) E> - ae =b 








Using the value of b found above, a = 10, and t = 500, the amount left is 


y= 1Qe—[-1n1/2)/1599](500) = 805 grams. 


Kutlayev Dmitry/www.shutterstock.com 
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Gaussian Models 
As mentioned at the beginning of this section, Gaussian models are of the form 
y= ae~(x—b)/e, 


This type of model is commonly used in probability and statistics to represent populations 
that are normally distributed. For standard normal distributions, the model takes the form 





y= eW2'/2, 
27 
The graph of a Gaussian model is called a bell-shaped curve. Try to sketch the standard 
normal distribution curve with a graphing utility. Can you see why it is called a 
bell-shaped curve? 

The average value of a population can be found from the bell-shaped curve by 
observing where the maximum y-value of the function occurs. The x-value corresponding 
to the maximum y-value of the function represents the average value of the independent 
variable, x. 


€ ACT Scores 


In 2010, the ACT science scores for high school graduates in the United States roughly 
followed a normal distribution given by 


y= 0.0782e7 (t— 20.9)?/52.02 1 <x < 36 
where x is the ACT science score. Sketch the graph of the function. From the graph, 
estimate the average ACT science score. (Source: ACT, Inc.) 
SOLUTION The graph of the function is shown in Figure 4.30. On this bell-shaped 
curve, the x-value corresponding to the maximum value of the curve represents the 
average score. From the graph, you can estimate that the average ACT science score for 
high school graduates in 2010 was about 21. 
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o Checkpoint 4 


In 2010, the SAT critical reading scores for high school graduates in the United States 
roughly followed a normal distribution given by 


y = 0,0036e~ &—591)*/25,088 200 < x < 800 





where x is the SAT score for critical reading. Sketch the graph of the function. From 
the graph, estimate the average SAT critical reading score. (Source: The College 
Board) a 
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Logistic Growth Models 


Some populations initially have rapid growth, followed by a declining rate of growth, 
as shown by the graph in Figure 4.31. One model for describing this type of growth 
pattern is the logistic curve given by the function 


a 
Ss 
; [i Dem 
where y is the population size and x is the time. An example is a bacteria culture that is 


initially allowed to grow under ideal conditions, followed by less favorable conditions 
that inhibit growth. A logistic growth curve is also called a sigmoidal curve. 


= € > orte-eee Spread of a Virus 


On a college campus of 5000 students, one student returned from vacation with a 
contagious flu virus. The spread of the virus through the student population is given by 


= 5000 
1 + 4999e- 9:8” 





y 720 


where y is the total number of students infected after ¢ days. 
a. How many students are infected after 5 days? 


b. The college will cancel classes when 40% or more of the students become infected. 
After how many days will the college cancel classes? 


SOLUTION 
a. After 5 days, the number of students infected is 


‘ 5000 it 000 | 


7 ~ 15 4999e-086) © 1 427400024 ~ 





b. Classes are cancelled when the number infected is (0.40)(5000) = 2000. So, substitute 
2000 for y and solve for t as shown. 











5000 
9) = 
2000 "ce A900 e= 08 
2000(1 + 4999e-8") = 5000 
1 + 4999¢-08' = 2.5 
4999e-98 = 1.5 
is 
SANS a Se 
: 4999 
15 
O87 — 
ine ™ 4999 
1.5 
—(0.8f = In 7999 
t ~ 10.1 


So, after about 10 days, 40% of the students will become infected, and the college will 
cancel classes. The graph of the function is shown in Figure 4.32. 


WA Checkpoint 5 





In Example 5, how many days does it take for 25% of the students on campus to 
become infected? & 





The severity of the destruction caused 
by an earthquake depends on its 
magnitude and duration. Earthquakes 
can destroy buildings, and can cause 
landslides and tsunamis. 
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a> 


Logarithmic Models 


€ eeery(Mome Magnitudes of Earthquakes 


On the Richter scale, the magnitude R of an earthquake of intensity / per unit of area is 
given by R = log, (//Jp), where J, = 1 is the minimum intensity used for comparison. 
Find the intensity per unit of area for each earthquake. (Intensity is a measure of the wave 
energy of an earthquake.) 


a. Chile, in 1960; R = 9.5 b. Southern Sumatra, Indonesia, in 2007; R = 8.5 
SOLUTION 
a. Because J, = 1 and K = 9.5, b. For K = 8.5, 
9.5 = logigl 8.5 = logigl 
I = 10° = 3,162,277,660. I = 108° = 316,227,766. 


ll 


II 


Note that an increase of | unit on the Richter scale (from 8.5 to 9.5) represents an 
intensity change by a factor of 


3,162,277,660 _ 1, 
316,227,766 


In other words, the intensity of the earthquake in Chile in 1960 was 10 times greater 
than the intensity of the earthquake in Southern Sumatra, Indonesia in 2007. 


*/ Checkpoint 6 





In June 2010, an earthquake measuring 7.5 on the Richter scale occurred near the 
Nicobar Islands in the Indian Ocean. Find the intensity / per unit of area for this 
earthquake. (Let J, = 1.) How many times greater is the intensity of the 1960 

Chile earthquake? td 


€ eetye(wam pH Levels 


Acidity, or pH level, is a measure of the hydrogen ion concentration [H* | (measured in 
moles of hydrogen per liter) of a solution. Use the model given by 


pH = —log,.[H*] 


to determine the hydrogen ion concentration of milk of magnesia, which has a pH of 10.5. 


SOLUTION 
pH = loo; alte | Write original model. 
10.5 = —log,.[H™] Substitute 10.5 for pH. 
= {K(Os) = log, o[H*] Multiply each side by — 1. 
10-105 = 1Q!o8i0fH a Exponentiate each side (base 10). 
BiGal0n = (4) Simplify. 


So, the hydrogen ion concentration is 3.16 x 10~!! mole of hydrogen per liter. 


MAP CHRD EI EE ITED 


s/ Checkpoint 7 





Use the model in Example 7 to determine the hydrogen ion concentration of coffee, 
which has a pH of 5.0. “ 


Hou Yu/Color China Photo/AP Images 
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Comparing Models 


So far, you have been given the type of model to use for a data set. Now, you will use 
the general trends of the graphs of the five models presented in this section to choose 
appropriate models for real-life situations. 


€ eceteye(ceeme Choosing an Appropriate Model 


Decide whether to use an exponential growth model or a logistic growth model to 
represent each data set. 











a b. 
Bank Account Balance Deer Population 
Continuous Compounding on an Island 
A P 
A A 
4000 + 900 = 
B > e 800+ \ 
2 3500+ Sy ° \e 
= 3000+ fel rete ] 
= 2500 + f B O05 ° 
—— .o & 500+ °° 
= 2000 + o 2 vin ee 
3 1500 + ~oo & 300-4 °° 
= 1000 -9°° 200 + x 
oe 
* 500+ 100 + o° 
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—++++4++++44> t eS —++++4+44+4+1 
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Time (in years) Time (in years) 
. SOLUTION 
A A ; : 5 
3000 — a. As long as withdrawals and deposits are not made and the interest rate remains 
2000 A f=) 
1750 4 Sar hd constant, the bank account balance will grow exponentially. So, an exponential 
e . . 
ge 15005 growth model is an appropriate model. 
‘3 1250- 2 
Bs 1000 ~ fe b. The growth of the deer population will slow as the population approaches the carrying 
a 1307 e capacity of the island. So, a logistic growth model is an appropriate model. 
500 4 
i e 
250+ ¢ ° 
Cr Fae aah a as geal Lita ge 
2 4 6 8 101214161820 of Checkpoint 8 


Time (in years) 
Decide whether to use an exponential growth model or a logistic growth model to 
represent the data for the fish population of a lake, shown in the figure at the left. 










SUMMARIZE (Section 4.6) 


4. State the functions for an exponential growth model and an exponential 
decay model (page 387). For examples of finding and using exponential 
growth and decay models, see Examples 1, 2, and 3. 


2. State the function for a Gaussian model and describe its shape (page 391). 
For an example of using a Gaussian model, see Example 4. 


3. State the function for a logistic growth model (page 392). For an example of 
using a logistic growth model, see Example 5. 


4. State the functions for logarithmic models (page 387). For examples of 
using logarithmic models, see Examples 6 and 7. 


Mrs.Blondy/Shutterstock.com 
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SKILLS WARM UP 4.6 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
. these skills in the exercise set for this section. For additional help, review Sections 4.2, 4.3, and 4.5. 


In Exercises 1-6, sketch the graph of the equation. 


5. y = log), 2x 
6. y = In4x 


In Exercises 7 and 8, solve the equation algebraically. 
7. 3e% = 7 


In Exercises 9 and 10, solve the equation graphically. 
9. 2e-°* = 0.002 


Exercises 4.6 


8. 4 In 5x 


10. 6 In 2x 


II 


14 


12 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises, 





Matching In Exercises 1-6, match the function with its 
graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 



























Ay 4p pp tte x 
2 4 6 
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=2 -6 4+ Ss abu 
In y = 2e7"* 2. y = 6e>/4 
3. y = 6 + log,)(x + 2) 4. y = 3eT- 2/5 
4 
Seve In(x + 1) 69 = 


Classifying an Exponential Model In Exercises 7-10, 
classify the model as an exponential growth model or an 
exponential decay model. 
7. y = 3e°* &, ye de OF 
9 ye 20en > 10. y = 4e9°” 
11. Population The population P of a city is given by 
P = 120,000e°-! 
where f represents the year, with ¢ = 0 corresponding to 
2000. Sketch the graph of this equation. Use the model 
to predict the year in which the population of the city 
will reach 180,000. 
12. Population The population P of a city is given by 
P = 240,360e°°!# 
where f represents the year, with f = 0 corresponding to 
2000. Sketch the graph of this equation. Use the model 


to predict the year in which the population of the city 
will reach 300,000. 


Finding an Exponential Growth or Decay Model In 
Exercises 13-16, find the constants C and k such that 
the exponential function y = Cet passes through the 
points on the graph. See Example 2. 


1355"; 14. 


A 














Compound Interest 
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In Exercises 17-26, use the 


account balance formula A = Pe™ to complete the table 
for a savings account in which interest is compounded 
continuously. 


Initial Annual Time to Amount After 
Investment % Rate Double 10 Years 
17. $5000 % 
18. $1000 4% 
19. $500 10 yr 
20. $10,000 5 yr 
21. $1000 $2281.88 
22. $2000 $3000 
23. 11% $19,205 
24. 8% $20,000 
25. $5000 SLL 0 
26. $250 $600 


Radioactive Decay 


In Exercises 27-32, use the 


exponential decay model y = ae~*' to complete the table 


for the radioactive isotope. 
Half-Life Initial Amount After 
Isotope (Years) Quantity 1000 Years 
Die Ra 1599 4g 
28. *°Ra [502 Orlane 
29; MC S715 3.5 ¢ 
S0 naG SAS 8g 
8) ieee a 24,100 1.6 ¢ 
Boe a 24,100 0.38 g 
33. Population The population P of a city is given by 
P = 25,000e* 
where f represents the year, with t = 0 corresponding to 
2000. In 1980, the population was 15,000. Find the value 
of k and use this result to predict the population in 2015. 
34. Population The population P of a city is given by 


P = 52,500e" 


where f represents the year, with t = 0 corresponding to 
2000. In 2002, the population was 54,000. Find the value 
of k and use this result to predict the population in 2015. 


SR 


36. 


ST. 


38. 


Bo: 


40. 


41. 


42. 


Bacteria Growth The number AN of bacteria in a 
culture is given by the model N = 100e‘’, where ris the 
time (in hours), with tf = 0 corresponding to the time 
when N = 100. When ft = 6, there are 140 bacteria. 
How long does it take the bacteria population to double 
in size? To triple in size? 

Bacteria Growth The number JN of bacteria in a 
culture is given by the model N = 250e“’, where f is the 
time (in hours), with ¢ = 0 corresponding to the time 
when N = 250. When t = 10, there are 320 bacteria. 
How long does it take the bacteria population to double 
in size? To triple in size? 

Carbon Dating The ratio of carbon 14 to carbon 12 
in a piece of wood discovered in a cave is R = 1/8". 
Estimate the age of the piece of wood. 


Carbon Dating The ratio of carbon 14 to carbon 12 
in a piece of paper buried in a tomb is R = 1/13". 
Estimate the age of the piece of paper. 

Radioactive Decay What percent of a present 
amount of radioactive cesium ('*’Cs) will remain after 
100 years? Use the fact that radioactive cesium has a 
half-life of 30 years. 

Radioactive Decay Find the half-life of radioactive 
iodine ('3'1) if, after 20 days, 0.53 kilogram of an initial 
3 kilograms remains. 

Learning Curve The management at a factory has 
found that the maximum number of units a worker can 
produce in a day is 40. The learning curve for the number 
of units N produced per day after a new employee has 
worked ¢ days is given by 


N = 40(1 — e*). 


After 20 days on the job, a particular worker produced 

25 units in | day. 

(a) Find the learning curve for this worker (first find the 
value of k). 

(b) How many days should pass before this worker is 
producing 35 units per day? 

Learning Curve The management at a customer 

service center has found that the maximum number of 

customer calls an employee can process effectively in a 

day is 90. The learning curve for the number N of calls 

processed per day after a new employee has worked 

t days is given by 

N = 90(1 — e*). 

After 15 days on the job, a particular employee 

processed 60 calls in | day. 

(a) Find the learning curve for this worker (first find the 
value of k). 

(b) How many days should pass before this employee 
will process 80 calls per day? 
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On HOW DO YOU SEE IT? Match the 


*% 
43. |Q Scores The IQ scores for the students at a college 
roughly follow the normal distribution 


44. 


y = 0.0266e~~ 100)*/450 70 < x < 125 


where x is the IQ score (see figure). Use the graph to 
estimate the average IQ score for the students. 








description of each situation with its graph. 
Explain your reasoning. [The graphs are 
labeled (i), (ii), (ii), and (iv).] 


(i) 3 (i) 3 
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Education The amount of time (in hours per week) a 
student spends at a math-tutoring center roughly follows 
the normal distribution 


Pee 97de 940/05) 4a xs7 


where x is the number of hours. 

(a) Use a graphing utility to graph the function. 

(b) From the graph in part (a), estimate the average 
number of hours per week a student spends at the 
tutoring center. 








—}——++ 
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afin SEB) Ae WIE Beclomres, 
(a) The number of trout in a lake over time 

(b) The amount of a radioactive substance over time 
(c) The distribution of heights of men 


(d) The balance of an interest-bearing account over 
time 





























45. Stocking a Lake with Fish A lake is stocked with 49. Aged Population [¥.5, | Population, P | 
500 fish, and the fish population P increases according The table shows 
to the logistic curve the Bees U.S. 2020 6597 i 
populations P (in 
e 10,000 KG thousands) of eS f i298 
elo people who are 2030 8745 : 
; : 85 years old or 
where f is the Ee oo mS) fa one IIE 2035 | 11,450 
(a) Use a graphing utility to graph the logistic curve. years from 2020 3040 14.198 
(b) Find the fish population after 5 months. through 2050. Le 
(c) After how many months will the fish population (Source: U.S. Census ree Mees 
reach 2000? Bureau) 2050 19,041 


46. 


47 


Endangered Species A conservation organization 
releases 100 animals of an endangered species into a 
game preserve. The organization believes that the 
preserve has a carrying capacity of 1000 animals and 
that the growth of the herd will be modeled by the 
logistic curve 


1000 


ee FS 0 
PY 1+ 9e-# 


where p is the number of animals and f is the time 
(in years). The herd size is 134 after 2 years. Find k. 
Then find the population after 5 years. 
Think About It Does the graph of a logistic growth 
model have a relative maximum value? 














(a) Use a graphing utility to create a scatter plot of the data. 
Let f represent the year, with t = 20 corresponding 
to 2020. 

Use the regression feature of the graphing utility to 
find an exponential model for the data. Use the 
Inverse Property b = e!"? to rewrite the model as an 
exponential model in base e. 


(b 


— 


(c) Use the graphing utility to graph the exponential 
model in base e. 
(d 


— 


Use the exponential model in base e to estimate the 
populations of people who are 85 years old or older 
in 2022 and 2042. 


Pa 
G 50. Number of Stores The table shows the number 
Ty N of stores operated by Wal-Mart each year from 
2000 through 2009. (Source: Wal-Mart Stores, 









































Inc.) 

Year | Stores, N Year | Stores, N | 
2000 4189 4 2005 6141 
2001 4414 2006 6779 
A | 4688 | au 7262 
2003 4906 2008 7720 

ks 

| 2004 5289 2009 | 8416 | 





(a) Use a graphing utility to create a scatter plot of the 
data. Let t represent the year, with t = 0 corresponding 
to 2000. 


(b) Use the regression feature of the graphing utility to 
find an exponential model for the data. Use the 
Inverse Property b = e'"” to rewrite the model as an 
exponential model in base e. 


(c) Use the graphing utility to graph the exponential 
model in base e. 


(d) Use the exponential model in base e to predict the 
numbers of stores Wal-Mart will operate in 2010 
and 2012. 





51. Island Population The table shows the population P 
fs of an island town every five years for forty years. 


— 
Year | Population, P 


0 280 25 2340 
5 0m esORN emo 
Fe 650 | 35 3100 
15 1160 40 | 3240 
20 1730 








aes 
Year | Population, P 












































(a) Use a graphing utility to create a scatter plot of the 
data. Let t represent the year. 


(b) Based on the scatter plot, do you think the data can 
be better represented by an exponential growth 
model or a logistic growth model? Explain. 

(c) Use the regression feature of the graphing utility to 
find a model of the type you chose in part (b) for the 
data. 

(d) Use the graphing utility to graph the model with the 
scatter plot. Does the model fit the data well? 

(e) Use the model to predict the population of the 
island town in year 50. 





52. Population The populations P of Utah (in 
thousands) from 1997 through 2009 are shown in 
the table. (Source: U.S. Census Bureau) 





Population, P | 
2120 

2166 j 
2203 
2244 

























2291 





2334 

















(a) Use a graphing utility to create a scatter plot of the data. 
Let ¢ represent the year, with t = 7 corresponding 
OMS, 


(b) Use the regression feature of the graphing utility to 
find an exponential model for the data. Use the 
Inverse Property 


[yy = elnb 


to rewrite the model as an exponential model in base e. 


(c) Use the regression feature of the graphing utility to 
find a linear model and a quadratic model for the 
data. 

(d) Use the graphing utility to graph the exponential 
model in base e and the models in part (c) with the 
scatter plot. 


(e) Use each model to predict the populations in 2010, 
2012, and 2014. Do all of the models give reasonable 
predictions? Explain. 


Earthquake Magnitudes In Exercises 53 and 54, use 
the Richter scale for measuring the magnitudes of 
earthquakes. See Example 6. 


53. Find the magnitude R (on the Richter scale) of an 
earthquake of intensity 7. (Let J) = 1.) 


(a) J = 80,500,000 
(b) J = 48,275,000 
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54. Find the intensity / of an earthquake measuring R on the 
Richter scale. (Let J, = 1.) 


(a) In 2011, an earthquake in the Vanuatu Islands had a 
magnitude of R = 6.3. 


(b) In 2011, an earthquake near the coast of Japan had 
a magnitude of R = 9.0. 


Intensity of Sound In Exercises 55 and 56, find the level 
of sound using the following information for determining 
sound intensity. The level of sound L (in decibels) of a 
sound with an intensity of / is given by 


L= 10 l09;0 > 
6) 


where /, is an intensity of 10~'? watt per square meter, 
corresponding roughly to the faintest sound that can be 
heard by the human ear. 


55. (a) J = 10 !° watt per square meter (quiet room) 
(b) J = 10~> watt per square meter (busy street corner) 
56. (a) | = 10-3 watt per square meter (loud car horn) 


(b) J ~ 10° watt per square meter (threshold of pain) 


pH Levels In Exercises 57-60, use the model 
pH = —log,,[Ht]. See Example 7. 


57. Compute the hydrogen ion concentration [H*] of a 
solution for which pH = 5.8. 


58. Compute the hydrogen ion concentration [H*] of a 
solution for which pH = 7.3. 


59. A grape has a pH of 3.5, and baking soda has a pH of 
8.0. The hydrogen ion concentration of the grape is how 
many times that of the baking soda? 


60. The pH of a solution is decreased by one unit. The 
hydrogen ion concentration is increased by what factor? 


61. Estimating the Time of Death At 8:30 AM., a 
coroner was called to the home of a person who had died 
during the night. The coroner assumed that the person 
had a normal body temperature of 98.6°F at death, and 
that the room temperature was a constant 70°F. From 
these two temperatures, the coroner was able to determine 
that the time elapsed since death and the body temperature 
are related by the formula 


Tay 


eee) 096 — 70 


where ¢ is the time (in hours) elapsed since the person 
died, and T is the temperature (in degrees Fahrenheit) 
of the person’s body. In order to estimate the time of 
death, the coroner took the person’s temperature twice. 
At 9:00 A.M. the temperature was 85.7°F, and at 11:00 
A.M. the temperature was 82.8°F. Use this formula to 
estimate the time of death of the person. 





62. Thawing a Package of Steaks You take a 
three-pound package of steaks out of the freezer at 11 A.M. 
and place it in the refrigerator. Will the steaks be thawed 
in time to be grilled at 6 p.M.? Assume that the refrigerator 
temperature is 40°F and that the freezer temperature is 
O°F. Use the formula for Newton’s Law of Cooling 


Ie— 40 
0 — 40 





t= — 5.05 In 


where f is the time in hours (with t = 0 corresponding 
to 11 A.M.) and T is the temperature of the package of 
steaks (in degrees Fahrenheit). 


63. Worker’s Productivity The numbers n of units per 
day that a new worker can produce after ¢ days on the job 
are listed in the table. 














(a) Use a graphing utility to create a scatter plot of 
the data. Do the data fit an exponential model or a 
logarithmic model? 


(b) Use the regression feature of the graphing utility to 
find the model of the type you chose in part (a). 

(c) Use the graphing utility to graph the model with 
the data. Does the model fit the data well? Can 
you think of a better model to use for these data? 
Explain. 


64. Chemical Reaction The table shows the yield y (in 


» milligrams) of a chemical reaction after x minutes. 








Minutes, x | Yield, y 





























2 ; 
3 
4 

[ 3) ioe 8 
6 
7 : 
8 








L 


(a) Use a graphing utility to create a scatter plot of 
the data. Do the data fit an exponential model or a 
logarithmic model? 





(b) Use the regression feature of the graphing utility to 
find the model of the type you chose in part (a). 

(c) Use the graphing utility to graph the model with the 
data. Does the model fit the data well? 
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STUDY TIP 





' 
k 
Be sure to remember that 
these properties apply for all 
integers m and n, not just 


positive integers. J 


Using Properties of Exponents 


Much of the algebra in Chapter 4 involves evaluating expressions by using the properties 
of exponents. On this page, you can review some of these properties. 

Let a and b be real numbers, variables, or algebraic expressions, and let m and n be 
integers. (Assume all denominators and bases are nonzero.) 








m 
1 Ve SS aig 4 : "i ran 2 Gs — yn Tt vas : ; 
da a Product of Powers 5 as a Quotient of Powers 
a 
a m q'™ , ' 
Se (ae = Cae Power of a Product 4. 5 = pm Power of a Quotient 
1 Definition of 
5); (Hoe = qq” Power of a Power 6a"= a" negative exponent 
7, @=1, @e@ Definition of zero exponent 
a Sate b n 
8. (<) — (°) , a#0,b#0 9. |a?| = lal? = @ 
b a 
Je erre)(-Wam Using Properties of Exponents 
a. (27)? eas Power of a Power 
= Multiply exponents. 
= 4096 Simplify. 
1 Ke 
(Oe ee 
b. 10 1013 1013 Multiply. 
= 104-8 Quotient of Powers 
Ale) Subtract exponents. 
I ee ae 
a Definition of negative exponent 
10 
| 
fe sy = ANS g2 - 4° Definition of negative exponent 
I ” +e ~ 
= pe | Definition of zero exponent 
Simplif 
= — implify. 
64 ee 
p) 4(2) 2\8 
d. 3 = 3 Multiply exponents. 
28 
= 38 Power of a Quotient 
pls Simplif 
Se Simplify. 
6561 es 
(Oss =a ee roperty 8 
4 3 ne 
16 
= 7 Power of a Quotient 
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Factoring Trinomials 


To solve equations that are of quadratic type, you must be good at factoring trinomials. 
Some examples are presented on this page. Remember that to factor a trinomial of the 
form ax” + bx + c, use the following pattern. 


Factors of a 





ax? + bx +c = ( x+ )( x ) 


Factors of c 


The goal is to find a combination of factors of a and c such that the outer and inner 
products add up to the middle term bx. 


ees -Wam Factoring Trinomials 


Factor each trinomial. 
a. x2 + 7x + 12 b. x? — 6x + 5 c. x? — 14x + 45 d. 2x? + 1lx - 21 
SOLUTION 


a. For x2 + 7x + 12, youhave a = 1,b = 7,andc = 12. Because b and c are positive, 
both factors of 12 must be positive. That is, 12 = (1)(12), 12 = (2)(6), or 12 = (3)(4). 
So, the possible factorizations of x° + 7x + 12 are 


Corhi i) Comeau a2) (Cas 6) and Coet 3)es 4). 
Testing the middle term, you can find the correct factorization to be 
eo 12 (8) 4): 


b. For x2 — 6x + 5, you have a = 1, b = —6, and c = S. Because b is negative and c 
is positive, both factors of 5 must be negative. That is, 5 = (at) (Ga) aes O etic 
factorization is 

x — 6x +5 =6— D&— 4). 

c. For x2 — 14x + 45, you have a = 1, b = — 14, and c = 45. Because b is negative 
and c is positive, both factors of 45 must be negative. That is, 45 = (erik) (sah Si) 
45 = (—3)(—15), or 45 = (—5)(—9). So, the possible factorizations of 
x = 1Axia 45 are 


(c= 1)Ge —45),. c= 3) 15), and) (45) — 9). 
Testing the middle term, you can find the correct factorization to be 
x2 — 14x + 45 = & — 5)(x — 9). 


d. For 2x2 + 11x — 21, you have a = 2 andc = —21, which means that the factors of 
—21 must have unlike signs. The eight possible factorizations are shown below. 


(2x — 1)(x + 21) (2% 4° 1) (21) 
Qe 3) eer a) (QxAn3) ee] 
(2x — 7)(x + 3) (2x + 7)(%— 3) 
(2x — 21)(x + 1) (Qy- 21) — 1) 


Testing the middle term, you can find the correct factorization to be 


2x2 + ix — 21 = Qx— 3) 7). 


pee ELLE Te RN IT AEE TREE TT mY 
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SUMMARY AND STUDY STRATEGIES 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 404. 
Answers to odd-numbered Review Exercises are given in the back of the text.* 





Section 4.1 Review Exercises 
m@ Determine whether a function has an inverse function. 1-6 
m Find the inverse function of a function. 3-6 
m Graph a function and its inverse function. 3-6 
Section 4.2 
m Evaluate an exponential expression. 7-12 
w Sketch the graph of an exponential function. 13-24 

Graph of y= a*,a > 1 Graph of y=a™-*,a > 1 

* Domain: (—co, 00), Range: (0, 00) * Domain: (— 00, co), Range: (0, oo) 

* Intercept: (0, 1) * Intercept: (0, 1) 

¢ Increasing ¢ Decreasing 

* x-axis is a horizontal asymptote: * x-axis is a horizontal asymptote: 

(a* > 0 as x —00) (a*-=5.0.4s x 00) 
¢ Continuous ¢ Continuous 


* Reflection of graph of y = a* in y-axis 
mw Use the compound interest formulas. 25-29 
For n compoundings per year: A = P(1 + r/n)" 
For continuous compounding: A = Pe” 


m Use an exponential model to solve an application problem. 29, 30 


Section 4.3 
m Recognize and evaluate a logarithmic function. 31-44 
y = log, x if and only if x = a’ v= log x. Ing 
a Sketch the graph of a logarithmic function. 45—54 
Graph of y = log, x,a > 1 
¢ Domain: (0, co) ¢ One-to-one; therefore has an inverse function 
* Range: (— 00, 00) * y-axis is a vertical asymptote (log, x 4 — 00 as x > 0*) 
* Intercept: (1, 0) * Continuous 
¢ Increasing ¢ Reflection of graph of y = a* about the line y = x 


= Use a logarithmic model to solve an application problem. 55-58 





* A wide range of valuable study aids are available to help you master the material in this chapter. 
The Student Solutions Manual includes step-by-step solutions to all odd-numbered exercises to 
help you review and prepare. The student website at www.cengagebrain.com offers algebra help 
and a Graphing Technology Guide, which contains step-by-step commands and instructions for 
a wide variety of graphing calculators. 





Section 4.4 
a Evaluate a logarithm using the change-of-base formula. 
log, x logigx In x 
log, x = ; se dae | ape 
ba log, a - logy) a MEE See 


a Use properties of logarithms to evaluate or rewrite a logarithmic expression. 


log, (uv) = log, u + log, v In(uv) = Inu + Inv 


u 
log, | — log, 4 — log,v In~ = Inu ~ Inv 


log, u" = nlog,u Inu" =nIinu 
= Use properties of logarithms to expand or condense a logarithmic expression. 


a Use logarithmic functions to model and solve real-life applications. 





SRR ESA AEE IAD SERIE FIC MITER SO HE EIDE ROT WN ER PATTER WE 


Section 4.5 
w Solve an exponential equation. 
m Solve a logarithmic equation. 


= Use an exponential or a logarithmic model to solve an application problem. 





Section 4.6 

= Construct and use a model for exponential growth or exponential decay. 
eae”, -b > 0 Vee Acne De) 

= Use a Gaussian model to solve an application problem. 
ve ae~%-»)?/e 

= Use a logistic growth model to solve an application problem. 


y a 
1+ be-* 


= Use a logarithmic model to solve an application problem. 
vea+binx, y=a+t blogiox 


= Choose an appropriate model involving exponential or logarithmic 
functions for a real-life situation. 


POR ACSA META RTEN ORY SPLAT 


Study Strategies 





= Solve Problems Algebraically or Graphically When solving an exponential or logarithmic equation, you can 


aeRO. APR ESSER ES SSO TED NOI T NTRS TET SECT LETTE IE OLE I OLED LD LETS 


manne 


mw Summary and Study Strategies 


59-62 


63-70 


101-107 


108 


109 


TION TI 


LZ 
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use a variety of problem-solving strategies. For instance, you can solve the logarithmic equation In(x + 4) — Inx = 1 


algebraically or graphically. 


To solve the equation algebraically, you can use the properties of logarithms to rewrite the equation, exponentiate 
each side, use the Inverse Property, and solve the resulting equation to determine that x ~ 2.328. 


To solve the equation graphically, you can use a graphing utility to graph 
y, = In + 4) — Inxand y, = 1 in the same viewing window. Then use the 


intersect feature or the zoom and trace features to determine that the solution 
of the original equation is x ~ 2.328. (See figure.) 






Intersection 
H=e.se7906H Y=1 


—2 
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Review Exercises 
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Verifying Inverse Functions In Exercises 1 and 2, 
show that f and g are inverse functions of each other. 


Oto Ge de 2 





lI 
ot 
Oo 


Denke =e re (a) 


Finding Inverse Functions In Exercises 3 and 4, 
determine whether the function has an inverse function. 
If it does, find its inverse function and graph f and f~ in 
the same coordinate plane. 

l ae 


3. f(x) == 


x : x2 -9 





Finding and Sketching Inverse Functions In 
Exercises 5 and 6, (a) find f-', (b) sketch the graphs of f 
and f—' in the same coordinate plane, and (c) verify that 
fx) = x-andit falc 


5; f(z) =x, x 0 6..f (x) = 


Evaluating an Exponential Expression § In Exercises 
7-12, use a calculator to evaluate the expression. Round 
your result to three decimal places. 


7. 44 eh OR 

9, 2(100)-1/3 10. 7¥2 

11. e3/4 12ce'S 

Matching In Exercises 13-16, match the function with 


its graph. [The graphs are labeled (a), (b), (c), and (d).] 








13. f(x) = -3 
14. f(x) = 37 
15. f(x) = -3> 
16. f(x) = 2* +1 


Graphing Exponential Functions 
sketch the graph of the function. 


In Exercises 17-24, 


17. f) = 4" 

18. f(x) = 4*7! 
iO) Hien) S16) 

20. fa) = GY 
21. f(x) = 3e" = 
22. f(x) = 10e~9* 
Wee Gg) = 

24. f(x) = 2' = 


Compound Interest In Exercises 25 and 26, complete 
the table to find the balance A for P dollars invested at 
rate r for t years, compounded n times per year. 





Continuous 











25. P = $5000, r= 8.5%, t = 12 years 
26. P = $8000, r= 6.75%, t = 25 years 


Compound Interest In Exercises 27 and 28, complete 
the table to find the amount P that must be invested at 
rate r to obtain a balance of A = $200,000 in t years. 





30 | 40 | 50 








27. r = 7.75%, compounded continuously 


28. r = 9.25%, compounded quarterly 


29. Investment Plan You deposit $6000 in a fund that 
yields 5.75% interest, compounded continuously. How 
much money will be in the fund after 6 years? 


30. Population The population P of a town increases 
according to the model 
P(t) = 15,000e°9> 


where f is the time in years, with t = 8 corresponding to 
2008. Use the model to approximate the population in 
2009 and 2011. 


Writing Logarithmic Equations In Exercises 31-34, 
write the exponential equation in logarithmic form. 


31. 4° = 64 32; 225°) * =e 2S 
33.67 = 7.3890 7 4 
34. et = 


Writing Exponential Equations In Exercises 35-38, 
write the logarithmic equation in exponential form. 


35. log, 81 = 4 
Bomlog.0.2 = —1 
Sein = 0 

38. In4 = 1.3862... 


Evaluating Logarithmic Expressions In Exercises 
39-44, evaluate the expression without using a calculator. 


39. log, 32 
40. log, 3 
41. Ine’ 
A2mlost, 
43. Ine~!/? 
44, In1 


Matching In Exercises 45-48, match the function with 
its graph. [The graphs are labeled (a), (b), (c), and (d).] 
(b) ; 














FPN ww 
Ww 
| 








-i1-+ 


Eel 
mae 








45. f(x) = log, x 
47. f(x) = —log, x 


46. f(x) = log,(x — 1) 
AS 7) logs aL) 


Graphs of Exponential and Logarithmic Functions 
In Exercises 49 and 50, use the fact that f and g are 
inverse functions of each other to sketch their graphs in 
the same coordinate plane. 

49, f(x) = 10%, g(x) = logiyx 

50. fix) =e, g(x) = Inx 


Sketching the Graphs of Logarithmic Functions In 
Exercises 51-54, find the domain, vertical asymptote, 
and x-intercept of the logarithmic function. Then sketch 
its graph. 

Blof) = log,(x — 3) 
53. g(x) = 2Inx 
eae) — In(4 — x) 


52. f(x) =5 — 2 logiox 
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55. Human Memory Model Students in a sociology 
class were given an exam and then retested monthly for 
6 months with an equivalent exam. The average score 
for the class is given by the human memory model 


A eno eet O LOG (cl) One 766 
where ¢ is the time (in months). How did the average 
score change over the six-month period? 


56. Investment Time A principal P, invested at 5.85% 
interest compounded continuously, increases to an 
amount that is K times the principal after ¢ years, where 
tis given by 

pelo Kk 
’* 0.0585" 


Complete the table and describe the result. 


oe 
ee eal 


57. Antler Spread The antler spread a (in inches) and 
shoulder height h (in inches) of an adult American elk 
are related by the model 


h = 116 log, (a + 40) — 176. 











(a) Approximate the shoulder height of an elk with an 
antler spread of 55 inches. 


(b) Use a graphing utility to graph the model. 
58. Snow Removal The number of miles s of roads 
cleared of snow is approximated by the model 
13 In(h/12) 


= 5 
2 2 nie 


Dap Ss 5 


where h is the depth of the snow in inches. 
(a) Use the model to find s when h = 10 inches. 


(b) Use a graphing utility to graph the model. 


Changing Bases _ In Exercises 59-62, evaluate the 
logarithm using the change-of-base formula. Evaluate 
each problem twice, once with common logarithms and 
once with natural logarithms. (Round your answer to 
three decimal places.) 


59. log, 10 
61. log,, 200 
62. log, 0.28 


60. log, 47 


Using Properties of Logarithms In Exercises 63-66, 
approximate the logarithm using the properties of 
logarithms, given log, 2 ~ 0.3562, log, 3 ~ 0.5646, and 


log, 5 ~ 0.8271. 
63. log, 6 64. log, 3 
65. log, V3 66. log, 30 
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Using Inverse Properties 


In Exercises 67-70, find the 


exact value of the logarithm. 


67. 
69. 


Expanding Logarithmic Expressions 


log, 49 68. log. 6 
In e32 70. In 3/e3 


In Exercises 


71-76, use the properties of logarithms to expand the 
expression as a sum, difference, and/or multiple of 
logarithms. (Assume that all variables are positive.) 


Dike 


a3: 


DS. 


Condensing Logarithmic Expressions 


3 


2s Xy 
lo8i0y 72. 108 19 “> 
3 
In(x /x — 3) 74. In »/* 


loge (y= 3)" 76. log, 2xy? z 


In Exercises 


77-82, condense the expression to the logarithm of a 
single quantity. 


Whe 
78. 
TH 
80. 
81. 
82. 


83. 


84. 


log, 2 log, 3 

in yee 2 iniz 

+ In ue 

4 log, x + log, y — 2 log, z 

In x — In(x — 3) — Inf + 1) 

log,9(¢ = 2) +P 2 logge = 3 log 44) 

Finding a Mathematical Model Find a logarithmic 


equation that relates y and x (see figure). Explain the 
steps used to find the equation. 

















Human Memory Model Students in a learning theory 
study were given an exam and then retested monthly for 
6 months with an equivalent exam. The average scores for 
the class are shown in the table, with t = 1 representing 
1 month after the initial exam. Use the table to find a 
logarithmic equation that relates s and t¢. 





s a 4 











S79 79H) | 74.8.) Thi 
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Solving Exponential and Logarithmic Equations In 
Exercises 85-98, solve the equation. Approximate the 
result to three decimal places. 


85. 
86. 
87. 
88. 
89. 
90. 
91. 
92. 
93. 
94. 
OS: 
96. 
O7 
98. 


vl), 


100. 


Radioactive Decay 


a= 

De OR] 

ses ES ais | 
5133 
e* — 3e* —4 = 
e* = 8e* + 1) = 
In 3x = 8.2 

2 log, 4x = 15 

—2 + In5x =0 

In 4x? = 21 

Inx —In3 =2 
log, x — log, 4 =5 
log, ¥x +1=1 
In/x + 1=2 
Demand Function The demand x (in units) for a 


desk is given by 


5) 
p= 6000(1 ~ =P) 


where p represents the price (in dollars) of the desk. 
(a) Find the demand x for a price of p = $500. 

(b) Find the demand x for a price of p = $400. 
Demand Function The demand x (in units) for a 
bicycle is given by 


3 
p= 4000( = sto) 


where p represents the price (in dollars) of the bicycle. 
(a) Find the demand x for a price of p = $700. 
(b) Find the demand x for a price of p = $400. 


In Exercises 101 and 102, complete 


the table for the radioactive isotope. 


101. 
102. 


103. 


Half-Life Initial Amount After 
Isotope (Years) Quantity 1000 Years 
6! WA) l2¢ 
fo PU 24,100 38s 


Population The population P of a city is given by 
P = 185,000e°9!® 

where / represents the year, with f = 10 corresponding 
to 2010. 

(a) Use a graphing utility to graph this equation. 


(b) Use the model to predict the year in which the 
population of the city will reach 270,000. 


e 


104. Population The population P of a city is given by 


105. 


106. 


107. 


108. 


109. 


P = 50,000e* 


where f represents the year, with t = 0 corresponding 
to 2000. In 1990, the population was 34,500. 


(a) Find the value of k and use this result to predict the 
population in the year 2025. 

(b) Use a graphing utility to confirm the result of 
part (a). 

Bacteria Growth The number of bacteria N in a 

culture is given by the model N = 250e*", where f is 

the time (in hours), with ¢ = 0 corresponding to the time 

when N = 250. When tf = 6, there are 380 bacteria. 

How long does it take the bacteria population to double 

in size? To triple in size? 

Bacteria Growth The number of bacteria N in a 

culture is given by the model 


N = 200e" 


where f is the time (in hours), with tf = 0 corresponding 
to the time when N = 200. When ft = 5, there are 
325 bacteria. How long does it take for the bacteria 
population to double in size? To triple in size? 
Learning Curve The management at a factory has 
found that the maximum number of units a worker can 
produce in a day is 50. The learning curve for the 
number of units N produced per day after a new 
employee has worked ¢ days is given by 


Nes) — e™). 

After 20 days on the job, a particular worker produced 

31 units in | day. 

(a) Find the learning curve for this worker. 

(b) How many days should pass before this worker is 
producing 45 units per day? 

Test Scores The scores on a general aptitude test 

roughly follow a normal distribution given by 


y = 0.0040¢7L— 300)"1/20,000, 100 = x = 500. 


Sketch the graph of this function. Estimate the average 
score on this test. 

Wildlife Management A state parks and wildlife 
department releases 100 deer into a wilderness area. 
The department believes that the carrying capacity of 
the area is 400 deer and that the growth of the herd will 
be modeled by the logistic curve 


400 


i) 


P 


where P is the number of deer and fis the time (in years). 
(a) The herd size is 135 after 2 years. Find k. 


(b) Find the populations after 5 years, after 10 years, 
and after 20 years. 





111 


112. 
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. Perrigo Sales The annual sales S (in millions 
of dollars) for the Perrigo Company from 2004 
through 2010 are shown in the table. 
Perrigo Company) 


(Source: 


Sales, S 
2004 898.2 
| wees 


| 2005 |! 024. ua] 


2006 | 1366.8 


Year 


























=| 
2007 | 1447.4 
2008 | 1822.1 
2009 | 2006.9 
20103 | 42268.9 








(a) Use a graphing utility to create a scatter plot of 
the data. Let ¢ represent the year, with += 4 
corresponding to 2004. 


(b) Use the regression feature of the graphing utility to 
find an exponential model for the data. Use the 
Inverse Property b = e'? to rewrite the model as an 


exponential model in base e. 


wn 


(c) Use the regression feature of the graphing utility to 


find a logarithmic model for the data. 
(d) 


Use the exponential model in base e and the 
logarithmic model to predict sales in 2011. It is 
projected that sales in 2011 will be $2740 million. 
Do the predictions from the two models agree with 


this projection? Explain. 


. Thawing a Package of Steaks You take a 
package of steaks out of a freezer at 10 A.M. and place 
it in the refrigerator. Will the steaks be thawed in time 
to be grilled at 6 p.M.? Assume that the refrigerator 
temperature is 40°F and the freezer temperature is O°F. 
Use the formula 


(are 


io) 
t 95 In een 





where f is the time in hours (with ¢ = 0 corresponding 
to 10 A.M.) and T is the temperature of the package of 
steaks (in degrees Fahrenheit). 

Earthquake Magnitudes On the Richter scale, the 
magnitude R of an earthquake of intensity / is given by 


i 
R= lo8i0 7 
) 


where J, = 1 is the minimum intensity used for 
comparison. Find the intensity per unit of area for each 
value of R. 

(a) R= 84 


(by R= 6.85 (c) R=91 
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T i= Ss T YO U R Ss E L F See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, determine whether the function has an inverse function. If it 
does, find the inverse function and graph f and f-' in the same coordinate plane. 


1G iGo eh a a 2. fx) =e | 
In Exercises 3-6, sketch the graph of the function. 

3. = 2% 4.y=e~ 

5. y= Inx 6. y = log,(x — 1) 


In Exercises 7 and 8, students in a psychology class were given an exam and then 
retested monthly with an equivalent exam. The average score f(t) for the class is 
given by the human memory model 


where t is the time (in months). 
7. What was the average score on the original exam? After 2 months? After 4 months? 


8. Find the average scores after 6 months, 12 months, and 18 months. What might 
these scores indicate about human memory? 


In Exercises 9-12, expand the logarithmic expression. (Assume all variables are 


positive). 
ae) 
9. In—> 10. logy, 3xyz2 
11. log,(x 7x — 2) 12. logs S/x? + 1 
In Exercises 13 and 14, condense the logarithmic expression. 
13. 2Inx + 3Iny — Inz 14. 5(log,,x + log,o y) 
In Exercises 15-18, solve the equation. Approximate the result to three decimal 
places. 
150 21 16. e — 8e* + 12 = 0 
U7 10g5 (eel) aie 0 18. nvx+2=3 


19. You deposit $40,000 in a fund that pays 6.75% interest, compounded continuously. 
When will the balance be greater than $120,000? 


20. The population P of a city is given by 
P = 85,000e°-°>! 
where ¢ represents the year, with t = 8 corresponding to 2008. When will the city 
have a population of 125,000? Explain. 

21. The number of bacteria N in a culture is given by 
N = 100e* 
where f is the time (in hours), with t = 0 corresponding to the time when N = 100. 
When t = 8, N = 175. How long does it take the bacteria population to double? 


22. Carbon 14 has a half-life of 5715 years. You have an initial quantity of 10 grams. 
How many grams will remain after 10,000 years? After 20,000 years? 


23. Scientists release several bears on a small Alaskan island to start a bear population. Is 
the population likely to grow exponentially or logistically? Explain your reasoning. 


Kurhan/Shutterstock.com 
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Example 7 on page 416 shows how 
a system of linear equations can be used 
to estimate the year when the number 
of operating stores of one pharmacy chain 
exceeded the number of stores of 


another chain. 
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5.1 Solving Systems Using Substitution 


@ Solve a system of equations by the method of substitution. 





® Solve a system of equations graphically. 
@ Construct and use a system of equations to solve an application problem. 





atl, @ Yi The Method of Substitution 


a Break-even 
150,000 point 
120,000 + 


90,000 


So far, most problems in this text have involved either a function of one variable or a 
single equation in two variables. However, many problems in science, business, and 
engineering involve two or more equations in two or more variables. To solve such a 

ea ss problem, you need to find the solutions of a system of equations. Here is an example 
1000 2000 3000 of a system of two equations in x and y. 


Number of units 
le ci | eS) Equation | 


Bre a 2y = fl Equation 2 









60,000 — 


(in dollars) 


30,000 


Revenue or cost 





A solution of this system is an ordered pair that satisfies each equation in the system. 
The ordered pair (2, 1) is a solution of this system. To check this, you can substitute 2 
for x and 1 for y in each equation. 





20 ye" 5 Write Equation 1. 
22) eI Y 5 Substitute 2 for x and 1 for y. 
4\ se || z >) Multiply. 
5=5 Solution checks in Equation 1. J 


In Exercise 73 on page 419, 
you will use a system of equations to 


find the amount of sales a security She Ai =, Write Equation 2. 
software company needs to make in if 
real 32) 21) 4 Substitute 2 for x and 1 for y. 
order to break even. F 
6—2=4 Multiply. 
4=4 Solution checks in Equation 2. J 


Finding the set of all solutions is called solving the system of equations. There are 
several different ways to solve systems of equations. In this chapter, you will study four 
of the most common techniques: 


e method of substitution, 

¢ graphical approach, 

¢ method of elimination, and 
¢ Gaussian elimination. 


This section begins with the method of substitution. 


Method of Substitution 
1. Solve one of the equations for one variable in terms of the other. 


2. Substitute the expression found in Step | into the other equation to obtain an 
equation in one variable. 


3. Solve the equation obtained in Step 2. 


= 


Back-substitute the value found in Step 3 into the expression obtained in Step 1 
to find the value of the other variable. 


5. Check that the solution satisfies each of the original equations. 


Benjamin Thorn/Shutterstock.com 


TECH TUTOR 


SERRE 
To check the solution 
in Example | with your 
graphing utility, graph 
y, = —x + 4and 
y. = x — 2 in the same 
viewing window. Then use 
the trace feature to find the 
coordinates of the point of 
intersection. For instructions 
on how to use the trace 
feature, see Appendix A. 
Consult the user’s guide for 
your graphing utility for 
more information. 





STUDY TIP 


EERE 
Because many steps are 
required to solve a system of 
equations, it is easy to make 
errors in arithmetic. So, you 
should always check your 
solution by substituting it into 
each equation in the original 

system. 
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When using the method of substitution to solve a system of equations, it does not 
matter which variable you solve for first. You will obtain the same solution regardless. 
When making your choice, you should choose the variable that is easier to work with. 
For instance, solve for a variable that has a coefficient of | or — 1 to avoid working with 
fractions. 


SeutaCwee Solving a System of Two Equations by Substitution 


Solve the system of equations. 


x+y=4 Equation | 
Le Equation 2 


SOLUTION Begin by solving for y in Equation 1. 
y=4-x Revised Equation | 


Next, substitute the expression 4 — x for y into Equation 2 and solve the resulting 
single-variable equation for x. 


Xi yo Write Equation 2. 
1G, ae (4 —x)=2 Substitute 4 — x for y. 
KA 2 Distributive Property 
2x = 6 Combine like terms. 
x=3 Divide each side by 2. 


Finally, you can solve for y by back-substituting x = 3 into the equation y = 4 — x. 


y=4-x Write revised Equation |. 
Vien oa Substitute 3 for x. 
y=1 Solve for y. 


The solution is the ordered pair (3, 1). 
CHECK 


Substitute (3, 1) into Equation 1: 


x+y=4 Write Equation 1. 
9 
3+1=4 Substitute for x and y. 
4=4 Solution checks in Equation 1. J 


Substitute (3, 1) into Equation 2: 


Ley 2 Write Equation 2. 
i) 
3 = = 22 Substitute for x and y. 
2=2 Solution checks in Equation 2. J 





WA Checkpoint 1 





Solve the system of equations. 


x+y=6 
x-y=4 & 


The term back-substitution implies that you work backwards. First you solve for 
one of the variables, and then you substitute that value back into one of the equations 
in the system to find the value of the other variable. 


412 Chapter 5 m Systems of Equations and Inequalities 


€ Solving a System by Substitution 
Hs 


A total of $10,500 is invested in two funds paying 3% and 5% simple interest. (Recall 
that the formula for simple interest is / = Prt, where P is the principal, r is the annual 
interest rate, and f is the time.) The total annual interest is $465. How much is invested 
at each rate? 


SOLUTION 
Verbal Amount in Me Amountin —__ Total 
Model; 3% fund 5% fund —_ investment 
Interest for i Interest for Total 
3% fund 5% fund —_ interest 
Labels: Amount in 3% fund = x (dollars) 
Interest for 3% fund = 0.03x (dollars) 
Amount in 5% fund = y (dollars) 
Interest for 5% fund = 0.05y (dollars) 
Total investment = 10,500 (dollars) 
Total interest = 465 (dollars) 
System: Nats y = 10,500 Equation | 
0.03x + 0.05y = 465 Equation 2 


To begin, it is convenient to multiply each side of Equation 2 by 100. This eliminates 
the need to work with decimals. 


100(0.03x + 0.05y) = 100(465) Multiply each side by 100. 
3x + Sy = 46,500 Revised Equation 2 
To solve this system, you can begin by solving for x in Equation 1. 
x = 10,500 — y Revised Equation 1 


Then, substitute the expression 10,500 — y for x into revised Equation 2 and solve the 
resulting equation for y. 


3x + Sy = 46,500 Write revised Equation 2. 
3(10,500 — y) + 5y = 46,500 Substitute 10,500 — y for x, 
31,500 — 3y + 5y = 46,500 Distributive Property 
2y = 15,000 Combine like terms. 
y = 7500 Divide each side by 2. 


Next, back-substitute y = 7500 into the equation x = 10,500 — y to solve for x. 


x = 10,500 — y Write revised Equation 1. 
x = 10,500 — 7500 Substitute 7500 for y. 
x = 3000 Solve for x. 


The solution is (3000, 7500). So, $3000 is invested at 3% and $7500 is invested at 5%. 
Check this in the original system. 





vA Checkpoint 2 





In Example 2, a total of $15,000 is invested in the same two funds. The total annual 
interest is $670. How much is invested at each rate? 5 


The equations in Examples | and 2 are linear. The method of substitution can also 
be used to solve systems in which one or both of the equations are nonlinear. 


SS 





STUDY TIP 


Note that in Example 3, solving 
Equation 2 for y instead of x 
makes substitution into 
Equation | less tedious. 


a ee aaa 


._. 
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euseeem Substitution: Two-Solution Case 
Solve the system of equations. 
eye] 
el 
SOLUTION Begin by solving for y in Equation 2 to obtain y = x — I. Next, substitute 
the expression x — | for y into Equation | and solve for x. 


Equation | 


Equation 2 


y! y 
Me os VE | Write Equation | 


rw—x-(x-1)=1 


x?—-2x+1=1 


Substitute for y 
Simplity. 


General form 


(x ari 2) = Factor, 
= Set Ist factor equal to 0 
— — x=2 Set 2nd factor equal to 0 


— 


Back-substituting these values of x to solve for the corresponding values of y produces 
the two solutions (0, — 1) and (2, 1). Check these solutions in the original system. 


eee On a SR EE TE 


When using the method of substitution, you may encounter an equation that has no 
solution, as shown in Example 4. 


eid ee Me Substitution: No-Real-Solution Case 


Solve the system of equations. 
—x+ty=4 
xo oy 13 
SOLUTION Begin by solving for y in Equation | to obtain y = x + 4. Next, substitute 
the expression x + 4 for y into Equation 2 and solve for x. 


Equation | 


Equation 2 


ey aS 
+ (x+ 4) =3 


Write Equation 2. 


Substitute x + 4 for y 








ert+xt+1=0 Simplify. 
ale ies cu U1 Use the Quad I | 
opi se the adratic Fo é 
2(1) re Quadratt rmula 
_ -1+ J=3 
Xa 5) Simplify. 


Because the discriminant is negative, the equation x* + x + | = O has no (real) solution, 
So, this system has no (real) solution. 


Lace A 


v¥ Checkpoints 3 and 4 


[dae 


Solve each system of equations. 


a. is +4x-y= 7 


De Nese eel 


=9) B 


boy] 2rtee vee i 
soar = 
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FIGURE 5.2 


Graphical Approach to Finding Solutions 


From Examples 1, 3, and 4, you can see that a system of two equations in two unknowns 
can have exactly one solution, more than one solution, or no solution. In practice, you 
can gain insight about the location and number of solutions of a system of equations by 
graphing each of the equations in the same coordinate plane. The solution(s) of the 
system correspond to the point(s) of intersection of the graphs. For instance, the graph 
of the system in Example | is two lines with a single point of intersection, as shown in 
Figure 5.1(a). The graph of the system in Example 3 is a parabola and a line with two 
points of intersection, as shown in Figure 5.1(b). The graph of the system in Example 4 
is a line and a parabola that have no points of intersection, as shown in Figure 5.1(c). 
































One point of intersection Two points of intersection No points of intersection 
(a) One solution (b) Two solutions (c) No solution 
FIGURE 5.1 


> <ehe(-ee Solving a System of Equations Graphically 


Solve the system of equations graphically. 


y = Inx Equation 1 
x+y=1 Equation 2 


SOLUTION The graph of each equation is shown in Figure 5.2. From the graph, you 
can see that there is only one point of intersection. So, it appears that (1, 0) is the solution 
point. You can confirm this by substituting | for x and O for y in both equations. 


CHECK 
Equation 1: 0 = In | J 


Equation 2: | + 0 = | J ee 


n/Checkooln 5 





Solve the system of equations graphically. 


2x + 2y = 8 
vat ai a 
TECH TUTOR 





Your graphing utility may have an intersect feature that approximates 

the point(s) of intersection of two graphs. Use the intersect feature to verify 
the solution of Example 5. For instructions on how to use the intersect feature, 
see Appendix A. Consult the user’s guide for your graphing utility for more 
information. 
















In 2009, the average price for 
cross-training shoes in the 
United States was $50.23. 

(Source: National Sporting Goods 
Association) 


0,000 


} 





C= 10x + 30! | 
A 
600,000 =- 
500,000 ++ Profit 
400,000 —- 


Break-even 





Revenue or cost (in dollars) 


Loss point: 

200,000 +- \ 4615 units 
as, ae 
100,000 R= 75x | 


a ae ae 
2000 6000 10000 
Number of units 


FIGURE 5.3 
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Applications 


The total cost C of producing x units of a product typically has two components—the 
initial cost and the cost per unit. When enough units have been sold so that the total 
revenue R equals the total cost C, the sales are said to have reached the break-even 
point. You will find that the break-even point corresponds to the point of intersection 
of the cost and revenue graphs. 


fet sernycawe Break-Even Analysis 


A shoe company invests $300,000 in equipment to produce cross-training shoes. Each 
pair of shoes costs $10 to produce and is sold for $75. How many pairs of shoes must 
be sold before the company breaks even? 


SOLUTION The total cost of producing x units is 


Total _ Cost per — Number Initial 
cost unit of units cost 


C= 10x 300,000: 


The total revenue obtained by selling x units is 


Total _ Price per Number 
revenue unit of units 
R= 75x. 


Because the break-even point occurs when R = C, you have C = 75x, and the system 
of equations to solve is 


FE = 10x + 300,000 Equation 1 
Ca. 75% , Equation 2 
Now, you can solve by substitution. 
C= 10x, 300,000 Write Equation 1. 
75x = 10x + 300,000 Substitute 75x for C. 
65x = 300,000 Subtract 10x from each side. 
x= eUNLY Divide each side by 65. 
65 
x ~ 4615 Use a calculator. 


The company must sell about 4615 pairs of shoes to break even. Note in Figure 5.3 that 
sales less than the break-even point correspond to an overall loss, whereas sales greater 
than the break-even point correspond to a profit. ——— 


¥ Checkpoint 6 


In Example 6, each pair of shoes costs $12 to produce. How many pairs of shoes must 
be sold before the business breaks even? a 





Another way to view the solution in Example 6 is to consider the profit function 
P=K—C. Profit function 
The break-even point occurs when the profit is 0, which is the same as saying that 


—E€ Profit is 0. 


Rido/Shutterstock.com 
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FIGURE 5.4 


ey | Cake d 


(7.7, 6523) 





Walgreens 









> 


t 


Py 
re |e <etsyel(wam Operating Stores 
oe 


From 2000 through 2010, the number of Walgreens stores in operation increased more 
quickly than the number of CVS stores in operation. Models that represent the numbers 
of operating stores of the two pharmacy chains are given by 

S = 362.24t + 3728.0 CVS Caremark Corporation 

S = 467.94t + 2912.5 Walgreen Company 


where S is the number of operating stores and f represents the year, with t = 0 
corresponding to 2000. Use the models to estimate when the number of Walgreens 
stores in operation first exceeded the number of CVS stores in operation. (Source: 
CVS Caremark Corporation and Walgreen Company) 

SOLUTION Both equations have already been solved for S in terms of ¢. So, substitute 
the value of S from the first equation into the second equation and solve for f. 

S = 467.94t + 2912.5 Write second equation. 
362.24¢ + 3728.0 = 467.947 + 2912.5 Substitute 362.24 + 3728.0 for S. 


— OBR iin sie SI PASA0) — POIs) Subtract 467.947 from each side. 


=—l05;/F=—815)5 Subtract 3728.0 from each Balle 
= —eill5)5 ay ' a 
e057 Yivide each side by 05.7, 
LOS ivide each side by 


t= 7.7 Use a calculator. 


Because the equations are equal when ¢ ~ 7.7, you can conclude that the number of 
Walgreens stores first exceeded the number of CVS stores in 2007, as shown in Figure 5.4. 


4/ Cheekpoint 7 


A 
From 2002 through 2009, the number of Abercrombie & Fitch stores in operation 
increased more quickly than the number of American Eagle stores in operation. 
Models that represent the numbers of operating stores of the two clothing companies 
are given by 
S = 76.81t + 469.5 Abercrombie & Fitch Company 
S = 52.14t + 634.7 American Eagle Outfitters, Inc. 
where S is the number of operating stores and f represents the year, with 
t = 2 corresponding to 2002. Use the models to estimate when the number 
of Abercrombie & Fitch stores in operation first exceeded the number of 
American Eagle stores in operation. (Source: Abercrombie & Fitch Company 
and American Eagle Outfitters, Inc.) mM 


SUMMARIZE (Section 5.1) 


1. Describe how to solve a system of equations using the method of substitution 
(page 410). For examples of solving systems of equations using the method 
of substitution, see Examples 1, 2, 3, and 4. 

2. Describe how to solve a system of equations graphically (page 4/4). For an 
example of solving a system of equations graphically, see Example 5. 

3. State the definition of a break-even point (page 4/5). For an example of 
using a system of equations to find a break-even point, see Example 6. 


Iryna Rasko/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 9.1 these skills in the exercise set for this section. For additional help, review Sections 0.5, 1.1, 1.3, 


and 2.1. 


In Exercises 1-4, sketch the graph of the equation. 
1. y = —3x + 6 
3.47 +7 =4 


2. y = 2(x — 3) 


oh dee oir 


< 
i 


In Exercises 5-8, perform the indicated operations and simplify. 


Bese 2y) — 2(x + y) 
Fux (x — 3)? + 6x 


In Exercises 9 and 10, solve the equation. 
9.3x + (x —5)=15+4 


Exercises 5.1 


6. (—10u + 3v) + 5(2u — 8y) 
Sy (yer Le 2y 





Checking Solutions In Exercises 1-6, determine 
whether each ordered pair is a solution of the system of 
equations. 


it | x+4y=—-3 90, ie y= 
Si- y= 6 x+ 3y=8 
aan). 1) (a) (2, 1) 
ib) (G1) (b) (2, 2) 

3. es Sy = —5 4. ia Tata us 
a - y= 1 —x-y=11 
ft, 3) (a) (—2, —9) 
(Ox, —1) (b) (2, — 13) 

ae | y= —2e& 6. ak x an3 = y 
y= 2 L+y=2 
(a) (—2, 0) (ayo )3) 
(b) (1, 2) (b) (9, 2) 


Solving a System by Substitution In Exercises 7-18, 
solve the system by the method of substitution. See 





Example 1. 

Pale. — y= —3 gs. (xt+2%= 1 
(is =4y= —] Ls = 4y = 23 

ONiI2y—y+2=0 10. |}6x — 3y —4=0 
re sc ee 

Diaex  ) 7 (20 
fe + y=23 EB — y= 6 

13. f Br 04y—033=0 14 fe + 0. 8y=0.3 
O.1x + 0.2y — 0.21 =0 0.3x — 0.2y = 0.1 

15a ee + ty aS 16. a ar ay = 10 
— ax— y= 4 


ee ore 
th era 


ilk | 6x + Sy 


Ill 
fh sl 
I W 
i 
Ge 
(SS 
| 
| 
pe} 
_ 
in) 


Solving a System by Substitution In Exercises 
19-22, you are given the total annual interest earned 
from a total of $12,000 invested in two funds paying the 
given rates of simple interest. Write and solve a system 
of equations to find the amount invested at each rate. 
See Example 2. 


Annual Interest Rate | Rate 2 
19. $500 3% 5% 
20. $630 4% 6% 
21. $396 2.8% 3.8% 
22. $254 1.75% Pee 


Solving a System with a Nonlinear Equation In 
Exercises 23-32, solve the system by the method of 
substitution. See Examples 3 and 4. 





23. |y = 2x 24./x+y=4 
heey Fer 
25 S13 ya Oo =U 26. | x2 + y? = 25 

| xv —-y=4 {3 + y=10 
I. y= 28. |e+ty= 9 
a pe =} 
29. Ser 
. =i sek? 
30. Sea a I 
. = Sy BS 1 
Sil = 2S 32. |xy = 3 
ee Jx-1 | ye wx = 2 


418 
Solving a System by Substitution 


Then use the graph to confirm your solution. 


ea p= — 1 34..\% = SS) 
x+2y= 4 


33.f xty= 
=I + y= 











Solving a System of Equations Graphically In 
Exercises 39-50, solve the system graphically. See 
Example 5. 


BOF hea ‘ = 2 40.| x+ y= 0 
| She se = 15 be — 2y = 10 
41. a AZ| =e 2 
Ee 7 x = i 
43. x+y=4 
be + yo — Ay =) 
44. a 
eee =27 + y = 0 
45. fee i+3=0 46. |y?-— 4x+11=0 
= Ape =y aoe Sears 
47. |7x + 8y = 24 AS.) ee = 0 
Fe —8y= 8 ‘sae = 6 
49. }3x — 2y =0 50. 2x -y+3=0 
FE 2— ye =A Ee + y*— 4 = 0 


In Exercises 
33-38, solve the system by the method of substitution. 





Chapter 5 m Systems of Equations and Inequalities 


Finding the Number of Solutions In Exercises 
51-56, use a graphing utility to determine whether 
the system of equations has one solution, two 
solutions, or no solution. 





= —5x+] 52. [-yx ty = -1 
=x+3 ik + y =e 

= 42x = | 54, |x* + 3x + ) =e 
=x+5 | Bx + y= 5 
= ~4+3x+7 56. [—10x + y Sue 
= es {- 10x + y = =3 


Solving a System of Equations Graphically In 
Exercises 57-62, use a graphing utility to find the 
point(s) of intersection of the graphs. Then confirm 
your solution algebraically. 

Vee Acer oye 58. |) = — 25" 
a eae y= ~* ee 


= 0 60. |x -—y =3 
x | 


Ae) ey 
62. |x? + y? =8 
y=x?4+4 


Choosing a Solution Method In Exercises 63-66, 
solve the system graphically or algebraically. Explain 
your choice of method. 
x7 +y2=4 
64. | oy 


4x-y= 0 
63. BS 3 


| 
=< 
ae 
Ww 

| 


y= e* 





2 = a SS x+y=6 
3) a} 
Maes Vee y=VS/x- 7 
6555 cere 5 66. \ 
Se yaks y=x+1 


67. Think About It Create systems of two equations in two 
variables that have (a) one solution, (b) two solutions, and 
(c) no solution. (There are many correct answers.) 


Oy 


HOW DO YOU SEE IT? The cost C of 


producing x units and the revenue R obtained 
by selling x units are shown in the figure. 


A 
300,000 =} 


250,000 
200,000 ~ 
150,000 
100,000 
50,000 -}- 






Revenue or cost 
(in dollars) 





— 


{$x 
4000 


2000 
Number of units 


(a) Estimate the point of intersection. What does 
this point represent? 


(b) Identify the area in the figure that corresponds to 
an overall loss. Identify the area that corresponds 
to a profit. Explain your reasoning. 


Break-Even Analysis 


Section 5.1 


In Exercises 69-72, find the 


sales necessary to break even (R = C) for the cost C of 
producing x units and the revenue A obtained by selling 
x units. (Round your answer to the nearest whole unit.) 


See Example 6. 

69. C = 8650x + 250,000; R = 9950. 

70. C = 5.5./x + 10,000; R = 3.29 

71, C = 2.65x + 350,000; R = 4.15x 

72, C = 0.08% + 50,000;.R = 0,25x 

73. Break-Even Analysis A security software company 
invests $76,500 to produce software packages that will 
sell for $49.95 each, Each software package can be 
produced for $11.70, How many software packages 
must the company sell to break even? 

74. Break-Even Analysis You invest $3000 in a fishing 
lure business, A lure costs $1.06 to produce and will be sold 
for $5.86. How many lures must you sell to break even? 

75. Comparing Populations From 2000 through 2009, 


76. 


dhe 


the population of Alabama grew more slowly than that 
of Colorado. Models that represent the populations of 
the two states are given by 


P= 30.2t + 4420 
P = 73.6t + 4332 


Alabama 


Colorado 


where P is the population (in thousands) and ¢ 
represents the year, with / 
Use the models to estimate when the population of 
Colorado first exceeded the population of Alabama, 


0 corresponding to 2000, 


(Source: U.S. Census Bureau) 


Comparing Populations From 2000 through 2009, 
the population of Indiana grew more slowly than that of 
Arizona. Models that represent the populations of the 
two states are given by 


Indiana 


P = 37.6t + 6078 
P = 168.5t + 5132 


Arizona 


where P is the population (in thousands) and ¢ 
represents the year, with ¢ = 0 corresponding to 2000, 
Use the models to estimate when the population of 
Arizona first exceeded the population of Indiana, 


(Source: U.S. Census Bureau) 
Body Mass Index Body mass index (BMI) is a 
measure of body fat based on height and weight, 
Models that represent the 85th percentile BMI for males 


and females, ages 9 to 20, are given by 
le Males 


13.5 


B=0.77a + 
B= (.08a 4 


Females 


where B is the BMI (kg/m?) and a represents the age, 
with a = 9 corresponding to 9 years old, Use a 
graphing utility to determine whether the BMI for males 
exceeds the BMI for females. (Source: Centers for 
Disease Control and Prevention) 


78. 


79. 


80. 


Sl. 


. Consumer Spending 
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Sales Per Share From 2000 through 2009, the sales 
per share of Ross Stores, Inc, grew faster than those of 
TIX Companies, Inc. Models that represent the sales 
per share of the two companies are given by 


|S = 4.5760 4 
|S = 3.745¢ 4 


13.56 
lo.14 


Ross Stores, Ine 


WX Companies, tne 


where § is the sales per share (in dollars) and ¢ represents 
the year, with ¢ = 0 corresponding to 2000, Use a 
graphing utility to determine whether the sales per share 
of Ross Stores, Inc, will exceed the sales per share of 
TIX Companies, Ine, 
LIX Companies, Inc.) 


(Source: Ross Stores, Ine. and 


Job Choices You are offered two jobs, Company A 
offers an annual salary of $48,000 plus a year-end bonus of 
2.5% of your total sales, Company B offers a salary of 
$44,000 plus a year-end bonus of 6.59 of your total sales, 
What is the amount you must sell in one year to earn the 
same salary working for either company? 

Camping You are between 
outfitters, Outfitter A charges a reservation fee of $150 
plus a daily guide fee of $70, Outhitter B charges a 
reservation fee of $75 plus a daily guide fee of $90, 


choosing camping 


Hstimate when the cost of Outfitter A equals the cost of 
Outtitter B, 


Annual Sales 
stores and general merchandise stores in the United 


The annual sales of food and beverage 


States from 1992 through 2008 can be approximated by 


Pood & 
beverage 


0.3687 4 
1.1204 + 


Ss 0.0260! 
Ay 0.0247 + 


10.3f 4 348 
8.2¢ - 231 


General 

merchandise 
where § is the annual sales (in billions of dollars) and 7 
represents the year, with ¢ = 2 corresponding to 1992, 
Use a graphing utility to determine when the sales of 
general merchandise stores first exceeded. the sales 
of food and beverage stores, Do you think these models 
will continue to be accurate? Explain your reasoning, 


(Source: U.S, Census Bureau) 


The amount spent per person 
per year on video games and newspapers in the United 
States from 1996 through 2008 can be approximated by 
A = 0,077¢° 2,630 + 
A 0.100 4 


31.14 — 99 
2.0t + 44 


Video pames 


Newspapers 


where A is the amount spent (in dollars) and represents 
the year, with ¢ = 6 corresponding to 1996, Use a 
graphing utility to determine when the amount spent per 
person per year on video games first exceeded the 
amount spent per person per year on newspapers. Do 
you think these models will continue to be accurate? 
Veronis Suhler 


Explain your reasoning. (Source 


Srevenson) 
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5.2 Solving Systems Using Elimination 


B Solve a linear system by the method of elimination. 
® Interpret the solution of a linear system graphically. 
@ Construct and use a linear system to solve an application problem. 








The Method of Elimination 


In Section 5.1, you studied two methods for solving a system of equations: substitution 
and graphing. In this section, you will study a third method called the method of 


P 


“a 
Bee 


ar! 








2000 +- Point of equilibrium elimination. The key step in the method of elimination is to obtain, for one of the 
= 1500 Supply variables, coefficients that differ only in sign, so that adding the two equations 
E1000 eliminates this variable. Here is an example. 
e 5 Demand 
2 ae See) — ee Equation | 
= T > XxX 
500 1500 2500 Sao) heey ll Equation 2 
Number of TVs = - 
3y= 6 Add equations. 
Note that by adding the two equations, you eliminate the variable x and obtain a 
single equation in y. Solving this equation for y produces y = 2, which you can then 
back-substitute into one of the original equations to solve for x. 
J '<eseste)(-wi The Method of Elimination 
é \ Solve the system of linear equations. 
-4+9y = aff 
In Exercise 59 on page 430, es Pyle 4 SAE I 
you will use the method of elimination 3% y= 8 Equation 2 


to solve a system of linear equations to 
find the equilibrium point that satisfies 
supply and demand equations. 


SOLUTION Because the coefficients of the y-terms differ only in sign, you can eliminate 
the y-terms by adding the two equations. This leaves you with a single equation in x. 


3x + 2y= 4 Write Equation 1. 
Spe P= Write Equation 2. 
8x = 12 Add equations. 


. : Sug 
By back-substituting x = 5 into 


NW 


Solving the equation 8x = 12 produces x = 
Equation 1, you can solve for y. 





STUDY TIP a 
_ 3x + 2y = Write Equation 1. 

It is important that you 3(3) oe a Paice tN me 

understand both the method a : é 

; ea Or a Mee . 
of substitution and the eS ee Multiply. 
method of elimination. In Dee est Sh ition rain ae aa 
we Dae 2) ne ac 2 q Cac ce. 
some cases, it is more 
efficient to use one. method Vi AG Divide each side by 2. 


instead of the other. For 
instance, when two equations 
are written such that one 
variable is represented in V Checkpoint 1 
terms of the other variable, 
substitution is a more efficient 
solution method. Lh Sy 5 

5x + 3y = 9 ia 


The solution is (3, —i). Check this in the original system. 





Solve the system of linear equations. 


Blaj Gabriel/www.shutterstock.com 
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To obtain coefficients (for one of the variables) that differ only in sign, you may 
need to multiply one or both of the equations by a suitable constant or constants, as 
demonstrated in Example 2. 


$ehe}e)(-Wam The Method of Elimination 


Solve the system of linear equations. 


2x — 3y = =] Equation | 
36 y= =e) Equation 2 


SOLUTION For this system, you can obtain coefficients that differ only in sign 
by multiplying Equation 2 by 3. Then, by adding the two equations, you can 
eliminate the y-terms. This leaves you with a single equation in x. 








2he—a3 yy SS Th | ; > 2a — a] Write Equation I. 
a5 p= the [ ie > Oyo ye — 15 Multiply Equation 2 by 3. 
Il Ie = —22 Add equations. 
Solving the equation 11x = —22 produces x = —2. By back-substituting x = — 2 into 
Equation 1, you can solve for y. 
PR iad Ni tat Write Equation |. 
2(—2) Sah Substitute —2 for x. 
4 sy = 1) Multiply. 
Vi aS Add 4 to each side. 
VS l Divide each side by —3. 
The solution is (—2, 1). 
CHECK 
ed) Se a( aoe = 5 
a eo Bie | =6 1 ==) 


vA Checkpoint 2 





Solve the system of linear equations. 


Sy oy = 
x= 2y = — | Fd 
In Example 2, the two systems of linear equations 
DBO Nast oa 28 Se a al, 
and ; 
Sha ee Ox. 3y. = als 


are called equivalent systems because they have precisely the same solution set. The 
operations that can be performed on a system of linear equations to produce an equivalent 
system are: 


(1) interchanging any two equations, 
(2) multiplying an equation by a nonzero constant, and 


(3) adding a multiple of one equation to any other equation in the system. 
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rey SS kT i ARR PRES HR NO OS OA RAT EAS NER PLL NS BEE AERA 


The Method of Elimination 


To use the method of elimination to solve a system of two linear equations in 
x and y, use the following steps. 


1. Examine the system to determine which variable is easiest to eliminate. 


2. Obtain coefficients of x (or y) that differ only in sign by multiplying all terms 
of one or both equations by suitably chosen constants. 


3. Add the equations to eliminate one variable and solve the resulting equation. 


4. Back-substitute the value obtained in Step 3 into either of the original equations 
and solve for the other variable. 


5. Check your solution in both of the original equations. 


cesses The Method of Elimination 


Solve the system of linear equations. 


Sat ae Shy 
2x — 4y 


9 Equation | 


II 


14 Equation 2 


SOLUTION You can obtain coefficients of y that differ only in sign by multiplying 
Equation | by 4 and multiplying Equation 2 by 3. 


5Sx+3y= 9 E> 20x + 12y = 36 Multiply Equation | by 4. 


2x — 4y = 14 E> 6x — 12y = 42 Multiply Equation 2 by 3. 








26x = 78 Add equations. 


Solving the equation 26x = 78 produces x = 3. By back-substituting x = 3 into 
Equation 2, you can solve for y. 


2x — 4y = 14 Write Equation 2. 
2(3) = 4y = {4 Substitute 3 for x. 
y=-2 Solve for y. 


The solution is (3, —2). 
CHECK 

9 

5(3) + 3(=2) = 


IIS I 
\O 
ie) 
® 

| 

bm 

we) 

~ |i 
ix 


15 + (—6) 


s/-Chackpolt 3 





Solve the system of linear equations. 


Syn) S15 
3x-—S5y= 6 fa 





eee ee | Remember that you can check the solution of a system of equations graphically. For 
. instance, to check the solution found in Example 3, graph both equations in the same 
FIGURE 5.5 viewing window, as shown in Figure 5.5. Notice that the two lines intersect at (3, —2). 
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Example 4 illustrates a strategy for solving a system of linear equations that has 


decimal coefficients. 


ere ae A Linear System Having Decimal Coefficients 


Solve the system of linear equations, 
{0.02% — 0.05y 0.38 Equation | 
10.03 ie SI 0.04) 1.04 Equation 2 


SOLUTION Because the coefficients in this system have two decimal places, you 
can begin by multiplying each equation by LOO, This produces a system in which the 


coefficients are all integers. 


| 
| 


Now, to obtain coefficients of x that differ only in sign, multiply revised Equation | by 


2X Sy 38 Revised Equation | 


erst 4y 104 Revised Equation 2 


we) 


3 and revised Equation 2 by —2. 
AX Oy 33 lL Ox Sy L 14 Multiply by 3 
3x + 4y 104 | | OX Sy 208 Multiply by 
23y 322 Add equations 
Solving the equation — 23y 322 produces y = 14, Now, back-substitute y = 14 


into any of the original or revised equations of the system that contain the variable y, 
By back-substituting y = 14 into revised Equation 2, you can solve for, 


3x + 4y = 104 Write revised Equation 2 
3x + 4(14) 104 Substitute 14 for y 
3x = 48 Subtract 56 from each side 
ay 16 Divide each side by 3 


The solution is (16, 14). Check this in the original system, 


of Checkpoint 4 





Solve the system of linear equations. 


[ 0.03x + 0.04y = —0.13 


| -0.04x + 0.05y = —0.24 “ 


TECH TUTOR 


POR FIT I 








The general solution of the linear system 


ax + by=c 
dx +eyv=f 


x = (ce — bf)/(ae — bd) and y = (af — cd)/(ae — bd), 


If ae — bd = 0, then the system does not have a unique solution, Several 
graphing utilities have programs for solving such a system, ‘Try using one of 
these programs to check the solution of the system in Example 4, 


— a aamaiihmaneimeaimneeiiaainna nema eae 


Edyta Pawlowska/Shutterstock.com 
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Graphical Interpretation of Solutions 
It is possible for a general system of equations to have 
* exactly one solution, 
* two or more solutions, or 
* no solution. 
If a system of linear equations has two different solutions, then it must have an infinite 
number of solutions. To see why this is true, consider the following graphical interpreta- 
tions of systems of two linear equations in two variables. (Remember that the graph of a 
linear equation in two variables is a line.) 
y y 
A A 
Graph 
m= X > X 
Graphical ; The two lines coincide | The two lines are 
; ; The two lines intersect. : 
interpretation (are identical). parallel. 
: Single point of Infinitely many points No point of 
Intersection ee a eteas oe 
intersection of intersection intersection 
Slopes of : | P 
ace Slopes are not equal. Slopes are equal. Slopes are equal. 
Number of ; Infinitely man ; 
; Exactly one solution ney y No solution 
solutions solutions 
Type of Independent Dependent a 
a P ne Inconsistent system 
system (consistent) system (consistent) system 
A system of linear equations is consistent if it has at least one solution. A consistent 
STUDY TIP system with exactly one solution is independent, whereas a consistent system with 





Keep in mind that the 
terminology and methods 
discussed in this section and 
the following section apply 
only to systems of linear 





equations. 


————————— 


infinitely many solutions 1s dependent. A system is inconsistent if it has no solution, 

From the graphs above, you can see that a comparison of the slopes and y-intercepts 
of two lines is helpful in determining the number of solutions of the corresponding 
system of equations. For instance: 


¢ Independent (consistent) systems have lines with slopes that are not equal. 
¢ Dependent (consistent) systems have lines with equal slopes and the same 
y-intercept. 
* Inconsistent systems have lines with equal slopes, but different y-intercepts. 
So, when solving a system of linear equations graphically, it is helpful to know the 
slope of each line. Writing each linear equation in the slope-intercept form 


y=mx+b Slope-intercept form 


enables you to identify the slopes quickly. 
In Examples 5 and 6, note how you can use the method of elimination to determine 
when a linear system has no solution or infinitely many solutions. 








No Solution 
FIGURE 5.6 





Infinitely Many Solutions 
FIGURE 5.7 
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ese) The Method of Elimination: No-Solution Case 


Solve the system of linear equations. 





5G) Equation | 
fs Ayal Equation 2 
SOLUTION Obtain coefficients that differ only in sign. 
X22 = 13 yee 2x — 4y = 6 Multiply Equation 1 by 2. 
—2x + 4y = 1 remy > =—2x + 4y= 1 Write Equation 2. 
0=7 False statement 


Because there are no values of x and y for which 0 = 7, you can conclude that the 
system is inconsistent and has no solution. The graphs of the equations are shown in 
Figure 5.6. Note that the two lines have equal slopes, but different y-intercepts. So, the 
lines are parallel and have no point of intersection. ee 


+f Gheacknoint 5 


Solve the system of linear equations. 


= 3x 47 OY = 
x-—2y=2 


In Example 5, note that the occurrence of a false statement, such as 0 = 7, 
indicates that the system has no solution. In the next example, note that the occurrence 


of a statement that is true for all values of the variables, such as 0 = 0, indicates that 
the system has infinitely many solutions. 


secrets The Method of Elimination: Many-Solutions Case 


Solve the system of linear equations. 


2h. Wil Equation | 
Ee a) Vint, Equation 2 
SOLUTION Obtain coefficients that differ only in sign. 
Le Vy 1 ae F any = | Write Equation 1. 
4x —-2y=2 ene Je — Wee SM Multiply Equation 2 by — :. 
0O= O True statement 


Because the two equations are equivalent (have the same solution set), you can 
conclude that the system is consistent and has infinitely many solutions. The solution 
set consists of all points (x, y) lying on the line 


2x-y=1 


as shown in Figure 5.7. To represent the solution set as an ordered pair, let x = a, where 
a is any real number. Then y = 2a — 1, and the solution set can be written as 


(a, 2a — 1). 


SS OL TE 


«/ Checkpoint 6 





Solve the system of linear equations. 


ye” 3) 5 
4x + 4y = —20 i) 
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Original Hight 


Return tight 


FIGURE 5.8 


ALGEBRA TUTOR 


For help with the algebra y 


used to simplify the system of 





equations in Example 7, see 
the Chapter 7 Algebra Tutor 
on page 464, 





Applications 


At this point, you may be asking the question, “How can I tell which application 
problems can be solved using a system of linear equations?” The answer comes from 
the following considerations. 


1. Does the problem involve more than one unknown quantity? 
2. Are there two (or more) equations or conditions to be satisfied? 


If the answer to one or both of these questions is “yes,” then the appropriate model for 
the problem may be a system of linear equations. Example 7 shows how to construct 
such a model. 


€ Serele)cwam An Application of a Linear System 


An airplane flying into a headwind travels the 2000-mile flying distance between 
Wilmington, Delaware and Tucson, Arizona in 4 hours and 24 minutes. On the return 
flight, the same distance is traveled in 4 hours. Find the airspeed of the plane and the 
speed of the wind, assuming that both remain constant. 


SOLUTION The two unknown quantities are the speeds of the wind and the plane. If 
r, is the airspeed of the plane and r, is the speed of the wind, then 


r, — ry = speed of the plane against the wind 

r, + r, = speed of the plane with the wind 
as shown in Figure 5.8. Using the formula distance = (rate)(time) for these two speeds, 
you obtain the following equations. 


24 
2000 = (7, - ri(4 = 2) 

5 
2000 = (r, + r,)(4) 


These two equations simplify as shown, 


Fe = lir, — 11r, Equation 1 
00 => ArH Equation 2 
To solve this system by elimination, multiply Equation 2 by 11. 
5000 = 117, - llr, Ei 5000 = 11r, — llr, Write Equation 1. 
S00 ry hr a : {5300 =i ry Palla Multiply Equation 2 by 11. 
10,500 = 22r, Add equations. 


Solving the equation 10,500 = 227, produces 


10,500 _ 5250 


22 1] 





= 477.27. 


7’, = 


By back-substituting r, = 477.27 into original Equation 2, you can solve for r. 
500 = 477.27 + ry Substitute 477.27 for r,. 
22.73 = ry Subtract 477.27 from each side. 


So, the airspeed of the plane is about 477.27 miles per hour and the speed of the wind is 
about 22.73 miles per hour. Check this solution in the original statement of the problem. 


oW/ cheokpolnt 7 





In Example 7, the return flight takes 4 hours and 6 minutes. Find the airspeed of the 
plane and the speed of the wind, assuming that both remain constant. a 
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In a free market, the demands for many products are related to the prives of the 


products. As the prices decrease, the demands by consumers inerease and the amounts 


that producers are able or willing to supply decrease 


~ 
K ery Ceme Finding the Point of Equilibrium 


Che demand and supply equations for a video game console are given by 


P 350 0.00003. Demand equation 
Pp 200 + 0.00003. Supply equation 
Bi —— Where p is the price (in dollars) and w is the number of video game consoles, Pot 


A} p = 350 —0,00003. 
} 


ial how many units will the quantity demanded equal the quantity supplied? What price 
400 -+- ‘ q 


/ corresponds to this value? 
2 Demand 






SOLUTION To obtain coefficients of p that differ only th sign, multiply the demmimnd 
equation by — |, 


Price per console (in dollars) 





200 Supply | 
\\, 2,500,000, 275) p 350 0.00003. t p 50 + 0.00003, Multiply demvwana 
1007p = 200 + 0.000031 equation by | 
ae p = 200 + 0,00003x — | Dp 200 + 0.00003. Write supply equation 
See | { Xx y 
0 3,000,0 
£000,000" 3,000,000 0) 150 + 0.00006. Add wonton 
Number of consoles 
By solving the equation 0 IS0 + 0.000061, you pet A SOO,000, So, the 
FIGURE 5.9 quantity demanded equals the quantity supplied for 2,500,000 units (see Figure 9,9) 


The price that corresponds to this xevalue is obtained by back substituting 
y = 2,500,000 into either of the original equations, Por instance, back substituting ito 


the demand equation produces 


P 350. — 0,000034 Demand equation 
350 — 0,00003(2,500,000) Substitute 2,500,000 fora 
= $275, Simplity 
Back-substitute x = 2,500,000 into the supply equation to see that you obtain the same 


price. The solution (2,500,000, 275) ts called the point of equilibrium, The point of 
equilibrium is the price p and the number of units v that satisty both the demand and 


supply equations, ——E—EE 


YW Cheokpoint 8 


In Example 8, find the point of equilibrium when the supply equation ts 
p = 230 + 0,00003x. 7 


SUMMARIZE | (Section 5.2) 


1. Describe how to solve a system of linear equations using the method of 
elimination (pages 420-422), For examples of solving systems of linens 
equations using the method of elimination, see Examples 1, 2, 4, and 4 


2. Explain what it means for a system of linear equations to be an independent 
system, a dependent system, or an inconsistent system (page 424), Por examples 
of solving these types of linear systems using the method of elimination, see 
Examples 5 and 6, 


3. State the definition of the point of equilibrium (page 427), Por an example ol 
solving a system of supply and demand equations to find the point of equilibrium, 





see Example 8, 


Kurhen/ hutterstact 
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: The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 9.2 these skills in the exercise set for this section. For additional help, review Section 2.2. 
In Exercises 1 and 2, sketch the graph of the equation. 


1 2x+y=4 2. 5x — 2y = 3 


in Exercises 3 and 4, find an equation of the line passing through the two points. 
3. (—1, 3), (4, 8) 4. @; 6), (5; 1) 


In Exercises 5 and 6, determine the slope of the line. 
5. 3x + 6y = 4 6. 7x — 4y = 10 


In Exercises 7-10, determine whether the lines represented by the pair of equations 
are parallel, perpendicular, or neither. 


Toot = 3y == 10 8. 4x-—12y=5 OSG as eye 10. Pe 3S 
Bg selyeee | ld =2x+ .6y =33 3x + 2y = 1 6x + 2y = 4 





Exercises 5.2 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Solving a System by Elimination In Exercises 1-8, 5. x- y=1 6. |3x + 2y= 2 
solve the system by the method of elimination. Then use —2x + 2y =5 6x + 4y = 14 


the graph to confirm your solution. Copy the graph and 

label each line with the appropriate equation. See 

Examples 1, 2, 3, 5, and 6. 

1. 3x =" 2y =2 2. |—x + 3y = 
x+2y=6 


y ) 


y y 


| 
oS) 


x-4y=- 
































Solving a System by Elimination In Exercises 9-24, 
solve the system by the method of elimination. Then 

. state whether the system is consistent or inconsistent. 
See Examples 7, 2, 3, 5, and 6. 





9. i + 2y =3 10. { 2x-3y=4 
Kia ye —2x- y=4 
11. 4x — 3y'= 11 12. |3x —Syieaee 
== te Sarid fe + 5y = 13 


136) Se a Le 14.) x+7y=122 
; = 3x — Sy =40 
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15. ie + 2y = 10 16. [ 8r + 16s = 20 
2x + Sy = bee 50s = 55 
iby i + y= 120 18. (5u + 6v = 24 
Wer 2v = 120 i Viale 
19. (age, 3m = 3 20. (3b + 3m = 
Sher lim = 13 Boerne 
| s} 
21. 22. |=x —=y= 3 
Sa ee 
fers! js - y= 15 
wero. — 1 age pe Rea es 
23 | ep) 4 | 
y= 3 x — 2y=5 


Writing and Solving a System In Exercises 25-28, 
use the given statements to write a system of equations. 
Solve the system by the method of elimination. 


25. The sum of a number x and a number y is 13. The 
difference of x and y is 3 

26. The sum of a number a and a number bP is 43. The 
difference of a and b is —27. 

27. The sum of twice a number r and a number s is 8. The 
difference of r and s is 7. 


28. The difference of a number m and twice a number n is 
1. The sum of two times m and n is 22. 


Solving a System Having Decimal Coefficients In 

Exercises 29-34, solve the system by the method of 

elimination. Then state whether the system is consistent 

or inconsistent. See Examples 4, 5, and 6. 

29. Crees) 3 S30. | ls Ove 
oan s= 0.5 Ox + 6y = 

31. aes — 3y=15 32. ve 4, Qy = 3,75 


4 


L0x = I2y = 6 Tx + 1L0y 918.75 


33. |0.05x — 0.03y = 0.21 34. |0.02x — 0.05y = —0.19 
0.07x + 0.02y = 0.16 0.03x + 0.04y = 0.52 


Choosing a Solution Method In Exercises 35-42, use 
any method to solve the system. Explain your choice of 
method. 


Sol ort l2y= 8 36.5] ey ie ae 
16x + 30y = 22 5x + 9y = —35 
87, (—-3x+10y=—84 38. [gx-Gy=-3 
y=x- 4 4x + WS 29 
39 y=e AON | ey Sr 
Eee oy + 3 = 0 8x — 6y = 50 
41. |4x + 3y = 140 42. yy ea ox 
3x + 4y = 140 Ox ay 7 


43. Think About It Find a system of linear equations that 
has the given solution. (There are many correct answers.) 


((6,0)  (b) (-3,4) ©) (-3,-7) 


On HOW DO YOU SEE IT? Use the graphs of 


the two equations shown below. 








Nasatigoea tains 
2 4 6 8 1012 





(a) Describe the graphs of the two equations. 


(b) Can you conclude that the system of equations 
shown in the graph is inconsistent? Explain. 


Recognizing a System of Equations In Exercises 45 
and 46, the two lines appear to be parallel. Are they? 
Justify your answer by using the method of elimination to 
solve the system. 


45. }200y -x= 200 46. |25x -—24y= 0 
199y —x = —198 13x — 12y = 120 


y 


bo 


| 200) — x = 200 | 











13x 





[2p 20 





199y —x =-198 | 


47. Airplane Speed An airplane flying into a 
headwind travels the 1800-mile flying distance between 
Los Angeles, California and South Bend, Indiana in 
3 hours and 36 minutes. On the return flight, the. distance 
is traveled in 3 hours. Find the airspeed of the plane and the 
speed of the wind, assuming that both remain constant. 


48. Airplane Speed Two planes start from the same 
airport and fly in opposite directions. The second 
plane starts , hour after the first plane, but its speed 1s 
50 miles per hour faster. Find the airspeed of each plane 

2 hours after the first plane departs, the planes are 
2000 miles apart. 

49. Acid Mixture Ten gallons of a 30% acid solution is 
obtained by mixing a 20% solution with a 50% solution. 
How much of each solution is required to obtain the 
specified concentration of the final mixture? 

50. Fuel Mixture Five hundred gallons of 89-octane 
gasoline is obtained by mixing 87-octane gasoline with 
92-octane gasoline. How much of each type of gasoline 
is required to obtain the specified mixture? (Octans 
ratings can be interpreted as percents.) 
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51. Investment Portfolio A total of $25,000 is invested 
in two corporate bonds that pay 4.75% and 5.5% simple 
interest. The total annual interest is $1315. How much 
is invested in each bond? 


74) 
hr 


. Shoe Sales You are the manager of a shoe store. 
On Sunday morning, you are going over the receipts 
for the previous week’s sales. A total of 320 pairs of 
cross-training shoes were sold. One style sold for 
$56.95 and the other sold for $72.95. The total receipts 
were $21,024. The cash register that was supposed to 
keep track of the number of each type of shoe sold 
malfunctioned. Can you recover the information? If so, 
how many of each type were sold? 


Finding the Point of Equilibrium In Exercises 53-56, 
find the point of equilibrium for the demand and supply 
equations. See Example 8. 
Demand Supply 

53. p = 56 — 0.0001x p = 22 + 0.00001x 

54. p = 60 — 0.00001x p = 15 + 0.00004x 

55. p = 140 — 0.00002x p = 80 + 0.00001x 

56. p = 400 — 0.0002x p = 225 + 0.0005x 


57. Restaurants The sales y (in billions of dollars) 
of fast-food and full-service restaurants for the 
years 2002 through 2009 are shown in the table. 


(Source: National Restaurant Association) 





Year | Fast-food | Full-service 





2002 ASSL 141.9 
[2003 | 120.5 148.3 | 
2004 | 1295 156.9 | 


2005 136.9 165.2 
2006 142.9 172.8 «| 


2007 | 150.8 179.1 
at 


























2008 le [Sie 189.4 


| 2009 160.0 | 182.0 ey 


(a) Use a spreadsheet software program to create a 
scatter plot of the data for fast-food sales and use the 
regression feature to find a linear model. Let x 
represent the year, with x = 2 corresponding to 2002. 
Repeat the procedure for the data for full-service sales. 














(b) Assuming that the amounts for the given 8 years are 
representative of future years, will fast-food sales ever 
equal full-service sales? Discuss the appropriateness 
of using these models to determine whether fast-food 
sales will ever equal full-service sales. 








58. 
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Do 


60. 


Prescriptions The numbers of prescriptions y (in 
thousands) filled at two pharmacies in the years 2007 
through 2012 are shown in the table. 





ve || Pharmacy A | Pharmacy B 


sonal 18.6 19.9 





























| 
kee = (Pe = 
2009 19: 20. 
2010 i- 20.0 r— Phe || 
20M 20.4 21.4 
Ex 213 =| 22.0 





(a) Use a spreadsheet software program to create a 
scatter plot of the data for pharmacy A and use the 
regression feature to find a linear model. Let x 
represent the year, with x = 7 corresponding to 2007. 
Repeat the procedure for the data for pharmacy B. 


(b 


SS 


Assuming that the amounts for the given 6 years are 
representative of future years, will the number of 
prescriptions filled at pharmacy A ever exceed the 
number of prescriptions filled at pharmacy B? 


Supply and Demand The supply and demand 
equations for a small LCD television are given by 


Pali OD3% 
ps0.37% 


1542 Demand 
300 Supply 


where p is the price (in dollars) and x represents the 
number of televisions. For how many units will the 
quantity demanded equal the quantity supplied? What 
price corresponds to this value? 


Supply and Demand The supply and demand 
equations for a microscope are given by 


p + 0.85x = 650 Demand 
— 04x = 75 Supply 


where p is the price (in dollars) and x represents the 
number of microscopes. For how many units will the 
quantity demanded equal the quantity supplied? What 
price corresponds to this value? 


Fitting a Line to Data To find the least squares 
regression line y = ax + b for a set of points (X4,.¥4); 
(Xo, Yo), + + +» (Xqs Yn), yOu can solve the following system 
for a and b. (If you are unfamiliar with summation notation, 
then look at the discussion in Section 7.1.) 


nb + ( 


Ms 
x 
Ee 
i 
M 
< 


ll 
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In Exercises 61-64, the sums have been evaluated. 

Solve the given system of linear equations for a and b to 

find the least squares regression line for the points. Use 

a graphing utility to confirm the result. 

61. | 5b+10a=20.2 62. { 5b+ 10a 
10b + 30a = 50.1 10b + 30a = 25.6 


; 


3+ (1 


(3525) 
ai) | 4.28) 
[ 





















15b + 55a = 48.8 


y 


63. | Ib+2la= 35.1 64. | 6b + 15a = 23.6 


A 














tz 65. Atmosphere The concentration y (in parts per 
: million) of carbon dioxide in the atmosphere is 
measured at the Mauna Loa Observatory in Hawaii. 
The greatest monthly carbon dioxide concentrations 
for the years 2006 through 2010 are shown in the table. 
(Source: Scripps CO2 Program) 





























(a) Solve the following system for a and b to find the least 
squares regression line y = at + b for the data. Let t 
represent the year, with t = 0 corresponding to 2006. 


5b + 10a = 1943.26 
10b + 30a = 3906.83 


(b) Use a graphing utility to graph the regression line 
and predict the greatest monthly carbon dioxide 
concentration in 2016. 

(c) Use the regression feature of the graphing utility to 
find a linear model for the data. Compare this model 
with the one you found in part (a). 





© C. Devan/Corbis 





E* 66. Stores in Operation The numbers of stores y 
operated by BJ’s Wholesale Club, Inc. for the 
years 2005 through 2009 are shown in the table. 
(Source: BJ’s Wholesale Club, Inc.) 




















(a) Solve the following system for a and b to find the least 
squares regression line y = at + b for the data. Let r 
represent the year, with tf = 0 corresponding to 2005. 


5b + 10a= 881 
10b + 30a = 1814 


(b) Use a graphing utility to graph the regression line and 
predict the number of stores in operation in 2011. 

(c) Use the regression feature of the graphing utility to 
find a linear model for the data. Compare this model 
with the one you found in part (a). 


Business Capsule 


AS is a leader in business software and 

services. Using SAS forecasting technologies, 
customers can accurately analyze and forecast 
processes that take place over time. SAS/ETS 
software contains popular forecasting methods 
such as regression analysis and trend extrapolation. 


67. Research Project Use your campus library, 
the Internet, or some other reference source to 
find information about a company or small 
business that generates software which uses 
regression analysis to predict trends. Write a 
brief paper about the company or small business. 
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5.3 Linear Systems in Three or More Variables 





Solve a linear system in row-echelon form using back-substitution. 
Use Gaussian elimination to solve a linear system. 
Solve a nonsquare linear system. 


Construct and use a linear system in three or more variables to solve an 
application problem. 


B® Find the equation of a parabola using a linear system in three or more variables. 


Row-Echelon Form and Back-Substitution 


The method of elimination can be applied to a system of linear equations in more than 
two variables. In fact, this method easily adapts to computer use for solving linear 
systems with dozens of variables. 

When elimination is used to solve a system of linear equations, the goal is to 
rewrite the system in a form to which back-substitution can be applied. To see how this 





2 (70, 452), works, consider the following two systems of linear equations. 
= 400 
. a (60, 315), x- 2y + 3z7= 9 
z at) (50, 203), =e SF 3y — —4 System of Three Linear Equations in Three Variables 
Ey) (40-1165 ‘sy Ge ease Bye i= AV) 
S (30, 54)q 

; aie: 38 = Dare aye = 

20 40 60 80 ¥ 

Speed, x (in miles per hour) War oe =) Equivalent System in Row-Echelon Form 
gN ay 
The second system is said to be in row-echelon form, which means that it has a 


“stair-step” pattern with leading coefficients of 1. After comparing the two systems, it 


In Exercise 69 on page 443, ae : 
should be clear that it is easier to solve the second system. 


you will find the least squares 
regression parabola that models the 


soe i nlslevel sve rie i Chalelell secret) -Wam Using Back-Substitution 


based on its speed. 


Solve the system of linear equations. 


Nae ey 3z = 9 Equation | 
y+3z=5 Equation 2 
z=2 Equation 3 


“A 


SOLUTION From Equation 3, you know the value of z. To solve for y, substitute z = 2 
into Equation 2 to obtain 


y + 3(2) =5 > y=-1. 
Then substitute y = —1 and z = 2 into Equation | to obtain 
x-2(-)+32)-9 >> x=1. 
The solution is x = 1, y = —1, and z = 2, which can be written as the ordered triple 


(1, —1, 2). Check this in the original system of equations. 


afoheekpeint 1 





Solve the system of linear equations. 


= Sy 57-1 
eae 


| 
ReWV 


“ 


Karlova Irina/www.shutterstock.com 
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Gaussian Elimination 


Two systems of equations are equivalent when they have the same solution set. To solve 
a system that is not in row-echelon form, first convert it to an equivalent system that is 
in row-echelon form by using one or more of the elementary row operations shown 
below. This process is called Gaussian elimination, after the German mathematician 
Carl Friedrich Gauss (1777-1855). 


1. Interchange two equations. 
2. Multiply one of the equations by a nonzero constant. 


3. Add a multiple of one equation to another equation. 


1% <eses}e)(-Wam Using Elimination to Solve a System 


Solve the system of linear equations. 


x dy o7 = 99 Equation | 
= #8 ap Shy =-4 Equation 2 
2a ya oz li Equation 3 
SOLUTION Because the leading coefficient of Equation | is 1, you can begin by keeping 
STUDY TIP _ the x in the upper left position and eliminating the other x-terms from the first column. 
Elementary row operations i ie a oes ___ Adding the first equation to 
elves ict of arithmetic y+ 3z = "5 ____ the second equation produces 
<5 ey oS anew second equation. 
So that you can go back and 20 ay 1 Ie 1] io eee naetne eee 
r { tei te oe, se ars isa os 
check your work, you should | x-2y+3z= 9 (eddie 2 times the first 


note the elementary row y+3z= 5 _ equation to the third equation 
operations performed in each ~~ produces a new third equation. 
step next to the row you are > ae 
changing. 


Now that all but the first x have been eliminated from the first column, work on the 


_4 second column. (You need to eliminate y from the third equation.) 
* a ReRppseaveneetre rege ee ERIE oe 


A ee ya ae | Adding the second equation 
y + .3z2= 5 | to the third equation produces 
Drinker _*~ anew third equation. | 


Finally, you need a coefficient of | for z in the third equation. 


j 





ae eos eluate | Multiplying the third equation 
vee — 5 | by } produces a new third 
be =) “—~ equation. 


This is the same system that was solved in Example 1, and, as in that example, you 
can conclude that the solution is x = 1, y = —1, and z = 2. Check this in the original 
system of equations. + 


of Checkpoint 2 





Solve the system of linear equations. 
xa y+ z7 = 6 
PD see Wd i 
aye —z7=—0 8 
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(b) Solution: one line 


(c) Solution: one plane 


(d) Solution: aone 





(e) Solution: none 
FIGURE 5.10 


The next example involves an inconsistent system—one that has no solution. The 
key to recognizing an inconsistent system is that at some stage in the elimination 
process, you obtain a false statement such as 


——z False statement 


An Inconsistent System 


Solve the system of linear equations. 





Diets | ta eee a | Equation 1 
2x— y-—2z= 2 Equation 2 
xi2y —3z=-1 Equation 3 
SOLUTION 
x-—3y7?+ z= 1 
Sy —4c= 0 
Ka 2y —3z — —1 
LS eS ae 
Sy—-4z= 0 
Sy — 4z=-2 
x—3yt z= 1 
Sy-4z= 0 
0 =-2 
Because 0 = —2 is a false statement, you can conclude that this system is inconsistent. 


So. it has no solution. Moreover, because this system is equivalent to the original system, 
you can conclude that the original system also has no solution. 








vA Checkpoint 3 
Solve the system of linear equations. 
2x+ y- z= 7 
x—2y + 2z=—9 
3x a y =F —— 5 rl 


As with a system of linear equations in two variables, the solution(s) of a system of 
linear equations in more than two variables must fall into one of three categories. 
Because an equation in three variables represents a plane in space, the possible solutions 
can be shown graphically. See Figure 5.10. 


ee eee ee 
a sc atk 


= 





Recall from Section 5.2 that a system of linear equations is consistent if it has at least 
one solution. A consistent system with exactly one solution is independent, whereas a 
consistent system with infinitely many solutions is dependent. A system is inconsistent if 





it has no solution. 


| 


Ps 


. STUDY TIP 










Ce ees 


There are an infinite number 
of solutions to Example 4, but 
they are all of a specific form. 
By selecting, for instance, 
a-values of 0, 1, and 3, you 
can verify that (— 1, 0, 0), 

(1, 1, 1), and (5, 3, 3) are 
specific solutions. It is 
incorrect to say simply that 
the solution to Example 4 is 
“infinite.” You must also 


specify the form of the 
solutions. 





Kg 
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ecrts(eae A System with Infinitely Many Solutions 


Solve the system of linear equations. 





ee yee | Equation | 
y= FO Equation 2 
= Ly = | Equation 3 
SOLUTION 
Sea Ok ee) | Adding the first equation to 
Worse) Fate te) _ the third equation produces a 
3y —3z = 0 OE new third equation. 
Y chal Ra ema | Adding —3 times the second 
Nite ew! equation to the third equation 
0= 0 _-— produces a new third equation. 
> 


This means that Equation 3 depends on Equations | and 2 in the sense that it gives us 
no additional information about the variables. Because 0 = 0 is a true statement, you 
can conclude that this system has infinitely many solutions. So, the original system is 
equivalent to the system 


xty—-32=-1 
via se — 0: 


In the equation y — z = 0, solve for y in terms of z to obtain y = z. Back-substituting 
for y into the equation x + y — 3z = —1 produces x = 2z — 1. Finally, letting z = a, 
where a is a real number, the solutions of the original system are all of the form 


x=2a-—1, y=a, and z= a. 
So, every ordered triple of the form 
2a -— 1) ad) a is areal number. 


is a solution of the system. (ae 


/ Checkpoint 4 





Solve the system of linear equations. 
22 yr Ss. = 
2h GOVE ele 
6x + 8y + 18z 


ll 
Mm We 
a 


ll 


In Example 4, there are other ways to write the same infinite set of solutions. For 
instance, the solutions could have been written as 


(b, +(b + 1), +(b + 1)), where b is a real number. 


This description produces the same set of solutions, as shown below. 


Substitution Solution 

a=0 (2(0) — 1,0, 0) = (—1, 0, 0) 

b=-1 (—1,(-1 + 1),3(-1 + 1)) = (-1,0,0) 
a=] Ct Sr. i) = 0.1) 

b=1 (1,40 + 1),40 + 1) = Gd, 1,1) 


In both cases, you obtain the same ordered triples. So, when comparing descriptions 
of an infinite solution set, keep in mind that there is more than one way to describe 
the set. 


436 


Chapter5 m Systems of Equations and Inequalities 


Nonsquare Systems 


So far, each system of linear equations you have looked at has been square, which 
means that the number of equations is equal to the number of variables. In a nonsquare 
system, the number of equations differs from the number of variables. A system of 
linear equations cannot have a unique solution unless there are at least as many 
equations as there are variables in the system. 


A System with Fewer Equations than Variables 


Solve the system of linear equations. 


f = Ly +2=2 Equation | 
| 2x eS eee) Equation 2 


SOLUTION Begin by rewriting the system in row-echelon form. 





Solving for y in terms of z, you obtain 
¥=Z-— 1. 
Back-substitution into Equation 1 yields 
x-2Az-—1)+z=2 
45229 Taz =? 


x—-z=0 


Finally, by letting z = a, where a is a real number, you have the solution 
xk=a, y=a-1, and z=a. 

So, every ordered triple of the form 
(a,a — 1, a) a is a real number. 


is a solution of the system. Because there were originally three variables and only two 
equations, the system cannot have a unique solution. 





o Checkpoint 5 





Solve the system of linear equations. 
[2x —2y + 5z=2 
|4x — z=0 5 


In Example 5, try choosing some values of a to obtain different solutions of the 
system, such as (1, 0, 1), (2, 1, 2), and (3, 2, 3). Then check each of the solutions in the 
original system. For example, you can check the solution (1, 0, 1) as shown. 


Equation 1: | — 2(0)+1=2 J 
Equation 2: 2(1) -O -1=1¢% 


ll 
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Application 





)*eite)(-aemm Business Loans 


A company borrows $1,000,000. Some of the money is borrowed at 5%, some at 7%, 
some at 8%, and some at 10% simple annual interest. The amount borrowed at 8% is the 
same as the amount borrowed at 10%. How much is borrowed at each rate when the 
total annual interest is $79,000? 


SOLUTION Let x, y, z, and w represent the amounts borrowed at each rate. Because 
the total amount borrowed is $1,000,000, you can write the equation 


x+y+z+ w = 1,000,000. 
A second equation can be derived from the fact that the total annual interest is $79,000. 
0.05x + 0.07y + 0.08z + 0.10w = 79,000 


Finally, because the amount borrowed at 8% is the same as the amount borrowed at 
10%, you can write 


z-w=0. 
These three equations make up the system shown. 


Ngais y aie Wear w= 1,000,000 Equation | 
0.05x + 0.07y + 0.08z + 0.10w = 79,000 Equation 2 


eo v= 0 Equation 3 


Using elimination, you find that the system has infinitely many solutions, which can be 
written as shown. 


= 2a — 450,000 
y = —4a + 1,450,000 


= 


iy: 





Ww. =a 


So, there are many different scenarios. One possible solution is to let a = 250,000. This 
yields the following scenario. 


x = $50,000 at 5% 

y = $450,000 at 7% 
z = $250,000 at 8% 
w = $250,000 at 10% 


a/ Cheekpoint 6 





In Example 6, the company borrows $1,200,000. How much is borrowed at 
each rate? a 


Remember that you can check solutions that are not unique by substituting several 
different values for a. 


Viorel Sima/www.shutterstock.com 
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ALGEBRA TUTOR 


For help with the algebra 4 


used to solve the system of 

equations in Example 7, see 
the Chapter 5 Algebra Tutor 
on page 464. 








" 








Finding the Equation of a Parabola 


1% '<etss}e)(-wam Data Analysis: Curve Fitting 


Find a quadratic equation y = ax* + bx + c whose graph passes through the points 
(==193 ele) Pande, 6): 


SOLUTION Because the graph of y = ax? + bx +c passes through the points 


(—1, 3), (1, 1), and (2, 6), you can substitute for x and y as shown below. 
When x = —1 andy = 3: a(-—1)? + b(-1) +c = 3 
When x = 1 andy = 1: a(1)? + b1) +c =1 
When x = 2 and y = 6: a(2)* + b(2)+ c= 6 


This produces the following system of linear 
equations. 


i= Use = 8 Equation | 
“ae Ware = il Equation 2 
4a+2b+c=6 Equation 3 

The solution of this system is (-1, 3) 


a—2. b— 1) and) = 0) 
So, the equation of the parabola is joe 


es 
Vt — 











as shown in Figure 5.11. FIGURE 5.11 


/ Checkpoint if 





Find a quadratic equation y = ax* + bx + c whose graph passes through the points 
(=n), (las) andi aga . 


SUMMARIZE (Section 5.3) 


1. State the definition of row-echelon form (page 432). For an example of 
solving a linear system in row-echelon form, see Example 1. 


2. Describe the process of Gaussian elimination (page 433). For examples that 
use Gaussian elimination to solve a linear system, see Examples 2, 3, and 4. 


3. Describe the difference between square and nonsquare systems of linear 
equations (page 436). For an example of solving a nonsquare linear system, 
see Example 5. 


4. Describe a real-life example of how a linear system in three or more 
variables can be used to analyze the amount of money borrowed by a 
company (page 437, Example 6). 


5. Describe how a linear system in three or more variables can be used to find 
the equation of a parabola given three points on the parabola (page 438). For 
an example of finding the equation of a parabola given three points on the 
parabola, see Example 7. 


Stuart Miles/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 5.3 these skills in the exercise set for this section. For additional help, review Sections 1.2, 2.1, 5.1, 


and 5.2. 


In Exercises 1-4, solve the system of linear equations. 


1. ae 
y= 15 

3. |x + y = 32 
= 


2. E 23) 


4 
6x =—I18 


Fees — 10 


4. he r= a5 


In Exercises 5-8, determine whether the ordered triple is a solution of the equation. 


Boy sy + 4z = 2 
(—1, —2, 1) 

eee SY + 3z = —9 
(@=2,a+ 1,a) 


In Exercises 9 and 10, solve for x in terms of a. 
9.x + 2y —-3z=4 


y=l-a,z=a 


Exercises 5.3 


6.0 = 2y + 1279 


(Ga3e2) 


Se ae Vy dt es 


(a — 4,4a + 1, a) 


10. x — 3y + 5z =4 


y=2a+3,z=a 


SYoLoMNVANA A Ors (1 @lat=lererelan i iolmlvie)a,<-vo pro] mcxo) [0] ((o)alcmico Mole (orralblanlel-\k-leM-)<cicel io 





Matching In Exercises 1-4, match the system of 
equations with its solution. [The solutions are labeled (a), 
(b), (c), and (d).] 


(a) (—1, 0, 3) (b) (6, 2, —2) 

(c) 2; 1,\—3) (d) (4, —1, 5) 
ox 4 oy 27 = Se 2.0 Ove ae 
wee ay 7 = 1 = OX eye ee ee), 
eeoyet OZ = — 11 LW hia Ph bea 
Pmieremoy— iz= 36 4..| -x-2yti25 23 
mamoy—10z= 38 —3ie Yor 67 = 17 


x—4y+ 8=-18 Oxy Dy 1 
identifying Row-Echelon Form In Exercises 5-8, 
determine whether the system of equations is in 
row-echelon form. Justify your answer. 


weesy — z= —11 6; (x =y PADS 11 
yee 3 y+ 8z=-12 
Z= 2, a er) 
y= —3 
z= | 
8. Pn ea y= $2.= 12) 
Win DEF 2 
iz = 7 


Using Back-Substitution In Exercises 9 and 10, use 
back-substitution to solve the system of linear equations. 
See Example 7. 
QQ ix-yr z= 4 
yi 22 i—=——6 
z=-2 


LOST oe 2 


Solving a System of Linear Equations In Exercises 
11-36, solve the system of linear equations. See 
Examples 2, 3, 4, and 5. 


11D 40 yon LI 12. 6y + 4z = -12 
2Xua Dy le. 59 Broo y, = 9 
BBS PIE iE ae ths aerate te, 

se Reales: +27 = 13 14..|2x +:3y + % = =4 
et a a 2x — Ay +.3z— 18 

= he sre WD) Sf = Dy 2 


Bx 1 3yer po) 
3x + 5y+ 9z=0 
5x + 9y + 17z = 0 


440 

19. vee} 
Phe 

: | 
20. 2x 
| 7 
2x 

21 \ 

i: 

2x 

oe, \ 
| Cant 

Oh 

25. | 4x + 
5x 4 

i | 
OMI NP 

\ 

| 
29, hes | 

if 

ile \ 

ie 
| 2X 
33 3A 
| 7 
Phe 

34. 

| 

\ 

ohy, fl 

: 
36. \ 
2x 
3N 


Think About It 


Writing Ordered Triples 
three ordered triples of the given form. 


42. (3a, 5 
44, (—1a + 3, a, 8) 


41. (a, as 


43. (4a, 4a, 7) 


22. 


24. 


30. 


38, (—4 
40. (0, 2,4) 


In Exercises 37-40, find two systems 
of linear equations that have the ordered triple as a 
solution. (There are many correct answers.) 


Ry fi be a 
Dore Ads ae 


( 


In Exercises 41-44, write 


SS ee 


hr tM 
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Data Analysis: Curve Fitting In Exercises 45-48, 
find the quadratic equation 

y=ax*+bx+c 


whose graph passes through the points. See Example 7. 


) 46. y 
Pa (1, 6) 








x 











Data Analysis: Curve Fitting In Exercises 49-52, 
find the equation 


x? + y2 + Dx + Ey + F = 0 


of the circle that passes through the points. 











y 50) a 
h . A 
: (3,3) 77,6) 
(0, 0) 
: (4, 0) 
+—t J} » x 
roa 5 6 
=2 
=34- (22) +H+FP ears 
e, -4 (0, 0)-- i oan 
y 52 y 
, : 
l (3, 0) 











7. (3,-6) 


Investment A_ real estate company borrows 
$1,500,000. Some of the money is borrowed at 3%, some 
at 4%, and some at 6% simple annual interest. How much 
is borrowed at each rate when the total annual interest is 
$53,000 and the amount borrowed at 4% is the same as 
the amount borrowed at 6%? 


. Investment A clothing company borrows $700,000. 


Some of the money is borrowed at 8%, some at 9%, and 
some at 10% simple annual interest. How much is 
borrowed at each rate when the total annual interest is 
$60,500 and the amount borrowed at 8% is three times 
the amount borrowed at 10%? 


55. 


56. 


57. 


58. 


Investment Portfolio 
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Candles A candle company sells three types of 
candles for $15, $10, and $5 per unit. In one year, the 
total revenue for the three products was $550,000, 
which corresponded to the sale of 50,000 units. The 
company sold half as many units of the $15 candles as 
units of the $10 candles. How many units of each type 
of candle were sold? 


Hair Products A hair product company sells three 
types of hair products for $30, $20, and $10 per unit. 
In one year, the total revenue for the three products 
was $800,000, which corresponded to the sale of 
40,000 units. The company sold half as many units of 
the $30 product as units of the $20 product. How many 
units of each product were sold? 

Crop Spraying A mixture of 5 gallons of chemical A, 
8 gallons of chemical B, and 12 gallons of chemical C 
is required to kill a crop-destroying insect. Commercial 
spray X contains 1, 2, and 3 parts of these chemicals, 
respectively. Commercial spray Y contains only 
chemical C. Commercial spray Z contains chemicals A, 
B, and C in equal amounts. How much of each type of 
commercial spray is needed to obtain the desired mixture? 


Acid Mixture A chemist needs 10 liters of a 25% 
acid solution. The solution is to be mixed from three 
solutions whose acid concentrations are 


10%, 20%, and 50%. 

How many liters of each solution should the chemist use 
to satisfy each of the following requirements? 

(a) Use as little as possible of the 50% solution. 

(b) Use as much as possible of the 50% solution. 

(c) Use 2 liters of the 50% solution. 


In Exercises 59 and 60, you have 


a total of $500,000 that is to be invested in certificates of 
deposit, municipal bonds, blue-chip stocks, and growth 
stocks. How much should be put in each type of 
investment? See Example 6. 


SY. 


60. 


The certificates of deposit pay 2.5% simple annual 
interest, and the municipal bonds pay 10% simple annual 
interest. Over a five-year period, you expect the blue-chip 
stocks to return 12% simple annual interest and the 
growth stocks to return 18% simple annual interest. You 
want a combined annual return of 10% and you also want 
to have only one-fourth of the portfolio invested in stocks. 


The certificates of deposit pay 3% simple annual interest, 
and the municipal bonds pay 10% simple annual interest. 
Over a five-year period, you expect the blue-chip stocks 
to return 12% simple annual interest and the growth 
stocks to return 15% simple annual interest. You want a 
combined annual return of 10% and you also want to 
have only one-fourth of the portfolio invested in stocks. 


Fitting a Parabola to Data 
regression parabola 


y =ax*+bx+c 
for a set of points 


(Xe Veh tee Ve)s er es (Xn Yn) 
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To find the least squares 


you can solve the following system of linear equations for 


a, b, and c. 


n n 
n+ (Sue (3 


n 
x} Ja SY; 


oo n n n 
; (Sx)e + [Sx 4 (Sx) DXi 





n n n 
2 3 fe LY y4 2 
(Sx }e 25 (Sx )p ss (Sx Ja 
( \Vi=1 j= / i= j= 


In Exercises 61-64, the sums have been evaluated. 
Solve the given system for a, 6, and c to find the least 
squares regression parabola for the points. Use a graphing 


utility to confirm the result. 


O1e7 hoc + 10a = 15.5 
10b = 63 
10c + 34a = 32.1 








63. 6c+ 36+ 


3c+19b+ 2WWa=- 


19c + 27b + 115a= 48. 


y 


(—2, 6.0). % 
6 








19a = 23, 


62. DC + 10a 15.0 
10b ies 
LOc 34a 34.5 





(O, 2.4) 
(=1, 0.9) 


' pj 
4-3-2-1 123.4 





—3 -2-1 
64. 6c + 3b+ 19a= 13.1 
3c +19b+ 27a = -2.6 
29.0 


19c + 27b + 115a = 


) 

A 

(2,52) 
/ 


(0, 2.7) 





(-1, 3.0)2 
| mnt 
+— 


at 
Z 





=I 








65. Consumer Spending The annual amounts y 
(in billions of dollars) spent on hunting equipment 
and firearms in the United States from 2005 
through 2009 are shown in the table. In the table, 
x represents the year, with x = —2 corresponding to 
2005. (Source: National Sporting. Goods 


Association) 




















(a) Find the least squares regression parabola 
y= Gk a Dx ie 


for the data by solving the system below. 


5c + 10a = 20.9 
10b = 4.0 
10c + 34a = 43.4 
(b) Use the regression feature of a graphing utility to 


find a quadratic model for the data. Compare the 
model with the model found in part (a). 


- 66. Trademark Registration The annual numbers 
y (in thousands) of trademarks issued in the United 
States from 2005 through 2009 are shown in the 
table. In the table, x represents the year, with 
x = —2 corresponding to 2005. (Source: U.S. 
Patent and Trademark Office) 











(a) Find the least squares regression parabola 
y=ace+bxt+e 
for the data by solving the system below. 


Sc + l0a = 1024 
10b = {74 
10c + 54a —)1936 


(b) Use the regression feature of a graphing utility to 
find a quadratic model for the data. Compare the 
model with the model found in part (a). 








67. Gardening The percents y of households in the 
United States involved in vegetable gardening 
from 2005 through 2009 are shown in the table. In 
the table, x represents the year, with x = —1 
corresponding to 2005. (Source: The National 
Gardening Association) 


Percent, y 


25 

















(a) Find the least squares regression parabola 
y = ax* + bx +c for the data by solving the 
system below. 


5e+ 5b 15a = 119 


Bye ar WSya) ap SySya 124 
ISG 35b)-= 99G5= 382 


lI 


(b) Use the model found in part (a) to predict the percent 
of households involved in vegetable gardening in 2010. 


68. Sales Per Share The sales per share y 
(in dollars) of Hershey’s from 2005 through 2009 
are shown in the table. In the table, x represents 
the year, with x = —1 corresponding to 2005. 
(Source: The Hershey Company) 





Year, x | Sales per share, y 








a 20.11 




















(a) Find the least squares regression parabola 
y = ax’ + bx + c for the data by solving the system 
below. 


5¢ + 5b + 15a = 109.22 


Se + 156+ 35a = 116.62 
I5e@ + 355 + 99a = 341.50 


(b) Use the model found in part (a) to predict Hershey’s 
sales per share in 2010 and 2011. 


69. 


70. 


71. 


Section 5.3. @ Linear Systems in Three or More Variables 


Automobile Stopping Distance Engineers tested 
the braking system of a new automobile. The scatter 
plot shows the stopping distances y (in feet) of the 
automobile for several speeds x (in miles per hour). 





S 500 

2 (70, 452), 

& 400 

3 60, 315) 

3 300 pie 

3 

3 500 (50, 203), 

= 40, 116) 

S100 le 

S (30, 54), 

n 
{——}-———}-—-+—» ¥ 
Beatle GO" v8 

Speed, x (in miles per hour) 

(a) Find the least squares regression parabola 
y = ax? + bx + c for the data by solving the system 
below. 

eet 250b + 13,500a = 1140 
250c + 13,500b+ 775,000a= 66,950 


13,500c + 775,000b + 46,590,000a = 4,090,500 


(b) Use the regression feature of a graphing utility to 
check your answer to part (a). 

(c) Use the model found in part (a) to predict the stopping 
distance of the automobile when traveling at a speed 
of 75 miles per hour. 


HOW DO YOU SEE IT? The number of sides 
x and the combined number of sides and diagonals 
y for each of three regular polygons are shown 
below. How can you create a system of linear 
equations to find an equation of the form 

y = ax? + bx + c that represents the relationship 
between x and y for the three polygons? 


Geometry Find the equation of the form 
Mar + bx +c 


that represents the relationship between x and y for the 
three polygons shown in Exercise 70, Then sketch regular 
polygons with 6, 7, and 8 sides, and draw their diagonals. 
Does the equation represent the relationship between x 
and y for these polygons? 


72. 


Ts 


74. 


76. 
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Think About It _ Is it possible for a square linear system 
to have no solution? Explain. 

Think About It _ Is it possible for a square linear system 
to have infinitely many solutions? Explain. 


One solution for Exercise 30 is 


1, a). 


Writing 
(=a. 24 
A student gives 

(b, —2b — 1, —b) 

as a solution to the same exercise. Explain why both 
solutions are correct. 

Think About It 


such that the system of linear equations below has each 
number of solutions. 


Find values of a, b, and c (if possible) 


(a) A unique solution 
(b) No solution 


(c) Infinitely many solutions 


Shi 2 

yr gv =2 
“ uizaee 2 
axhinebyenr cz — 0 


Writing When using Gaussian elimination to solve 
a system of linear equations, explain how you can 
recognize that the system has no solution. Give an 
example that illustrates your answer. 


77. Project: Revenues per Share For a project 


involving the revenues per share of Amazon.com 
and Google Inc., visit this text’s website at 
www.cengagebrain.com. 
and Google Inc.) 


(Source: Amazon.com 


Project; Revenues per Share 
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Q U 1 zZ YO U R Ss E L F See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this quiz as you would take a quiz in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-4, solve the system by the method of substitution. Use a graphing 
utility to verify your solution. 


Le 3x aye 2. |4x + 8y = 8 
x — 2y = -8 x+2y=6 
3. |x ty =4 4. |x? a7 = 9 
y=2/x+1 y=2x+1 
In Exercises 5 and 6, find the number of units x that need to be sold to break even. 
5. C = 10.50x + 9000, R = 16.50x 6. C = 3.79x + 400,000, R = 4.59x 
In Exercises 7 and 8, solve the system by the method of elimination. 
da otis yo 6 8. 5x - ty = se] 
3x + 4y =2 Cay =r 2 


9. Find the point of equilibrium for the supply and demand equations. Verify your 
solution graphically. 











Year | # Number, y Demand: p = 50 — 0.002x 
2005 | () 42.6 Supply: p = 20 + 0.004x 
9006 | 1 43.4 10. The total numbers y (in millions) of Medicare enrollees in the years 2005 through 





-- 2009 are shown in the table at the left. Solve the following system for a and b to 
2007 | 2 44.3 























find the least squares regression line y = at + b for the data. Let t represent the 
5008 3 45.2 year, with t= 0 corresponding to 2005. (Source: U.S. Centers for Medicare and 
i. Medicaid Services) 
2009 | 4 45.9 
__—__— 5b + 10a = 221.4 
Table for 10 10b + 30a = 451.2 


In Exercises 11-13, solve the system of equations. 
Le 2s Sy a = 7 12. |) Xr yz = 2 13. | 3x + 2) 4 
a + oz— 10 PEE We = AG —x + Vie 
ZY eZ X- ) 


ll 
fs 


II 


NN 
| 
O 


—] y = 


14. The average prices y (in dollars) of retail prescription drugs for the years 2005 
through 2009 are shown in the table. In the table, x represents the year, with 
x = —2 corresponding to 2005. (Source: National Association of Chain Drug 
Stores) 














(a) Find the least squares regression parabola y = ax? + bx + c for the data by 
solving the system below. 


2c + 10a = 350.56 


10b = 32.04 
10c + 34a = 703.08 


(b) Use the model found in part (a) to predict the average prices of retail 
prescription drugs in 2010 and 2011. 
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5.4 Systems of Inequalities 











In Exercise 66 on page 453, 
you will use a graph to find the exercise 
target heart rate for individuals between 
the ages of 20 and 70 years old. 














Test point Test point 
above parabola below parabola 
-2 4(0, -2) 


FIGURE 5.12 


@ Sketch the graph of an inequality in two variables. 
® Solve a system of inequalities. 
= Construct and use a system of inequalities to solve an application problem. 


The Graph of an Inequality 
The following statements are inequalities in two variables: 
Bx yi 6 Mond pioreecs yan 6, 


An ordered pair (a, b) is a solution of an inequality in x and y if the inequality is true 
when a and b are substituted for x and y, respectively. The graph of an inequality is 
the collection of all solutions of the inequality. To sketch the graph of an inequality, 
begin by sketching the graph of the corresponding equation. The graph of the equation 
will normally separate the plane into two or more regions. In each such region, one of 
the following must be true. 


1. All points in the region are solutions of the inequality. 
2. No point in the region is a solution of the inequality. 


So, you can determine whether the points in an entire region satisfy the inequality 
simply by testing one point in the region. When possible, use test points that are 
convenient to substitute into the inequality, such as (0, 0). 


Sketching the Graph of an Inequality in Two Variables 


1. Replace the inequality sign with an equal sign, and sketch the graph of the resulting 
equation. (Use a dashed line for < or > and a solid line for < or 2.) 


2. Test one point in each of the regions formed by the graph in Step 1. If the point 
satisfies the inequality, then shade the entire region to denote that every point in 
the region satisfies the inequality. 


seerte-wan Sketching the Graph of an Inequality 


Sketch the graph of the inequality y > x* — 1. 


SOLUTION The graph of the corresponding equation y = x* — | is a parabola, as 
shown in Figure 5.12. Test a point above the parabola (0,0) and a point below the 
parabola (0, — 2). 

The points that satisfy the inequality are those lying above (or on) the parabola. 


) ) 
(0,0): 0 = 02-1 (Op) —2 = 02 =" 


() ae (0, 0) is a solution. =~) ea =| (0, —2) is not a solution. 


Se. 


+/ Checkpoint 1 


Sketch the graph of y < x? + 2. = 





The inequality in Example | is a nonlinear inequality in two variables. Most of the 
following examples involve linear inequalities such as ax + by < c (a and b are not 
both zero). The graph of a linear inequality is a half-plane lying on one side of the line 
ax + by =c. 


Maridav/Shutterstock.com 
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TECH TUTOR 


A graphing utility can 
be used to graph an 

inequality or a system of 
inequalities. For instance, 





to graph y = x* — 2, enter 
y = x* — 2 and use the 
shade feature of the graphing 
utility to shade the part of 
the graph consisting of the 
points that satisfy the 
inequality. You should obtain 
the graph shown below. 
Consult the user’s guide for 
your graphing utility for 
more information. 





STUDY TIP 





To graph a linear inequality, 
it can help to write the 
inequality in slope-intercept 
form. For instance, by writing 
x — y < 2in the form 

Vi Ste 2 
you can see that the solution 
points lie above the line 
cm pe? (ory =~ = 2), as 
shown in Figure 5.15. 











Sketching the Graph of a Linear Inequality 


Sketch the graph of each linear inequality. 


EV od ps =! b. y s 3 
SOLUTION 
a. The graph of the corresponding equation x = —2 is a vertical line. The points that 


satisfy the inequality x > —2 are those lying to the right of this line, as shown in 
Figure 5.13. 


b. The graph of the corresponding equation y = 3 is a horizontal line. The points that 
satisfy the inequality y < 3 are those lying below (or on) this line, as shown in 
Figure 5.14. 























pel —————} $+» 1 
ee 2S i ae 
FIGURE 5.13 FIGURE 5.14 
Checkpoint 2 
Sketch the graph of x = —1. ES 


Sketching the Graph of a Linear Inequality 


Sketch the sraphiof x —y < 2: 


SOLUTION The graph of the corresponding 7 
equation x — y = 2 is a line, as shown in / e” 
Figure 5.15. Because the origin (0, 0) aif 
satisfies the inequality, the graph consists (0, 0) “ 
of the half-plane lying above the line. i ao) 

(Try checking a point below the line. ’ 
Regardless of which point you choose, - 
you will see that it does not satisfy the -1+ es 
inequality. ) . 


—23¢ 
¢ 
¢ 
¢ 


FIGURE 5.15 





Y Checkpoint 3 





Sketch the graph of x + y = 1. a 


STUDY TIP 


ee 
Using pencils of different 
colors to shade the solutions 
of the inequalities in a system 
makes identifying the solution 
of the system of inequalities 
easier. The region common to 
every graph in the system is 
where all the shaded regions 
overlap. 






~ 1 
~ ! 


\ ! 


i 
4 Not a vertex 


iy Pa, 


\ 











Boundary lines can intersect at a 
point that is not a vertex. 


FIGURE 5.17 
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Systems of Inequalities 


A solution of a system of inequalities in x and y is a point (x, y) that satisfies each 
inequality in the system. To solve a system of inequalities in two variables, first sketch 
the graph of each individual inequality (on the same coordinate system) and then find 
the region that is common to every graph in the system. This region represents the 
solution set of the system. For systems of linear inequalities, it is helpful to find the 
vertices of the solution region. 


eeette-wan Solving a System of Inequalities 


Solve the system of linear inequalities. 
ye 
heme 

yr as 


Inequality 1 
Inequality 2 


Inequality 3 


SOLUTION ‘To solve the system, sketch the graph of the solution set. The graphs of 
these inequalities are shown in Figures 5.15, 5.13, and 5.14 on page 446. The triangular 
region common to all three graphs can be found by superimposing the graphs on the 
same coordinate plane, as shown in Figure 5. 16. To find the vertices of the region, solve 
the three systems of equations obtained by taking the pairs of equations representing 
the boundaries of the individual regions. 


Vertex A: (—2, —4) Vertex B: (5, 3) 
Obtained by solving Obtained by solving 
the system the system 


5 et x— yi 2 x= —-2 
x=-2 y= y= 3 


Vertex C: (—2, 3) 
Obtained by solving 
the system 






P2345 678 
¢ 








ate Neue : 4’| Solution set 
Fog x—y=2 A(-2, -4) 6", | 
ae 25 AeA =! 
_ i -6 a 1 -6-+ 
za . =i va a! eh 
al i -8 ait ; Cais 
n/_ checkpoint 4 
Solve the system of linear inequalities. 
2 eee 
pea mee 
va cD 5 


For the triangular region shown in Figure 5.16, each point of intersection of a pair 
of boundary lines corresponds to a vertex. With more complicated regions, two border 
lines can sometimes intersect at a point that is not a vertex of the region, as shown in 
Figure 5.17. To determine which points of intersection are actually vertices of the 
region, sketch the region and refer to your sketch as you find each point of intersection. 
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FIGURE 5.18 


le etveye)(-e Solving a System of Inequalities 
Solve the system of inequalities. 


x2 —y <= 1 Inequality 1 


=x trys] Inequality 2 


SOLUTION To solve the system, sketch the graph of the solution set. As shown 
in Figure 5.18, the points that satisfy the inequality x7 — y < | are the points lying 
above (or on) the parabola given by y = x* — I. The points that satisfy the inequality 
—x + y S | are the points lying below (or on) the line given by y = x + 1. To find the 
points of intersection of the parabola and the line, solve the system of corresponding 
equations, 


x lyn 

=4 oy" 

Using the method of substitution, you can find the points of intersection to be (— 1, 0) 
and (2, 3). The graph of the solution set of the system is shown in Figure 5.18. 


II 


WV Ghackpoint 5 





Solve the system of inequalities. 


Ka iayece 23 
Saya = 3 8 


When solving a system of inequalities, you should be aware that the system might 
have no solution. For instance, the system 
ay ome 
ES ap VCC, ell 


has no solution points, because the quantity (x + y) cannot be less than — 1 and greater 
than 3, as shown in Figure 5.19. 














(a 5) y 
y [x+y>3 | rn 
A ny ~ i 
ly ‘ | 
Ave V Sc ai 
KS af 
| ‘e aR 
a) “S aS 
< N eee = 
s s 
\ be SR Xx+y=3 
7 | ~ G VR —— 
oR be “Se rate . WA 
. R se VJ 
=r t t ~j—> x A~>t gs 
=) == | 2 3 °S ae S 
a. | | - we . 
-1* +ae Bits, . 
< dee bs Peet TR, 
\ —4 ‘S f ieee — = 
\ ms =a | 2 Ba 
| x +) | | 
No Solution Unbounded Region 
FIGURE 5.19 FIGURE 5.20 


Another possibility is that the solution set of a system of inequalities can be 
unbounded. For instance, the solution set of 


Ey ES 
era S33 


forms an infinite wedge, as shown in Figure 5.20. 
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FIGURE 5.21 


Price per console (in dollars) 


P 


i Consumer surplus _ 
|p = 350 — 0.00003x | 
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p = 200 + 0.00003x | 
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FIGURE 5.22 
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Applications 


Example 8 in Section 5.2 discussed the point of equilibrium for a demand function and 
a supply function. The next example discusses two related concepts that economists call 
consumer surplus and producer surplus. As shown in Figure 5.21, the consumer 
surplus is defined as the area of the region that lies below the demand graph, above the 
horizontal line passing through the equilibrium point, and to the right of the p-axis. 
Similarly, the producer surplus is defined as the area of the region that lies above the 
supply graph, below the horizontal line passing through the equilibrium point, and to 
the right of the p-axis. The consumer surplus is a measure of the amount that consumers 
would have been willing to pay above what they actually paid, whereas the producer 
surplus is a measure of the amount that producers would have been willing to receive 
below what they actually received. 


H ~ -Bsereye-as Consumer and Producer Surpluses 


The demand and supply equations for a video game console are given by 


p = 350 — 0.00003x 
p = 200 + 0.00003x 


Demand equation 

Supply equation 

where p is the price (in dollars) and x is the number of video game consoles. Find the 
consumer surplus and producer surplus for these two equations. 


SOLUTION In Example 8 in Section 5.2, you saw that the point of equilibrium for 
these equations is 


(2,500,000, 275). 


So, the horizontal line passing through this point is p = 275. Now you can determine 
that the consumer surplus and producer surplus are the areas of the triangular regions 
given by the following systems of inequalities, respectively. 


Consumer Surplus Producer Surplus 


joes SiO) OOO WES: p = 200 + 0.00003x 
Det 1S yo) = PA 
ee 220. 


In Figure 5.22, you can see that the consumer and producer surpluses are defined as the 
areas of the shaded triangles. The base of the triangle representing the consumer 
surplus is 2,500,000 because the x-value of the point of equilibrium is 2,500,000. To 
find the height of this triangle, subtract the p-value of the point of equilibrium, 275, 
from the p-intercept of the demand equation, 350, to obtain 75. You can find the base 
and height of the triangle representing the producer surplus in a similar manner. 
Consumer surplus = +(base)(height) 
= 4(2,500,000)(75) 


= $93,750,000 


| 


Producer surplus = +(base)(height) 
= 4(2,500,000)(75) 
$93,750,000 


II 


of Checkpolnt 6 


In Example 6, the supply equation is given by p = 230 + 0.00003x and the 
new point of equilibrium is (2,000,000, 290). Find the consumer surplus and 
producer surplus. .] 
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(9, 0) 


Cups of dietary drink Y 
= 


n> 
= 
i 
o 


10 


Cups of dietary drink X 


FIGURE 5.23 








€ > ehse)(-wam Nutrition 


The liquid portion of a diet requires at least 300 calories, 36 units of vitamin A, and 
90 units of vitamin C daily. A cup of dietary drink X provides 60 calories, 12 units of 
vitamin A, and 10 units of vitamin C. A cup of dietary drink Y provides 60 calories, 
6 units of vitamin A, and 30 units of vitamin C. 


a. Set up a system of linear inequalities that describes how many cups of each drink 
should be consumed each day to meet or exceed the minimum daily requirements 
for calories and vitamins. 


b. A nutritionist normally gives a patient 6 cups of dietary drink X and | cup of dietary 
drink Y per day. Supplies of dietary drink X are running low. Use the graph of the 
system of linear inequalities to determine other combinations of drinks X and Y that 
can be given that will meet the minimum daily requirements. 


SOLUTION 


a. Begin by letting x represent the number of cups of drink X and letting y represent 
the number of cups of drink Y. To meet or exceed the minimum daily requirements, 
the following inequalities must be satisfied. 


60x + 60y 2 300 Calories 
PE se Copy EKG) Vitamin A 
LO gietenS Oh eam () Vitamin C 
sine) 
y= Ww 


The last two inequalities are included because x and y cannot be negative. The graph 
of this system of inequalities is shown in Figure 5.23. (This application is discussed 
again in Example 5 in Section 5.5.) 


b. From Figure 5.23, there are many different possible substitutions that the nutritionist 
can make. Because supplies of dietary drink X are running low, the nutritionist 
should choose a combination that contains a small amount of drink X. For instance, 
| cup of dietary drink X and 4 cups of dietary drink Y will also méet the minimum 
daily requirements. 





*/ cheekpoint 7 





In Example 7, should the nutritionist give a patient 4 cups of dietary drink X and 
| cup of dietary drink Y? Explain. a 


SUMMARIZE (Section 5.4) 


1. Describe how to sketch the graph of an inequality in two variables (page 445). 
For examples of sketching the graph of an inequality, see Examples 1, 2, and 3. 


2. Describe how to solve a system of inequalities (page 447). For examples of 
solving a system of inequalities, see Examples 4 and 5. 


3. State the definitions of consumer surplus and producer surplus (page 449). For 
an example of finding consumer surplus and producer surplus, see Example 6. 


4. Describe a real-life example of how a system of linear inequalities can be 
used to determine the amounts of dietary drinks that should be consumed 
each day to meet or exceed the minimum daily requirements (page 450, 
Example 7). 


David Gilder/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Sections 2.1, 2.2, 3.1, 
Selrahiciorce 


SKILLS WARM UP 5.4 


In Exercises 1-6, classify the graph of the equation as a line, a parabola, 


or a circle. 
1.xt+y=3 2. y=x7-4 3. hy = 9 
Amy x + 1 5.4x -y=8 Og yt r 


In Exercises 7-10, solve the system of equations. 
7 | ete Dy = 3 


8. bemer 


ee TY x+5y=2 


mee) 


Exercises 5.4 





Matching In Exercises 1-6, match the inequality with Liye 2. S23 
its graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] (Bore 14. y>2x-4 
(b) y 1525 tia 165525 3y220 15 
17s yy <lnx Sy 2—inx 
[RR se eS ie eat 2000 ye 
ON ay see) 80 22a = (Gio) 0 








Solving a System of Inequalities In Exercises 23-44, 
graph the solution set of the system of inequalities. See 
Examples 4 and 5. 



































(d) ee 
23. Ae Vesu 2 An Skee yee 
Sa, Se x Sal 
y20 ys 
x 2558 Sh a 26. | 2k ary =e 
A a as See 
| yen | ysl 
(e) (t y oT ie +2y< 6 28. | x — Ty > —36 
4 wand Fe AS ae Sx eevee a) 
Gi Feel Oe Geo Ways ee) sh — oy! 6 
min AD 20F tay nO 30.0 | 2k) oe 
| ne ae el x<-l 
if By cal "2 a eid oh. 4 6 _ vee 0) | Vio ae 
oe -4+ Z1 kad Pes Oe ase) BS syeeay See 
1. 2x + 3y < 6 2. 2x -y 2-2 le ee a a iy ae aa 
ee pel aiauas 33. . > -3 34. f Saat al) 
ee, Aen Dhcnloar ts Vee Wee oe pire Cec Be) we 
Shays x 5x7 + 4 rs ) 35. Is penia Ne [: $y 5 25 
Sketching the Graph of an Inequality In Exercises AaeRy eae, oil pubes at 6D 
7-22, sketch the graph of the inequality. See Examples 1, Sie ( > 38. i <2y-y 
2, and 3. Kr< ye 2 (OReecert a) 
Tee 2 8.x <4 39. fy < /3x+1 40. Par weet 3 
Oy 2x* > 0 103972 0 Sees Vis +3 
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aya = 2a 
VS 2x 
2 SS il 
420 a7 + ys. 4 
pia wh 
38 | 
ASS" 44. {ys e*/? 
y = Inx y=0 
2 > Cee =| 
oes y) ey SO 
Geometry In Exercises 45-50, write a system of 
inequalities that corresponds to the solution set shown in 
the graph. 
45. Parallelogram 46. Rectangle 
y My 
A A 
5+ 10+ 
a 12,6) (10, 6) 


47. 


(0, 0) 4 











Triangle 48. Triangle 
y ¥ 
A A 
8-4 
6 “= 
4 0, 4) 
G2 ft 60 
+} “x 
‘ -6-4-2 | 2 4 6 
=i! + 








49. Sector of a circle 50. Sector of a circle 
y y 

4 4 

3 3 

2 2 - / 

(/8, 8) 

x — —— > xX 
Il Pe the J 2 3" 4 

51. Furniture Production A_ furniture company 


produces tables and chairs. Each table requires 2 hours in 
the assembly center and 15 hours in the finishing center. 
Each chair requires 15 hours in the assembly center and 
; hour in the finishing center. The company’s assembly 
center is available 18 hours per day, and its finishing 
center is available 12 hours per day. Let x and y be 
the numbers of tables and chairs produced per day, 
respectively. (a) Find a system of inequalities describing 
all possible production levels, and (b) sketch the graph 
of the system. 


52. 


Consumer and Producer Surpluses 
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Kayak Inventory A store sells two models of 
kayaks. Because of the demand, it is necessary to stock 
at least twice as many units of model A as units of 
model B. The costs to the store for the two models are 
$500 and $700, respectively. The management does not 
want more than $25,000 in kayak inventory at any one 
time, and it wants at least six model A kayaks and three 
model B kayaks in inventory at all times. (a) Find a 
system of inequalities describing all possible inventory 
levels, and (b) sketch the graph of the system. 


In Exercises 


53-56, find the consumer surplus and producer surplus 
for the demand and supply equations. See Example 6. 


oS: 
54. 
D0: 
56. 


Si 


58. 


Sh 


60. 


61. 


Demand 

p = 56 — 0.0001x 

p = 60 — 0.00001x 
p = 140 — 0.00002x 
p = 600 — 0.0002x 


Supply 

p = 22 + 0.00001x 
p = 15 + 0.00004x 
p = 80 + 0.00001x 
p = 125 + 0.0006x 


Think About It Under what circumstances are the 
consumer surplus and producer surplus equal for a pair 
of linear supply and demand equations? Explain. 


Think About It Under what circumstances is the 
consumer surplus greater than the producer surplus for 
a pair of linear supply and demand equations? Explain. 


Investment You plan to invest up to $30,000 in two 
different interest-bearing accounts. Each account is to 
contain at least $7000. Moreover, one account should 
have at least twice the amount that is in the other 
account. (a) Find a system of inequalities that describes 
the amounts that you can invest in each account, and 
(b) sketch the graph of the system. 


Concert Ticket Sales Two types of tickets are to be 
sold for a concert. One type costs $30 per ticket and the 
other type costs $40 per ticket. The promoter of the 
concert must sell at least 15,000 tickets, including at 
least 8000 of the $30 tickets and at least 4000 of the 
$40 tickets. Moreover, the gross receipts must total at 
least $500,000 in order for the concert to be held. 
(a) Find a system of inequalities describing the different 
numbers of tickets that must be sold, and (b) sketch the 
graph of the system. 


Diet Supplement A dietitian designs a special diet 
supplement using two different foods. Each ounce of 
food X contains 20 units of calcium, 10 units of iron, 
and 15 units of vitamin B. Each ounce of food Y 
contains 15 units of calcium, 20 units of iron, and 
20 units of vitamin B. The minimum daily requirements 
for the diet are 400 units of calcium, 250 units of iron, and 
220 units of vitamin B. (a) Find a system of inequalities 
describing the different amounts of food X and food Y 
that the dietitian can use in the diet, and (b) sketch the 
graph of the system. 


62. 


63. 





Diet Supplement A dietitian designs a special diet 
supplement using two different foods. Each ounce of 
food X contains 12 units of calcium, 10 units of iron, 

and 20 units of vitamin B. Each ounce of food Y 

contains 15 units of calcium, 20 units of iron, and 

12 units of vitamin B. The minimum daily requirements 

for the diet are 300 units of calcium, 280 units of iron, 

and 300 units of vitamin B. 

(a) Find a system of inequalities describing the different 
amounts of food X and food Y that the dietitian can 
use in the diet. 

(b) Sketch the graph of the system. 

(c) A nutritionist normally gives a patient 10 ounces of 
food X and 12 ounces of food Y per day. Supplies 
of food Y are running low. What other combinations 
of foods X and Y can be given to the patient to meet 
the minimum daily requirements? 

Nesting Falcons The numbers of nesting pairs y of 

falcons in a nature conservancy from 2006 through 

2010 can be approximated by the linear model 


er 18 6 <1 = 10 


where f represents the year, with tf = 6 corresponding to 

2006. 

(a) The total number of nesting pairs during this five-year 
period can be approximated by finding the area of the 
trapezoid represented by the system below. 


Dist s 
0 

SS) 

10.5 


y 
t 
t 


AI SUN 


Graph this region using a graphing utility. 
(b) Use the formula for the area of a trapezoid to 
approximate the total number of nesting pairs. 


. Sales. The annual sales y (in millions of dollars) for 


WebMD Health from 2005 through 2010 can be 
approximated by the linear model 


fe nGo.o07 — 169.5, 5.s 7 = 10 


where t represents the year, with ¢ = 5 corresponding to 
2005. (Source: WebMD Health Corporation) 


(a) The total sales during this six-year period can be 
approximated by finding the area of the trapezoid 
represented by the system below. 


y < 69.50f — 169.5 


= So 
Nn 


~~ ~ SS? 
NIV WIA 


10.5 


Graph this region using a graphing utility. 
(b) Use the formula for the area of a trapezoid to 
approximate the total sales. 


65. 


6.{ )) HOW DO YOU SEE IT? 


On 


67. 
68. 


69. 
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Writing Explain the difference between the graphs of 
the inequality x < 4 on the real number line and on the 
rectangular coordinate system. 


A person’s maximum 
heart rate is 


DO) = 3x 


where x is the person’s age in years for 20 < x < 70. 
When a person exercises, it is recommended that the 
person strive for a heart rate that is at least 50% of the 
maximum and at most 75% of the maximum. The 
exercise target heart rate region can be approximated by 
the system of inequalities below, where y represents a 
person’s heart rate. (Source: American Heart 
Association) 


Ve OUD 220i) 
yan O45 (220 x) 
Gina AO) 

7710 


Heart rate 











Using the graph of the system of inequalities above, 
find two solutions of the system and interpret the 
meanings of the solutions in the context of the problem. 


Geometry Write a system of inequalities whose 

graphed solution set is a rectangle. 

Geometry Write a system of inequalities whose 

graphed solution set is an isosceles triangle. 

Graphical Reasoning Two concentric circles have 

radii x and y, where y > x. The area between the circles 

must be at least 10 square units. 

(a) Find a system of inequalities describing the 
constraints on the circles. 

(b) Use a graphing utility to graph the system of 
inequalities in part (a). Graph the line y = x in the 
same viewing window. 

(c) Identify the graph of the line in relation to the 
boundary of the inequality. Explain its meaning in 
the context of the problem. 
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In Exercise 43 on page 462, 
you will use linear programming to find 
the numbers of audits and tax returns 
that will bring in an optimal revenue for 
an accounting firm. 


m Use linear programming to minimize or maximize an objective function. 


@ Use linear programming to optimize an application. 


Linear Programming: A Graphical Approach 


Many applications in business and economics involve a process called optimization, in 
which you are asked to find the minimum cost, the maximum profit, or the minimum 
use of resources. In this section, you will study an optimization strategy that applies 
systems of linear inequalities, called linear programming. 

A two-dimensional linear programming problem consists of a linear objective 
function and a system of linear inequalities called constraints. The objective function 
gives the quantity that is to be maximized (or minimized), and the constraints determine 
the set of feasible solutions. For example, suppose you are asked to maximize the value of 


z= ax + by Objective function 


subject to a set of constraints that 
determines the region in Figure 5.24. 
Because every point in the region 
satisfies each constraint, it is not clear 
how you should go about finding the 
point that yields a maximum value of z. | 
Fortunately, it can be shown that if there 
is an optimal solution, it must occur at 
one of the vertices of the region. This 
means that you can find the maximum 
value by testing z at each of the vertices. 


Feasible solutions 











FIGURE 5.24 


Optimal Solution of a Linear Programming Problem 


If a linear programming problem has a solution, then it must occur at a vertex of 
the set of feasible solutions. If the problem has more than one solution, then at 
least one solution must occur at a vertex of the set of feasible solutions. In either 
case, the value of the objective function is unique. 


A linear programming problem can include hundreds, and sometimes even thousands, 
of variables. However, in this section, you will solve linear programming problems that 
involve only two variables. The guidelines for solving a linear programming problem 
in two variables are listed below. 


Guidelines for Solving a Linear Programming Problem 

1. Sketch the region corresponding to the system of constraints. (The points inside 
or on the boundary of the region are feasible solutions.) 

2. Find the vertices of the region. 


3. Test the objective function at each of the vertices and select the values of the 
variables that optimize the objective function. For a bounded region, both a 
minimum and a maximum value will exist. (For an unbounded region, if an 
optimal solution exists, then it will occur at a vertex.) 


Denis Pepin/www.shutterstock.com 
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eetrye)(-Wa Solving a Linear Programming Problem 


‘ ’ : : 
: Find the maximum value of 





" Z= 3x + 2y Objective function 
i subject to the following constraints. 
3+ x20 
vie. ' 
HA read Constraints 
Verse Ve al 


SOLUTION The constraints form the region shown in Figure 5.25. At the four vertices 
of this region, the objective function has the values shown below. 





At (0, 0): z = 3(0) + 2(0) =0 
At (1.0): 2 = 31) 42(0)= 

FIGURE 5.25 At (2, 1)-z = 3(2) + 2(1) = 8 Maximum value of z 
At (0, 2): z = 3(0) + 22) =4 


So, the maximum value of z is 8, which occurs when x = 2 and y = I. 


nA Oheckoalnt 1 





STUDY TIP 


Remember that a vertex of a 
region can be found using a 
system of linear equations. 


Find the maximum value of 











z= 2x + 3y 


subject to the following constraints. 


The system will consist of the pra l0) 
equations of the lines passing yee 
through the vertex. xty<s3 
Kays z Ba 


In Example 1, try testing some of the interior points of the region. You will see that 
the corresponding values of z are less than 8. Here are some examples. 


At (1, 1): z = 3(1) + 2(1) = 5 
At(I,3): z= 3(1) + 203) = 


ll 
WwW 
aa 
NIw 
—— 
+ 
i) 
— 
= 
Il 
vl 


3 
At (3, 1): z 
To see why the maximum value of the objective function in Example | must occur 
at a vertex, consider writing the objective function in slope-intercept form 


3 i 
7S SS 8 ae Family of lines 
Be) . 
where 
2 


is the y-intercept of the objective function. This equation represents a family of lines, 


each of slope —2, Of these infinitely many lines, you want the one that has 








re the largest z-value while still intersecting the region determined by the constraints. In 
ee other words, of all the lines whose slope is —3, you want the one that has the largest 
oo aid y-intercept and intersects the given region, as shown in Figure 5.26. It should be clear 


FIGURE 5.26 that such a line will pass through one (or more) of the vertices of the region. 
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ALGEBRA TUTOR | 





For help with the algebra A 


used to find the vertices of the 
region in Example 2, see the 
Chapter 5 Algebra Tutor on 


page 465. i 
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The guidelines for solving a linear programming problem will work whether the 
objective function is to be maximized or minimized. The steps used are precisely the 
same. In other words, once you have evaluated the objective function at the vertices of 
the set of feasible solutions, you simply choose the largest value as the maximum and 
the smallest value as the minimum. For instance, the same test used in Example | to 
find the maximum value of z can be used to conclude that the minimum value of z is 0, 
and that this value occurs at the vertex (0, 0). 


S<eis}e)(-Wamw Solving a Linear Programming Problem 


Find (a) the maximum value and (b) the minimum value of 
z= 4x + 6y 


Objective function 


subject to the following constraints. 


ea oO) 
ea) 

=i ty Sell Constraints 
Ba ie) ny 
Dee v S090 


SOLUTION 


a. The region bounded by the constraints is shown in Figure 5.27. 





25 
=—K-+ y= 11 } 
20-3 a] 
(GalG nee + 5y = 90 | 
15 | — is 
4 | Y+y=27 
Site 
5 y 
(27, 0) 





5) 10 


FIGURE 5.27 


By testing the objective function at each vertex, you obtain the values shown below. 


At (0,0): z=4(0) +600) = O 
At (0,11): z= 4(0) + 6(11) = 66 
At (5, 16): z= 4(5) + 6(16) = 116 
At (15, 12): z = 4(15) + 6(12) = 132 Maximum value of z 
At (27,0): z= 4(27) + 6(0) = 108 


So, the maximum value of z is 132, which occurs when x = 15 and y = 12. 


b. Using the values of z at the vertices in part (a), you can conclude that the minimum 
value of z is 0, and that this value occurs when x = 0 and y = 0. 


oY Checkpoint 2 





Find (a) the maximum value and (b) the minimum value of z = 5x + 2y subject to 
the same constraints as in Example 2. x 






5 z=12 for 
any point along 
4 


this line. 


/ 


FIGURE 5.28 





FIGURE 5.29 
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It is possible for the maximum (or minimum) value in a linear programming 
problem to occur at two different vertices. For instance, at the vertices of the region 
shown in Figure 5.28, the objective function 


P= 2x4 2y Objective function 

has the values shown below. 
At (0, 0): z = 2(0) + 2(0) 
At (0, 4): z = 2(0) + 2(4) = 8 
At (2, 4): z= 2(2) + 2(4) = 12 
At (5, 1): z = 2(5) + 2(1) = 12 
At (5,0): z = 2(5 


II 
a) 


Maximum value of z 


Maximum value of z 
+ 2(0) = 10 


In this case, you can conclude that the objective function has a maximum value not only 
at the vertices (2, 4) and (5, 1); it also has a maximum value (of 12) at any point on the 
line segment connecting these two vertices. Note that the objective function 
— Ps + l 
baa eG ai 


has the same slope as the line through the vertices (2, 4) and (5, 1). 
Some linear programming problems have no optimal solution. This can occur when 
the region determined by the constraints is unbounded. This is shown in Example 3. 


Scerryey(-em An Unbounded Region 


Find the maximum value of 
z= 4x + 2y Objective function 

where x => 0 and y = 0, subject to the following constraints. 

4 

i) Constraints 


i 


Reey 
Story 
cy, 


IV IV 


IA 


SOLUTION The region determined by the constraints is shown in Figure 5.29. For 
this unbounded region, there is no maximum value of z. To see this, note that the point 
(x, 0) lies in the region for all values of x = 4. By choosing x to be large, you can obtain 
values of 


z = A(x) + 2(0) 
= 4x 


YS 


that are as large as you want. So, there is no maximum value of z. For this problem, 
there is a minimum value of z, z = 10, which occurs at the vertex (2, 1), as shown 
below. 


At (1,4): z= 4 
At (2, 1): z = 4(2) + 201) = 10 
At (4,0): z= 4 


q 
II 


Minimum value of z 


*/ Chackpoint 3 


Find the maximum value of the objective function 





z=xt+ 8y 


where x = 0 and y = 0, subject to the same constraints as in Example 3. a 
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(800, 400) 





Units of product II 


(0,0) 200 600 1000 
Units of product I 


FIGURE 5.30 





Applications 


Example 4 shows how linear programming can be used to find the maximum profit in 
a business application. 


€ Optimal Profit 


A manufacturer wants to maximize the profit for two laboratory products. Product I 
yields a profit of $1.50 per unit, and product II yields a profit of $2.00 per unit. Market 
tests and available resources have indicated the following constraints. 


1. The combined production level should not exceed 1200 units per month. 
2. The demand for product II is no more than half the demand for product I. 


3. The production level of product I is less than or equal to 600 units plus three times 
the production level of product IL. 


What is the optimal production level for each product? 


SOLUTION Let x be the number of units of product I and let y be the number of units 
of product II. The objective function (for the combined profit) is given by 


Pi NOx ete ys Objective function 


The three constraints translate into the following linear inequalities. 


bs 





1. x+y < 1200 => c+ y < 1200 
Ds yes on [> -x+2< 0 
3. x<3y+600 [> # «x-3y<s 600 


Because neither x nor y can be negative, you also have the two additional constraints of 
x = Oandy 2 0. 
So, the constraints are as shown. 


Se 0 
ye 0 

Kea eva 1200 Constraints 
BG ia DAES 0 
Xia aan OU) 


Figure 5.30 shows the region determined by the constraints. To find the maximum 
profit, test the value of P at each vertex of the region. 


At (0, 0): P=1.5(0) +20) = 0 
At (800, 400): P = 1.5(800) + 2(400) = 2000 Maximum profit 
At (1050, 150): P = 1.5(1050) + 2(150) = 1875 
At (600, 0): P= 1.5(600) + 2(0) 900 


lI 


So, the maximum profit is $2000, and it occurs when the monthly production levels are 
800 units of product I and 400 units of product II. ee 


nbbackosint 4 





In Example 4, the manufacturer improves the production of product I so that it yields 
a profit of $2.50 per unit. How would this improvement affect the optimal number of 
units the manufacturer should sell in order to obtain a maximum profit? & 


Example 5 shows how linear programming can be used to find the optimal cost in 
a real-life application. 


Cups of dietary drink Y 


—|— 
Peso 8) (10 
Cups of dietary drink X 


FIGURE 5.31 
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€ Optimal Cost 


The liquid portion of a diet requires at least 300 calories, 36 units of vitamin A, and 
90 units of vitamin C daily. A cup of dietary drink X costs $0.12 and provides 60 calories, 
12 units of vitamin A, and 10 units of vitamin C. A cup of dietary drink Y costs $0.15 
and provides 60 calories, 6 units of vitamin A, and 30 units of vitamin C. How many 
cups of each drink should be consumed each day to obtain an optimal cost and still meet 
the daily requirements? 


SOLUTION As in Example 7 on page 450, let x be the number of cups of dietary 
drink X and let y be the number of cups of dietary drink Y. 


For calories: 60x + 60y = 300 
For vitamin A: 12x + 6y = 36 
For vitamin C: Oca Oy = 90 Constraints 
po aD, 
mes AO 
The cost C is given by 
Cee Olay: Objective function 


The graph of the region corresponding to the constraints is shown in Figure 5.31. 
Because you want to incur as little cost as possible, you want to determine the minimum 
cost. To determine the minimum cost, test C at each vertex of the region, as shown 
below. 


At (0, 6): C = 0.12(0) + 0.15(6) = 0.90 
As ge? Wet @ ind AG peak Op We 9 ein 72 
AC (G2) aC = 0.12(3) = 01152) —0:66 Minimum value of C 
At (9, 0): C = 0.12(9) + 0.15(0) = 1.08 


So, the minimum cost is $0.66 per day, and this cost occurs when 3 cups of dietary 
drink X and 2 cups of dietary drink Y are consumed each day. eee 


of Checkpoint 5 





In Example 5, a cup of dietary drink Y costs $0.11. How would this affect the number 
of cups of each drink that should be consumed each day to obtain an optimal cost and 
still meet the daily requirements? & 


SUMMARIZE (Section 5.5) 


1. Describe the guidelines for solving a linear programming problem (page 454). 
For an example of solving a linear programming problem, see Example 1. 


2. Describe how to find the maximum and minimum values of an objective 
function of a linear programming problem (page 456). For an example of 
maximizing and minimizing the objective function of a linear programming 
problem, see Example 2. 


3. Describe a situation in which a linear programming problem has no optimal 
solution (page 457). For an example of solving a linear programming problem 
that has no optimal solution, see Example 3. 


4. Describe a real-life example of how linear programming can be used to find 
the maximum profit in a business application (page 458, Example 4). 


David Gilder/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 93.9 these skills in the exercise set for this section. For additional help, review Sections 2.2, 5.1, and 5.4. 


In Exercises 1-4, sketch the graph of the linear equation. 


j ips eres ts %) 
26 == 12 
a. ten) 
4,.y=4 


In Exercises 5-8, find the point of intersection of the two lines. 


5.xty=4 62x 2y = 12 
x=0 y=0 

7xt+ty=4 8. x + 2y = 12 
2x + 3y =9 2x +y=9 


In Exercises 9 and 10, sketch the graph of the inequality. 
Ok a Byes 
10. 4x + 3y 2 12 











| =>°C=) ge1 at 5. 5 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Solving a Linear Programming Problem In 5. Objective function: 6. Objective function: 
Exercises 1-8, find the minimum and maximum values of z= 6x + 2y z= 5x + 4y 
the objective function and where they occur, subject to : ; 
wie ; : Constraints: Constraints: 
the indicated constraints. (For each exercise, the graph 
of the region determined by the constraints is provided.) x2 0 x2 0 
See Examples 7 and 2. Vere) y Sa 
1. Objective function: 2. Objective function: x oP Sy Ss Ils Ihe aie Sy ZS (6) 
z= 3x + 4y z= 2x + 8y 4x+ ys 16 3x 92) 
Constraints: Constraints: 
yy 2 0 x 2 y 
y20 SpEMs 5 
4 
ear WSS) Phe sp ys al 2 
J y : 
i h 2 
° (0,5) 4-4 (0,4) | 
5 
4 3 
3 2 
: 7. Objective function: 8. Objective function: 
(5, 0) (0, 0) (2, 0) 
f> x = ewe SS, ig = a6 air MOS yy Z=x+t by 
hie? £3) Ae 5n 6 = Tlie le -25 53 : : 
Constraints: Constraints: 
3. Objective function: 4. Objective function: SCCM XErCISen): See Exercise 6. 
z= 9x + 6y z= 7x + 3y 
tole. Piet Solving a Linear Programming Problem __ In Exercises 
Constraints: Constraints: ; ; Nar? 
ee 9-20, sketch the region determined by the indicated 
See Exercise 1. See Exercise 2. 


constraints. Then find the minimum and maximum values 
of the objective function and where they occur, subject to 
the constraints. See Examples 7, 2, and 3. 


9. Objective function: 10. Objective function: 
z= 6x + 10y z= 7x + 8y 
Constraints: Constraints: 

sy ean) 
1 2a) veel) 
Bre sy <-15 Pepe 8 
11. Objective function: 12. Objective function: 
z= 8x + 4y z= 10x + 3y 
Constraints: Constraints: 


See Exercise 9. See Exercise 10. 


13. Objective function: 14. Objective function: 
z= 4x + Sy z= 4x + Sy 
Constraints: Constraints: 

ee 0 x0 
yee 0 ia) 
ay = § eye 
eae oy = 30 Cielito) 

15. Objective function: 16. Objective function: 
2 =a aah) Z=2%— ¥ 
Constraints: Constraints: 


See Exercise 13. See Exercise 14. 


17. Objective function: 18. Objective function: 
pean + Gy Z=xXx 
Constraints: Constraints: 
xe 0) ae ane |) 
ye, 0 Veen) 
mt 2y = 40 2x yess. 60: 
fae y= 30 Dea <A ES Ons 
Dee Oy = 65 4x + y = 48 
19. Objective function: 20. Objective function: 
at XUV Lay 
Constraints: Constraints: 


See Exercise 17. See Exercise 18. 


Maximizing the Objective Function In Exercises 
21-24, maximize the objective function subject to the 
constraints 3x + y < 15, 4x + 3y < 30,x 2 0,andy 2 0. 


ieee 2 
22a OX Ty 
23. z= 4x + 3y 
24. z=3x+y 


Maximizing the Objective Function In Exercises 
25-28, maximize the objective function subject to the 
constraints x+5y< 25, x+y<9, 4x+ 2y s 32, 
X20, andy 2.0. 

Zoe — Ox + 7y 

26. z = 10x + 8y 


lI 
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27. z= 15x +y 
23a ete olny 
Think About It In Exercises 29-36, find an objective 
function that has a maximum or minimum value at the 


indicated vertex of the constraint region shown. (There 
are many correct answers.) 


ll 








29. The maximum occurs at vertex A. 
30. The maximum occurs at vertex B. 
31. The minimum occurs at vertex C. 
32. The minimum occurs at vertex D. 
33. The maximum occurs at vertices A and B. 
34. The maximum occurs at vertices B and C. 
35. The minimum occurs at vertices A and D. 


36. The minimum occurs at vertices C and D. 


37. Optimal Profit A fruit grower raises crops A and B. 
The profit is $185 per acre for crop A and $245 per acre 
for crop B. Research and available resources indicate 
the following constraints. 


* The fruit grower has 150 acres of land for raising the 
crops. 


It takes 1 day to trim an acre of crop A and 2 days to 
trim an acre of crop B, and there are 240 days per year 
available for trimming. 


It takes 0.3 day to pick an acre of crop A and 0.1 day 
to pick an acre of crop B, and there are 30 days per 
year available for picking. 


What is the optimal acreage for each fruit? What is the 
optimal profit? 

38. Optimal Profit The costs to a store for two models 
of Global Positioning System (GPS) receivers are $80 
and $100. The $80 model yields a profit of $25 and 
the $100 model yields a profit of $30. Market tests 
and available resources indicate the following 
constraints. 


* The merchant estimates that the total monthly 
demand will not exceed 200 units. 

¢ The merchant does not want to invest more than 
$18,000 in GPS receiver inventory. 

What is the optimal inventory level for each model? 

What is the optimal profit? 
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39. 


40. 


41. 


42. 


Optimal Cost A farming cooperative mixes two 

brands of cattle feed. Brand X costs $30 per bag, and 

brand Y costs $25 per bag. Research and available 

resources have indicated the following constraints. 

¢ Brand X contains two units of nutritional element A, 
two units of element B, and two units of element C. 


e Brand Y contains one unit of nutritional element A, 
nine units of element B, and three units of element C. 


The minimum requirements for nutrients A, B, and C 
are 12 units, 36 units, and 24 units, respectively. 


What is the optimal number of bags of each brand that 
should be mixed? What is the optimal cost? 


Optimal Cost A humanitarian agency can use two 
models of vehicles for a refugee rescue mission. Each 
model A vehicle costs $1000 and each model B vehicle 
costs $1500. Mission strategies and objectives indicate 
the following constraints. 


¢ A total of at least 20 vehicles must be used. 


¢ A model A vehicle can hold 45 boxes of supplies. A 
model B vehicle can hold 30 boxes of supplies. The 
agency must deliver at least 690 boxes of supplies to 
the refugee camp. 

¢ A model A vehicle can hold 20 refugees. A model B 
vehicle can hold 32 refugees. The agency must rescue 
at least 520 refugees. 

What is the optimal number of vehicles of each model 

that should be used? What is the optimal cost? 


Optimal Profit A manufacturer produces two models 
of bicycles. The times (in hours) required for assembling, 
painting, and packaging each model are shown in 
the table. 


Process 


Assembling 





Model A | Model B 


















Painting 


| Packaging le I 


The total times available for assembling, painting, and 
packaging are 4000 hours, 4800 hours, and 1500 hours, 
respectively. The profits per unit are $50 for model A 
and $75 for model B. What is the optimal production 
level for each model? What is the optimal profit? 








Optimal Profit A company makes two models of 
doghouses. The times (in hours) required for assembling, 
painting, and packaging are shown in the table. 


Model A | Model B 






Process 






Assembling 





Painting 











Packaging | 
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44, 


45. 
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The total times available for assembling, painting, and 
packaging are 4000 hours, 2500 hours, and 1500 hours, 
respectively. The profits per unit are $60 for model A 
and $75 for model B. What is the optimal production 
level for each model? What is the optimal profit? 


Optimal Revenue An accounting firm charges 
$2500 for an audit and $350 for a tax return. Research 
and available resources have indicated the following 
constraints. 


¢ The firm has 900 hours of staff time available each 
week. 


¢ The firm has 155 hours of review time available each 
week. 


¢ Each audit requires 75 hours of staff time and 10 hours 
of review time. 


¢ Each tax return requires 12.5 hours of staff time and 
2.5 hours of review time. 


What numbers of audits and tax returns will bring in an 
optimal revenue? 


Optimal Revenue The accounting firm in Exercise 43 
lowers its charge for an audit to $2000. What numbers 
of audits and tax returns will bring in an optimal revenue? 


Media Selection A company has budgeted a 
maximum of $4,800,000 for national advertising of an 
allergy medication. Each minute of television time costs 
$400,000 and each one-page newspaper ad costs 
$80,000. Each television ad is expected to be viewed by 
20 million viewers, and each newspaper ad is expected 
to be seen by 5 million readers. The company’s market 
research department recommends that at most 80% of 
the advertising budget be spent on television ads. What 
is the optimal amount that should be spent on each type 
of ad? What is the optimal total audience? 


Optimal Profit A fruit juice company makes two 
drinks by blending apple and pineapple juices. The 
percents of apple juice and pineapple juice in each drink 


are shown in the table. 
30% 60% 


Apple juice 












Pineapple juice 








There are 1000 liters of apple juice and 1500 liters of 
pineapple juice available. The profit for drink A is $0.70 
per liter and the profit for drink B is $0.60 per liter. 
What is the optimal production level for each type of 
drink? What is the optimal profit? 


47. 


48. 


49. 


50. 


Recognizing Unusual Characteristics 


Investments An investor has up to $250,000 to 
invest in two types of investments. Type A investments 
pay 7% annually and type B pay 12% annually. To have 
a well-balanced portfolio, the investor imposes the 
following conditions. At least one-fourth of the total 
portfolio is to be allocated to type A investments and at 
least one-fourth is to be allocated to type B investments. 
What is the optimal amount that should be invested in 
each type of investment? What is the optimal return? 


Investments An investor has up to $450,000 to 
invest in two types of investments. Type A investments 
pay 8% annually and type B pay 14% annually. To have 
a well-balanced portfolio, the investor imposes the 
following conditions. At least one-half of the total 
portfolio is to be allocated to type A investments and at 
least one-fourth is to be allocated to type B investments. 
What is the optimal amount that should be invested in 
each type of investment? What is the optimal return? 


Optimal Profit A company makes two models of a 
patio furniture set. The times for assembling, finishing, 
and packaging model A are 3 hours, 2.5 hours, and 
0.6 hour, respectively. The times for model B are 
2.75 hours, | hour, and 1.25 hours. The total times 
available for assembling, finishing, and packaging are 
3000 hours, 2400 hours, and 1200 hours, respectively. 
The profit per unit for model A is $100 and the profit per 
unit for model B is $85. What is the optimal production 
level for each model? What is the optimal profit? 


Optimal Profit A manufacturer produces two models 
of elliptical cross-training exercise machines. The times 
for assembling, finishing, and packaging model A are 
3 hours, 3 hours, and 0.8 hour, respectively. The times 
for model B are 4 hours, 2.5 hours, and 0.4 hour. The 
total times available for assembling, finishing, and 
packaging are 6000 hours, 4200 hours, and 950 hours, 
respectively. The profits per unit are $300 for model A 
and $375 for model B. What is the optimal production 
level for each model? What is the optimal profit? 


In Exercises 


51-56, the given linear programming problem has an 
unusual characteristic. Sketch a graph of the solution 
region for the problem and describe the unusual 
characteristic. Find the maximum value of the objective 
function and where it occurs. 


Sia 


Objective function: 52. Objective function: 

= 20x 1 y Z=xty 

Constraints: Constraints: 
ee) bdeeaae) 
ya 10 y20 

he Sim) vies lbs) —x+ y<l 

aor oy = 10 = ys 4 


53. 


55: 


56. 


Si. 


8.(. }} HOW DO YOU SEE IT? 


Os 


59. 
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Objective function: 
= eeny Z=xt+y 


A 


54. Objective function: 


Constraints: 


0 ii 
0 y 
10 Sie aay 
7 = abe AP ay 


Constraints: 


35 
y 
5 
ae ae WY 


ASIN SN 


IV IA IV IV 


Objective function: z = 
Constraints: 
0 
0 
1 
4 


Objective function: z = x 


IV 


x 
y 
xe oe Wy 
PE ae WY 


IA IA IV 


Constraints: 
x 
y 
56 a DAY 
Declan 


£4 fC oO 


IA IA IV IV 


Reasoning An objective function has a minimum 
value at the vertex (20, 0). Can you conclude that it also 
has a minimum value at the point (0, 0)? 


A company trying to 
determine an optimal profit finds that the objective 
function has a maximum value at the vertices 
shown in the graph. 

iy 


A 
14 -- 


12-#(0, 12) 
10 ++ 

8+ 
06,7) 


6-+- 

4 

: 
p++ 
6 


SI 
24 








ete 
8 i Wa et 


(a) Can you conclude that it also has a maximum 
value at the point (3, 9)? Explain. 


(b) Can you conclude that it also has a maximum 
value at the point (6, 6)? Explain. 


(c) Find two additional points that maximize the 
objective function. 


Reasoning When solving a linear programming 
problem, you find that the objective function has a 
maximum value at more than one vertex. Can you 
assume that there are an infinite number of points that will 
produce the maximum value? Explain your reasoning. 
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Simplifying and Solving Systems of Equations 


Bi) 


On this page, you can review the algebra used in solving some of the examples in 


Chapter 5. 


secrte-was Simplifying a System of Equations 


Example 7, page 426 





2000 = (7, ra(4 = 
264 
2000) ar ( 60 
5000 
11 ae (1, =a lo) 


5000 = 11(r, — rp) 


5000 = Ir, — 11r, 


Equation | 


Add. 500 = 7 a '75 


Multiply each 


60 


side by 364. 


Multiply each 
side by 11. 


Distributive Property 


Seerete(-Wam Solving a System of Equations 


Example 7, page 438 


@= bee=? Equation | 
OQae sec = 1 Equation 2 
4a+2b+c=6 Equation 3 
ay = | Sp KEL Ig Ath Sra tami eee ae 
a bt+c 3 _ Adding — 1 times the first 
2b =a” _, equation to the second equation 
Ate eee (AS _ produces a new second equation. — 
Dagens ‘al Multiplying the second equation 
b Seal pase by 5 produces a new second 
das 2bo c=) 6 equUatLOn jar: che eae 
i [re oe ae SAS ears | 
Me b+ ¢ 3 Adding —4 times the first 
b oe _ equation to the third equation 
ob=3c=—6 ~ produces a new third equation. 
Go DAN EC 3 _ Adding —6 times the second 
b ao equation to the third equation 
oc =) 0 __ produces a new third equation. 
= = PEE yeN aes. sy, Dee ae ee 
a-—b+¢ 3 _ Multiplying the third equation 
b a _ by —} produces a new third 
c= 0 Bigcquation eee ye Aa | 


2000 = (r, AW r5)(4) Equation 2 


Divide each 
side by 4. 














To solve for a, substitute b = —1 and c = 0 into Equation | to obtain 


a—(-1)+0=3 


a2. 


So, the solution is a = 2, b = —1, andc = 0. 











mw Algebra Tutor 465 


Finding Vertices of a Region 


On this page, you can review the algebra used in finding the vertices of the region 
bounded by the constraints in Example 2 on page 456. 


iS ereye)(-M Finding Vertices of a Region 


Find the vertices of the region bounded by the constraints shown in the figure. | 
SOLUTION 


First, you know that A is at (0, 0) because x = 0 and y = 0 intersect at the origin. To 
find vertex B, solve the system 


=e eo | Equation | 
IG = 0 Equation 2 


by substituting x = 0 into Equation | and solving for y. 


O+y=11 > y= il 


1 


So, B is at (0, 11). To find vertex C, solve the system 





ee yee ks Equation | 
2x + 5y = 90 Equation 2 
Adding 2 times the first equation | 
=i y=" dd _ to the second equation produces 
vi = —— anew second equation. | 


So, y = 16. By back-substituting y = 16 into Equation |, you obtain 
—x~+16=11 E> x«=5. 
So, C is at (5, 16). To find vertex D, solve the system 


axis oy =90 Equation | 
x+ y=27 Equation 2 


First, solve for y in Equation 2 to get y = 27 — x. Then substitute the expression 
27 — x for y into Equation | and solve for x. 


2x + 5(27 — x) = 90 Substitute 27 — x for y. 
2x +135 — 5x = 90 Distributive Property 
—3x = —45 Combine like terms. 

x=15 Divide each side by —3. 


By back-substituting x = 15 into Equation 2, you obtain 
S+y=27 >> y=12. 


So, D is at (15, 12). To find vertex E, solve the system 


x+y=27 Equation | 
Se ae 0 Equation 2 


by substituting y = 0 into Equation | and solving for x. You obtain 
x+0=27 ED x=27. 
So, E is at (27, 0). 
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SUMMARY AND STUDY STRATEGIES 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 467. 
Answers to odd-numbered Review Exercises are given in the back of the text.” 





Section 5.1 Review Exercises 
mw Solve a system of equations by the method of substitution. l—6 
m Solve a system of equations graphically. Ly By La 
= Construct and use a system of equations to solve an application problem. 9-]2 
Section 5.2 

mw Solve a linear system by the method of elimination. 13-20 
m Interpret the solution of a linear system graphically. Clee 
m Construct and use a linear system to solve an application problem. 23-28 
Section 5.3 

= Solve a linear system in row-echelon form using back-substitution. 29, 30 
= Use Gaussian elimination to solve a linear system. 31-36 
w Solve a nonsquare linear system. 33, 34 
= Find the equation of a parabola or a circle using a linear system in three 37-40 


or more variables. 


=» Construct and use a linear system in three or more variables to solve an 41-44 
application problem. 





Section 5.4 

m Sketch the graph of an inequality in two variables. 45-50 
m Solve a system of inequalities. 51-58 
= Construct and use a system of inequalities to solve an application problem. 59-64 
Section 5.5 

mw Use linear programming to minimize or maximize an objective function. 65-72 
mw Use linear programming to optimize an application. 73-77 
Study Strategies 


m= Units of Variables in Applied Problems When using systems of equations to solve real-life applications, be sure 
to keep track of the unit(s) assigned to each variable. This will allow you to write correctly each equation of the system 
based on the constraints given in the application. 


A wide range of valuable study aids are available to help you master the material in this chapter. 
The Student Solutions Manual includes step-by-step solutions to all odd-numbered exercises to 
help you review and prepare. The student website at www.cengagebrain.com offers algebra help 
and a Graphing Technology Guide, which contains step-by-step commands and instructions for 
a wide variety of graphing calculators. 


Review Exercises 
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oveTeMUTAWAWA Orel [ol Oi ake lerevolanin (elAm Nels core mele] asco) lUle(elarcm Comore (eCialUlpnlol-iccle Moya ikelio\e 





Solving a System by Substitution In Exercises 1-6, 
solve the system by the method of substitution. 
1. \, ca oy= 10 
aye Sy = —28 


Ix tiy=-2 
Oye ay 
4. Nee os he 


lI 
ons 


Zier y— 13 = 0 
4x + 3y — 26 = 0 


Var Voy = —0.8 


5. |x7+ y* = 100 
wep 2y = 20 

ieee — 2x — 2x — 3 
| ae ax — 3 


Exercises 7 and 8, use a graphing utility to find the 


Solving a System of Equations Graphically In 
point(s) of intersection of the graphs. 


fee — 3x + 11 
eo tot 8 


ees 


9, Break-Even Analysis You invest $5000 in a 
greenhouse. The planter, potting soil, and seed for each 
plant costs $6.43, and the selling price is $12.68. How 
many of the potted plants do you need to sell to break 
even? 


10. Break-Even Analysis You invest $50,000 to open a 
temporary employment agency. Each hour of labor that 
you contract costs you $13.72 and brings in revenue of 
$22.26. How many hours of labor must you contract to 
break even? 


11. Choice of Newscasts Television stations A and B 
are competing for the 6 P.M. newscast audience. Station 
A is implementing a new newscast format for the 6 P.M. 
audience. Models that represent the numbers of 6 P.M. 
viewers each month for the two stations are given by 


k 950x + 10,000 
ay, 


—875x + 18,000 
where y represents the number of viewers and x 
represents the month, with x = | corresponding to the 
first month of station A’s new format. Use the models to 
estimate when the number of viewers for station A’s 
6 P.M. newscast will exceed the number of viewers for 
station B’s 6 P.M. newscast. 


Station A (new format) 


Station B 


I| 


12. Comparing Populations From 2000 through 2009, 
the population of Kentucky grew more slowly than that 
of South Carolina. Models that represent the populations 
of the two states are given by 


P = 30.8t + 4035 
P = 61.6t + 3985 


Kentucky 


South Carolina 


where P represents the population (in thousands) and 
t represents the year, with tf = 0 corresponding to 2000. 
Use a graphing utility to estimate the year when the 
population of South Carolina first exceeded that of 
Kentucky. (Source: U.S. Census Bureau) 

Solving a System by Elimination — In Exercises 13-20, 
solve the system by the method of elimination. 


13325 3y — 21 
ie y= 4 
14. | 3u+ Sv= 9 

Re + 10v = 22 


15. |4x — 3y = 10 
is — 6y = 20 
16. {3 + dy = 18 
6x + 8y = 18 


U7 See ZIV "5.5 
6x + 10y = 24 


18. ee = eye 





5x — 8y = 14 
aaa yt es 
19. 3 =H m =5 
00 i a ae neh 
3 2 
205. |—x = = 
5" 7) 10 
x + 2y = 38 


Interpreting the Solution Graphically — In Exercises 
21 and 22, describe the graph of the solution of the 
linear system. 


21 | 2k ye 
ee Ly = =5 
Pp | x 2y = 1 

—2x+4y= 2 


23. Acid Mixture Twelve gallons of a 25% acid solution is 
obtained by mixing a 10% solution with a 50% solution. 
(a) Write a system of equations that represents the 
problem and use a graphing utility to graph the 
equations in the same viewing window. 
(b) How much of each solution is required to obtain the 
specified concentration of the final mixture? 
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24. Acid Mixture Twenty gallons of a 30% acid solution is Demand Supply 
obtained by mixing a 12% solution with a 60% solution. 28. p = 120 — 0.0001x p = 45 + 0.0002x 
) Write a system of equations that represents the 
problem and use a graphing utility to graph the Using Back-Substitution In Exercises 29 and 30, use 
equations in the same viewing window. back-substitution to solve the system of linear equations. 
(b) How much of each solution is required to obtain the 29. |x — 3y + 2z=1 
specified concentration of the final mixture? y-2z=1 
25. Fitting a Line to Data Find the least squares z=2 
regression line y = ax + b for the points shown in the 30. (x t+y-—4z= 6 
graph below by solving the following system of linear ye 
equations for a and b. : hoe 
5b + 10a = 17.8 
ave Seelive= “ eal Solving a System of Linear Equations In Exercises 
. 31-36, solve the system of linear equations. 
r Sa 2a 
| x-4y-z=3 
ma © (4, 5.5) r+ ytz=4 
a nie 32, (easy = 218 
| )) 
: | @(2, 3.6) Mx Zz 23 
> 9(1, 2.4) PRR ae ye 
>4(0, 1.6) AX oe ee 
| 
(Ee ee, Dy Baye do? 
base dese 60 a : 


34. [5x — 12y-) 77 = 16 
3x -— Tyt+4z= 9 


De => (oy) = 


26. Ethanol Production The table shows the 
amount of corn y (in billions of bushels) used in the 


SEE 


production of ethanol each year from 2005 through 


uae 3. ls r+ y+ 2=10 
| 
| 
















3) 
2009. (Source: U.S. Department of Agriculture) ox + 2y = 
36: (xt ye 2a 8 
0 | PRE Ae BM Fe — a, 
Amount, y | 1. . 50 esc lea 3x + 2y Soe 





Data Analysis: Curve Fitting In Exercises 37 and 38, 
find the quadratic equation y = ax* + bx +c whose 
graph passes through the points. 


(a) Solve the system below for a and b to find the least 
squares regression line y = at + b for the data. Let ¢ 
represent the year, with t = 0 corresponding to 2005. 





A 2 
5b + 10a = 14.7 
10b + 30a = 36.4 
(b) Use a graphing utility to graph the regression line ee a 
and predict the amount of corn used to produce =6.-4 


ethanol in 2010. 


(c) Use the regression feature of the graphing utility to 
find a linear model for the data. Compare this model 38 y 
with the one you found in part (a). : 











A 
wnt 4 a) (2, 14) 
Finding the Point of Equilibrium In Exercises 27 and (—5, 0) |- 
28, find the point of equilibrium for the demand and sae a3 10 30 
supply equations. ~20}} (1, -6) 
Demand Supply sc 


27. p = 37 — 0.0002x p = 22 + 0.00001x 


Data Analysis: Curve Fitting In Exercises 39 and 40, 
find the equation x? + y2 + Dx+Ey+F=0 of the 
circle that passes through the points. 


39. 











40. y 








41. Investment Portfolio You are creating an investment 
portfolio by investing a total of $500,000 in certificates of 
deposit, municipal bonds, blue-chip stocks, and growth 
stocks. The certificates of deposit pay 5% simple annual 
interest, and the municipal bonds pay 8% simple annual 
interest. Over a five-year period, you expect the blue-chip 
stocks to return 10% simple annual interest and the 
growth stocks to return 15% simple annual interest. You 
want to have two-fifths of your portfolio in stocks, and 
twice as much in certificates of deposit as in municipal 
bonds. How much should you allocate to each type of 
investment to have a combined return of 9.45%? 


42. Investment You receive $8580 a year in simple 
annual interest from three investments. The interest 
rates for the three investments are 6%, 8%, and 10%. 
The value of the 10% investment is two times that of the 
6% investment, and the 8% investment is $1000 more 
than the 6% investment. What is the amount of each 
investment? 

43. Fitting a Parabola to Data Find the least squares 
regression parabola y = ax? + bx + c for the points 
shown in the graph below by solving the following 
system of linear equations for a, b, and c. 


5c +10a= 9.1 


10b eon) 
10c + 34a = 19.8 


y 








4 e 
| (2, 3.8) 
3- 
(—2, 0.4) 
2+ e(1, 2.1) 
(0, 1.9) 
Oe 
A (Ells) 
f + + eats 
—2 -!il 1 2; 
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» 44, Sailboat Sales The table shows the number y 
(in thousands) of new sailboats sold in the United 
States each year from 2005 through 2009. In 
the table, ¢ represents the year, with t= —1 
corresponding to 2005. (Source: The Sailing 
Company’s Annual Sailing Business Review) 


|_ Year, t [ Number, y 
=| 


al 14.4 


ee 
; 11.8 
lide. 
2 oa. 
r ——t! 
3 5.4 
2 
































(a) Use a graphing utility to create a scatter plot of the 
data. 
(b) Solve the following system for a and b to find the 
least squares regression line y = at + b for the data. 
5b+ 5a = 53.8 
5b + 15a = 32.2 
(c) Solve the following system for a, b, and c to find the 
least squares regression parabola y = at? + bt + c 
for the data. 


Sc + 5b+ 15a = 53.8 
5c + 15b + 35a = 32.2 
15c + 35b + 99a = 112 


(d) Use the regression feature of the graphing utility to 
find linear and quadratic models for the data. 
Compare the models with the least squares regression 
models found in parts (b) and (c). 


(ec) Use the graphing utility to graph the linear and 
quadratic models with the scatter plot of the data. 
Use the models to predict the numbers of sailboats 
sold in 2010 and 2011. Discuss your results in the 
context of the situation. 


Sketching the Graph of an Inequality In Exercises 
45-50, sketch the graph of the inequality. 





AS. x eons 46..\seri2 
47. y<5+5x 48:3) eal 
3 
499i 442s Jt vee 
Quis AneiS 1 SOE ari5 


Solving a System of Inequalities In Exercises 51-58, 
graph the solution set of the system of inequalities. 


51.) lima 4y <n8 52) 2x eaky Be SO 
1) mitcte £0 
y STO fa 
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S3a oxy) Stee 
Ps iy ssa 
TESS ce |! 
S40) ay 4 
) apg Se AO, 
Kye: 0 
55. Yoyo ss 9 
ty = 2 Sy 
56. | Pye aA 
— Die 2 <y 
Ss |illmee< 3 
| yo = 
x< 4 
58 lise 
=X yn Yom ne 
ym 
Geometry In Exercises 59 and 60, write a system of 


inequalities that corresponds to the solution set shown in 
the graph. 


59. Parallelogram 








60. Triangle 








Consumer and Producer Surpluses In Exercises 61 
and 62, find the consumer surplus and producer surplus 
for the demand and supply equations. 


Demand Supply 
61. p = 160 — 0.0001x p = 70 + 0.0002x 
62. p = 130 — 0.0002x p = 30 + 0.0003x 


63. Movie Player Inventory A store sells two models of 
Blu-ray Disc™ players (BDPs). Because of the demand, 


it is necessary to stock at least twice as many units of 


model Y as units of model Z. The costs to the store for 
the two models are $100 and $150, respectively. The 
management does not want more than $4000 in BDP 
inventory at any one time, and it wants at least four 
model Y BDPs and two model Z BDPs in inventory at all 
times. Find a system of inequalities that describes all 
possible inventory levels. Sketch the graph of the system. 


64. Concert Ticket Sales Two types of tickets are to be 
sold for a concert. One type costs $30 per ticket and the 
other type costs $50 per ticket. The promoter of the 
concert can sell up to 10,000 of the $50 tickets and up 
to 18,000 of the $30 tickets, but no more than 24,000 
tickets in all. Also, the gross receipts must total at least 
$550,000 in order for the concert to be held. Find a 
system of inequalities describing the numbers of each 
type of ticket that can be sold so that the concert can be 
held. Sketch the graph of the system. 


Solving a Linear Programming Problem In 
Exercises 65-68, find the minimum and maximum values 
of the objective function and where they occur, subject to 
the indicated constraints. (For each exercise, the graph 
of the region determined by the constraints is provided.) 
65. Objective function: z = 5x + 6y 

Constraints: 2 
0 


8 





66. Objective function: z = 15x + 12y 


Constraints: x = 0) 


Nw hw 





67. Objective function: z = 8x + 10y 


Constrants OS 0s) 50 
() sae Cea 8 
ax tSy S 2735 








(0)35)) (25,35) 
a é (50, 15) 


10 20 30 40 50 











68. Objective function: 2 = 50x + 60y 
Constraints: re 0 
y2 0 
3x + 4y = 1200 
5x + 6y = 3000 
Y 
t (0, 500) 
500° (0, 300) 
300 (400, 0) 
(600, 0) 
100 
——_ ~ 
100 300) S00 
Solving a Linear Programming Problem In 


Exercises 69-72, sketch the region determined by the 
indicated constraints. Then find the minimum and 
maximum values of the objective function and where 
they occur, subject to the constraints. 


69. 


70. 


71. 


Tan 


Objective function: 2 = Ox + 8y 
Constraints: ee 
Seah] 
x + 4y = 16 
3x + 2y s 18 
Objective function: <= 5x + 8y 
Constraints; Osxs 5 
y () 
moray Sel2 
Boro een LS 
Objective function: 2 = 8x + 3) 
Constraints: Os xs 5 
Sy ee 
Season pear y 
Sey SL) 
Objective function: 2 = lOx + ly 
Constraints: Tee 
y 0) 
2x + 5y < 30 
Yi, 3 
ax+ ys 14 


. Optimal Profit A company makes two models of desks. 


The times (in hours) required for assembling, finishing, 
and packaging each model are shown in the table. 








74. 


76. 


dds 


m Review Exercises 471 


The total times available each month for assembling, 
finishing, and packaging are 5600 hours, 2000 hours, 
and 910 hours, respectively. The profits per unit are 
$100 for model A and $150 for model B. What is the 
optimal monthly production level for each model? What 
is the optimal monthly profit? 


Optimal Profit A factory manufactures two television 
set models: an LCD model that yields $100 profit and a 
plasma model that yields a profit of $180. The times (in 
hours) required for assembling, testing, and packaging 
each model are shown in the table. 


















— LCD model psec model 
Assembling F 5 
| ‘Testi “| 
Testing I v2 
alt j 
Packaging | l 














The total times available each month for assembling, 
testing, and packaging are 3000 hours, 1300 hours, 
and 1000 hours, respectively. What is the optimal 
monthly production level for each model? What is the 
optimal monthly profit? 


. Optimal Profit The costs to a merchant for two 


models of digital camcorders are $525 and $675. The 
$525 model yields a profit of $75 and the $675 model 
yields a profit of $125. The merchant estimates that the 
total monthly demand will not exceed 350 units. There 
should be no more than $206,250 in digital camcorder 
inventory. Find the number of units of each model that 
should be stocked in order to optimize profit. What is 
the optimal profit? 

Optimal Profit The costs to a merchant for two 
models of home theater systems are $270 and $455. The 
$270 model yields a profit of $30 and the $455 model 
yields a profit of $45. The merchant estimates that the 
total monthly demand will not exceed 100 units. There 
should be no more than $36,250 in home theater system 
inventory. Find the number of units of each model that 
should be stocked in order to optimize profit. What is 
the optimal profit? 

Optimal Revenue An accounting firm has 800 hours 
of staff time and 90 hours of review time available each 
week. The firm charges $2500 for an audit and $200 for 
a tax return. Each audit requires 100 hours of staff time 
and 10 hours of review time. Each tax return requires 
10 hours of staff time and 2 hours of review time. What 
numbers of audits and tax returns will bring in an 
optimal revenue? What is the optimal revenue? 
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T E ST YO U ES Ss E L i See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-6, solve the system of equations using the indicated method. 


1. Substitution 2. Substitution 3. Graphing 
te = T= = 18 | xy = 3 (> +y=4 
Ay 3y == 20 ety =9 2x* +y =8 
4. Graphing 5. Elimination 6. Elimination 
Be — 2.25y = 8 2x—4y + 2=11 3x — 2y + Zee 
Dx Dy = 575 tok 2ys3z = 9 on — 2a 
3y + O27 =112 2X =) > Bee 


7. A total of $80,000 is invested in two funds paying 2.3% and 3.1% simple interest. 
The total annual interest is $2000. How much is invested in each fund? 


8. Find the point of equilibrium for a system that has a demand equation of 
p = 49 — 0.0003x and a supply equation of p = 33 + 0.00002.x. 


9. The numbers y of adults (in millions) who participated in baking as a leisure 
activity in the years 2005 through 2009 are shown in the table at the left. In the 





























Year, x | Number, y table, x represents the year, with x =O corresponding to 2007. (Source: 
r Fr , esi Mediamark Research & Intelligence) 
= 39.6 (a) Find the least squares regression parabola y = ax? + bx + c for the data by 
sal 41.3 solving the system below. 
0 47.6 SC + 10a = 239.6 
iif 52.2 10b = 49.5 
10c + 34a = 487.5 
2 58.9 : 
(ee Se eed (b) Use the model found in part (a) to predict the number of adults who 
Table for 9 participated in baking as a leisure activity in 2010. 


In Exercises 10-13, sketch the graph of the inequality. 
10. x = 0 

AU Boog 0) 

12x Sele 

[Bers ha ayers ale) 


14. Sketch the solution set of the system of inequalities composed of the inequalities in 
Exercises 10-13. 


15. Find the minimum and maximum values of the objective function z = 6x + 7y, 
subject to the constraints given in Exercises 10-13. 


16. A manufacturer produces two models of exercise equipment. The times required 
for assembling, painting, and packaging each model are as follows. 
¢ Assembling: 3.5 hours for model A; 8 hours for model B 
¢ Painting: 2.5 hours for model A; 2 hours for model B 
* Packaging: 1.3 hours for model A; 0.9 hour for model B 


The total times available for assembling, painting, and packaging are 5600 hours, 
2000 hours, and 900 hours, respectively. The profits per unit are $200 for model A 
and $275 for model B. What is the optimal production level for each model? What 
is the optimal profit? Explain your reasoning. 


iofoto/www.shutterstock.com 








Exercise 16 on page 528 uses a 
determinant to find the number of square 
feet in a triangular tract of land. 
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Matrices 
and 
Determinants 


Matrices and Linear Systems 

Operations with Matrices 

The Inverse of a Square Matrix 

The Determinant of a Square Matrix 
Applications of Matrices and Determinants 
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474 Chapter 6 m Matrices and Determinants 


6.1 Matrices and Linear Systems 





® Determine the dimension of a matrix. 


@ Perform elementary row operations on a matrix in order to write the matrix 
in row-echelon form or reduced row-echelon form. 


@ Solve a system of linear equations using Gaussian elimination. 
® Solve a system of linear equations using Gauss-Jordan elimination. 


240 + 
ae 2 [y Matrices 
190+ e 
180 


no In this section, you will study a streamlined technique for solving systems of linear 
160-5 py +-++-+-+*' equations. This technique involves the use of a rectangular array of real numbers called 
t te Sao 7 g \ : s ee 5 
Tee ae eS SE a matrix. The plural of matrix is matrices. 





(in millions) 


Number of drivers 


Year (0 @ 1997) 


Definition of a Matrix 


If m and n are positive integers, then an m x n matrix (read “m by n”) is a 
rectangular array 








Vine Uae eee aes: 
Bayel ay ages 24, sols, m rows 
An} Am? Ang Ginn 
— eed, 
In Exercise 90 on page 486, n columns 
you will find the least squares 5 ; te : 
ead ch each entry, a,,, of the TIX iS ¢ ; % ; 
regression line for data shown in a in whi ch entry, d;;, 0 mat sa number. An m xX n matrix has m rows 
graph by solving a system of equations (horizontal lines) and n columns (vertical lines). 


using matrices. 


The entry in the ith row and jth column is denoted by the double subscript notation 
a;;. That 1s, aj, refers to the entry in row 2, column |. A matrix having m rows and 
n columns is said to be of dimension m  n. If m = n, then the matrix is square of 


dimension m x m (orn x n). For a square matrix, the entries a,,, dy, dy3,. . . are the 
main diagonal entries. 


|>'<etse¥e)(-wam Dimensions of Matrices 
a. The dimension of the matrix shown at the right is | x 4. [1 aah it) i] 


a. 


; a 0 0 
b. The dimension of the matrix shown at the right is 2 x 2 | | 


0 0 
5 0 
c. The dimension of the matrix shown at the right is 3 x 2. 2) 2 
= 4 


Wohackoaint 1 





Determine the dimension of the matrix. 


0 8 | 
ee 





Yuri Arcurs /Shutterstock.com 
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A matrix that has only one row [such as the matrix in Example 1(a)] is called a row 
matrix, and a matrix that has only one column is called a column matrix. 

A matrix derived from a system of linear equations (each written in standard form 
with the constant term on the right) is the augmented matrix of the system. Moreover, 
the matrix derived from the coefficients of the system (but that does not include the 
constant terms) is the coefficient matrix of the system. Note in the matrices below the 
use of 0 for the coefficient of the missing y-variable in the third equation. Also note that 
the fourth column (the column of constant terms) in the augmented matrix is separated 
from the coefficients of the linear system by vertical dots. 


x-—4y+3z= 5 
System: =x Bye 3 
2X = 142 6 
[ =4 Sy 5 
Augmented Matrix: =) 3 le 3 
2 Oiv=4>: 6 
l-=4 3 
Coefficient Matrix: all 35 1 
2, Ov 4 


When forming either the coefficient matrix or the augmented matrix of a system, 
you should begin by vertically aligning the variables in the equations and using zeros 
for the coefficients of any missing variables. 


eeCea Writing an Augmented Matrix 


Write the augmented matrix for the system of linear equations. What is the dimension 
of the augmented matrix? 


po) a) 
yet AZ 2. 
x-5z= O 


SOLUTION Begin by writing the linear system and aligning the variables. 


paar. hy a) 
—y + 4z=-2 
ca —5z= 0 


Next, use the coefficients and constant terms as the matrix entries. Include zeros for the 
coefficients of the missing variables. 


eee ey tO hae 
eee aie eee ee 
Ae | te 050 een 


The augmented matrix has three rows and four columns, so it is a 3 x 4 matrix. 
The notation R,, is used to designate each row in the matrix. For instance, Row | is 
represented by R,. 


al 


v Checkpoint 2 





Write the augmented matrix for the system of linear equations. What is the dimension 
of the augmented matrix? 


Ae — Sy = 5 
—x+3y= 12 6 
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STUDY TIP 





Elementary row operations 
involve a lot of arithmetic. 
So that you can go back and 
check your work, you should 
note the elementary row 
operation performed in each 
step next to the row you are 
changing, as shown in 
Example 3. 


Chapter 6 m Matrices and Determinants 


Elementary Row Operations 


In Section 5.3, you studied three operations that can be used on a system of linear 
equations to produce an equivalent system. 


1. Interchange two equations. 
2. Multiply one of the equations by a nonzero constant. 
3. Add a multiple of one equation to another equation. 


In matrix terminology, these three operations correspond to elementary row operations. 
An elementary row operation on an augmented matrix of a given system of linear 
equations produces a new augmented matrix corresponding to a new (but equivalent) 
system of linear equations. Two matrices are row-equivalent when one can be obtained 
from the other by a sequence of elementary row operations. 


Elementary Row Operations 
1. Interchange two rows. 
2. Multiply a row by a nonzero constant. 


3. Add a multiple of a row to another row. 


ls <etrye(-eme Llementary Row Operations 


a. Interchange the first and second rows. 


Original Matrix New Row-Equivalent Matrix 


O15 3°34 Glee ue 
S19 aes "Ky 0 1 ae 
a | a eet 


b. Multiply the first row by , 


Original Matrix New Row-Equivalent Matrix 


2-4 6 -2 sR, [1 -2 3 -1 
1 3 -3 O | 3 =3 30 
5 ae 5) 22) See 


c. Add —2 times the first row to the third row. 


Original Matrix New Row-Equivalent Matrix 


1 2-4 3 1 2 =—d ie 
0 3 -2 -1 0 3 -2 -1 
ieee? 2R, + R,—~[0 -3 13 -8 


*/ Cheskpoint 3 





Identify the elementary row operation being performed to obtain the new 
row-equivalent matrix. 


Original Matrix 
| | (0) 2 


New Row-Equivalent Matrix 
| a al) 


Z 
0) | 2 








TECH TUTOR 


eee 
Most graphing utilities 
can perform elementary row 
operations on matrices. The 
screen below shows how one 
graphing utility displays the 
new row-equivalent matrix 
from Example 3(c). 












#rowt¢ -2. [Als1:3 
Sage. 74 3-) 
eos 2) 71) 

eels. “oll 
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Gaussian Elimination with Back-Substitution 


In Example 2 in Section 5.3, you used Gaussian elimination with back-substitution to 
solve a system of linear equations, The next example demonstrates the matrix version of 
Gaussian elimination. The two methods are essentially the same, The basic difference ts 
that with matrices you do not need to keep writing the variables, 


Linear System 


Add the first equation to the 
second equation. 


x — 2y-1-3z 9 
yt+3z= 5 Ries isa 
»+ 52 = 17 
Add —2 times the first equation 
to the third equation. 


eedyce me Comparing Linear Systems and Matrix Operations 


Associated Augmented Matrix 


| bead 9 
| se) | 
2 os) 17 


Add the first row to the 
second row (R, + Ry), 


| 2 3 S) 

- 10 | 3 5 

2 ) 5 : iL 3 
Add — 2 times the first row to 


the third row (—2R, + R;). 


x- 2y+3z= 9 | 2 } 9 
yr 32 5 () | 5 =) 
—y- Zz l aR, +R, > |0 -1 -1 l 
Add the second equation to the Add the second row to the 
third equation, third row (Ry + Ry). 
r—-2y+3z=9 | 2 3. wy) 
y+ 3z=5 (al ieo a. oo 
2z R,+Ra~|0 0 2 } 4 
Multiply the third equation by A Multiply the third row by A 
x—-2y+3z=9 | 2 3. Of 9 
y+3z=5 ay oul cy ell 
z=2 1 ocak, 0) oh Mn 
At this point, you can use back-substitution to find that the solution is.v = 1, y Ly 
and z = 2, as shown in Example | in Section 5.3. Penns 


oY Checkpoint 4 





Write the system of equations represented by the augmented matrix, Use 
back-substitution to find the solution, (Use the variables x, y, and z.) 


La ee rs : 3 
0 I | ‘ 3 
0 0) | : 2 


Remember that you can check a solution by substituting the values of x, y, 
into each equation in the original system, For instance, you can check 


Example 4 as shown. 


Equation 1: 1 — 2(-1) + 3(2) 9/o 
Equation 2; —! + 3(—1) 47 
Equation 3: 2(1) — 5(~!) + 52) = 17 J 


and 2 
the solution to 
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The last matrix in Example 4 is said to be in row-echelon form. The term echelon 
refers to the stair-step pattern formed by the nonzero entries of the matrix. To be in this 
form, a matrix must have the following properties. 


Row-Echelon Form and Reduced Row-Echelon Form 


TECH TUTOR 


A matrix in row-echelon form has the following properties. 





1. Any rows consisting entirely of zeros occur at the bottom of the matrix. 





Some graphing utilities % 
can automatically transform 2. For each row that does not consist entirely of zeros, the first nonzero entry is 1 
a matrix to row-echelon form (called a leading 1). 


and reduced row-echelon é ; ; , ; 
3. For two successive (nonzero) rows, the leading | in the higher row is farther to 


form. Consult the user’s : 5 
Epes aie ae the left than the leading | in the lower row. 


guide for your graphing 
utility for more information. A matrix in row-echelon form is in reduced row-echelon form when every column 
that has a leading | has zeros in every position above and below the leading 1. 


Note that the row-echelon form of a matrix is not unique. That is, two different 
sequences of elementary row operations may yield different row-echelon forms. The 
reduced row-echelon form of a given matrix, however, is unique. 


| eotes}e)(-e ~Row-Echelon Form 


Determine whether each matrix is in row-echelon form. If it is, determine whether the 
matrix is in reduced row-echelon form. 


Ne rer mc= ia po eile 
Pilih sk | Op 68 iG OC @G G 
On AG Sorte) ie eer 
(ee 5 3 ase-0% WhO Tee 
Pa) We a ee Of cla 0 wane 
mates Op yee elo 0 od 
Mehl iy Creer 0 
{jer ee ed Lik) ie 
at RAN i 
oe Woah ee iy ee he 


SOLUTION The matrices in (a), (c), (d), and (f) are in row-echelon form. The 
matrices in (d) and (f) are in reduced row-echelon form because every column that has 
a leading | has zeros in every position above and below the leading 1. The matrix in (b) 
is not in row-echelon form because the row of all zeros does not occur at the bottom of 
the matrix. The matrix in (e) is not in row-echelon form because the first nonzero entry 
in row 2 1s not 1. 








R/chackoolnt 5 





Original Matrix 
Determine whether the matrix is in row-echelon form. If it is, determine whether the 


[ 2) = es i 
9 5 4 matrix is in reduced row-echelon form. 
{ y) 
} Q) v4 | = | 
=, 
TO ales Lina aay ree 
0 | 0. 3 
Row-Echelon Form 0 0) | 4 ry 
2 3 4 ; oe. au 
, ; Every matrix can be converted to a row-equivalent matrix that is in row-echelon 
: ~ | ( = 4 ; : ; Jon 
: ' . 2 2 form. For instance, in Example 5, you can change the matrix in part (e) to row-echelon 
Q Q | -3 


form by multiplying its second row by - as shown at the left. 


Martin Allinger/www.shutterstock.com 
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Gaussian elimination with back-substitution works well for solving systems of linear 
equations by hand or with a computer. For this algorithm, the order in which the 


elementary row operations are performed is important. You should oper 


ate from left to 


right by columns, using elementary row operations to obtain zeros in all entries 


directly below the leading I's. 


edo Gaussian Elimination with Back-Substitution 


Solve the system. 


Veeezies JW 
Pec PN ead 
re ee 
Ca ee WS 


SOLUTION 


(jee 

Gl 
-2R,+R;—~|0 0 
Rk, #R,— |0 1 =6 


( 
0 | 
0 0 
6R, +R,—> |0 0 


oa? 
Cid 
-4R,—> |0 0 


0 


jee 


6 


2 
3 
2 
19 
2 
3 
6 
21 


2 

5 

¢ | 
39 

2 

3 

2 
39 


2 
3 
2 
3 


Interchange R, and RK, so 


first column has leading | 


in upper left corner. 


Perform operations on R, 
and R, so first column has 


zeros below its leading 1. 


Perform operations on 


R, so second column has 


zeros below its leading |. 


Multiply Ry by 4 
so third row has 


a leading |. 


| 
Multiply R, by — 74 
so fourth row has 


a leading |. 


The matrix is now in row-echelon form, and the corresponding system is 


erie PAY = %6 = 2 
ytz-2w=-3 
z- w=-2 
w= 3 
Using back-substitution, you can determine that the solution is x = —1, y = 


and w = 3. Check this in the original system of equations. 


Y Checkpoint 6 


| ea 


Solve the system. 


Were Wir 
big oot cn ny 4 = 
oxen Over agar oWi= 
Axvidves 2b w= 


0) 
6 
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Gaussian Elimination with Back-Substitution 
1. Write the augmented matrix of the system of linear equations. 


2. Use elementary row operations to rewrite the augmented matrix in row-echelon 
form. 


3. Write the system of linear equations corresponding to the matrix in row-echelon 
form, and use back-substitution to find the solution. 


Remember that it is possible for a system to have no solution. In the elimination 
process, when you obtain a row with zeros except for the last entry, you can conclude 
that the system has no solution, or is inconsistent. 


|$<et0e)(-Wam A System with No Solution 


Solve the system. 


0 Say or 22 = "4 
5 + z=6 
2x —- 3y + 5z=4 
Spa er he | 


SOLUTION 
{Ste 22 4 
[apn Ce I 6 re, =a 
9) =3 5 4 rite augmented matrix. 
3 Le ee | | 
1 eee 2 4 
“Ry Ry >| 0 1 -1 2 ee - 
oR ate ie lh) si | ek erform row operations. 
aR be See | —11 
1 -] 2 4 
0 1 -1 } 2 <a 
R, + R, —> 10 0 () : =) erform row operations. 
0 Diener a cate rl 


Note that the third row of this matrix consists of zeros except for the last entry. This 
means that the original system of linear equations is inconsistent. You can see why this 
is true by converting back to a system of linear equations. 


io 9 ae a 4 
y- z= 2 
= 2 
Siren cree eel | 
Because 0 = —2 1s a false statement, the system has no solution. 


of Chackeaint vi 





Solve the system. 


Dee PR dee 2) 
Se et Se 
2x+3y-4z= 0 
ax + 2y+ z= —4 Re 





STUDY TIP 


Rither Gaussian elimination 
or Gauss-Jordan elimination 
can be used to solve a system 
of equations. The method 
you use depends on your 
preference. 


a eee 
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Gauss-Jordan Elimination 


With Gaussian elimination, elementary row operations are applied to a matrix to obtain 
a (row-equivalent) row-echelon form of the matrix, A second method of elimination, 
called Gauss-Jordan elimination after Carl Friedrich Gauss and Wilhelm Jordan 
(1842-1899), continues the reduction process until a reduced row-echelon form is 
obtained. This procedure is demonstrated in Example 8. 


is ereyy(M-me Gauss-Jordan Elimination 


Use Gauss-Jordan elimination to solve the system. 


=. Qyi ok 9 


Pv sy etal ee 17 
SOLUTION In Example 4, Gaussian elimination was used to obtain the row-echelon form 
dices? ae er ae 
0) ie 8s 
0 Or 


NN 


. 


Now, rather than using back-substitution, apply additional elementary row operations 
until you obtain a matrix in reduced row-echelon form. To do this, you must produce 


zeros above each of the leading 1’s, as follows. 


2 > > C ‘ C 

2K) Ry Vie tae 19 Perform operations on Kk, 
QO | 3 : 5 so second column has a 
(o) -@) 4 ‘ 9) zero above its leading I. 

IR, 4 R, oat ne Oa Perform operations on Kk, 


and R, so third column has 


zeros above its leading | 


The matrix is now in reduced row-echelon form. Converting back to a system of linear 
equations, you have 


ae | 
y | 


pe is) 


& 


An advantage of Gauss-Jordan elimination is that you can read the solution from the 
matrix in reduced row-echelon form. 


a 


of Checkpoint 8 


| ene 


Use Gauss-Jordan elimination to solve the system. 


x—-3yt+t2z= 1 
-x—- yt3z= 4 
9 eel Al ieee) a 


The elimination procedures described in this section sometimes result in fractional 
coefficients. For instance, in the elimination procedure for the system 
2x — 5y + 5z= 17 
3x — 2y + 3z = 11 
Sx oe Sy 6 


; ; ‘ * | . ’ : 
you may be inclined to multiply the first row by 3 to produce a leading 1, which will 
result in working with fractional coefficients. You can sometimes avoid fractions by 


judiciously choosing the order in which you apply elementary row operations. 


David Gilder /Shutterstock.com 
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STUDY TIP 





Remember that the solution 
set of a system with an infinite 
number of solutions can be 
written in several ways. For 
instance, the solution set in 
Example 9 can be written as 


peo, aad 
ao. 





where / is a real number. 





I eresse)(-eemm A System with an Infinite Number of Solutions 


Solve the system. 


2x + 4y — 22 =0 
3x + Sy eal 


| 


SOLUTION 


mal 2 = | 
eae a) ry 
[ OR e il 
—3R,+R,~|0 -1 3: 1 
E 2 = : 4 

—-R,—|0 1 -3 } 1 


te ed Om Sa ‘| 
0 1 — 


The corresponding system of equations is 
38 Sea pee 
y= 34= 
Solving for x and y in terms of z, you have x = —5z + 2 and y = 3z — 1. To write 
a solution of the system that does not use any of the three variables of the system, let 


a represent any real number and let z = a. Now, substitute a for z in the equations for 
x and y. 


= $974 2S es 2 and: y= 337 — a0 aa 


So, the solution set has the form (—Sa + 2, 3a — 1, a), where a is a real number. Try 
substituting values for a to obtain a few solutions. Then check each ‘solution in the 
original system of equations. 





a/ Checkoaint 9 





Vira. ee 
= iets 47 = 


oo 
J 


Solve the system: | 


SUMMARIZE 


1. State the definition of a matrix (page 474). For examples of determining the 


(Section 6.1) 


dimensions of matrices, see Examples | and 2. 


2. List the elementary row operations (page 476). For examples of using 
elementary row operations, see Examples 3 and 4. 


3. State the definitions of row-echelon form and reduced row-echelon form 
(page 478). For an example of matrices in these forms, see Example 5. 


4. Describe the procedure of Gaussian elimination with back-substitution 
(page 479). For examples of using this procedure, see Examples 6 and 7. 


5. Describe the procedure of Gauss-Jordan elimination (page 48/). For 
examples of using this procedure, see Examples 8 and 9. 


stryjek/www.shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM \P 6.1 these skills in the exercise set for this section. For additional help, review Sections 0.2. 5.1, and 5.3. 


In Exercises 1-4, evaluate the expression. 


1. 2(—1) — 3(5) + 7(2) 2. —4(—-3) + 6(7) + 8(-3) 
oi) 7-3) — 502) 4. 3(3) + 3(-3) 
In Exercises 5 and 6, determine whether x = 1, y = 3, andz = —1 isa solution 
of the system. 
meejeaxn — 2y + 3z = —5 6.5) eer Qy a z= 4 
wer oy 2 = ti ox cr voy Gece) 
pox Ly = 5 Bay =e = 21 


In Exercises 7-10, use back-substitution to solve the system of linear equations. 


7. \2x —3y =4 8. |5x + 4y= 0 Dlx oy Zz — 0 103 Wie Sy 37. 2 2 
y=2 y=-3 y— 3z=8 y=4z= 0 
Bee: z= 1 





Exe rcises 6.1 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Dimensions of Matrices In Exercises 1-8, determine Elementary Row Operations In Exercises 15-18, fill 
the dimension of the matrix. See Example 7. in the blank(s) to form the new row-equivalent matrix. 

= See Example 3. 
, 2. [-7 21] oe 7 | tt 
9 Q —7 Original Matrix New Row-Equivalent Matrix 
| | 1 | 1 1 | 
oi4 ‘ IS: E 2 ‘| ie Hl 
8 3 0 
ab AYN) 3) as ) aa 
i] 9) 1 16 8 A | l it | 
| aa 2 i lS Se Semen ‘gy 38 4 
6 
1 5 A =| l 0 
5 ~ 
as i” =o raj eee o aee)| || Clee 1 eae 
=o 20 
5 my 45 6\5o) he 8 hw (a in ww) (oe 
= ON py, 
Lom — 2 | 0 6 1 | 0 6 | 
5) 7 {1 —3 183i (Omeee! 0 if 0 | 0 
1. ie (ieee | iy ik 2 oo Wl 
8. [—11] 


Elementary Row Operations In Exercises 19-22, 
identify the elementary row operation(s) being performed 


iti Matri -14, ; 
angen Augmented Matrix. in Bea to obtain the new row-equivalent matrix. See Example 3. 


write the augmented matrix for the system of linear 


equations. What is the dimension of the augmented Original Matrix New Row-Equivalent Matrix 
matrix? See Example 2. 19 i ®) 5 E Ot 4 
99) 4x — 3y = —5 10. [7x + 4y = 22 ep ck) ers 3 -1 -8 
—x+3y= 12 5x — 9y = 15 a | aaa a E =| es 
fieeiee 1L0y.— 22 =.2 12.9 | %— By ees | lees 3 7 5 UP =) 
eo ee 21a eee a Tee ONO melee a3 
4 = 5 | | 0 See er 


Mame y 18° 14 9xe 2p = Bz =) 20 
19x — 8 = 10 —25y + 1lz = —5 
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Original Matrix New Row-Equivalent Matrix 
ah eae ii 2 st aw! oe! 

22 | Locos id: Os =9 

5 4 —-7 6 OF°=6 8 —4 


Writing a System of Linear Equations In Exercises 
23-26, write the system of linear equations represented 
by the augmented matrix. (Use the variables x, y, z, 
and w.) 


2 sa 6 
3 
elf 5: 8 
7 -2 7 
ye 
(CW —10 
25./0 3 -1 5 
Aae2e 0 3 
Tee 82 Oo =] 
26.) 2 15° 51 9 
Le Ooecasdaen —3 


Using Back-Substitution In Exercises 27-30, write 
the system of linear equations represented by the 
augmented matrix. Use back-substitution to find the 
solution. (Use the variables x, y, z, and w.) 


Nie 6 
te ; 
F 1/5 | 
Ly 2A 3 
29-5) Oe Leas? =o 
0 0 l + 
eS ect 1S 
29 Oya mt p= 12. 
O20 | = 
Le 2 2a at 
OP al eZ 2) 
Ss 0 0 68) Zz 
020). 0. st = 


Comparing Linear Systems and Matrix Operations In 
Exercises 31 and 32, (a) perform the elementary row 
operations to solve the augmented matrix, (b) write and 
solve the system of linear equations represented by the 
augmented matrix, and (c) compare the two solution 
methods. Which do you prefer? See Example 4. 


ee / : 
ih, ica m4 
6 -4 : -28 
(i) Add R, to R,. 


(ii) Add —2 times R, to R,. 
(iii) Multiply R, by —+. 
(iv) Multiply R, by 4 


ieee le oa A 
32.) aoe op ee 
3 6 Lewy 


(i) Add R, to R;. 

(ii) Multiply R, by . 

(iii) Add R, to R. 

(iv) Add —3 times R, to R3. 
(v) Add —2 times R, to R,. 


33. Using a Graphing Utility Repeat steps (i) through 


[s (iv) for the matrix in Exercise 31 using a graphing utility. 





34. Using a Graphing Utility Repeat steps (1) through (v) 


for the matrix in Exercise 32 using a graphing utility. 


Row-Echelon Form In Exercises 35-40, determine 


whether the matrix is in row-echelon form. If it is, determine 
if it is also in reduced row-echelon form. See Example 5. 


1 0 0 0 1 0 2 1 
Soom) | l 5) 36. | 0 | Sal, 
0 0 0 0 0 0 1 0 
2 0 4 0 0 0 0 0 
SEO el 2) 6 38. | 0 1 0 5 
0 0 | » 0 0 1 3 
| 3 0 0 0 0 
0 0 l 8 1 0 
i 0 0 0 0 ] l 
0 0 0 0 1 l 
| 0 OoF LO 
0 1 3 y) 
Be 0 0 0 i 
0 0 0 0 


Writing a Matrix in Row-Echelon Form In Exercises 
41-44, write the matrix in row-echelon form. (Note: 
Row-echelon forms are not unique.) 


1 a | 5 l 2 = a 
41. | 3 2 ee Ll 42. 3 1 =e 
4 8 LS 0 2 ae 8 


ee et | 
43. a: 4 ] 8| 44. 
ai: 8 18 0 


Writing a Matrix in Reduced Row-Echelon Form __ In 
Exercises 45-50, write the matrix in reduced row-echelon 
form. 


| 
0 3 -6 6 
47. 
eo 5 4 
Cuaron 1 
mee 3 5 
mo 4 9 
ae 4 3 
oes ii —14 
a 
Z|, 
—2 -1 
1 -3 
eT 8 
tl) | 
-2 10 


Interpreting Reduced Row-Echelon Form In 
Exercises 51-56, an augmented matrix that represents a 
system of linear equations (in variables x, y, and z) has 
been reduced using Gauss-Jordan elimination. Write the 
solution represented by the augmented matrix. 


eo: —4 
Ail F i: ‘| 
ee: —9 
52. lk =, | 
ao gs 4 
a3. : shee) “4 
ea O.*, 2 
iO. 0 3 
54. : 1 @) “i 
CORO) tl 0 
rec 2 = th 
hey : ee, ; 
OO O 0 
ee Or 2 9 
Somuo 1 5 =% 
Cae 'O 0 0 
Gaussian Elimination with Back-Substitution In 


Exercises 57-74, use matrices to solve the system of 
equations (if possible). Use Gaussian elimination with 
back-substitution. See Examples 6, 7, and 9. 
Silene 2y = / 58. |2x + 6y = 16 

2x+ y=8 


59. | —3x + 5y = —22 60. | x + 2y=0 
3x + 4y 4 fe y=6 
ay — 8y= 32 3x —2y = 8 
61. |\8& — 4y =7 62 eas de S) 
eee | Pees 0) 
635 |—x + 2y = 1.5 64.5123 —2y— 201 
[a Pere 1.6 
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65. eer eyes 2S 
Sar iver O67 = 26 
Pakieiaeee 
= ©) 


— 
hON OO 


2 ie PA oie Rey fal 
68. 2G LOW 2 
Lae ys S 
Be a= Shee ee 7a =e 
oye ae ley sya FW) 
69.944 12) — 7z— 20w = 22 
e + 9y — 5z — 28w = 30 
70. | Weyer 22 AW 1h 
3x + 6y + Sz + 12w = 30 


W O\ OV 





67 3x + by 127 = 
Boa See ye 
2x + Sy + 20z = 


Bt ety = 0 

oy = 

1290) Ger 2 yes 
2x + 4y = 

73 | te yet ce 0 
24 + 3y + 7 = 
SM OY ee 

74, \x— 2y a zor 3w — 0 
ey + w=0 


y= 2 JW — 0 


Gauss-Jordan Elimination In Exercises 75-80, use 
matrices to solve the system of equations (if possible). 
Use Gauss-Jordan elimination. See Examples 8 and 9. 


iey |! 2? 3 — Oe EGS 2x yy aoe 24 
CVs oa ere aS) 2y-— z=14 
26 2y 7 = 4 [X= Dy = 6 

EE eae) — ee = 18.0) 2% + 3zZ= 
i es | Nes ae BiNalan Ye 
2G aE Whee 8x — 9y + 15z =9 

79. Nie = ye ea l4 
2 yee =n 21 
Chee avin = A) 

80.5). 2-neya= 2 
X= 3yit B= 28 
=i, tea) = 14 


Comparing Solutions of Two Systems In Exercises 
81-84, determine whether the two systems of linear 
equations yield the same solution. If so, find the solution 
using matrices. 


SUG) oa ee OD) Ka Vy 22 9,0 
y—5z= 16 y+ 3z=-8 
z=-3 z=-—3 


j 
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82. (a): |e — By + 4c = —11 (Ge ty = -l1 
v= a y+ 3z= 4 
z= 2 z= 2 
83. (a) |x —4y +52 = 27 (b) |x- Oy ze 
y—7z= —54 y+ 32> 42 
z= 8 z= 8 
84. (a) Ix+3y— 2= 19°) |e ye sz S15 
y + 6z = —-18 y—2z= 14 
z= —4 z= —-4 
85. Breeding Facility A city zoo borrowed $2,000,000 at 


86. 


87. 


88, 


simple annual interest to construct a breeding facility. 
Some of the money was borrowed at 8%, some at 9%, 
and some at 12%. Use a system of linear equations to 
determine how much was borrowed at each rate if the 
total annual interest was $186,000 and the amount 
borrowed at 8% was twice the amount borrowed at 12%. 
Solve the system of linear equations using matrices. 
Museum A _ natural history museum borrowed 
$2,000,000 at simple annual interest to purchase new 
exhibits. Some of the money was borrowed at 7%, some 
at 8.5%, and some at 9.5%. Use a system of linear 
equations to determine how much was borrowed at each 
rate if the total annual interest was $169,750 and the 
amount borrowed at 8.5% was four times the amount 
borrowed at 9.5%. Solve the system of linear equations 
using matrices. 

Think About It You and a friend solve the following 
system of equations independently. 


2x —-4y—-—3z= 3 
Ses Sivek ers || 
peas We ree 


You write your solution set as 

(a, —a, 2a — 1) 

where a is any real number. Your friend’s solution set 1s 
» b) 


where b is any real number. Are you both correct? 
Explain. If you let a = 3, what value of b must be 
selected so that you both have the same ordered triple? 


(Sb 7 +b 


HOW DO YOU SEE IT? Determine all values 


of a and b for which the augmented matrix has 
each given number of solutions. 


| 2: -4 
Oe Ca 


(a) Exactly one solution 





(b) Infinitely many solutions 


(c) No solution 


89. 


90. 


Health and Wellness From 1998 through 2009, the 
numbers of new cases of a waterborne disease in a small 
city increased in a pattern that was approximately linear 
(see figure). Find the least squares regression line 


y=at+b 


for the data shown in the figure by solving the following 
system using matrices. Let t represent the year, with 
t = O corresponding to 1998. 


831 
5643 


II 


125+ 66a 
66b + 506a 


Use the result to predict the number of new cases of the 
waterborne disease in 2012. Is the estimate reasonable? 
Explain. 








n 
A e 
§ 100 + AO 
es oe 
Os 
i) r O 
emt 
OD 60i4- A 
wH e 
ge 
ZF 20 
(SaaS eee 
| 28 4.5 Ge 7) Sa Oe Ome 


Year (0 © 1998) 


Drivers From 1997 through 2008, the numbers y 
(in millions) of drivers in the United States increased in 
a pattern that was approximately linear (see figure). 
Find the least squares regression line 


y=at+b 


for the data shown in the figure by solving the following 
system using matrices. Let ft represent the year, with 
t = 0 corresponding to 1997. 


12b+ 66a 
66b + 506a 


2344 
13,213 


ll 


Use the result to predict the number of drivers in 2013. 
Is the estimate reasonable? Explain. (Source: Federal 
Highway Administration) 


Number of drivers 
(in millions) 





Ye Sea eS) Oi ote: 
Year (0 < 1997) 


10 11 
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6.2 Operations with Matrices 





m Determine whether two matrices are equal. 

w@ Add or subtract two matrices and multiply a matrix by a scalar. 
@ Find the product of two matrices. 

aot m Use matrix operations to solve an application problem. 







Equality of Matrices 


Percent Changes 


From From Non- 


4 From Galaxy sbscrber In Section 6.1, you used matrices to solve systems of linear equations. Matrices, 
; ToGoid [0.70 O16 us| however, can do much more than this. There is a rich mathematical theory of matrices, 

Percent To Galaxy | 0.20 b oe : ‘ ‘ 5 ' 5 : 
ee with numerous applications. It is standard mathematical convention to represent matrices 


Changes To Nonsubscriber 0.10 0.05 0.70 
in any of the following three ways. 
1. A matrix can be denoted by an uppercase letter such as A, B, or C. 


2. A matrix can be denoted by a representative element enclosed in brackets, such as 
[a,], [bal or len. 


3. A matrix can be denoted by a rectangular array of numbers such as 





Qe nce eee) 4, 
ise) eye eb Sisas | ern 
A= [a,;] =| Gx, Gap G33 -+- ay 
Gin] Gn Gn vies Ginn 
In Exercise 89 on page S01, Two matrices 
you will use matrix multiplication to 
find the numbers of subscribers that A=[a,] and B=[b,] 
two competing satellite television ; . 
providers have after a given period are equal when they have the same dimension (m x n) and all of their corresponding 
of time. entries are equal. 


erty cwe Equality of Matrices 


Solve for d,), Gy, 4, and a5, in the matrix equation. 


E ayy] _ | 2 ee | 

Go, Aap ae, 0 

SOLUTION Because two matrices are equal only when they have the same dimension 
and their corresponding entries are equal, you can conclude that 


Ge el Ope Bd a7 0. 


A Checkpoint 1 





Solve for d,,, 4,3, 4, and a5, in the matrix equation. 
Be Ga) oe 
Ay, Ay el 3 at 


Be sure you see that for two matrices to be equal, they must have the same dimension 
and their corresponding entries must be equal. So, 





ea 

Sih) peel he 
= 3. 4/4 | 

ee b ie Da aa 3 A 


Blaj Gabriel/www.shutterstock.com 
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Matrix Addition and Scalar Multiplication 


You can add two matrices (of the same dimension) by adding their corresponding 


entries. 


Definition of Matrix Addition 


If A = [a,] and B = [b,,] are matrices of dimension m x n, then their sum is the 
m X n matrix given by 


A+ B= [a, + b,). 


The sum of two matrices of different dimensions is undefined. 


JS erete)(-wam Addition of Matrices 


dod ]+| | ‘| aoe ; ele | 
: 0 ] = || 2 Ois= (=) 1-32 = 3) 
5) 


I ail 0 
Ce) 3 Pees tO 
ay! 2 0 


2 | 0 0 1 
An) |4 @ = and B= |-—-—l1 3 
3 -2 9) 2 4 


is undefined because A is of dimension 3 x 3 and B is of dimension 3 x 2. 


sf Checkoolnt 2 


Evaluate the expression. 
2. =] 4 5 
a 
ail 3 bea Wr B 
In operations with matrices, numbers are usually referred to as scalars. In this text, 


scalars will always be real numbers. You can multiply a matrix A by a scalar c by 
multiplying each entry in A by c, as shown below. 








Scalar Matrix 
\ -1 2 leeds 

; : 6 

OF 








Ee 


Definition of Scalar Multiplication 


If A = [a,] is an m x n matrix and c is a scalar, then the scalar multiple of A by c 
is the m x n matrix given by 


cA = [ca i a? 


Maksim Shmeljov/www.shutterstock.com 





STUDY TIP 





a 


The order of operations for 
matrix expressions is similar 
to that for real numbers. In 
particular, you perform scalar 
multiplication before matrix 
addition and subtraction, as 
shown in Example 3(c). 








TECH TUTOR 


a A 


Most graphing utilities 
have the capability of 
performing matrix operations. 
Consult the user’s guide for 
your graphing utility for 
more information. Try using 
a graphing utility to check 
the solutions to Example 3. 


ne 
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The symbol —A represents the negation of A, or the scalar product (—1)A. | 


Moreover, if A and B are of the same dimension, then A — B represents the sum of A 
and (— 1)B. That is, 


A-B=A+ (-1)B. Subtraction of matrices 


Serle Scalar Multiplication and Matrix Subtraction 


For the following matrices, find (a) 3A, (b) —A, and (c) 3A — B. 








2 2 4 2 0 0 
A=|-3 (0) a eae gles 1 —4 3 
Z. 2 a 3 2 
SOLUTION 
2 2 4 
a. 3A = 3} -3 Oy = Scalar multiplication 
p) l 2 
8(2) 1312) 3(4) 
= | 3(—3) 3(0) stadt) Multiply each entry by 3. 
52) UL) 3(2) 
6 Gal 
=|-9 Oa = 45) Simplify. 
6 3 6 
oa ania 
b —A=(- 1) = 4 () | Definition of negation 
| Ze 
-2 -2 -4 
= 3 0 | Multiply each entry by — 1. 
-2 -1 -2 
6 Cue 2 0 0 
ee 2 = a Perform scalar 
c. 3A B= ? 0 3 ; H 3 multiplication first. 
6 3 6 1 5 » 
4 Ome 2 
= |-10 Ae Subtract corresponding entries. 
= 0) 4 
+/ chackpolnt 3 
For the following matrices, find (a) 2A and (b) 2A — B. 
2 4 -] 0 6 2 
A= 0 l 3) and B=|7 —4 | 
= 2 5 2 02 i 


It is often convenient to rewrite the scalar multiple cA by factoring c out of every 
entry in the matrix. For instance, in the matrix below, the scalar has been factored out 
of the matrix. 


ale a 


490 


ALGEBRA TUTOR 





To review addition and 
multiplication properties of 
real numbers, see the Chapter 6 


Ss eaencsaniehtansoeainiadadcasiaaieaiea iene 


Algebra Tutor on page 530. , 


ALGEBRA TUTOR 





For more examples of the A | 


algebra involved in matrix 
addition and scalar multi- 
plication, see the Chapter 6 
Algebra Tutor on page 531. 


nS Et rg tT 


STUDY TIP 





In Example 5, you could add 
the two matrices first and then 
multiply the resulting matrix 
by 3. The result would be the 
same. 


ae 
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The properties of matrix addition and scalar multiplication are similar to those of 
addition and multiplication of real numbers. 





< Setar arti macerEae ee 


Properties of Matrix Addition and Scalar Multiplication 


If A, B, and C are m x n matrices and c and d are scalars, then the following 
properties are true. 


.A+B=B+A 
A+BtO=A+tB)+C 
. (cd)A = c(dA) 

IA=A 

. cA + B) = cA + cB 
~(c+dA=cA+dA 


Commutative Property of Matrix Addition 
Associative Property of Matrix Addition 
Associative Property of Scalar Multiplication 
Scalar Identity Property 


Distributive Property 


Nn fF we DY 


Distributive Property 


Note that the Associative Property of Matrix Addition allows you to write expressions 
such as A + B + C without ambiguity, because you obtain the same sum regardless of 
how the matrices are grouped. In other words, you obtain the same sum whether you group 
A +B+Cas(A + B) + CorasA + (B + C). This same reasoning applies to sums of 
four or more matrices. 


Jecrrye)(-am Addition of More than Two Matrices 


By adding corresponding entries, you can obtain the sum of four matrices, as shown 
below. 


-1] fo 2 y 
2}+]-1}+]1]/+]-3]=|-1 
~3 2} |4} |-2 


/ Checkpoint 4 








2 -9|[-1 4 Omer <6 
Add the matrices if el 7 = and 5 | | 


JS ceteeye)(- Using the Distributive Property 


aS le aa alas a 


s/ Checkpoint o 





Evaluate the expression using the Distributive Property. 


(lo a) [5 =) . 
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One important property of addition of real numbers is that the number 0 is the 
additive identity. That is, c + 0 = c for any real number c. For matrices, a similar 
property holds. That is, if A is an m xn matrix and O is the m x n zero matrix 
consisting entirely of zeros, then A + O = A. 

In other words, O is the additive identity for the set of all m x n matrices. For 
example, the following matrices are the additive identities for the sets of all 2 x 3 and 
2 x 2 matrices, respectively. 











ve ° Cia eee a ek a0 
ee te oul ee ie eae 
J \___... J, 
2 x 3 zero matrix 2 x 2 zero matrix 


The algebra of real numbers and the algebra of matrices have many similarities. For 
example, compare the following solutions. 


Real Numbers m x n Matrices 
(Solve for x.) (Solve for X.) 
x+a=b X+A=B8B 
x +a+ (—a) = b+ (=a) XA (=A) = BF (=A) 
55 Sie AO fo) = X+O=B-A 
38 = lo X=B-A 


This means that you can apply some of your knowledge of solving real number equations 





to solving matrix equations. It is often easier to complete the algebraic steps first, and 
then substitute the matrices in the equation, as shown in Example 6. 


STUDY TIP Solving a Matrix Equation 





Solve for X in the equation 3X + A = B, where 


Remember that matrices are 
denoted by capital letters. So, 
0 3 


P| | 





—3 4 
and B= | : 





when you solve for X in 


Example 6, you are solving gait 
A ee j ; ' SOLUTION Begin by solving the equation for X to obtain 


for a matrix that makes the 
matrix equation true. | 3X +A=B 
y 
X= lip A) 
df — 3 . 


Now, using the matrices A and B, you have 








XY | 3 4 | 2 
== = Substitute the matrices. 
3 2 | O 3 
1 =4 6 ; 
== S ract matrix / at ; 
3 5 9 Subtract matrix A from matrix 6 
ee 2} 
= : - Multiply the resulting matrix by : 
yt eae <I 
of Chackpolnt 6 





Solve for X in the equation 2X — A = B, where 


7 0 | 
=| 9) f i fig) 


Ww 


and B 


II 


p\ 








i) 
aS 
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Matrix Multiplication 


The third basic matrix operation is matrix multiplication. At first glance, the definition 
may seem unusual. You will see later, however, that this definition of the product of two 
matrices has many practical applications. 


Definition of Matrix Multiplication 


If A = [a,] is an m x n matrix and B = [b,| is an n x p matrix, then the product 
AB is an m X p matrix 


AB = [ej 


where ¢ = 4b); + Gjrb, + dj3b3, + °° + iP nj: 


The definition of matrix multiplication indicates a row-by-column multiplication, 
where the entry in the ith row and jth column of the product AB is obtained by 
multiplying the entries in the ith row of A by the corresponding entries in the jth column 
of B and then adding the results. The general pattern for matrix multiplication is as follows. 


ay ay5 a)3 iahos Ain F A - C 
1] 12 1j ] 
One) won Toa. a ae) Con Dire Le Ow as Giipeaot: ety i # 
' Co, a2 C9; Cop 
ior) 1Gqp Gas bed ieney Dele ee ae by, cere by, : : 
Di te ewe Dae ee erg ne an se x ‘ 
: ; : : ; : : : Ci Co we. (Gn G 
2 wi ip 
Gi Ae Oe es ete : , : A 
(i all ce mee Secrets oae a 2? . . . 
‘ : Cm Cm2 i ee Cmj se mp 
Qn| Aino Gin 3 Sikes Ann 
i by. + aGinbs; F Gindby, FO * dy pee 
ai 1 j din 2) 13 3) in? nj ij 


erry) (-Waw Finding the Product of Two Matrices 





= 3 

=3 a 

Find the product AB using A = 4 —2\andB= | “4 1 
5 0 


SOLUTION First, note that the product AB is defined because the number of columns 
of A is equal to the number of rows of B. Moreover, the product AB has dimension 
3 x 2. To find the entries of the product, multiply each row of A by each column of B. 








-1. 3 
ee 
AB ed 
Aeieiad 
nh ell 


(=D(=3) - “Gilet GA) 
=} (4)(—3) + (—2)(-4) (4)(2) + (—2)() 
(5)(—3) + (0)(—4) (5)(2 


—9 | 
= —4 6 
—15 10 


e/‘cheskpoint 1 





Find the product AB using 


2 
A= 0 4 and B= | 
—] 


A B = AB 
mxXn nxXp mxXp 
= Equal = | 
Dimension of AB 
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Be sure you understand that for the product of two matrices to be defined, the number 
of columns of the first matrix must equal the number of rows of the second matrix. 
That is, the middle two indices must be the same and the outside two indices give the 
dimension of the product, as shown at the left. 


Scorete(-M-me Finding the Product of Two Matrices 
6 2 0 18) 
Find the product AB using A = |3 —1 2| and B = Dk 
] 4 6 = te) 


SOLUTION Note that the dimension of A is 3 x 3 and the dimension of B is 3 x 2. 
So, the product AB is defined and is of dimension 3 x 2. 





6 2 0 eO 
ABI= 30 21 2 plas 
1 4 alah 
6(1) + 2(2) + 0(—3) G( (eee ore O(3) 
= 1 3(1) + (—1)(2) + 2(=—3)  3(0) + (—1)(7) + 2(5) 
1(1) + 4(2) + 6(=3) 1(0) + 4(7) + 6(5) 
10 14 
=)\—=5 3 
=I D8 
af Checkpoint 8 
Find the product AB using 
0 Aa 3 yi! 0 
A=}|2 | 7| and B= Oe 4. 
3 2 i | 2 is 
Serre Patterns in Matrix Multiplication 
2) 2 
eo ipo ia ee ] 
oP lish a-7h 9=P lee 6. 6 
= | 


i) 
hr 
tM 
~) 
Nm 
=) 


c. The product AB for the following matrices is not defined. 


aay 1 cos 6: | 4 
A= Li | ane oo 0 al 2 
1 4 2 oh 0 ] 

3x2 3x4 


e/-crociaomnt 9 





nd at pocsiblewucmo tl lee ana B =| 3 | 
Fin , if possible, using A = | nS ad an 3 0} _ 
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eri Patterns in Matrix Multiplication 

















of Chacknoint 10 


Find AB and BA using 


Ae [a weutenda = |e), : 


In Example 10, note that the two products are different. Even when AB and BA 
are defined, matrix multiplication is not, in general, commutative. That is, for most 
matrices, AB # BA. 


Properties of Matrix Multiplication 


Let A, B, and C be matrices and let c be a scalar. 


1. A(BC) = (AB)C Associative Property of Matrix Multiplication 
2. A(B + C) = AB+ AC Left Distributive Property 

3. (A + B)C = AC + BC Right Distributive Property 

4. c(AB) = (cA)B = A(cB) Associative Property of Scalar Multiplication 


Definition of the Identity Matrix 


The n x n matrix that consists of 1’s on its main diagonal and 0’s elsewhere is 
called the identity matrix of dimension n x n and is denoted by 


egies le hal capa | A) 
Oi ee Omri a) 

L = O20 Lager Ope) Identity matrix 
VWow ips 0) iy etl 


Note that an identity matrix must be square. When the dimension is understood to 
be n x n, you can denote J, simply by J/. 


If A is ann x n matrix, then the identity matrix has the property that AZ, = A and 
[A = A. For example, 


3 -2 Sy | 0 0 3 2 5 
| 0 4||0 | 0O| = | 0) 4 AI=A 
—|| 2a 0 | =" es 
and 
| () 0 3° =2 5 sk =e? > 
0) | 0 | 0 4|= | 0 4]. IA=A 
0 () | — |] 2 3 = 23 


Andrest/www.shutterstock.com 
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Applications 


One application of matrix multiplication is the representation of a system of linear 
equations. Note how the system below can be written as the matrix equation AX = B 
where A is the coefficient matrix of the system, B is the constant matrix of the system, 
and X is a column matrix. 


System Matrix Equation AX = B 
AyyX, + GyyXy + A)3X3 = Dy Eni MES SERIE EG b, 
Gnyk, 1 Ayn%> TF Anak, — dD, Gy G5, Gx \ |X|) =} 05 
Ge X41 AgoX> 1+ GaxX3 — D; 43, Ax, 33] | x3 b, 

A a. es) 


In Example 11, note that [A : B] represents the augmented matrix formed when 
matrix B is adjoined to matrix A. Also, [J : X] represents the reduced row-echelon form 
of the augmented matrix that yields the solution of the system. 


Ser ewea Solving a System of Linear Equations 


Consider the system of linear equations. 
By ame hee et, 
Me ae 
PES aeweh eg Dh BM 7 
a. Write the system as a matrix equation AX = B. 
b. Use Gauss-Jordan elimination on the augmented matrix [A : B] to solve for the matrix X. 


SOLUTION 


a. In matrix form AX = B, the system is written as 


erie —4 
oP ee a ak 

Dts 3 pee live 2 
Coefficient matrix Constant matrix 


b. The augmented matrix is formed by adjoining matrix B to matrix A. 


le ieee 
ie ae 
53 


Using Gauss-Jordan elimination, you can rewrite this matrix as 
Te OO ee eee 
[fe X a! 0 Ord) eOe 2i\. 
Opal aas | 


So, the solution of the matrix equation is 


x, =i 
X= x5 (=) 2 
x; 1 


A Checkpoint 11 





For the system of linear equations, (a) write the system as a matrix equation AX = B, 
and (b) use Gauss-Jordan elimination on [A : B] to solve for the matrix X. 
6x, 2 ty = —36 5 


II 
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&. ) Example 12 | Softball Team Expenses 


Two softball teams submit equipment lists to their sponsors, as shown in the table. 





Equipment | Women’s | Men’s 
team team 





Bats 2 15 
Balls 45 38 
Gloves 15 7 











Each bat costs $90, each ball costs $6, and each glove costs $60. Use matrices to find 
the total cost of equipment for each team. 


SOLUTION The equipment lists E and the costs per item C can be written in matrix 
form as 

be {5 
= 45.) 381) and s)C = 190 65) 60). 

N15 17 


EB 


You can find the total cost of the equipment for each team using the product CE because 
the number of columns of C (3 columns) equals the number of rows of E (3 rows). The 
total cost of equipment for each team is given by 


(2s 
CE=[90 6 60]|45 38 
1 le 


= [90(12) + 6(45) + 60(15) —-90(15) + 6(38) + 60(17)] 
= [2250 2598]. 


So, the total cost of equipment for the women’s team is $2250, and the total cost of 
equipment for the men’s team is $2598. a 


a/Chacrooint 12 


Repeat Example 12 when each bat costs $100, each ball costs $7, and each glove 
costs $65. e 


SUMMARIZE (Section 6.2) 


4. State the conditions under which two matrices are equal (page 487). For an 
example of the equality of matrices, see Example 1. 


2. State the definition of matrix addition (page 488). For an example of matrix 
addition, see Example 2. 


3. State the definition of scalar multiplication (page 488). For an example of 
scalar multiplication, see Example 3. 





4. List the properties of matrix addition and scalar multiplication (page 490). 
For examples of using these properties, see Examples 4, 5, and 6. 


5. State the definition of matrix multiplication (page 492). For examples of 
matrix multiplication, see Examples 7, 8, 9, and 10. 


wavebreakmedia Itd/www.shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Sections 0.2 and 6.1. 


SKILLS WARM UP 6.2 


In Exercises 1 and 2, evaluate the expression. 
1. —3(—2) + 10(—3) 


nN 


. —22(3) + 6(8) 


In Exercises 3 and 4, determine whether the matrix is in reduced row-echelon form. 


0 1 Wr | | 0 () 2 6) 
an lel 0 3 2 4. |0 0 () (0) 0) 
0 0 | 0 0) | | Bae LO: 


In Exercises 5 and 6, write the augmented matrix for the system of linear 


equations. 
moet LOy = 12 pl dren oy. ton 42 
IiX— 3y= 9 te Gael Sy = 0 


In Exercises 7-10, solve the system of linear equations represented by the 
augmented matrix. 


mo. 0 [ee Ole 1 rit 
Le R He: } b | large '6 
i) 2a ae 0 aha SO 3 
Omori : = — 1 1001 Qp4 eu, eels | 
) (eta 0 OWN gale | al 























Equality of Matrices In Exercises 1-4, find x and y. 7A | = 2 iB | 3 | | 
See Example 1. 3 | 2 6 
4 x Al 3) 7 4 = | 
1a ale 2 fg: | 4 she | 8 | 
5 id uF ie | KG i 
eC ny ee: 9. A 2 AGB 5 
= 3 aD 2) | 3 Ply | 10 
a SS 3 » 
x : 4 a : ie 10. A | ; ; ; : 
5 9 5 y= 1 R | 6 0) 4 | 3 
x2 8 =e) Ox t= OS 4 5 2 | iy 
4aln) 2) ae || = | 18 Dake i | 1 -] 
7 i War a i =) 11. A | | PINE, vay 3 4 9 
Crys ee ah ha 
Operations with Matrices In Exercises 5-14, find 3 =. 
(a) A+B, (b) A—B, (c) 6A, and (d) 4A — 3B. See 134% | +} R = 6 
Examples 2 and 3. 5 5 
weet) 3), B=[-4 2] 13; Ae arses B22 08211] 
6 a=|-2).3-| | B=[15 16 10 —12] 
ce S phere: eee aes |e | 17 -6- 0 
; -10 oO 13 “1 AS 18 
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Evaluating an Expression In Exercises 15-24, evaluate 
the expression. See Examples 4 and 5. 

















15 —5 (| 7 | —-10 -8 ae | | 2 , | ; 
as 3, = 6 a 14 6 sa 4 PF | 
16. | : 5 + | : 4 (74 a 36.A=[-5 0] p= | | 
Ball 0 =) 1 | baad A —| 4 
17. [4 -8]+[-3 1]+[2 oJ]+[9 1] 3 2 ey , . : 
y/) 0 | =F 37, A=(/4 5|, 8 =| , | 3 | 
Fes e es lien fe fede 9) Ful: 
; 5 —9 8 =] Oa () Z | 
=5 3 2 = 38. A =| 4 () ON de =i 4 
1 -3 ‘10 =7! oh = 7 | 6 
5 s(|_5 le 5 1) -| 3 


20. -7(-3 -1 6]-[-5 4 —-4]) 39. A= 


—4 0 | 
21. (| 0 5 H| = 


22.375 -2 4 O]+[14 6 -18 


a ef De Sl 





[ 
| 0) 3 (op ini 
9]) 40. A=|0 4 #4=O|,B=|0 -1 () 














Ad —-5 -|1 7 5 41.A=/]0 -8 0|,B=|0 -— 0) 
2AM Nel te Bee ERA he a ey Gao L 
9 3 i 18 6 -1 6 
a) 
Operations with Matrices In Exercises 25-28, 42. A = 1) B= {10 12) 
use the matrix capabilities of a graphing utility to 6 
evaluate the expression. Round your results to 
three decimal places, if necessary. () | () 4 
A 
3 2 5 = 3 0 43. A= 0 2|, B= y. 
25.5 + é 
ali 4 | 2 2 hie tO ete : 
ida S220 
26. 55( | | 0 Ce ‘| | | 6 
=o) 44. A = ce) 
i ihe 6 130) fe 17ee0 4 3 
SPA 6.829 =) ,030 gees O00 
27, =| =1.0045 A914 |= |) sa Op eS Sroo Matrix Multiplication In Exercises 45-48, use 
0.055, —3.889 —9.768 4.251 the matrix capabilities of a graphing utility to find 
6 20 4 a5 =| 19 AB, if possible. 
Se =e) ih OEM acteeembs h eRsy Ke) Sa 6 a 1-1 7 
—2 5 r| 0 24 —10 45. A=|-2 5 1|,,B=18 | 4 
HO es) a 4 2 9 
Solving a Matrix Equation In Exercises 29-32, solve 11-12 4 1 10) 
fee te 46.4=|14 10 12|,B=/-5 12 
as gee O°... 3 oe 9 oe as 
A= 1 0} and B=] 2 0 |. See Example 6. 2 (0) 
3 4 —4 =| yah abt taunt 7 46 
29. X=3A =—98 30. 2X =24-—B an am i : ; Sea rece: 
31. 2X+3A=B 32. 2A + 4B = —2X aie k ii 0.5 1.6 
4 ms 2 10-38" S18 
Finding the Product of Two Matrices In Exercises 8. A= 100° —=S0° "250. 774i I" 
33-44, find AB, if possible. See Examples 7, 8, 9, and 10. - | 52 -85 27 45 
33. A=(-3 5], B= — [40-35 60 82 











Operations with Matrices In Exercises 49-54, find 
(a) AB, (b) BA, and, if possible, (c) A*. (Note: A® = AA) 





La gin 
49.4 =|) 5} 8 roe | 
oy Vinumaal 
50.4 =|? ab B=(s as 
eo 3 heise 
51 | ee a, B= ey | 
ne Math 
eer 9 ele ce 
co, | SR en 
F fara) ihe ah ''S 
l 
Ese 4 (2 3), B=|0 
5 
2 
3 
Sais 2 1 0 B=], 
0 


Think About It In Exercises 55-64, let matrices A, B, 
C, and D be dimensions 2 x 3, 2 x 3, 3 x 2, and 2 x 2, 
respectively. Determine whether it is possible to perform 
the operation(s). If so, give the dimension of the result. 


55. A+ 2C 56. B — 3C 
57. AB 58. BC 

59. AD 60. CD 

61: BO = D 62. CB - D 
63. D(A — 3B) 64. (BC — D)A 


Solving a System of Linear Equations In Exercises 
65-72, (a) write the system of linear equations as a matrix 
equation AX = B, and (b) use Gauss-Jordan elimination 
on the augmented matrix [A : B] to solve for the matrix 
X. See Example 11. 


—xty=4 66. (2x +3y= 5 


x + 4y = 10 


II 


<= 
+ 
N N 
| 
Sa = 
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73. Manufacturing A corporation that makes sunglasses 
has four factories, each of which manufactures two 
products. The number of units of product 7 produced at 
factory j in one day is represented by a, in the matrix 


100 
140 


120 60 AO 

160 200 80] 

Find the production levels when production is increased 
by 10%, (Hint: Because an increase of LO% corresponds 
to 100% + 10%, multiply the matrix by 1,10.) 


74. Manufacturing 
each of which manufactures two products, The number 


A tire corporation has three factories, 
of units of product 7 produced at factory j in one day 1s 
represented by a, in the matrix 


80 120 140 
40 100 80] 





Find the production levels when production is decreased 
by 5%, (Hint: Because a decrease of 5% corresponds to 


100% — 5%, multiply the matrix by 0.95.) 


75. Vacation Packages A vacation service has identified 
four resort hotels with a special all-inclusive package, 
The quoted room rates are for double and) family 
(maximum of four people) occupancy for 5 days and 
4 nights, The current rates for the two types of rooms at 
the four hotels are represented by the matrix A, 


Hotel — Hotel Hotel Hotel 
Ww \ ) : 
| 615 670 740 990] Double | 
f - ; Oceupaneys 
995 1030 I180 LIOS] Family 





Room rates are guaranteed not to increase by more than 
12% by next season, What is the maximum rate per 
package per hotel? 


On) HOW DO YOU SEE IT? A fruit grower raises 


apples and peaches, which are shipped to three 
different outlets. The numbers of units of apples 
and peaches that are shipped to the three outlets 
are shown in the matrix A, 


Outlet 
erQwe-" 
SL oeegh Soe 
ve Fe 100 | Apples | ate 
100 175 125] Peaches hits shippec 


(a) The profit per unit of apples is $3.50 and the 
profit per unit of peaches is $6, Organize the 
profits per unit in a matrix B. 

(b) The product BA is given by the matrix 
BA = [$1037.50 — $1400.00 $1012.50], 
Explain what this matrix represents, 

(c) Can you compute AB to find the profits? Explain, 





500 
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Inventory Levels A company sells five different 
models of laptop computers through three retail outlets. 
The inventories of the five models at the three outlets 
are given by the matrix S. 





Model 
A B Cc D E 
3 2 D, 3 O} 1 
S=1|0 2 3 4 3} 2 } Outlet 
4 2 1 3 PATS 


The wholesale and retail prices for each model are given 
by the matrix T. 





Price 
Wholesale Retail 
$250 $475 | A 
$400 $700 | B 
T =| $575 $850 | C } Model 
$650 $950 | D 
$760 $1200 | E 


(a) What is the total retail price of the inventory at 
Outlet 1? 


(b) What is the total wholesale price of the inventory at 
Outlet 3? 


(c) Compute the product ST and interpret the result in 
the context of the problem. 


Labor/Wage Requirements A company that 
manufactures boats has the following labor-hour and 
wage requirements. 

Labor-Hour Requirements (per boat) 


Department 





~ 


Cutting Assembly Packaging 
1.0hour O.Shour 0.2 hour} Small 

$= |1.6hours 1.0 hour 0.2 hour] Medium eo 
2.5 hours 2.0 hours 0.4 hour } Large 


Wage Requirements (per hour) 


Plant 
—— 
A B 
$15 $13 | Cutting 
T = | $12 $11 | Assembly ¢ Department 
$11 $10 Packaging J 


(a) What is the labor cost for a medium boat at Plant B? 
(b) What is the labor cost for a large boat at Plant A? 
(c) Compute S7 and interpret the result. 


Exercise The numbers of calories burned by 
individuals of different body weights while performing 
different types of aerobic exercises for a one-hour time 
period are shown in the matrix A. 


80. 


81. 


Calories burned 


130-Ib 155-lb 

person person 

472 563 | Basketball 
A= {590 704] Jumping rope 

177 211] Weight lifting 


(a) A 130-pound person and a 155-pound person played 
basketball for 2 hours, jumped rope for 15 minutes, 
and lifted weights for 30 minutes. Organize the 
times spent exercising in a matrix B. 


(b) Compute BA and interpret the result. 


Exercise The numbers of calories burned by individuals 
of different body weights while performing different types 
of aerobic exercises for a 30-minute time period are shown 
in the matrix A. 


Calories burned 


180-Ib 205-lb 
person person 
143 163 | Calisthenics 
A = | 286 326 | Tennis 
164 186 | Water aerobics 


(a) A 180-pound person and a 205-pound person 
performed calisthenics for 30 minutes, played tennis 
for 1 hour, and did water aerobics for 45 minutes. 
Organize the times spent exercising in a matrix B. 


(b) Compute BA and interpret the result. 


Contract Bonuses Professional athletes frequently 
have bonus or incentive clauses in their contracts. For 
example, a defensive football player might receive 
bonuses for defensive plays such as sacks, interceptions, 
and/or key tackles. In one contract, a sack is worth 
$2000, an interception is worth $1000, and a key tackle 
is worth $800. The table shows the numbers of sacks, 
interceptions, and key tackles for three players. 


Player X 5) 0 4 
5 


(a) Write a matrix D that represents the number of each 
type of defensive play i made by each player j using 
the data from the table. State what each entry d;, of 
the matrix represents. 

















Player Y | 





Player Z Z 











(b) Write a matrix B that represents the bonus amount 
received for each type of defensive play. State what 
each entry b, of the matrix represents. 

(c) Find the product BD of the two matrices and state 
what each entry of matrix BD represents. 


(d) Which player receives the largest bonus? 
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82. Health Care The health care plans offered this year by | 2 3 4 6 3 
a local manufacturing plant are as follows. For A=]0 fe) 4|, B 5 4 4}, 
individuals, the comprehensive plan costs $694.32, the ee a) | | () | 
HMO standard plan costs $451.80, and the HMO Plus : 0 0 () 
plan costs $489.48. For families, the comprehensive plan ‘ 
costs $1725.36, the HMO standard plan costs $1187.76, sil eg aee 
and the HMO Plus plan costs $1248.12. The plant expects Ss ; 
the costs of the plans to change next year as follows. For 88. Think About It If a and b are real numbers such that 
individuals, the costs for the comprehensive, HMO stan- ab = 0, then a = 0 or b = 0. However, if A and B are 
dard, and HMO Plus plans will be $683.91, $463.10, matrices such that AB = O, then it is not necessarily 
and $499.27, respectively. For families, the costs for the true that A = O or B= O. Illustrate this using the 
comprehensive, HMO standard, and HMO Plus plans we) 3 3) |) ee | 4 
will be $1699.48, $1217.45, and $1273.08, respectively. Patan ma) 4 | “je - 8 oe 








. ‘aes . . ; another example of two nonzero matrices whose 
(a) Organize the information using two matrices A and B, wa) pees 


where A represents the health care plan costs for this 
year and B represents the health care plan costs for next 89. Satellite Television Two competing satellite 
year. State what each entry of each matrix represents. television providers offer service to a city with 
100,000 househoids. Gold Cable Company has 
25,000 subscribers and Galaxy Cable Company has 
30,000 subscribers. (The other 45,000 households do 


not subscribe.) The percent changes in subscriptions 


product is the zero matrix. 


(b) Compute A — B and interpret the result. 

(c) The employees receive monthly paychecks from 
which the health care plan costs are deducted. Use 
the matrices from part (a) to write matrices that 
show how much will be deducted from each 
employee’s paycheck this year and next year. 


each year are shown in the matrix below. 


Percent Changes 





(d) Suppose instead that the costs of the health care From From From Non- 
plans increase by 4% next year. Write a matrix that Gold Galaxy subscriber 
shows the new monthly payments. To Gold 0.70 0.15 0.15 
. Percent { To Galaxy 0.20 0.80 0.15 

83. Voting Preference The matrix Changes 
To Nonsubseriber | 0.10 0.05 0.70 
From : 
3. Use matrix multiplication to find the number of 
R D I subscribers each company will have in one year, in two 
0.6 01 O.1]R years, and in three years. What is happening to the 

Pe O2 0.7 0.) D¢To number of subscribers and nonsubscribers to each 

eee 0:2 0.8) 1 company? Explain. 

is called a stochastic matrix. Each entry p, (i # j) 

represents the proportion of the voting population that 90. Project: Sales of e-Readers For a project 

changes from Party i to Party j, and p,; represents the involving the sales of e-readers, visit this textbook’s 

proportion that remains loyal to the party from one website at www.cengagebrain.com. 

election to the next. Use a graphing utility to find P°. 

(This matrix gives the transition probabilities from the | Project: Sales of ¢-Reade | 


first election to the third.) 

84. Voting Preference Use a graphing utility to find P?, 
P4, P5, P®, P7, and P® for the matrix given in Exercise 
83. Can you detect a pattern? 





Aaly Wil 7 AO Wiha owe te ern 
(ed Vea conmpeuny lion te dewrdey a atc 


Finding a Matrix In Exercises 85 and 86, find a matrix we toe 0 8 


Commun X ad Courguiay YY 





B such that AB is the identity matrix. Is there more than adh orn 

one correct result? (0H) O49 el yews cummgney's Cheshentners wAtl unmate, 25 se 6tl wetted wey Ceveryamiry X. aati wine 
= 6. A _ Seton { smacwths sro Anco Doce ny Whe AMM £, Metsewe Rive ARAAIEN fo raTwney ho pect al Cndentntin 

85. A | 5 8 5 5 











any 
am 992) HOO 
Am Os fe 


Fad] [0.299] cin 


igh 








1 | 








87. Think About It Ifa, b, and c are real numbers such that 


Commies u Uilde that atone the prodicted onarkot 3 cow cm od the ve 
c # Oand ac = be, then a = b. However, if A, B, and C (Sealey an hw per conganh ne nh a tan mt 
are matrices such that AC = BC, then A is not necessarily [Bourne tine | 





equal to B. Illustrate this using the following matrices. 
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6.3 The Inverse of a Square Matrix 





m Verify that a matrix is the inverse of a given matrix. 

m Find the inverse of a matrix. 

m Find the inverse of a 2 x 2 matrix using a formula. 

m Use an inverse matrix to solve a system of linear equations. 





The Inverse of a Matrix 


$ = This section further develops the algebra of matrices. To begin, consider the real number 
; e “ x equation ax = b. To solve this equation for x, multiply each side of the equation by a7! 
, HB wr ye * (provided a # 0). 
> g 9 10 
a AS 8 
; Year (1 & 21001) aX b 
(a~'a)x = a~'b 
(1)x = a~'b 
r= a™'b 
The number a! is called the multiplicative inverse of a because a~'!a = 1. The definition 


of the multiplicative inverse of a matrix is similar. 
Definition of the Inverse of a Square Matrix 


Let A be ann x nm matrix and let J, be the n x n identity matrix. If there exists a 
matrix A~! such that 





In Exercise 82 on page 511, AA7! =] =A7!A4 
. A n 
you will use an inverse matrix to find 
an equation that models the annual then A’! is called the inverse of A. (The symbol A~! is read “‘A inverse.’”) 


revenues for a company. 


es <ereye)(-Wam The Inverse of a Matrix 


Show that B is the inverse of A, where 
| 2 | 2 
A and B 
| | | | 











SOLUTION ‘To show that B is the inverse of A, show that AB = J] = BA. 





e | | all? 4 | Vane 2 4 ! ° 
eons ie alee | bee SS i Onna 
4 ; Al l | | hae ished 4 ! " 
; l l or (aes adele |.Onai 


S/ chéoknoint 1 





5 
‘ | and B = | 


J 
' tn 


Show that B is the inverse of A, where A , ¥ F 

| =|, ae e 

Recall that it is not always true that AB = BA, even when both products are 

defined, However, if A and B are both square matrices and AB = /,, then it can be 
shown that BA = /,. So, in Example 1, you need only check that AB = /,,. 


Kenneth Man /Shutterstock.com 
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Finding Inverse Matrices 


If a matrix A has an inverse, then A is called invertible (or nonsingular); otherwise, A is 
called singular. A nonsquare matrix cannot have an inverse. To see this, note that when 
A is of dimension m x n and B is of dimension n x m (where m # n), the products 
AB and BA are of different dimensions and therefore cannot be equal to each other. Not 
all square matrices have inverses (see the matrix at the bottom of page 505). When, 
however, a matrix does have an inverse, that inverse is unique. The next example shows 
how to use a system of equations to find an inverse. 


/$%enn¥)(-Wam Finding the Inverse of a Matrix 


Find the inverse of the matrix 


a=[ | 


SOLUTION To find the inverse of A, try to solve the matrix equation AX = / for X. 
A xX = I 


| 1 aie ie = | "| Write matrix equation. 
= eI 


Ce 


ane Xie tf ve | [, 4 ; 
e ; a Multiply. 
Se = iy, SU SBE Oa 
Equating corresponding entries, you obtain the following two systems of linear equations. 
Cte 4 qe in 40 
TX — 3%, = 0 X12 — 3Xp2 = 1 


You can solve these systems using the methods learned in Chapter 5. From the first 
system you can determine that x,, = —3 and x,, = 1. From the second system you can 
determine that x,, = —4 and x,, = 1. So, the inverse of A is 


Ae 


nfaterth 


You can use matrix multiplication to check this result. 


oe eae 
sl ah 4 
aa=[ 7 alla 3] 


/echackpomt 2 





Find the inverse of the matrix 


eee 
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TECH TUTOR 





Most graphing utilities 
can find the inverse of a 
matrix by using the inverse 
key {x-1). The screen below 
shows how one graphing 
utility displays the inverse 
of a matrix. For specific 
instructions on how to use 
the inverse key to find the 
inverse of a matrix, consult 
the user’s guide for your 
graphing utility. 








In Example 2, note that the two systems of linear equations have the same coefficient 
matrix A. Rather than solve the two systems represented by 


| 4 ; 
—-1| —-3 : 0 
and 
| | 47s 0 
—-1 -3 : J] 





separately, you can solve them simultaneously by adjoining the identity matrix to the 
coefficient matrix to obtain 


A ih 
| | et al "| 
eo a pee omy 
This “doubly augmented” matrix can be represented as 
(Aer: 


Then, by applying Gauss-Jordan elimination to this matrix, you can solve both systems 
with a single elimination process. 


(te eo! i 

Se 8 an) er, 
E a " 

Reo = | One er | ee 


tetas 0 : -3 = 
th pk aN 


So, from the “doubly augmented” matrix [A : /], you obtained the matrix [J : A~!]. 
A fi I Au! 
| ea ee) | LO OM 3 1 
=ah = 2F oe yal One | | 
This procedure (or algorithm) works for any square matrix that has an inverse. 


LS No rts 2g RE RRSRORROTTIRSENS 


Finding an Inverse Matrix 
Let A be a square matrix of dimension n x n. 


1. Write the n x 2n matrix that consists of the given matrix A on the left and the 
n X n identity matrix / on the right to obtain 


[Apso 


2. If possible, row reduce A to / using elementary row operations on the entire 
matrix 


[AueZ], 
The result will be the matrix 
ee eA* |: 
If this is not possible, then A is not invertible. 
3. Check your work by multiplying to see that 
AA“! =]=A™'A, 


Adrian Britton/www.shutterstock.com 
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Je eseet)(-M Finding the Inverse of a Matrix 


| =1 0 
Find the inverse of the matrix A = | 1 0) =A | 
6 =2 =3 


SOLUTION Begin by adjoining the identity matrix to A to form the matrix 


2th OD Be sh OL) 
[AME el hey) bles OMe latins Ome tt 91.0): 
6) 20-35 chr 0! 


Next, use elementary row operations to obtain the matrix ARs, 


| 0 : | 0 0 
Rete O jf =i =| 1 0 
AGI ine tescoa MY) AL = 3} —6 0 | 
Ka tei oe [el 0) =i 0 1 O 
0 ee all il @ 
=AR I Ka==" |.0 0 | =) =4 || 
LE eat eae al: 0 0 =f) 3 | 
et an i 0 =3 =3 

0 0 | =) =dl i 

=D =3 | 

So, the matrix A is invertible and its inverse GA" el=3 =2 il {h. 

—2 —4 | 


CHECK Confirm this result by multiplying A and A“! to obtain J. 


Lh gal Oi ead 1 ] 
AA! =} 1 OF elie Sa 323. 1}/= 0 O|=1 
Ole 203527 ae 1 0 


yf Checkpoint 3 


if =2 = 
Find the inverse of the matrix A=|0 —1 ON 
| =2 0 ig 


The process shown in Example 3 applies to any n x n matrix A. So, when A has an 
inverse, this process will find it. When using this process, if the matrix A does not 
reduce to the identity matrix, then A does not have an inverse. 

For instance, consider the matrix A shown below. To confirm that A has no inverse, 
begin by adjoining the identity matrix to A. 





Lae h il) Ce ie i ee 
At=plescieSie 2| MEP Ac | = 5 Salam Ole) 
= 43 .=2 =o hee A) yal 


Then use elementary row operations to obtain 


eee Oa: een) 
(pte eee eee wal On 
0: 5 0) 2 Oleediataete al 1 


At this point in the elimination process, you can see that it is impossible to obtain the 
identity matrix J on the left. So, A is not invertible. 


a 


06 
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The Inverse of a 2 x 2 Matrix (Quick Method) 


Using Gauss-Jordan elimination to find the inverse of a matrix works well (even as a 
computer technique) for matrices of dimensions 3 x 3 or greater. For 2 x 2 matrices, 
however, many people prefer to use a formula for the inverse rather than Gauss-Jordan 
elimination. This formula works only for 2 x 2 matrices. If A is a2 x 2 matrix given by 


a b | 


A= 
| G d 


then A is invertible if and only if ad — be # 0. Moreover, when ad — bc # 0, the 
inverse is given by 


A emt Po 
Ga 06 


Formula for inverse of a 2 x 2 matrix 





ah fo 
=6 al 
Try verifying this inverse by multiplication. 

The denominator ad — bc is called the determinant of the 2 x 2 matrix A. You 
will study determinants in the next section. 


eeteye)(e-a Finding the Inverse of a 2 x 2 Matrix 


If possible, find the inverse of each matrix. 


Se 


ty 1 = 
: =6} 2 


a. A =| 








£57 5| 
SOLUTION 


a. For matrix A, begin by applying the formula for the determinant of a 2 x 2 matrix 
to obtain 


ad — be = 3(2) — (—1)(—2) = 4. 


Because this quantity is not zero, the matrix is invertible. The inverse is formed by 

interchanging the entries on the main diagonal, changing the signs of the other two 
eae l 

entries, and multiplying by the scalar 4. 











| Ca) a ; 
A = a eye Formula for inverse of a 2 x 2 matrix 
(oxol — [oXe?|| —Ye: a 
Ih? | 
= 4 4 3 Substitute for a, b, c, d, and the determinant. 
Ivy) 1 
#2) 31) | | 
=i \ Multiply by the scalar 4. 
a(2) *a(3) 
tN NF 
2 4 , ae 
ag ba 3 Simplify. 
le Tae 


b. For matrix B, you have 
od = be = 3(2) = (=—1)(=6) 
= 0. 


Because ad — bc = 0, B is not invertible. 


SGheskoolnt 4 





Find the inverse of the matrix 


age ng 


4A = 
: prt 








TECH TUTOR 


To solve a system of 
equations with a graphing 
utility, enter the matrices A 
and B in the matrix editor. 
Then, using the inverse key, 
solve for X. 


A (@) B ENTER 


The screen will display the 
solution, matrix X. 


Seren mar oTr 
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Systems of Linear Equations 


You know that a system of linear equations can have exactly one solution, infinitely 
many solutions, or no solution. If the coefficient matrix A of a square system (a system 
that has the same number of equations as variables) is invertible, then the system has a 
unique solution, which is defined as follows. 


A System of Equations with a Unique Solution 


If A is an invertible matrix, then the system of linear equations represented by 
AX = B has a unique solution given by X = A’ 'B. 


Senta Solving a System of Equations Using an Inverse Matrix 


Use an inverse matrix to solve the system. 


25 “By oe 
Shas oN han 
2x + 4y + z= -2 


SOLUTION Begin by writing the system in the matrix form AX = B. 


2 lex =] 
3 L}|y|= | 
2, LW | =2 


Next, use Gauss-Jordan elimination to find A~!. 


-1 1 0 
A iio” 
6 -2 -3 


Finally, multiply B by A! on the left to obtain the solution. 
== I | ie sacgl Yy 
Xe TArB ea 20] 1}=|-1 
=2 
So, the solution is x = 2, y = —1, andz = —2. 


oY Checkpoint 5 


Use an inverse matrix to solve the system. 


—x+t yt z= 4 
ph aie Wy  Naset ho) A eet | 
—2x + 3y + 2z= 10 fe 


SUMMARIZE (Section 6.3) 
1 


State the definition of the inverse of a square matrix (page 502). For an example 
of showing that a matrix is the inverse of another matrix, see Example 1. 


2. Explain how to find an inverse matrix (page 504). For an example of finding 
an inverse matrix, see Example 3. 


3. Give the formula for finding the inverse of a 2 x 2 matrix (page 506). For an 
example of using this formula, see Example 4. 


holbox/www.shutterstock.com 
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KILLS WARM P 6.3 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
Ss f these skills in the exercise set for this section. For additional help, review Sections 6.1 and 6.2. 


In Exercises 1-8, perform the indicated matrix operation(s). 




















| 6 ; 1] 10 48 
14) 0 -4 ey = | (NG) 
12 2 eae) 2 8 
NK O)e 23} By th ae eee) 6 3 
ay —2 —3 
[; | ;| 0 Tl y 4 EE AI [i A 
5) yy | 
5. | | DANS) ») 6. | | 0) b | 
=i Bel | (0) La = 
Din Osers0l heh Oe C ree er 1 I 
7.1/0 -1 O}10 =] 0) 8.13 =f —2)||—98—8 i 
O77 (0° 930) 0a Bi Gale iet6me 5 27 
In Exercises 9 and 10, write the matrix in reduced row-echelon form. 
9) 
Ohicae eee | 10 r ; 3 ; ' ; 
“14 -3 0 | : 
| 2 8 0) 0 | 


See www.CalcChat.com for worked-out solutions to odd-numbered exercis 
































The Inverse of a Matrix In Exercises 1-10, show that 2 0 2 | 
B is the inverse of A. See Example 1. one 3 () 0) | 
ee i 4 3 4 | 1 -2 | 
A a ee beh ki) 
4 2 —-| —] 3 -2 -2 
2 A= | de = 
0) ») 9 -4 1| -—2 9 -7 -10 
4 Bie 
2 -1 —, 3} 1 O -1 =I 
3, A 5 4 B 5 2 3 -6 6 6 
3 3 
m —] | Q -! 
4 a=|! oh ae : i (a) oer 
‘ 3 | A = i 
ic 3 10 4 r —] | BD 0) 
DET aes 4-5 3 0 -1 | | 
5 A = | | 0) - B = 4 = 3 = | | — Al 
ee (eee) yai[-4 -1 3 -4 
bE 0 2 AV Oh 2] 1 6 
6, A = 1 -—2 ale Sh iy) 9 () 
| 10) 3 
-6 0) 4 Finding the Inverse of a Matrix In Exercises 11-14, 
B= ma 5 2 find the inverse of matrix A by solving the matrix equation 
10 9) () 2 AX = | for X. See Example 2. 
| 2 _ 
2-17 I! | | 2 11. | 1 | . | 
TAS(=1 {1 =<7l Beeld. Ae os ee | ol ae 
( 3 -2 3 _ 
) 6 5 13. | 8 4 
l | 3 2 1 -] saa et 
8. A 2 | 4|, B= () | 2 2 3 
14. 
| | 2 — | 0) | | 4 | 





Finding the Inverse of a Matrix In Exercises 15-32, 
find the inverse of the matrix (if it exists). See Example 3. 





Ay | may Ba 
15. ‘ 
ee | 1. | 4 —19) 
(je sc)-4 ey A | 
17. a 
fe s| as E 4 
a al o= 84 
19 ie | 20 ie | 
an § 
pee] | : 
21 i = 
les wi | 22 60 —15 
eee uel 
| | | | phe Mae) 
“2 | Males 7 oO 
> ih =|. 4 —7 
| | 4 kay) 
BEA 3 ae DG 6 eee oe 
a} =As 4 FS 
2 A) ie a0) 
20 2 0 Oe Oe as) 80 
(mee) 4 One ees 
On 0 ge WG) 
Smee 4 (0 20 GeO nO) 
me) CS ae Sea 5 
mee BOC j=] 0 | 0 
eo. 0 4 ar ap al 
pet 0 3 0 pai y) 0 -1 0 
jae O° 4 Or ee 10 at 


Finding the Inverse of a Matrix In Exercises 
33-40, use the matrix capabilities of a graphing 
utility to find the inverse of the matrix (if it exists). 


2 -! 10 5 -7 
cies 7 «60—-10)  34.|-5 1 4 
le —7 —-15 5) eee 
ee 0.2. 0.3 0.6 O -03 
35, /-0.3 0.2 0.2 36. |0.7 -1 0.2 
05 04 04 0 -0.9 
ual 3 1 5 1 u 
2 4 4 6 3 6 
=| 0 -3 Chl Tibet 
G6 -1 7 ecite ines 2 
1 -3 2 -I 1 = 2 ool op 2 
oe 4-12 «8 3 -5 -2 =3 
213 0 5 t=2 Ae es ee 
6-3 9 -6 ce NY Ae ee een | 


Finding the Inverse of a 2x 2 Matrix In Exercises 
41-46, use the formula on page 506 to find the inverse of 
the matrix (if it exists). See Example 4. 


5 -2 7 4 
a(S ~2] a 


Section 6.3 m The Inverse of a Square Matrix 509 


-4 -6 E20 0h 
nies aed aa | 
i peel 
2 4 ‘ 
Asie a ee 46.) 4 
5 5 3 


Solving a System Using an Inverse Matrix In 
Exercises 47-50, use the inverse matrix found in Exercise 
11 to solve the system of linear equations. See Example 5. 


i) 


| 
loo WIth | 
ee 


47. | Saely =O ASS)! yD 
3x + Ty = 1 Parente LO 
495 \bx 2 =" 8 50.4) .4-2y'].=—6 
Fe + Ty = 26 Fe + y = 21 


Solving a System Using an Inverse Matrix In 
Exercises 51-54, use the inverse matrix found in 
Exercise 14 to solve the system of linear equations. See 
Example 5. 


51. fe oy =o 52) (24+ 3y = 0 
x + 4y = 10 x+4y=3 
53. }2x + 3y = 4 54. |2x + 3y= 1 
eee oe eae 


Solving a System Using an Inverse Matrix In 
Exercises 55 and 56, use the inverse matrix found in 
Exercise 23 to solve the system of linear equations. See 
Example 5. 


55, kl aeve- Geyer Z 564) (er hineceteeel 
3x + Sy + 4z=5 Scie Spee a 
By lOy =e 2 3x4 6y.+ 7 = 0 


Solving a System Using an Inverse Matrix In 
Exercises 57 and 58, use the inverse matrix found in 
Exercise 40 to solve the system of linear equations. See 
Example 5. 


ie ieee li5 X; 2x,= 0 
Sip Die OKs She ee 
ORS REG = Them re a 
oy eis Ais epeldee= 92 








58. DP a eT 
Wit! AMORA aa’) ole Bool pal sees 
Ed irie sand eno hisrwes woh eense 
ee AN eX ot nha, 3 


Solving a System Using an Inverse Matrix In 
Exercises 59-66, use an inverse matrix to solve (if possible) 
the system of linear equations. See Example 5. 


59. fe +4y=-2 


5x+3y= 4 
60. | 18x + 12y = 13 
30x + 24y = 23 


61. |—0.4x + 0.8y = 1.6 
2X mara od 


510 Chapter6 m Matrices and Determinants 


62. {0.2 ~ 0,6) 2.4 
| —x + 1.4y 8.8 
63. | UX f a) 2 
| iA } iy 2 
64, [2x — 5 20) 
fx — fy = -51 
65. [4 yr Zz 5 
2X te ZY + 3Z 10 
ls, by 6 | 
66. [4 2y + 3z 2 
“Xt ZY * §z 16 
BA Sy — 27 4 
Using a Graphing Utility In Exercises 67 and 
68, use the matrix capabilities of a graphing utility 
to solve (if possible) the system of linear equations. 
67. un sy + 2w 4| 
Phe AT 6h W 13 
4X hy Ae PANY le 
rer ¥ Ww % 
68. | 2x + Sy - Ww | 
Cot dy + 27 — 2 vk 
dx yr SZ ¥ 3 
\ $y | 


Writing a System of Equations — In Exercises 69 and 70, 
write a system of equations that has the given coefficient 
matrix and solution. Use an inverse matrix to verify that the 
system of equations has the given solution. 


69, |? | i} r= 2 
| 0) 2 y 3 
0) i) 2 z=5 
WAVE () 2 r= 5 
| | | y 2 
2 | () Z | 


Bond Investment In Exercises 71-74, you invest in 
AAA-rated bonds, A-rated bonds, and B-rated bonds. 
Your average yield is 9% on AAA bonds, 7% on A bonds, 
and 8% on B bonds. You invest twice as much in B bonds 
as in A bonds, The desired system of linear equations 
(where x, y, and z represent the amounts invested in AAA, 
A, and B bonds, respectively) is as follows. 


x + y+ Zz = (total investment) 
0,09x + 0.07y + 0.082 = (annual return) 
2y z=0 


Use the Inverse of the coefficient matrix of this system to 
find the amount invested in each type of bond for the 
given total investment and annual return. 


$35,000; annual return = $2950 
$50,000; annual return = $4180 


71. ‘Total investment 


72. ‘Total investment 


73. Total investment = $36,000; annual return = $3040 
74. Total investment = $45,000; annual return = $3770 


Circuit Analysis In Exercises 75 and 76, consider the 
circuit shown in the figure. The currents /,, /5, and I, in 
amperes, are the solution of the system of linear equations 
al, + 4/, = E, 
l, + 4l, = E, 
ly lp =e = 0 
where E, and E, are voltages. Use the inverse of the 


coefficient matrix of this system to find the unknown 
currents for the given voltages. 





4Q 
i) 
i] 








75. E, = 28 volts, Z, = 21 volts 
76. E, = 24 volts, E, = 23 volts 


Raw Materials In Exercises 77-80, find the numbers 
of bags of potting soil that a company can produce for 
seedlings, general potting, and hardwood plants with the 
given amounts of raw materials. The raw materials used 
in one bag of each type of potting soil are shown below. 


2 units | | unit 1 unit 













Seedlings 















General 1 unit 2 units | unit 


















2 units | 2 units 2 units 





Hardwoods 








77. 500 units of sand 

500 units of loam 

400 units of peat moss 
78. 500 units of sand 

750 units of loam 

450 units of peat moss 
79. 350 units of sand 

445 units of loam 

345 units of peat moss 
80. 975 units of sand 

1050 units of loam 


725 units of peat moss 


81. Floral Design A florist is creating 10 centerpieces 
for the tables at a wedding reception, The customer has 
a budget of $300 allocated for the centerpieces and 
wants each centerpiece to contain 12 flowers, with 
twice as Many roses as irises and lilies combined, The 
florist uses the prices shown to determine the total cost 
to the customer, 
$2.50 per rose 
$4.00 per lily 
$2.00 per iris 
(a) Write a system of linear equations that represents 
the situation, 

(b) Write a matrix equation that corresponds to your 
system, 

(c) Solve your system of linear equations using an inverse 
matrix. Find the number of flowers of each type that 
the florist can use to create the 10 centerpieces. 


» 82, DIRECTV” The figure shows the revenue y (in 
billions of dollars) for DIRECTY each year from 
2001 through 2010. The least squares regression 
parabola y = ar? + bt + c for these data is found 
by solving the system 


10e = 55b + 385a = 149.21 
S5c + 385) + 3025a 969,73 
385¢ + 3025b + 25,333a = 7440.01 


where f represents the year, with += | corresponding to 


2001. (Source: DIRECTY) 


| 
eames eel SG: WUE OPS) By 
Year (1 <3 2001) 


(a) Use a graphing utility to find an inverse matrix to 
solve this system, and find the equation of the least 
squares regression parabola, 

(b) Use the result from part (a) to predict the revenue for 
DIRECTY in 2012. 


428.9 billion for 2012. How does this compare with 
your prediction in part (b)? Do both amounts seem 
reasonable? 





(ec) In 2011, DIRECTV projected a revenue of 
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83. Discovery Let A, B, and C be the 2 x 2 matrices 


pa he, oe 2 13 4 
, B= 
=i! ‘ | 3 4 | j 
(a) Find AB and BA. How is each product related to 
matrix C? 
(b) Find C~', A~! + B~!, and B~! + A~!. Which of the 
resulting matrices are equal? 


A= 








, and C = | 


(c) Make a conjecture about the inverse of the product 
AB of two invertible matrices A and B. 


84 HOW DO YOU SEE IT? Let A be the 2 x 2 


matrix 


Use the determinant of A to state the conditions for 
which (a) A~! exists and (b) A~! = A. 


Think About It In Exercises 85 and 86, find a value 
of k that makes the matrix invertible. (There are many 
correct answers.) Then find a value of k that makes the 
matrix singular. 


4 3 
| 86. 








PY ea | 
onal | 


True or False? In Exercises 87 and 88, determine 
whether the statement is true or false. Justify your 
answer. 


87. There exists a matrix A such that A = Av!, 
88. Multiplication of a nonsingular matrix and its inverse 1S 


commutative. 


89. Verifying a Formula Verify that the inverse of an 
invertible 2 x 2 matrix 


Gel Ae 
A = 
k d 


is given by A 








ad —bc\.—G a 


| | ab fa) 


90, Discovery Consider matrices of the form 


items OU | eee 
ee Rie ene ey ai leees type PIU 
A=! 0 Cie taste dO Manel at 
0 0 a ig Ree: 


nn 

(a) Write a2 x 2 matrix anda3 x 3 matrix of the form 
of A. Find the inverse of each. 

(b) Use the result from part (a) to make a conjecture 
about the inverses of matrices of the form of A. 


on P24 Chapter 6 m Matrices and Determinants 


QUIZ YOURSELF 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





a0 oa 
40) (Oe, =)? 
L=|2.4 Or 
2.8 240) (05 


Labor-Hour Requirements 
(in hours per hang glider) 


.) = 

og os 

aw A. 

15 12] Assembly 
W =] 10 11 | Finishing 

9 8 | Packaging 


Wage Requirements 
(in dollars per hour) 


Matrices for 15-18 


Model A 
Model B 
Model C 


Take this quiz as you would take a quiz in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, write a matrix of the given dimension. 
1. 4% 3 


Dees BY SSA 


In Exercises 3 and 4, write the augmented matrix for the system of linear 
equations. 


SUR cp ep 
(3 = a= oo 
4. |x Poe = =5) 
ep y= BS Ss 
on +4z= 0 


5. Use Gaussian elimination with back-substitution to solve the augmented matrix 
found in Exercise 3. 


6. Use Gauss-Jordan elimination to solve the augmented matrix found in Exercise 4. 


In Exercises 7-12, use the following matrices to find the indicated matrix (if 
possible). 


Sheed ai {oo res Ona 
a=|7 a B=| 7) 0 a e-|? | 


1 ogee C 
8. AB 
9A 
10. C? 
11. A“! 
1205 = 


In Exercises 13 and 14, solve for X using matrices A and C from Exercises 7-12. 
13. X = 3A — 2C 
14. 2X + 4A =2C 


In Exercises 15-18, a hang glider manufacturer has the labor-hour and wage 
requirements indicated at the left. 


15. What is the labor cost for model A at Plant 1? 
16. What is the labor cost for model B at Plant 2? 
17. What is the labor cost for model C at Plant 2? 
18. Compute LW and interpret the result. 


In Exercises 19 and 20, use an inverse matrix to solve the system of linear equations. 
19, a — epi AKO) 
(ait se a! Solid) 
4. (2k — y+ iog= 3 
3x - z= 15 
4y + 3z=-]1 
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6.4 The Determinant of a Square Matrix 











In Exercises 91-100 on page 520, 
you will use determinants to solve 
equations for x. 


@ Evaluate the determinant of a 2 x 2 matrix. 
@ Find the minors and cofactors of a matrix. 
@ Find the determinant of a square matrix. 


The Determinant of a 2 x 2 Matrix 


Every square matrix can be associated with a real number called its determinant. 
Determinants have many uses, and several will be discussed in this and the next section. 
The use of determinants is derived from special number patterns that occur when 
systems of linear equations are solved. For instance, the system 


EER = erie 
Piece aby) aes 

has a solution given by 
_ (yb, — Cob, 
a,b, — apd, 

and 

A,Cy — anc, 
a,b, — apb, 


provided that a,b, — a,b, # 0. Note that the denominator of each fraction is the same. 
This denominator is called the determinant of the coefficient matrix of the system. 


Coefficient Matrix Determinant 


re 3 a 
Gone 
The determinant of the matrix A can also be denoted by vertical bars on both sides of 
the matrix, as indicated in the following definition. 


det(A) = a,b, — ayb, 


Definition of the Determinant of a 2 x 2 Matrix 


The determinant of the matrix 


a b 
A = 1 | 
a by 


is given by 








In this text, det(A) and |A| are used interchangeably to represent the determinant of 
A. Although vertical bars are also used to denote the absolute value of a real number, 
the context will show which use is intended. 

A convenient method of remembering the formula for the determinant of a 
matrix is shown in the following diagram. 


det(A) = Pl = abe ~ ab 


Note that the determinant of a 2 x 2 matrix is the difference of the products of the two 
diagonals of the matrix. 


Ix? 


Benjamin Thorn/www.shutterstock.com 
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In Example | you will see that the determinant of a matrix can be positive, zero, or 


negative. 


1S '<ehse}e)(-am The Determinant of a 2 x 2 Matrix 


TECH TUTOR 


Find the determinant of each matrix. 


2 =3 
a 4a i 
















Try evaluating the 
determinant of A with your 
graphing utility. 


cea y 
tele p i 


You should obtain an error 
message similar to the one 


ie 8 
. c=|? | 











shown below. The graphing SOLUTION Use the formula det(4) = |“ | = a,b, — ayb,. 
utility displays this message a, by 
because the matrix is not Le 
square. a. det(A) = 1 a 2(2) = l(=3) = 44 3=7 
2 1 
ERR: INVALIO OIM | | b. det(B) = | = 2(2) - 4(1) =4-4=0 
Gai t. | 4 2 
Goto eames 
ce. det(C) = \ mn = 0(4) — 233) =0-6= -6 


Vicheeknolnt 1 


ee 


a nn en ee ap reete Rane mneetees 


Find the determinant of each matrix. 


| D S © 3 
ad= |i || b Bl | exe = a ~ 


The determinant of a matrix of dimension | x | is defined simply as the entry of 
the matrix. For instance, if A = [—2], then 


det(A) = —2. 


TECH TUTOR 





Most graphing utilities can evaluate the determinant of a matrix. Use 

a graphing utility to find the determinant of matrix A from Example 1. The 
result should be 7, as shown below. For specific keystrokes on how to use a 
graphing utility to evaluate the determinant of a matrix, consult the user’s guide 
for your graphing utility. 


det¢lAla 





Sign Pattern for Cofactors 


iss) 


~ 


x 3 matrix 
- + 
+ — 
- + 
+ = 


x 4 matrix 


x n matrix 
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Minors and Cofactors 


To define the determinant of a square matrix of dimension 3 x 3 or higher, it is helpful 
to introduce the concepts of minors and cofactors. 


ORE BGS AO RENE LE AGES ERT AS SEED TE IT MAS LEIS TAPE ATI NEES SEES EK EM HEY HP 


Minors and Cofactors of a Square Matrix 


If A is a square matrix, then the minor M,, of the entry aj; is the determinant of the 
matrix obtained by deleting the ith row and jth column of A. The cofactor C,, of 
the entry a, is given by 


Cy = (- 1) My, 


In the sign pattern for cofactors shown at the left, notice that odd positions (where 
i + jis odd) have negative signs and even positions (where ¢ + j is even) have positive 
signs. 


ertyCwAN Finding the Minors and Cofactors of a Matrix 


0) ) | 
Find all the minors and cofactors of A=|3 ~—1 Oat 
4 0 | 


SOLUTION To find the minor M,,, delete the first row and first column of A and 
evaluate the determinant of the resulting matrix. 








‘0; 2-4 Cee 
=a | 21, Mu = | 0 ‘| = -10) - 00) 
0 | 
Similarly, to find M,,, delete the first row and second column. 
§—12; 4+ cat 
oh oF Maj 1| = 3) 4(2) = -—5 
| | 


Continuing this pattern, you obtain the following minors. 


M,,=-7-1 M,,. = —-5 M,= 4 
M,,= 2 M,, = —4 M,, = —8 
Maen May MOS AG, 


Now, to find the cofactors, combine the minors above with the checkerboard pattern of 
signs for a 3 x 3 matrix shown at the upper left. 


Gy = Cy =.5 C,= 4 
Co, Ss 45 Cag. = 8 Cy = 5 
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Find all the minors and cofactors of 


| 2} 3 
A=|0 -1 EE 
Ds | 4 # 
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The Determinant of a Square Matrix 


The definition below is called inductive because it uses determinants of matrices of 
dimension (n — 1) * (n — 1) to define determinants of matrices of dimension n * n. 


Determinant of a Square Matrix 


If A is a square matrix (of dimension 2 x 2 or greater), then the determinant of A 
is the sum of the entries in any row (or column) of A multiplied by their respective 
cofactors. For instance, expanding along the first row yields 


|A| = Ay Cyt AyCys FY or Oy, Ca 


Applying this definition to find a determinant is called expanding by cofactors. 


Try checking that for a 2 x 2 matrix 








this definition of the determinant yields 
|A| = a,b, — ayb, 


as previously defined. 


is eisyey(-ee The Determinant of a Matrix of Dimension 3 x 3 


() D | 
Find the determinant of A=|3 —] ON 
4 0 | 


SOLUTION Note that this is the same matrix that was given in Example 2. There you 
found the cofactors of the entries in the first row to be 


Cy, =—-1, C,ez=5, and C,, = 4. 


So, by the definition of a determinant, you have 


|A| = 4 Cy + ApCp TF a,C,5 First-row expansion 
= 0(—1) + 2(5) + 1(4) 
= 14. 


W Checkpoint 3 





Find the determinant of 


So On ome 
A=|1 2 —11., 
2.0 -4 a 


In Example 3, the determinant was found by expanding by the cofactors in the first 
row. You could have used any row or column. For instance, you could have expanded 
along the second row to obtain 


[Al = 5, Co, Op Con ates Ons Second-row expansion 
3(—2) + (=4)(—4) 4 218) 
14. 


Il 





Section 6.4 m The Determinant of a Square Matrix ory 
When expanding by cofactors, you do not need to find cofactors of zero entries, 


because zero times its cofactor is zero. So, the row (or column) containing the most 
zeros 1s usually the best choice for expansion by cofactors, 


ete me The Determinant of a Matrix of Dimension 4 x 4 


| 2 3 0) 
Find the determinant of A 
0) 2 0 
3 4 O 2 


SOLUTION After inspecting this matrix, you can see that three of the entries in the 
third column are zeros. So, you can eliminate some of the work in the expansion by 
using the third column. 


|A| = 3(C,,) + O(C,,) + O(C,,) + O(C,;) 


Because C,,, Cy,, and C,, have zero coefficients, you only need to find the cofactor C ,. 
To do this, delete the first row and third column of A and evaluate the determinant of 
the resulting matrix, 


| | 2 
Ci; (—1)'*4] 0 pi 3 Delete Ist row and 3rd column 
3 4 2 
| | 2 
QO 2 3 Simplity 
3 4 2 


Expanding by minors in the second row yields 





rN 
NO WN 
a 


0 + 2(1)(—8) + 3(—1)(-—7) 
ah 


So, you obtain [A] = 3C,, = 3(5) = 15. 


of Checkpoint 4 


3 Q W Q 
-¢ ei ; 2 6 0 11 
Find the determinant of A 4 0 5 | 
| 5 0 10 al 


SUMMARIZE (Section 6.4) 


4. State the definition of the determinant of a 2 x 2 matrix (page 5/3), For an 
example of finding the determinant of a 2 x 2 matrix, see Example 1. 

2. State the definition of minors and cofactors of a square matrix (page 5/5). For 
an example of finding the minors and cofactors of a matrix, see Example 2. 

3. State the definition of the determinant of a square matrix using expansion 
by cofactors (page 5/6). For examples of finding determinants using this 
definition, see Examples 3 and 4. 


Sean Nal /Shutterstock.com 
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SKILLS WARM \'P 6.4 


In Exercises 1-4, perform the indicated matrix operations. 


Chapter 6 m Matrices and Determinants 


The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Sections 0.2, 0.3, and 6.2. 











Le=2Z 3 i =) 5 Bp eae) 
|) 3 ae ze 2. | 3 rhe i | 
3-4 2 Oe 

3. 3h 1 O: m4 4. 4) -1 2 3 
0 Ly 2 a) Re a 
In Exercises 5-10, perform the indicated arithmetic operations. 
5. [(1)(3) + (—3)(2)] — [)(4) + (3)6)] 
6. [(4)(4 ee Di) = Dees (= 20 
7 ACen ee 2) 8. NOs 8) 
, —5)\(=: 2) —3(4) 6-5) 21) 
9. —5(—1)?[6(—2) — 7(-3)] 10. 4(—1)°[3(6) — 2(7)] 


SY={o MAY AWA Of= |e, @1 t= ero) anlm (olanyield (ole prelU] msyo) [0] ((elarom comelolo bial lanlel-1¢-10 =) <-1¢eli-1om 


Exercises 6.4 




















Finding the Determinant of a Matrix In Exercises 1-16, OOO 0 O.1 On as 
find the determinant of the matrix. See Example 7. yy =O O28 he De NGS oy) (7) 
1, [—5] 25016 Dede, Asya 6:1 0.3 0.65 
3 =3 4 
Pale 7 ee | Finding the Minors and Cofactors of a Matrix In 
‘ : Exercises 23-30, find all the (a) minors and (b) cofactors 
5 |> © 6 | = | of the matrix. See Example 2. 
Z 3 
: 8. ey = 6) 
9 2) tay) 23. | , 24 
7 ; | 8. | | ee see Nee 
12 4 10 4 
We g Al 26 ae | 
5) = . . 
Gps 7 10. | : | aa 2 
2) 4 nig ys? 
2 F iy 4 0 Zz lL pel 0 
iL. | | 12. ; 4 ah N= he abby ll 28. | 3a, es 
ge 4 ‘2 ee i Sih A lee 
sl | Zo - - 
Aes Be : 14,° |) 2h eee a 2. aa 
—6 7 5 29; 3 Zi Se=6 30. Tl 6 0 
C | 25 04 dg bee if t  psbaee ° ai 
~3.5  —1.6 0.8 —5 Finding the Determinant of a Matrix In Exercises 





31-36, find the determinant of the matrix by the method 
of expansion by cofactors. Expand along the indicated 
row or column. See Examples 3 and 4. 


Using a Graphing Utility In Exercises 17-22, 
use the matrix capabilities of a graphing utility to 
find the determinant of the matrix. 


Paget gt eee 3 3 ae 
i Ie ee (A ale oa ib ll tee he 32.196 aaa 
5 ~2 4 gue rer 4 <i 
. P ; & 0.2 : i f 03 Se On 
19. |-0.3 -02 0.1 Zh lentOely meaCtheme Od Re \B) Colum 
[egy Se i eee i 
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i Oe LO tee=5 5 
Saaiice = 3 0 34. | 30 OreriG 
5 8 1 OF =10 1 
(a) Row 1 (a) Row 3 
(b) Column 3 (b) Column 1 
6 OF = 3 2) 10 8 eal 
4 13 Cae 5 4 0 Sa 6 
32: == 0 7 4 ae 0 3 2 7 
8 6 0 2 | l Oss 2 
(a) Row 2 (a) Row 3 
(b) Column 2 (b) Column 1 
Finding the Determinant of a Matrix In Exercises 


37-52, find the determinant of the matrix. Expand by 
cofactors along the row or column that appears to 
make the computations easiest. Use a graphing utility to 
confirm your result. See Examples 3 and 4. 


52. 


feted: —2 21 3 
cy. || Sn) S84 eet 
=i 4 3 ie Wh 2 
Jae Ae) 6 Se er) 
39. c J al a} ab pili j 
0 oO -5 eM 
omar 0 |-2 2 j 
9) A) i 4H 61 1 sO 
; 2 aa On te 4 
feed’ = 2 rs 38 || 
43.| 3 6 -6 «| Anan ] 
5) Ss eee Sigal 26 
(oe 0:2 0.2 0.1) 20.29"03 
Aamo? 0.2 0.2 46. om On 02 
—04 04 03 er WO oa 
os) 7 5 ana 
aie 0 0 48. - (ares 
: -6 3 3 0 -6 
| er itera) ck ee) 
=e 0 6 0 By te Bal 
| eR OmRO ma aE 
Joes 1 —1 Ce ones aR Ss 
oe 4 1 
9 i as! 
51. 1) 
oe 0.) 2-1 
a 


S20) O2OeK 
SOO sh 
@) 2S) [Sy ESS =) 


Using a Graphing Utility In Exercises 53-56, 
use the matrix capabilities of a graphing utility to 
evaluate the determinant. 






a 





Seu gee gs EE glen 
Cabal: Soe 2! BA EtG een ae 
Bh Os Pe av oles 
i Sp) yw 
Oe eS 
Bebe Py an oe 
OSaR 2 kw 0 
59) 10) MO a 
<2 Ube 20 RG 
560 Ome Ole 1) 0. 0 
iy We 2 oe 
OOO eee 


The Determinant of a Matrix Product In Exercises 
57-64, find (a) |A], (b) |B|, (c) AB, and (d) |AB|. What do 
you notice about |AB|? 


= 0 
Shy Ae ; 
cee ke 4 


2 1 iy) 
58. 4 =| 4 4} =|5 rl 
Ne -1 1 
Spaa(y. ab Sales esl 
Samed Gnawa 
0.4 =|3 a alk 4 
) ie 3-2 0 
onal -2 1], rf -1 2 
Os a ey 
By auiene 0 33m tn) dou 
GAP ale dne 49,0 B= Il Osu 2) trad 
-: a E Shoal 
ieee el =the) 
eee) th Wah r-| o 2 « 
| ae ae Oe Ons 
ap 1 Ps 2-1 4 
649) Axa)| logs) On®)|enB =!) Oberle 8 
BboratniaO 3 +2 


Diagonal Matrices A diagonal matrix is a square 
matrix with all zero entries above and below its main 
diagonal. In Exercises 65-68, find the determinant of the 
diagonal matrix. What do you notice about your result? 


en) OR = 49) 


65. k | 66. Oa) 2 0 
0 0 4 
1 O O ev 
ea 
0 0 3 Sand. me 
0 O Ome 





520 Chapter 6 m Matrices and Determinants 


Triangular Matrices A triangular matrix is a square 
matrix with all zero entries either above or below its main 
diagonal. Such a matrix is upper triangular when it has 
all zeros below the main diagonal and lower triangular 
when it has all zeros above the main diagonal. A diagonal 
matrix is both upper and lower triangular. To find the 
determinant of a triangular matrix of any dimension, 
simply find the product of the entries on the main diagonal. 
In Exercises 69-74, state whether the matrix is upper 
triangular, lower triangular, or diagonal, and then find the 
determinant. 


2 () 0) | | 5 
69, | 4 } (0) 70. | O 1 -4 
6 ~| | 0 0 5} 
, 5 | | 4 0 0) (0) 
0 | j % 6 5 0 (0) 
yl dds 
0) 0) 2 7 | ; 2 O 
() 0) 0) | | 2 ieag i 


i 
4 
Wiss 0 0) 7] () 4 
| 
2 


74. () () | 0) 0 
Q Q ) 2 0) 
() Q 0 0) 4 


Think About It In Exercises 75-80, find a 4 x 4 upper 
triangular matrix whose determinant is equal to the 
given value and a 4 = 4 lower triangular matrix whose 
determinant is equal to the given value. Use a graphing 
utility to confirm your results. 


75. 6 76, —8 
17, ~18 78. —40 
79, 28 80. 36 


Choosing a Method In Exercises 81-86, find the 
determinant of the matrix. Tell which method you used. 
(Hint: Use information from Exercises 65-74.) 


2 | i 6 J 2 
81. | 7 \ 2 82. | 0 5 3 
| | | 0 0) 2 
} () 0) 3 2 
83, | 4 Z 0) 84. | - 3 
5 | 5 0) | 0) 
Bei ee | Visit. 5 
gs. Cie Se oO 86. ~) 2 | | 
0) 0." Be, G 3 6035 2 
Ors eed a 2 | 0) 





Verifying an Equation In Exercises 87-90, evaluate 
the determinant(s) to verify the equation. 






































Ww 4 y Z w CX w a 
87. a ie 88. =C 

y Z Ww By ) Ge y 6 
89 Ww xX} | 36 ce (ONY 

ple: z ¥ ee cy 

Ww X 
90). = (0 

cw CX 








Solving an Equation In Exercises 91-100, solve for x. 












































oY x6 4 
91. | =2 92. | ‘ = 20 
| a =I ag 
Dy 3} x yp, 
( 3 = 
93. eet: 94, Aaaioe 8 
Me Lo ,= 2" = 
95, Bo Seeders | hae | 96. 3 Jie 0 
PPS | je = Il Bal 
97, ee pats 2 98. | | 5 8 
| 2) X | 3g =) 
99, |—] 3 2| = 100. |1 3 3} = 0 
yy | 0 De =} 


. Discovery Consider square matrices in which the 
entries are consecutive integers. An example of such a 
matrix 1s 


4 5 6 
7 8 9 
OS ale IW 


Use a graphing utility to find four determinants of 
matrices of this type. Make a conjecture based on your 
results. Then verify your conjecture. 


102. HOW DO YOU SEE IT? Explain why the 
determinant of the matrix is equal to zero. 


3 AS i 


3 Oe = |) 
3 faci 
(a) i. 2 (OD) |= Oe 2 
0 Tas ana ; 
l 3 ll }) 
og ft a 
(c)i| 2 vas (d) 
0 0 0 ist = W 
6 |  —3ee 


True or False? In Exercises 103 and 104, determine 

whether the statement is true or false. Justify your answer. 

103. If a square matrix has an entire row of zeros, then the 
determinant will always be zero. 


104. If two columns of a square matrix are the same, then 
the determinant of the matrix will be zero, 








Is 
1S mi > 


he 
T™ 33 mi 
eC 





In Exercise 15 on page 527, 
you will use a determinant to find the 
area of a region of forest that has been 
infested with gypsy moths. 


(4, 3) 








FIGURE 6.1 
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@ Find the area of a triangle using a determinant. 
m Use a determinant to test for collinear points and to find an equation of a line 


m Encode and decode a cryptogram using a matrix. 


Area of a Triangle 


In this section, you will study some additional applications of matrices and determinants 
The first application involves a formula for finding the area of a (riingle whose vertices 


are given by three points on a rectangular coordinate system 


Area of a Triangle 


The area of a triangle with vertices (v,, ¥,), (va, Ys), and (vy, ¥4) is given by 


fr | 
Area=+7\x. Yo | 
zi Ny Va | 


where the symbol (:+) indicates that the appropriate sign should be chosen to yield 
a positive area, 


| Example 1 | Finding the Area of a Triangle 


Find the area of the triangle whose vertices are (1, 0), (2, 2), and (4, 4), as shown tn 
Figure 6.1. 


SOLUTION Let (x,, y,) = (1,0), (Xo, yo) = (2, 2), and (vq, Ys) = (4, 3), Then, to find 
the area of the triangle, evaluate the determinant 


x, y | | 0 | 
NC 1} = |2 v | 
x, V5 | 4 3 | 
I( rf, i tO Mp i F 1 ih | 
3 | | | | \ 


Using this value, you can conclude that the area of the triangle ts 


| 0) | 
Area = - 5 2 2 | Choose (~ ) so the area is positive 
“4 3 | 
| 
= ~ 5! ) 


3 
5 Square units, 


oo Cheokpoint 1 


Find the area of the triangle whose vertices are (2, |), (3, 5), and (10, 5) 





Hakimata Photography, 2010/Used under license from Shutterstock.com 
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FIGURE 6.2 


NO Ww bh WN 


H 
= 3 
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FIGURE 6.3 


(7, 5)e 


Lines in the Plane 


Suppose the three points in Example | had been on the same line. What would have 
happened had the area formula been applied to three such points? The answer is that the 
determinant would have been zero. Consider, for instance, the three collinear points 
(0, 1), (2, 2), and (4, 3), as shown in Figure 6.2. The area of the “triangle” that has these 
three points as vertices is 











O l | 
| foe ,| 2a | ge le 
5/7 2 ] = 5 [o-17}3 , + 1(—1) x i + 1( uy ‘| 
AS | 

= S[o(-1) = 1(-2) + 1(-2)] 

aia (()§ 


This result is generalized as follows. 
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Test for Collinear Points 


Three points (x,, y,), (%, y>), and (x3, y3) are collinear (lie on the same line) if and 
only if 


xy Vi 1 
Pe ew Lie 0 
X53 We | 


J <esee)(-Wam Testing for Collinear Points 


Determine whether the points (—2, —2), (1, 1), and (7, 5) are collinear. (See Figure 6.3.) 
SOLUTION Letting (x,, y,) = (-2,—2), (, y,) = CU, 1), and (x3, y3) = (7, 5), you 


have 
Xy yy hy ea! 1 
a 1} = | 1 1 
ex PAS | 7 5 | 
| Ihe sl l 
= = 2(=1)7 p= 2)(=1) ae heat) 
(—1)"|, f+ aeo || yg 











= —2(-4) + 2(-6) + 1(-2) 
= -6. 


Because the value of this determinant is not zero, you can conclude that the three points 
do not lie on the same line. SL 


af Chastcalat 2 





Determine whether the points 
(—2,4), (3,0), and (6, —4) 
are collinear. fe 
Another way to test for collinear points in Example 2 is to find the slope of the line 
between (— 2, —2) and (1, 1) and the slope of the line between (— 2, — 2) and (7, 5). Try 


doing this. If the slopes are equal, then the points are collinear. If the slopes are not 
equal, then the points are not collinear. 
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The test for collinear points can be adapted for another use, Given two points on a 
rectangular coordinate system, you can find an equation of the line passing through the 
two points. 


Two-Point Form of the Equation of a Line 


An equation of the line passing through the distinct points (x, y,) and (x, y5) is 
given by 


ges a: 
XH yy 1) =0 
Sees 


Note that this method of finding the equation of a line works for all lines, including 
horizontal and vertical lines. (See Exercises 35-38.) 


Serve cee Finding an Equation of a Line 


Find an equation of the line passing through the two points (2, 4) and (~ I, 3), as shown 
in Figure 6.4. 








| | | | j—P x 
3 2 | | 2 } 
| 
FIGURE 6.4 


SOLUTION Let (x,,,) = (2,4) and (x, y,) = (—1, 3). Applying the determinant 
formula for the equation of a line produces 


mya 
de 1 ee00, 
RS teal 


To evaluate this determinant, you can expand by cofactors along the first row to find an 
equation of the line. 


4 
D 


fe oO 





cit ja yeor 


x—-3y+10=0 


¥ Checkpoint 3 





Find an equation of the line passing through the two points 


(—3,-1) and (3,5). = 
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During World War II, Navajo soldiers 
created a code using their native 
language to send messages between 
batallions. Native words were assigned 
to represent characters in the English 
alphabet, and they created a number of 
expressions for important military 
terms, like iron-fish to mean submarine. 
Without the Navajo Code Talkers, the 
Second World War might have had a 
very different outcome. 


Cryptography 


A cryptogram is a message written according to a secret code. (The Greek word kryptos 
means “hidden.”) Matrix multiplication can be used to encode and decode messages. To 
begin, you need to assign a number to each letter in the alphabet (with 0 assigned to a 
blank space), as follows. 


Ope 9= 18=R 
1=A LO.z=e) 19=S 
2=B l11l=K 20 = T 
3=C I2=L 21 =U 
4=D 13 =M 22=V 
5=E 14=N 23 = W 
6=F I5=0O 24 =X 
7=G 16 = 25 = Y 
8=H 17 =Q 26 = Z 


Then the message is converted to numbers and partitioned into uncoded row matrices, 
each having n entries, as demonstrated in Example 4. 


Js ceseye)(-wam Forming Uncoded Row Matrices 


Write the uncoded row matrices of dimension | x 3 for the message 
MEET ME MONDAY. 


SOLUTION Partitioning the message (including blank spaces, but ignoring punctuation) 
into groups of three produces the following uncoded row matrices. 


[1326S Sil 2OmeOe 13] (5: Oe 13S als we ees 
MEE T M E M Os (Nols Ana 


Note that a blank space is used to fill out the last uncoded row matrix. 





*/ Checkpoint 4 





Write the uncoded row matrices of dimension | x 3 for the message 


OWLS ARE NOCTURNAL. = 


To encode a message, choose ann x n invertible matrix A such as 


ig haapener 
Ai ae 
1 -1 -4 


and multiply the uncoded row matrices by A to obtain coded row matrices. The uncoded 
matrix should be on the left, whereas the encoding matrix A should be on the right. Here 
is an example. 


Uncoded Matrix Encoding Matrix A Coded Matrix 
tsar fs 

A eH — | 3/= 113 = 26. 021) 
ee 


This technique is further illustrated in Example 5. 


Bettman/Corbis 
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Scie Encoding a Message 


Use the following matrix to encode the message MEET ME MONDAY. 


ley 2 
A=|-1 1. 3 
1 -1 -4 


SOLUTION The coded row matrices are obtained by multiplying each of the uncoded 
row matrices found in Example 4 by the matrix A, as shown. 


Uncoded Matrix Encoding Matrix A Coded Matrix 


fe PD) 

[13 5 5] = eer ees = 13 26 21 | 
| =a =e 
Le =) 

[20 0 13] =e es = 33) 53° 12] 
fai -=4 
a ee 

[590.8 13] {eee ees) = eis 23. = 42] 
2 
laa 2 

[15 14 4] ieee |= (5 20 56] 
ie 
io 

[1 25 0] en eee ee 9403 77 | 
hip Sa 


So, the sequence of coded row matrices is 
[13-26 21][33 —53 —12][18 —23 —42][5 —20 56] [-24 23 77]. 
Finally, removing the matrix notation produces the following cryptogram. 
Ve 2153) ome 253 42) 20750 2427 


ay Ceecigicint 5 


Use the following matrix to encode the message OWLS ARE NOCTURNAL. 
i) res | 0 
A=|{1 Ue! 
C12 5 = 


For those who do not know the encoding matrix A, decoding the cryptogram found 
in Example 5 is difficult. But for an authorized receiver who knows the encoding matrix 
A, decoding is simple. The receiver only needs to multiply the coded row matrices by 
A~! (on the right) to retrieve the uncoded row matrices. Here is an example. 


= =1@) =e 
[13 —26 21]}-1 -6 -—5| =[13 5 5] 
Coded Uncoded 
A! 


The receiver could then easily refer to the number code chart on the previous page and 
translate[13 5 5] into the letters M E E. 
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we 
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ie ere)C-n Decoding a Message 
Nits 

Use the inverse of the matrix A = | —1 | 
1 -] 


to decode the cryptogram. 


= Go 


13 —26 21 33 —53 —12 18 —23 -42 5 —20 56 —24 23 7 


SOLUTION First, find the decoding matrix A~! by using the techniques demonstrated 
in Section 6.3. Next, partition the message into groups of three to form the coded 
row matrices. Then multiply each coded row matrix by A’! on the right to obtain the 
decoded row matrices. 


Coded Matrix Decoding Matrix A”! Decoded Matrix 
—1 -10 -8 
[13 -—26 21] —-1 -6 -5/= [13e5.605)) 
0 -1 -1 
—-1 -10 -8 
(33° 53° —12)] -1 -6 -5)= (20a Oneal || 
0 -1 -1 
—-1 -10 -8 
[18 -—23 -42] —1 -6 -5 (520.713) 
0 -1 -1 
—-1 -10 -8 
[5 -—20 56] -1 -6 -—5/= [15 14 4] 
Oo -1 -1 
—1 -10 -8 
[-—24 23 77] —-1 -6 -—5|= (eae | 
0 -1 -1 


So, the message is as follows. 


oes oes a cOmrO mers WetOuls eT 5 n14 0-4 ieee 
M EOE) Tt M &£ MOP ON Dr eau 
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Ls a 0 
Use the inverse of the matrix A = | | () —1 | to decode the cryptogram. 
6) ae 5 


LOS 39 O95 ean ea eo pe LO mals 
Aen) ea AO ee ieee alan near peer. oo 


SUMMARIZE (Section 6.5) 


1. State the formula for finding the area of a triangle using a determinant 
(page 521). For an example of finding the area of a triangle, see Example 1. 


2. State the test for collinear points (page 522). For an example of testing for 
collinear points, see Example 2. 


3. Explain how to use a determinant to find an equation of a line (page 523). 
For an example of finding an equation of a line, see Example 3. 


elwynn/www.shutterstock.com 


Section 6.5 m Applications of Matrices and Determinants OZ 


The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P i) these skills in the exercise set for this section. For additional help, review Sections 6.2, 6.3, and 6.4. 


In Exercises 1-6, evaluate the determinant. 











4 5 lOO 4 0 
1. 
ioe is 2: be | e 85s a 
“ 4 OP a9 3 2 5 
ae 
4. 5 3 1 2 62.60. ittaea4 
Lex 
=—& 0 6 =6 1 | 
In Exercises 7 and 8, find the inverse of the matrix. 
3 el ha 
. 9) 4 ° = bar 
1 ] 0 
In Exercises 9 and 10, perform the indicated matrix multiplication. 
Opla0,2. || 0.4 1 2 
104 oallos: we sl, | 





Exe rcises 6.5 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Finding an Area __In Exercises 1-10, use a determinant Finding a Coordinate In Exercises 13 and 14, find a 
to find the area of the triangle with the given vertices. See value of y such that the triangle with the given vertices 
Example 7. has an area of 6 square units. 

i Pe ee 2. y 135 alee La (8; y) 


14510) (Oe ae ey) 


15. Gypsy Moths A large region of forest has been 
[os infested with gypsy moths. The region is roughly 
Seey triangular, as shown in the figure. From the northernmost 
fay = vertex A of the region, the distances to the other vertices 
are 30 miles south and 15 miles east (for vertex B), and 




















3. 4, y 25 miles south and 33 miles east (for vertex C). Use a 
} graphing utility to approximate the number of square 
miles in this region. 
‘ N 
whe 
(2722) (3, -2) Ana S 
30 mi | 
5. ( 6. (—4, -5), (6, 10), (6, -1) ! 
Thal S(O) 2) C4 eae . 
9, ( 10. —2,4)) (1; 5)431 = 2) eR em 
ae tlre B 
Finding a Coordinate In Exercises 11 and 12, find a Fo La Sees 
value of y such that the triangle with the given vertices (ON es eat ae age 


has an area of 4 square units. 
tieie5.1), (0,2), (—2, y) 
12. (—4, 2), (—3, 5), (—1, y) 
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16. Botany A botanist is studying the plants growing in a 
triangular tract of land, as shown in the figure, To estimate 
the number of square feet in the tract, the botanist starts 
at one vertex, walks 70 feet east and 55 feet north to the 
second vertex, and then walks 90 feet west and 35 feet 
north to the third vertex. Use a graphing utility to 
determine how many square feet there are in the tract, 


jes 9) fl rl 


55 ft 





s ——$—— 70 ft —— 


Testing for Collinear Points In Exercises 17-26, use 
a determinant to determine whether the points are 
collinear. See Example 2. 

17, (—4, —7), (0, —4), (4, —1) 

18. (2, 4), (4, 5), (—2, 2) 

LD ms = (Om) (lah 

20. (1, 7), (0, 4); (= 1, 2) 

21. (2, LU) (4, TB) 2) 

22, (4, 3), (3, 1), (2, = 1) 

Be eyo) Lelia beds en 

A map a) A le le Spo) 

25. (4,3), (—3, —5), (0,1) 26. ( 1, —4), (0, —3), (6, 0) 


Finding a Coordinate In Exercises 27 and 28, find y 
such that the points are collinear. 


27. (2, = 5) (33) eee) 200 (=o, 2), 4, ¥), (pe) 


Finding a Coordinate In Exercises 29 and 30, find x 
such that the points are collinear. 

eo mae me Le ky ty 8) 

Bt PO Pe Fe 


Finding an Equation of a Line’ In Exercises 31-40, 
use a determinant to find an equation of the line passing 
through the points. See Example 3. 


31. (—1, 2), (5, 3) 32. (3, 1), (—2, —5) 
33. (—4, 3), (2, 1) 34, (10, 7), (—2, —7) 
35. (0, 5), (2, 5) 36. (3, 3), (6, 3) 
37, (—4, 5), (—4, —2) 38. (—1, 3), (-1, 0) 
39, (—4, 3), (2, 1) 40, (2, 4), (6, 12) 


In the remaining exercises for this section, use the number 
code chart on page 524, 


Encoding a Message __|n Exercises 41 and 42, find the 
uncoded 1 » 2 row matrices for the message. Then 
encode the message using the encoding matrix. See 
Examples 4 and 5. 


Encoding Matrix 


Be 

=| | 
Encoding a Message _|n Exercises 43 and 44, find the 
uncoded 1x3 row matrices for the message. Then 


encode the message using the encoding matrix. See 
Examples 4 and 5. 


Message 


41. COME HOME SOON 


42. HELP IS ON THE WAY 


Message Encoding Matrix 

1 =] 0) 

43. TEXT ME AT WORK | QO =] 
—6 2 ) 

4 2 | 

44. MISSION ACCOMPLISHED —3 =3 eel 
3 2 | 


Encoding a Message In Exercises 45-52, write a 
cryptogram for the message using the matrix 


ee eo eo 
Aime | S3 See o, 
-1 -4 -7 


45. LANDING SUCCESSFUL 

46. DOWNLOAD VIDEO 47. SEE YOU AT MOVIES 
48. GOOD LUCK ‘TOMORROW 

49, CONGRATULATIONS 
50. HEAD DUE WEST 

§2, EVACUATE THE CITY 


51. PICK ME UP AT NOON 


Decoding a Message _|n Exercises 53-56, use A~' to 
decode the cryptogram. See Example 6. 





| 2 

53. A | 3 5 
11, 21, 64, 112, 25, 50,29, 53, 23, 46, 40, 73; ame 

2 3 

54. A 3 4 








19, 26, 41, 57, 28, 42, 78, 109, 64, 87, 62, 83, 63, 87, 
28, 42, 73, 102, 46, 69 


4 2 | 
55. A 3 3 | 
3 2 | 

94, 35, 25, 44, 16, 10, 4, —10, 1, 27, 15, 9, 7a 
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mi (O 
bea) 1 0 -l 
oa 2 | (3 


eee 36, 19, —19, 28, —9, —19, —80, 25,41, 
morse. ol. — 7, —4, 7 


Decoding a Message _ In Exercises 57 and 58, use A“! 
to decode the cryptogram. See Example 6. 


i) ae 
j=) Cian 
4 —7 


aga 15, —9, —44, —83, 64, 136, 157, 24, 31, 12, 
Ga), — 102 

Same) 7. — 111, 74, 168, 209, 35, 
34, 55, 43 


59. Decoding a Message The following cryptogram 
was encoded with a 2 x 2 matrix. 


eee 15, —10, —13, —13, 5, 10, 5, 25, 5, 19, —1, 6, 
P040,-18, —18, 1, 16 
The last word of the message is __ RON. What is the 
message? 

60. Decoding a Message The following cryptogram 
was encoded with a 2 x 2 matrix. 


meme ie? —7, —15,— 15, 32, 14, —8, — 13,38, 
feo —19,37, 16 





The last word of the message is _ SUE. What is the 
message? 

61. Cryptography A code breaker intercepted the 
encoded message below. 


Aes, 38, —30, 18, —18, 35, —30, 81, —60, 42, 
fees — 55, 2, —2, 22, —21, 15, —10 
S wx a ee 
Let A“! = _ You know that [45 —35]A71 = 
iseaee 
[10 15]andthat[38 —30]A~!=[8 14], where A™ 
is the inverse of the encoding matrix A. Explain how 
you can find the values of w, x, y, and z. Decode the 
message. 
62. Cryptography Your biology professor gives you the 
encoded message below. 
Bd 47, —231, 53, —265, 61, —223, 51, —9, 2, 
es 1284 117,267 166, .37 91-265, i l45134, 
e212 95:19 


a 


Let A“! = i “Nye Know that [-204 “4714 = 
vals 

eewiG}and that [—231 53|A~ = [15 19], where 

A-! is the inverse of the encoding matrix A. Explain 

how you can find the values of w, x, y, and z. Decode the 

message. 


Kei Uesugi/Taxi/Getty Images 


63. Reasoning Use a determinant to find the area of the 
triangle with vertices (3,—1), (7,—1), and (7,5). 
Confirm your answer by plotting the points in a coordinate 
plane and using the formula for the area of a triangle. 


Ong HOW DO YOU SEE IT? At this point in the 


text, you have learned several methods for finding 
an equation of a line that passes through two 
given points. Briefly describe the methods that 
can be used to find the equation of the line that 
passes through the two points shown. Discuss the 
advantages and disadvantages of each method. 


5+ °(4, 5) 

a 

3+ 

2+ 

I+ 0(2,1) 

Ly yp ptt x 
eee 


Business Capsule 


oltage Security, Inc. is a leader in secure 

business communications and data protection. 
The company provides the most scalable enterprise 
key management and encryption capabilities for 
securing data. Invented by Dr. Dan Boneh and 
Dr. Matt Franklin in 2001, Identity-Based Encryption 
or IBE is a breakthrough in cryptography. IBE 
enables users to simply use an identity, such as an 
e-mail address, to secure business communications. 


65. Research Project Use your campus library, 
the Internet, or some other reference source to 
find information about a company that generates 
cryptographic software to secure data. Write a 
brief paper about such a company. 





530 Chapter 6 m Matrices and Determinants 


ALGEBRA TUTOR 





STUDY TIP 





Be sure you notice the 
similarities between the 
addition and multiplication 
properties of real numbers and 
the properties of matrix addition 
and scalar multiplication. 


ee 





Basic Rules of Algebra 


On this page, you can review some of the basic rules of algebra. 


Let a, b, and c be real numbers, variables, or algebraic expressions. 


Property 


Commutative Property of Addition: aan a) — gs el (a) 


Commutative Property of Multiplication: ab = ba 


Associative Property of Addition: (Qe >) ene) 

Associative Property of Multiplication: — (ab)c = a(bc) 

Distributive Property: a(b + c) = ab + ac, (a + b)c = ac + be 
Additive Identity Property: a+0O=a 

Multiplicative Identity Property: a:‘l=a 

Additive Inverse Property: a+ (—a)=0 

Multiplicative Inverse Property: a? ~ =1, a#0 


ie <etee)(-Wam Identifying the Basic Rules of Algebra 


Identify the rule of algebra illustrated by each statement. 


a. (4 + x9) + 5x29 = 44 (3 4+ 5x3) b. (6x7)3 = 3(6x7) 

Cry 25 = 257+ x d. 7y +1 = 7y 

e (e+ 0 | f. 827 + 0 = 877 

ay 8 we a — ° a — vie 

vee || 

g. (4w? + Tw) — (4w2 + Jw) =0 

SOLUTION 

a. This statement illustrates the Associative Property of Addition. In other words, to 
form the sum 4 + x7 + 5x3, it does not matter whether 4 and x°, or x* and 5x°, are 
added first. 

b. This statement illustrates the Commutative Property of Multiplication. In other 


d. 


e. 


words, you get the same result whether you multiply 6x by 3, or 3 by 6x. 


. This statement illustrates the Commutative Property of Addition. In other words, you 


get the same result whether you add x4 and 25, or 25 and x‘. 


This statement illustrates the Multiplicative Identity Property. In other words, this 
property simply states that when any expression is multiplied by 1, the result is that 
expression. 


This statement illustrates the Multiplicative Inverse Property. In other words, this 
property states that when any expression is multiplied by its reciprocal, the result is 1. 


. This statement illustrates the Additive Identity Property. In other words, this property 


simply states that when 0 is added to any expression, the result is that expression. 


. This statement illustrates the Additive Inverse Property. In terms of subtraction, this 


property simply states that when any expression is subtracted from itself, the result is 0. 








Sa Oe ate 


Matrix Addition and Scalar Multiplication 


| Example 2 | Addition of Matrices 
aa 








-4 


Sere cem Scalar Multiplication 


m Algebra Tutor 531 
ean ed at se 
3+(-2)+1 2+ (-3) + (-4). 
3 | 
2 -5 





Evaluate each expression using two different methods. 











,) 3 | es 
a. (2+ 5)| 4 | 2 b. 2(4| ° ) 
5 4 
2 5) 3 
SOLUTION 
2 3 —|] ph} 
a. Method 1: (2 + 5)| 4 | 2\=2' 4 | 
o) 5 om —2 5 
4-6 - 
. g ies 
—4 10 
14 =2) 
= 28 7 
ala 35 
2 3 -| 5} 
Method 2: (2 + 5)} 4 1 —-2|/=7| 4 | 
? 5 3 -2 5) 
A 2 
= 28 7 
— 14 35 
3 | —-3 -] 
: 5 —toll7 = a 
b. Method 1: 2(4| 5 1) | 20) 5 4 
73 } 
5 4 
| 24 | 
-40 —32 
3 =] —12 -4 
» 9: Ns = —2 
Method 2: a(4 5 all | 20) 16 
=| 24 8 
=A) —32 





1 2-3 -1 
-2/+5) 4 1 -2 
3 <2 85) es 
2 10 -15 —5 
4|+| 20 5 —10 
Bi) lO, | 25 eels 
—7 
—14 
21 
| 
-2 
3 
~7 
—14 
21 


1 ARIE TTD LE PL BLS I TT 


Which method do you prefer for each expression in Example 3? Explain your 


reasoning. 
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SUMMARY AND STUDY STRATEGIES 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 534. 
Answers to odd-numbered Review Exercises are given in the back of the text.* 





Section 6.1 Review Exercises 
m Determine the dimension of a matrix. 1=4, 

(ek Cee eh eo eh 

May, 937. 3 

a3) a3 33 soleee a3, m TOWS 

An) Ana An3 Bl 7 Qn 


J 





n columns 
A matrix having m rows and n columns is of dimension m x n. 


m Perform elementary row operations on a matrix in order to write the matrix in 5-8 
row-echelon form or reduced row-echelon form. 


mw Solve a system of linear equations using Gaussian elimination or 9-18 
Gauss-Jordan elimination. 


Section 6.2 
m Determine whether two matrices are equal. 19,20 
m Add or subtract two matrices and multiply a matrix by a scalar. 21-34 


If A = [a,,] and B = [b,,] are m x n matrices and c is a scalar, then 
A+ B=[a,, + b,]| and cA = [ca,)]. 
m Find the product of two matrices. 35—40 
If A = [a,,] is an m x n matrix and B = [b,,] is ann x p matrix, then AB is an 
m X p matrix 


AB a [cj] 

where ¢;; = a;,b,; + Gigbo; + abs + + + + + Aindyy. 
m Use matrix operations to solve an application problem. 4]1—44 
Section 6.3 
m Verify that a matrix is the inverse of a given matrix. 45, 46 
= Find the inverse of a matrix. 47, 48 
m Find the inverse of a 2 x 2 matrix using a formula. 49, 50 

roe l d A 

otoh — Weyer || 6 a 

m Use an inverse matrix to solve a system of linear equations. 51-60 


A wide range of valuable study aids are available to help you master the material in this chapter. 
Phe Student Solutions Manual includes step-by-step solutions to all odd-numbered exercises to 
help you review and prepare. The student website at www.cengagebrain.com offers algebra help 
and a Graphing Technology Guide, which contains step-by-step commands and instructions for 


a wide variety of graphing calculators. 


Section 6.4 


gm Evaluate the determinant of a 2 x 2 matrix. 


det(A) = |A| = = a,b, — anb, 





ay b, 
a b, 
Find the minors and cofactors of a matrix. 


Find the determinant of a square matrix. 


|A| Serpent 220 yo Fh ay,C 


In 


RATES ODOMETER ADIOS HE ate te rs 5 ~ 


Section 6.5 
ws Find the area of a triangle using a determinant. 
] xy yy l 
Area = +, X, Vy i 
iy | 8} I 


= Use a determinant to test for collinear points. 


oe Yi 1 
Sy) 2 Li 0 
Xe 3 1 


= Use a determinant to find an equation of a line. 


XG y i 
cen yi 1) =0 
oS pe 1 


m Encode and decode a cryptogram using a matrix. 


SUPAEAAEA AEE AGO LS ASO SY ee 


Study Strategies 


m Variety of Approaches You can use a variety of approaches when finding the determinant of a square matrix. 


1. For a2 x 2 matrix, you can use the definition 








4 db 
l= 
= a,b, — anh. 


m= Summary and Study Strategies 


Review Exercises 
61-64 


65-68 
69-76 


77-80 


81-84 


85-88 


89-93 


533 


2. For any square matrix (of dimension 2 x 2 or greater), you can use expansion by cofactors. Be sure you choose the 


row or column that makes the computations the easiest. 


3. You can always use the matrix capabilities of a graphing utility. 


m= Using Technology Performing operations with matrices can be tedious. You can use a graphing utility to accomplish 


the following. 


* Perform elementary row operations on matrices. 


* Reduce matrices to row-echelon form and reduced row-echelon form. 


¢ Add and subtract matrices. 

¢ Multiply matrices. 

¢ Multiply matrices by scalars. 

¢ Find inverses of matrices. 

* Solve systems of equations using matrices. 


¢ Evaluate determinants of matrices. 
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Review Exercises 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Dimensions of Matrices In Exercises 1-4, determine 


the dimension of the matrix. 


9 = 2 
1.[-4 0] Fees Nae 
Al 10 6 
5 5 | 
5 
3 fl 4 2 — 
; | 8 6 | = 2 
4 


Writing a Matrix in Row-Echelon Form In Exercises 
5 and 6, write the matrix in row-echelon form. 


| 3 () 2 | Ze al 0 
fe | ee | 8 6.9 | SZ 5 4 
2 3 ye) 4 0 I 3 


Writing a Matrix in Reduced Row-Echelon Form 
In Exercises 7 and 8, write the matrix in reduced 
row-echelon form. 


: | 
(0) B) 2 
3 


~— 
NON — 
NP MR Ww 

x 


Q -2 Ome 


Solving a System of Equations In Exercises 9-16, 
use matrices to solve the system of equations (if possible). 
Use Gaussian elimination with back-substitution or 
Gauss-Jordan elimination. 


9. |4x — 3y = 18 10. | 2x + 4y = 16 
| ay | | sl ian tee Ng 
11. | 2x + 3y z Sy AP She oe hy eile eS 
3y et 8 Da ae ayy = 7 
r= Zy + 2y — 3z = 12 


32 
13. i PAM ae ekg 10 14, |}3x + 10y + 4z = 20 
5 tt Sy = 22 = "5 


LSsci| et ch) = Sz 4 16. | 2x + 4y + 2z = 10 
x + 2y + 2z = 10 x +3z= 9 
\ 2 12 hd ac A = 
coat) Vir a2 6 Core aoe a ats: 


17. Biology A school district borrowed $200,000 at simple 
annual interest to upgrade microbiology equipment. 
Some of the money was borrowed at 8%, some at 10%, 
and some at 12%, Use a system of equations to determine 
how much was borrowed at each rate if the total annual 
interest was $20,000 and the amount borrowed at 10% 
was three times the amount borrowed at 8%. Solve the 
system using matrices, 


18. Amusement Park An amusement park borrowed 
$650,000 at simple annual interest to renovate a roller 
coaster. Some of the money was borrowed at 8.5%, some 
at 9.5%, and some at 10%. Use a system of equations 
to determine how much was borrowed at each rate if 
the total annual interest was $58,250 and the amount 
borrowed at 8.5% was four times the amount borrowed 
at 10%. Solve the system using matrices. 


Equality of Matrices In Exercises 19 and 20, find 


X and y. 
bay 25 Ja Lee 
ae ae if 
32x A =) 3 2x = [eee 
20. | 7y 10 yo | = —=2) 10 Z 
3 3x | =e) 15 ] 


Operations with Matrices In Exercises 21-26, find 
(a) A + B, (b) A — B, (c) 4A, and (d) 5A — 2B. 
| 


- 5] aN) 
21 aS |g Je ee | 


22. A= (4) 6 = 28 = 18 0] 
5 


1 -4 6 
nals —| =e, 
Jae -1 4 
iL 0, 2 2— 0 
mal 3° «5 |, B=|35 45mg 
2S OSB 1 2 -3 
ee eek OS 
25.4 =| I 3 | 
2 1 4 -5 
B =| -6 3 | 
3 —] 
065A) |=2.\ Raed 
3 5 


Evaluating an Expression In Exercises 27-30, evaluate 


the expression. 





PAL aay Me =-4 =6 
27, | zeae | [ied 3: [esa 
=6 13 —-5 9 
28. 5{| 4 -—8|/-—|-1 —5 
7 10 3° 1 
29. [3 -1 -2 18]+[5 -3 -10 2]) 
ft 


Solving a Matrix Equation 
for X, where 


In Exercises 31-34, solve 


1 -2 0 1 
Ag—ali0 1 and B=|1 il (he 
2 2 3 5 
31. X = 4A — 3B 32. X = 5B +:2A 


832% — 3A = B 34. 4X — 8B = 4A 


Find the Product of Two Matrices 
35-38, find AB, if possible. 


In Exercises 


ieee 4 i) 
35. A= -2 -1|, =| | 
3 
a. > : 

3 

y 
360A =|). B= [2 Guat 

6 

oon. 0 + 0 O 
e104 3 )0~|(COO|, B=|0 = 0 

tO) —2 0. 0 .=3 

2 3 6 —1 ae 
an AAR OO Tila I =|; My 





Operations with Matrices _ In Exercises 39 and 40, find 
(a) AB, (b) BA, and, if possible, (c) A®. (Note: A* = AA.) 


3 
aoe | —3 4) B=|-2 
—] 
i gO aa oe) ae) 
ivee= 13° 1° —-2),B=|1 -2 «1 
1 I | 5 4 -2 


41. Factory Production A window corporation has four 
factories, each of which manufactures three products, 
The number of units of product i produced at factory / 
in one day is represented by a,, in the matrix 


80 120 20 40 
ae 40 )«=6G60.s—s« 80s 201, 
140 60 100° 380 


Find the production levels when production is increased 
by 20%. 

42. Factory Production An electronics manufacturer 
has three factories, each of which manufactures four 
products. The number of units of product i produced at 
factory j in one day is represented by aj in the matrix 


120 140 60 
_{ 80 100 40 
a evowteo «80: 
20 120 100 


Find the production levels when production is decreased 
by 10%. 


m Review Exercises 535 


43. Inventory Levels A company sells four different 
models of car sound systems through three retail outlets 
The inventories of the four models at the three outlets are 
given by matrix S, 


Model 
A B — Db 
ae yt a Pa | 
So i'l 3 4 3] 2) Outlet 
5 3 2 2 j 


The wholesale and retail prices of the four models are 
given by matrix 7, 


Price 
Wholesale Retail 
$350 $600 | A 
_ | $425 $705 | 8 
T = . athe y= Model 
$300 $455] C 


$750 $1 150} b 
(a) What is the total retail price of the inventory at 
Outlet 3? 


(b) What is the total wholesale price of the inventory at 
Outlet 1? 


(c) Compute ST and interpret the result, 

44. Labor/Wage Requirements A company that 
manufactures racing bicycles has the following labor 
hour and wage requirements, 

Labor-Hour Requirements (per bieycle) 


Department 


Cutting Assembly 
0.9 hour 0.8 hour 
S = | 1.5 hours 10 hour 
3.5 hours 3.0 hours 


Packaging 

0,2 hour | Bask 

0.4 hour | Light Models 
0,5 hour | Ultralight 


Wage Requirements (per hour) 
Plant 
A B 
$13.00 $14.00 Cutting 
T= $1 1.50 $9.50 Assembly | Department 
$10.00 $9.00 | Packaging 
(a) What is the labor cost for a light racing bicycle at 
Plant A? 
(b) What is the labor cost for an ultrarlight racing 
bicycle at Plant B? 
(c) Compute $7 and interpret the result, 
The Inverse of a Matrix In Exercises 45 and 46, show 
that B is the inverse of A. 


| 2 | 14 5 2 
45.A=|3 6 4|, B 9 \ | 
() | 3 3 | () 
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ks 
Paley pate 
SRN |e Pak ew 
0-2 2 

—4 6 1 1 

pt) 10 oe 

91=7 6) 441k 4 

12) =9=3 13 


Finding the Inverse of a Matrix In Exercises 47 and 
48, find the inverse of the matrix. 


=] 0 0 3 2 pi 
47. 0 2 0 48. | 0 2 ] 
0 0 4 ] 0 I 


Finding the Inverse of a 2 x 2 Matrix In Exercises 49 
and 50, use the formula on page 506 to find the inverse 
of the matrix. 


| 3} 
49, 5 5 
p —2 | 
50. 4 | 


Solving a System Using an Inverse Matrix In 
Exercises 51 and 52, use the inverse matrix found in 
Exercise 49 to solve the system of linear equations. 
eM | ear Shp dls S22 ea yea, 

2x + Sy = 26 2k y= 1 


Solving a System Using an Inverse Matrix In 
Exercises 53 and 54, use the inverse matrix found in 
Exercise 48 to solve the system of linear equations. 


53.) ax 2y cb 27°15. S41 Beye 1 
2y+ z= 4 Dyn goss 13 
3 ae BY + z= 3 


Solving a System Using an Inverse Matrix In 

Exercises 55 and 56, use an inverse matrix to solve the 

system of linear equations. 

55. |=—3x + 10y = 8 56. 
Ie lyy = S18 


aie 1 aver wege: BA2 
2x = Oy tt Sz =-—25 
Ae ye eae v1) 


Raw Materials In Exercises 57 and 58, you are making 
three types of windshield washer fluid in chemistry class. 
Fluid X requires 9 cups of water, 1 cup of isopropyl 
alcohol, and 1 tablespoon of detergent. Fluid Y requires 
10 cups of water, 3 cups of isopropyl alcohol, and 
1 tablespoon of detergent. Fluid Z requires 14 cups of 
water, 2 cups of isopropyl alcohol, and 2 tablespoons 
of detergent. A system of linear equations (where x, y, 
and z represent fluids X, Y, and Z, respectively) is as 
follows. 





9x + 10y + 14z = (cups of water) 
xX+ 8y+ 2z = (cups of isopropyl alcohol) 
X+ yt 2z = (tablespoons of detergent) 


Use the inverse of the coefficient matrix of this system to 
find the numbers of units of fluids X, Y, and Z that you 
can produce with the given amounts of ingredients. 


57. 240 cups of water 
44 cups of isopropyl alcohol 
28 tablespoons of detergent 


58. 235 cups of water 
41 cups of isopropyl alcohol 
29 tablespoons of detergent 


59. Operating Stores The numbers of PetSmart stores 
in operation from 2005 through 2009 increased in a 
pattern that was approximately parabolic. The least 
squares regression parabola y = at? + bt + c for the 
data is found by solving the system 


Se + 106+ 30a = 5003 
10c + 30b + 100a = 10,856. 
30c + 1006 + 354a = 33,332 


Let ¢ represent the year, with t = 0 corresponding to 
2005. (Source: PetSmart, Inc.) 


(a) Use a graphing utility to find an inverse matrix to 
solve the system, and find the equation of the least 
squares regression parabola. 


(b) Use the result of part (a) to predict the number of 
stores in operation in 2010. 


(c) The actual number of stores in operation in 2010 
was about 1170. How does this compare with your 
prediction in part (b)? 

. Carnivorous Plants A Venus flytrap is grown in a 
greenhouse, and the size y (in millimeters) of its traps is 
measured at the end of each year for 5 years. The least 
squares regression parabola y = at? + bt + c for the 
data is found by solving the system 


secre (bjase S5a = 533 


I5e + 55b + 225a= 19016. 
doe 2250 + 979G = 1558 


Let ft represent the year, with tf = 1 corresponding to the 
first year. 


(a) Use a graphing utility to find an inverse matrix to 
solve the system, and find the equation of the least 
squares regression parabola. 


(b) Use the result of part (a) to estimate the sizes of the 
traps after the first and third years. 


(c) The actual sizes of the traps were 2.5 millimeters 
after the first year and 12.8 millimeters after the 
third year. How do these values compare with your 
estimates in part (b)? 


Finding the Determinant of a Matrix 
61-64, find the determinant of the matrix. 


In Exercises 











Somme! 2 
6l. E 5 62. 9 -3 

‘2 Bia st) 
63. 7 

\; 0 a is "| 





Finding the Minors and Cofactors of a Matrix In 
Exercises 65-68, find all the (a) minors and (b) cofactors 
of the matrix. 





2 —! 3 6 
65. 7 ‘| 66. | 5 A 
3 2 I 8 3 4 
67. | -2 5 () 68. 6 5 -9 
| 8 6 4 | 2 


Choosing a Method In Exercises 69-74, find the 
determinant of the matrix. Tell which method you used. 
(Hint: Use information from Exercises 69-74 on page 
520.) 


| p) 3 a} 3 3 
69. | 8 6 7 70. | 0 5 
F 2 Ns | 27 =) 
| a E ay ele 
0. =! 2 2 3 4 0) 0) 
mn 0) 0) 4) 0 a 5 | ap 0 
0a P 3 ity ae 
—2 4 | 4 +7 =I 
ete 6 | p 74. 2 =-3 4 
| 5 3 4 5 eal 
The Determinant of a Matrix Product In Exercises 


75 and 76, find (a) |A], (b) |B 





, (c) AB, and (d) JAB}. 





aE —| “Hie 4 | 
Peete s —2\ #£=x|1 -3 
ip | “ic ey (6) 
faa) OlUd4lCO 1, B= ft) a 
af 10) | 0) | | 


Finding an Area In Exercises 77-80, use a determinant 
to find the area of the triangle with the given vertices. 


T1s 4 78. ( 











Ome) 2), (3, 2) (—2, = 9) 
80. (—6, —1), (1, —3), (-4, -7) 


m Review Exercises Bow 


Testing for Collinear Points In Exercises 81-84, use 
a determinant to determine whether the points are 
collinear. 


S17(0,3) 01>), (258) 82. (2, 6), (—2, 3), (0, 5) 
83. (—4, 1), (6, 6), (0, 3) 
84. (—3, —1), (0, 5), (—4, —3) 


Finding an Equation of a Line In Exercises 85-88, 
use a determinant to find an equation of the line passing 
through the points. 


Sorts oe (Oe) 


86. (5,4), (a2) 
87. (2, 4), (2, -—7) 
SSiele-see Lala) 


In the remaining exercises for this review, use the number 
code chart on page 524. 


Encoding a Message _In Exercises 89 and 90, find the 
uncoded row matrices for the message. Then encode the 
message using the encoding matrix. 


Encoding Matrix 


Bes 


Message 


89. TRANSMIT NOW 


UN ieee ee 
90. CALL AT MIDNIGHT ee ies) 
-1 -4 -7 


Decoding a Message _In Exercises 91 and 92, use As 
to decode the cryptogram. 


hey el 
€ — 
v1. A E | 


[453i soe, 10, 12, 64,5, 10,3, 10, 25,50 


sa 0 
92. A = | Wig t= 
=o 2 3 

=—{4 =]; 10,38, 2, 27,.—94, 18, 57. a Ll, 


= 96,20) aie (aed, oo; Ll), — 12, —) 


93. Cryptography A family sends the encoded message 
below to a relative overseas. 
—57, — 13, 91, 26, 97, 29, —76, —19, 5, 5, —84, —21, 
55 16,28, SJ poi peou ee 


LetA—* = Ee ‘| 
Vy ra 


(a) You know that [-57 —13]A~! =[23 5] and 
that [91 26]A~!=[0 13], where A~' is the 
inverse of the encoding matrix A. Explain how you 
can find the values of w, x, y, and z. 


(b) Decode the message. 
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T E= Ss T YO U |e Ss E ie F See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, write the augmented matrix for the system of linear equations. 
What is the dimension of the augmented matrix? 


Lijin2eveteyek4ec= 2 2. [3x + 4y + 2z= 4 
x+4y- z= 0 DESY = -2 
it Byer Se = =] PD as Soe Ae) 


In Exercises 3-5, use matrices to solve the system of equations. 


2 | wr 2yse 32 16 Ba ele 2y ae 4 5. | 2x — 3y¥ Fig 
Se ay == ee) yo 3z=t 82 rey, =—-4 
wi 0 y 2 =e 
In Exercises 6-13, use the matrices to find the indicated matrix. 
1 3 2 -1 3 0 2 2 7 -8 
A=|5 7) 8-4 0 th e=ls | O- 2) €=|6 | 
6. 2A 4+ C I, (CA 8. BD 9. C? 
10. A+ CHE 11. —4(A + EF) 12) MGA) 13. 3C + 2(A 9B) 
In Exercises 14-16, find the inverse of the matrix. 
2 -!1 | 0 : i 2 
14. A= =, 4 IS. A=], ; 16. A =| 2 3 0 
: : 0 Oia 
In Exercises 17-19, find the determinant of the matrix. 
Suge 3 Dee 1 2 0 0 
17. | . 18. | 1 0 2 19. | 0 5 0 
‘ 4 5 2 0 Oo 2 





2(). Use the inverse matrix found in Exercise 16 to solve the system of linear equations 
in Exercise 2. 

21. Find two nonzero matrices whose product is a zero matrix. 

22. Use a determinant to find the area of the triangle whose vertices are (— 3, 1), (0, 4), 
and (5, 2). 

23. Use a determinant to decide whether the points (2, 1), (—3, —14), and (4, 7) are 
collinear. 

24. Use a determinant to find an equation of the line passing through the points (1, — 2) 
and (5, 2). 

25. A manufacturer produces three models of a product, which are shipped to two 
warehouses. The number of units i that are shipped to warehouse j is represented 
by a), in matrix A below. The prices per unit for the three models are represented 
by matrix B. Find the product BA and interpret the result. 


1500 4000 
A =| 3000 4500 
5500 7000 


B = [$55 $40 $33] 


David Gilder/www.shutterstock.com 


Kurhan/Shutterstock.com 
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200,000 > 


175,000 ~ 





150,000 + 





125,000 ~ 


100,000 = 


75,000 > 


50,000 = 


25,000 


















































Example 8 on page 554 shows how 
a sequence can be used to find the 
projected sales of a coffee shop over 
a period of time. 


{7 Sequences, 


7.1 
Tir? 
7.3 
7.4 
7.9 
7.6 


Series, and 
Probability 


Sequences and Summation Notation 
Arithmetic Sequences and Partial Sums 
Geometric Sequences and Series 

The Binomial Theorem 

Counting Principles 

Probability 
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7.1 Sequences and Summation Notation 











In Exercise 92 on page 549, 
you will evaluate a sequence and a sum 
to find advertising expenditures of 
automobile dealerships in 
the United States. 


@ Use sequence notation to write the terms of a sequence. 
® Evaluate a factorial expression. 


@ Find the sum of a finite sequence and use summation notation 
to write the sum of a sequence. 


m Use a sequence to solve an application problem. 


Sequences 


In mathematics, the word sequence is used in much the same way as in ordinary 
English. Saying that a collection is listed in sequence means that it is ordered so that it 
has a first member, a second member, a third member, and so on. 

Mathematically, you can think of a sequence as a function whose domain is the set 
of positive integers. Rather than using function notation, however, sequences are usually 
written using subscript notation, as indicated in the definition below. 


Definition of Sequence 


An infinite sequence is a function whose domain is the set of positive integers. 


The function values 
Cin Ans Ga. Gea ee 


igh 


are the terms of the sequence. If the domain of the function consists of the first 
n positive integers only, then the sequence is called a finite sequence. 


On occasion it is convenient to begin subscripting a sequence with 0 instead of 1 
so that the terms of the sequence become 


Ay, Ay, Ap, Ay, - 


In this case, the domain is the set of nonnegative integers. 


/e<oteye)(-wam Writing Terms of a Sequence 


a. The first four terms of the sequence given by a, = 3n — 2 are 


ay = 31) = 2=4 Ist term 
a, = 3(2) —2 = 2nd term 
a, = 3(3) —-2= 3rd term 
a, = 3(4) —2= 10. 4th term 


b. The first four terms of the sequence given by a, = 3 + (—1)” are 


@, =o, (—1) “ers lie? Ist term 
Gy = 3rt (=1)7=3 4 1=4 2nd term 
Gs =o) + (= 1) 203 | eee 3rd term 
y= 3+ (=]P=3 + 1 4 4th term 


af Ghackpnint 1 





Write the first four terms of the sequence given by a, = 2n + 1. ® 


khz/www.shutterstock.com 
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Writing Terms of a Sequence 
TECH TUTOR 


You can use the table 
feature of a graphing utility 
in sequence mode to find the 
terms of the sequence in 





The first four terms of the sequence given by a, = 5 | ore 
= 








= — l Ist term 














Example 2 (see the screen j= = = 2nd term 
below). For instructions on ere ee et lie 
how to use the table feature, (215 5 1 
see Appendix A. az = 2(3) 7 = aoa = 5 3rd term 
(-—1)* 1 1 
Oh = ; — = cae 4th term 


/ Checkpoint 2 





aie 
n+l 





Write the first four terms of the sequence given by a, = 





It is important to realize that simply listing the first few terms is not sufficient to define 
a unique sequence—the nth term must be given. To see this, consider the following 
sequences, both of which have the same first three terms. 





le Le leks i 

DEMS Oe 

ee as 6 

DA 815 ee (nice) eerie O) 


Menta eee Writing the nth Term of a Sequence 


Write an expression for the apparent nth term a, of each sequence. 

PPe eh oReinay os 

Deora Ose lsc an 

SOLUTION 

a. Wigs \ fe 2 ed Cee we 7 
TeviiS ) \ae3 SOM meme 
Apparent Pattern: Each term is | less than twice n. So, the apparent nth term is 

NA) aoe 

b. neediness TL 

Terms os lOO ae 


Apparent Pattern: Each term is 1 more than the square of n. So, the apparent nth 
term is 


E=n a 


n 2 eR REESE SES 


+/ checkpoint 3 





Write an expression for the apparent nth term a, of the sequence 0, 3, 8, 15, 24,. . .. 
(Assume n begins with 1.) w 


542 Chapter 7 wm Sequences, Series, and Probability 


Factorial Notation 


Some important sequences in mathematics involve terms that are defined with special 
types of products called factorials. 


- ~ ee 


Definition of Factorial 


TECH TUTOR 





If n is a positive integer, then n factorial is defined as 


A = erage (men een 





Most scientific and 
graphing calculators have a 
factorial feature built in. Use 
the factorial feature to verify 
the factorials at the right. 
Try finding such values as 
8!, 15!, and 20!. How does | 
the calculator’s display 


As a special case, zero factorial is defined as 0! = 1. 














Here are some values of n! for the first several nonnegative integers. Notice that 0! 
is | by definition. 


change for increasingly large Ol = I 
values of n? (The display for he 4 
one calculator is shown 
Dh l=) ey) 


below.) Consult the user’s 
guide for your calculator for 
information on how to use 
the factorial feature. 


33=1-2-3=6 
41=1°2°3+-4=24 
Sif=le> Dees ed Suni 20 








40320 The value of n does not have to be large before the value of n! becomes very large. For 
Lt instance, 
2p 1 . 567674368612 
! 10! = 3,628,800. 
2.432962003E18 








sSotset(-W a Writing Terms of a Sequence Involving Factorials 


Write the first five terms of the sequence given by 


Z 


Ai 
Begin with n = 0. 
SOLUTION 








Coe 
ago = 0! = 1 =2 Oth term 
mee: 
a, > Tr = 1 =2 Ist term 
a2 pls) =. 
a, = mT = > = ] 2nd term 
wee 
a, = 3 = 6 = 3 3rd term 
2 ”s | fe 
1 ——_— Se ar 
a4 4! 24 12 th term 
¥ Checkpoint 4 
Write the first five terms of the sequence given by a, = —. Begin with n = 1. Bs 
n! 


olly/www.shutterstock.com 


ALGEBRA TUTOR 





For help in simplifying 

factorial expressions, see the 
Chapter 7 Algebra Tutor on 
pages 596 and 597. 






STUDY TIP 


eee 
In Example 6(a), you can also 
simplify the computation as 


Oe 87 


1-6) 2-H 


28. 





Section 7.1. ™ Sequences and Summation Notation 543 
Factorials follow the same conventions for order of operations as do exponents. For 
instance, 


Qn! = 2(n!) = 2(1°2+3+4---n), whereas (2n)!=1: Dn 3) An, 


erty Writing Terms of a Sequence Involving Factorials 


Qn 


Write the first five terms of the sequence given by a, = =a Begin with n = 0. 
n! 


SOLUTION 
20 | 
a,=—=-=1!1 Oth term 
Eafe Xl 
phere 
a,=—=-=2 Ist term 
1! l 
92 4 
2S Fe i) r 
a, 7 5 » 2nd term 
OF in, Ba 
a.=—=-=- 3rd term 
cae Ssh HOLD 





Oc Na 4th term 


Aina 


v Checkpoint 5 





Write the first five terms of the sequence given by a, 


Begin withn = I. i 


When working with fractions involving factorials, you will often find that the fractions 
can be reduced. 


eetsciame Simplifying Factorial Expressions 


Simplify each factorial expression. 




















8! 2! - 6! n! 
eT ae a ee Tey (n — 1)! 
SOLUTION 

8! Ls pega 576178 7:8 
a. —— = —— = 28 

Tie 6 01D Loa aes 2 

b Zin? Ole 1-2 L- 2 es la a Oven Oa ; 
at GS) i ipeed als, 00 aero, oo) os ae 

n! 1+ Q»3——H7— I)-n 
r : 2 cet bi ep 
et PG) aie PE PE ar 
oY Checkpoint 6 

A4l(n + 1)! 


Simplify the factorial expression given by — Sint sd 
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STUDY TIP 





Note that the sum in 
Example 7(c) is very close 
to the irrational number 


ée = 2.718281828. 


It can be shown that as more 


terms of the sequence whose 
nth term is 1/n! are added, 
the sum approaches e. 


Series and Summation Notation 


The sum of the terms of an infinite sequence is called an infinite series. The sum of 
the first n terms of a sequence is called a finite series or the nth partial sum. There 
is a convenient notation for the sum of the terms of a finite sequence. It is called 
summation notation or sigma notation because it involves the use of the uppercase 
Greek letter sigma, written as >. 


Definition of Summation Notation 


The sum of the first n terms of a sequence is represented by 


ui 
SY 4, = 4, +a,+a,+a,+---+a4 


i=1 


nN 


where i is the index of summation, n is the upper limit of summation, and 1 is 
the lower limit of summation. 


Summation notation is an instruction to add the terms of a sequence. From the 
definition above, the lower limit of the summation tells you where to begin the sum and 
the upper limit of the summation tells you where to end the sum. 


1 $<etr})(wam Using Summation Notation 


5 


Find the sums (a) DICE (b) ya + k*), and (c) Se oi 
=a i=o !: 


SOLUTION 


a. DS 3i = 3(1) + 3(2) + 3(3) + 3(4) + 3(5) 


i=] 


b. >) (1 + #) = (1 + 3?) + (1 + 42) + (1 + 52) + (1 + ©) 


= LOR le) tee 2G eee Se] 





aa | | 
oe ree a arora grata er ae 


i 





a + + 
O24 120.79 720 me 5040; 2403320 


Y Checkpoint 7 





4 
Find the sum S'(4i + 1), 4 
i=1 


In Example 7, note that the lower limit of summation does not have to be 1. 
Also note that the index of summation does not have to be the letter i. For instance, in 
part (b), the letter k is the index of summation. 





STUDY TIP 


Variations in the upper and 
lower limits of summation 
can produce quite different- 
looking summation notations 
for the same sum, as you can 
see in Example 8. For instance, 


consider the following two 
sums. 
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Serte(Meme Writing a Sum in Summation Notation 


Write each partial sum in summation notation. Decide whether the notation is unique. 


3 3 3 : 
a. dr Ir 
lan? 2) 2 ae 2 Al se 5) ar 2 





bo2 = 4, +:8 = 16 


SOLUTION 


a. Begin by looking for similarities and differences in the terms. Each term has 3 in the 
numerator. In the denominator, 2 is added to a number that is increasing by | for each 
term. Let i be the index of summation, let 1 be the lower limit of summation, and let 
5 be the upper limit of summation. Then, using summation notation, you can write 


3 
aE 


3 3 3 
[43° 242 


3 3 is 
+ + = 
B49 449 542 A1i+2 








+f 


The sum can also be written in other ways, such as 
i. 2 4 2} 8 3 


» 2 », i + 3) zi 


The summation notation for the sum is not unique. 








igen ON 


b. This series has terms with alternating signs, and each term can be written as a power 
of 2. Let n be the index of summation, let 1 be the lower limit of summation, and let 
4 be the upper limit of summation. Then, using summation notation, you can write 


de eo 1) eel 2) 1 Oy ee) 


4 
»; (— [ae L(D)r, 


n=1 


I 


The sum can also be written in other ways, such as 


SS (— 1)"(2)" +1 and Ss (— 1)r(2)" il) 


n=0 


The summation notation for the sum is not unique. 
a/ Gheekpolnt 8 
Write the partial sum in summation notation. Decide whether the notation is unique. 


peal Sas eal ate 3 
par Manting alt At Thy 2 





The following properties of sums are helpful when adding the terms of a sequence. 


Properties of Sums 


1. Ne c= cn, cis aconstant. 


ZanyZeus/www.shutterstock.com 
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€ setee)-eeme Finding Balances 


A deposit of $1000 is made in an account that earns 3% interest, compounded monthly. 
The balance in the account after n months is given by 





0.03 \7 
A = 1000(1 + i is Leo pert 
n ik 
a. Write the first four terms of the sequence. 
b. Find the balance in the account after four years by computing the 48th term of the 
sequence. 
SOLUTION 


a. The first four terms of the sequence are shown below. 


0.03 \! ’ 

A, = 1000\ 1 + 5 = $1002.50 One-month balance 
0.03 \2 

A, = 1000( te al = $1005.01 Two-month balance 
0.03 \3 

A, = 1000 4 a | = $1007.52 Three-month balance 
0.03 \4 : 

A, = 1000\ 1 + a. = $1010.04 Four-month balance 


b. The 48th term of the sequence 1s 


0.03 \48 
2) =~ $1127.33. Four-year balance 


Ape 1000( + 


/ Checkpoint 9 





A deposit of $1000 is made in an account that earns 3% interest, compounded 
quarterly. The balance in the account after n quarters is given by 


0.03 \" 
Anes 1000 + ak Nalin Pa bar A 







a. Write the first three terms of the sequence. 


b. Find the balance in the account after four years by computing the 16th term 
of the sequence. a 


SUMMARIZE (Section 7.1) 


1. State the definition of sequence (page 540). For examples of writing the 
terms of a sequence, see Examples | and 2. 


2. State the definition of factorial (page 542). For examples of writing terms 
of sequences involving factorials and simplifying factorial expressions, see 
Examples 4, 5, and 6. 

3. State the definition of summation notation (page 544). For examples of 
using summation notation, see Examples 7 and 8. 


4. Describe a real-life example of how a sequence can be used to find the 
balance in an account (page 546, Example 9). 


wavebreakmedia Itd/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 7.1 these skills in the exercise set for this section. For additional help, review Sections 0.2 and 2.4. 


In Exercises 1 and 2, find the indicated function value. 





1. Find f(2) for f(n) = zn 


n2 +1 
2. Find f(3) for f(n) = 2. ee 

Bie ) 
In Exercises 3-6, evaluate the expression when x = 2 andy = —1. 
Brix — 6) 4. 4(6 — 2x) 
Seyi = 3) Gaxy 7 = 3x") 


In Exercises 7-10, perform the indicated operations and simplify. 


DewAr O08 


Dx 








Writing Terms of a Sequence In Exercises 1-18, 
write the first five terms of the sequence. (Assume n 


begins with 1.) See Examples 1 and 2. 




















l.a,=2n-1 2. a, = 4-—2n 
3. a, = 2" 4. a, = (-2)" 
5. a, =x (—3)" 6. a, - 65)" 
3 iD oc l 
1S aC ees ak 8. a, = 5 
et n | n+1 
2,6, = ( Nh 10. a, = ey 
n n 
| Dn 
Lease 2 — oe 12. a, = 3A 
fi — | € n2 — | 
Ub ag n+ 1 UR Tehip n24+2 
an (<1)"n 
Lond, — 2 16. a, = ay 
5n2? —n+t | 3n2 -—-n+4 
1 or 18. a, = aye 


Writing the nth Term of a Sequence In Exercises 
19-30, write an expression for the apparent nth term 
a, of the sequence. (Assume n begins with 1.) See 
Example 3. 

Weete4y 7, LOPS jar. 
91) 2, —4)6, —8,10,... 22.°- 
hp OA Peak, 


20. Ssfelhd, ts Loe 
6 eat pol Wp ce bm a 


WwW 


ya 


16° 


Ble 
\Ol— 
i.) 


Bale uelcs 





25. 3, 4) 5 @ 7 26. 7,357.5 
UY baa > BL> To 

28. 4) hs 16 

DOM reat hs tg Less. 3 
S30 algae alg lace ea leader lie a>, 


Writing Terms of a Sequence Involving Factorials 
In Exercises 31-34, write the first five terms of the 
sequence. See Examples 4 and 5. 


Bn n! 


SLi Ge a 32505 
n! n 
3n! 
33, a, = Resi 
Lye 
34. a, = eee 
n n!\ 


Finding a Term of a Sequence _ In Exercises 35-40, 
find the indicated term of the sequence. 


35.50, (— 1)"(3n = 2) 36..4, = 11) a1) 








AS a6 = 
4n 4n? —n+ 3 
he = 5 = 
ORs: Qn? — 3 Beal n(n — 1)(n + 2) 
ayy = 13 
2" ! 
39. a4, = — 40. a, = bd 
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Matching In Exercises 41-44, match the sequence 
with the graph of its first 10 terms. [The graphs are 
labeled (a), (b), (c), and (d).] 


(a) 4, (eo) ee 
+ Ls 
10 10 
8 8 
6 6 
4 i e 
e 
D akin a) e 
= eee al e 
eee ooo LE BT +-+-+-++4++4++-9-6-6-6-6-6--> 1 
24) On be 10 2A 6 80) 











(C) 4 (a) 4, 
A A 
ito: = Adi 10 
84 e ©. 8 
oF © 6 YOO 
4-+e 4 e 
e e 
D> ut 9 
2+ i 2 
1-1 +++P ots n Usui icici ee 
de G8 a0 Dede Geet 
6 6n 
41. a, = 42. a4, =— 
CG agh ar 1 gh i MI 
4” 2n 
43. a, a i) 44. a, aa Gay 


Simplifying a Factorial Expression In Exercises 
45-50, simplify the factorial expression. See Example 6. 


8! 10! 
45. 7 46. Or 
28! 48! 
47. 75) 48. 50! 
+ 2)! 2 + 3)! 
49. aes Byes a 
n! n! 


Evaluating a Factorial Expression In Exercises 
51-54, simplify the factorial expression. Then evaluate 
the expression when n = O andn = 1. 
! I 
51. eae) 52. (n + 2)! 
n! n! 
(2n)! 
“" (2n + 1)! 
(2n + 2)! 
< (2n)! 
Writing the nth Term of a Sequence In Exercises 
55-58, write an expression for the apparent nth term a,, 
of the sequence. (Assume rn begins with 1.) 
55. 1,2,6,24,120,... 56. 1,5,43%75). >> 
AZ 43 4 95 
57. 1,2), ee 
2° 6 24 120 


- 1 2 6 24 120 
58. 39 Oo 279 Ble 2439°* * * 


Using Summation Notation In Exercises 59-76, find 
the sum. See Example 7. 


4 5 


59, > ) 60. i 5 
| 


k k=1 
61. . = ley 62. 5 —4i 
f= f= 
63. Sy (6i + 3) 64. 3 (4i — 2) 
i=1 i=1 
65. 3 He 66. y he: 
oe ary 
67. — 68. ay 
3 2k » 3) 
4 5 
697 Ga) a 70. > (k+ 1)(his 
=a k=2 


oA S (—1)(2i + 4) 10%, Sy (—2)(G + 1) 


a al : 2 
os m7 74, ; 
Zk », Gian)! 
4 fea ssh (Fhe ey) 
Fis 76. 
(i) aT 


Writing a Sum in Summation Notation — In Exercises 
77-86, write the partial sum in summation notation. See 
Example 8. 











ETM CIp)) Wee AO) 

5 5 5 5 
oe ISES ens are eee 
79, [2(5) + 3] + (2) +3] + [2(§) + 3 

+ [1 - (§7] 














til, 3) =O) oe Wy — ISil se Dale) — “ypats, 
82.1-f+4-Gg+-°-°-® 

| | | | | 
a). oh = 
a nits gies 202 

| | | | ] 
84. — += + o> Ee 

[S25 ea ee mee aC LORI 
85.5 +2+5+2+H 
86.5 +5 +2+24+2+42 


87. Compound Interest You deposit $25,000 in an 
account that earns 7% interest compounded monthly. 
The balance in the account after n months is given by 





A, = 25,000( + oy nid: 2, 3). 


“ 


(a) Compute the first six terms of the sequence. 

(b) Find the balance in the account after 5 years by 
computing the 60th term of the sequence. 

(c) Is the balance after 10 years twice the balance after 
5 years? Explain, 


Om 
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8. HOW DO YOU SEE IT? The graph represents 


89. 


90. 


913 


the first 10 terms of a sequence. Complete each 
expression for the apparent nth term a,, of the 
sequence. Which expressions are appropriate to 
represent the cost a,, to buy n MP3 songs at a cost 
of $1 per song? Explain. 


(a) a,=1-: i 
10+ ° 
= 4 e 
(b) On (n = 1)! 85 e 
n 5 e 
©a,= > 6 . 
k=1 + e 
4 e 
= e 
2- e 
e 
TiS cellar Snare a as 





4 6 8 10 


Ratio of Males to Females The ratio a, of males to 
females in the United States each decade from 1940 
through 2010 can be approximated by the model 


fo — 0.038n + 0.0036n?, m= 1,2,...,8 


where n represents the year, with n = 1,2,3,...,8 

corresponding to 1940, 1950, 1960, ..., 2010. 

(Source: U.S. Census Bureau) 

(a) Use a graphing utility to find the terms of the finite 
sequence. Interpret the meaning of the terms in the 
context of the real-life situation. 

(b) Construct a bar graph that represents the sequence. 
Describe any trends you see in your graph. 

(c) In 2000, the population of the United States was 
approximately 281 million. In that year, how many 
people were females? How many were males? 


Think About It Evaluate 


ei)! i k! 
») jl and > k—D! 


j=0 : k=1 


What do you observe about the two sums? Is the 
summation notation for a partial sum unique? Explain. 


Sales The annual sales a, (in millions of dollars) 
for China-Biotics from 2005 through 2009 can be 
approximated by the model 


fe 22.9 + 3.63n + 2.657n2, n = 0,1, 23,4 
where n represents the year, with n = 0 corresponding 
to 2005. Find the total sales of China-Biotics from 2005 
through 2009 by evaluating the sum 

4 

Y) (22.9 + 3.63n + 2.657n’). 
n=0 


(Source: China-Biotics, Inc.) 
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92. Advertising The annual advertising expenses 
a, (in billions of dollars) of new car dealerships 
from 2004 through 2009 (see bar graph) can be 
approximated by the model 


a, = —0.1339n3 + 0.834n2 — 1.40n + 8.3, 
is) le ee) 


where 7 represents the year, with n = 0 
corresponding to 2004. (Source: National 
Automobile Dealers Association) 


o 
4 
on OS L 
gu 8 
ie 
46 6 
P= 5 0 
Og 
> 
CO meal 
<a 
oO 2+ 
q 
A= 
ts 








Year (0 <> 2004) 


(a) Find the total amount spent on advertising by new 
car dealerships in 2009 by evaluating the term as. 

(b) Find the total amount spent on advertising by 
new car dealerships from 2004 through 2009 by 
evaluating the sum 


5 


> (—0.1339n? + 0.834n? — 1.40n + 8.3). 


True or False? In Exercises 93 and 94, determine 
whether the statement is true or false. Justify your 
answer. 


Writing Terms of a Sequence Involving x In 
Exercises 95-98, write the first five terms of the 
sequence. 


-hh 


95. a, = = 
ere, 
96. a, = ee 
97 aie 
opt Wi, 
98. a, = SOT 
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7.2 Arithmetic Sequences and Partial Sums 


lm Recognize and find the nth term of an arithmetic sequence. 





@ Find the nth partial sum of an arithmetic sequence. 
m Use an arithmetic sequence to solve an application problem. 





Arithmetic Sequences 


‘‘ $ ° A sequence whose consecutive terms have a common difference is called an arithmetic 
i, sequence. 


at 
isarus 
. 

° 


4 





Profit (in th 


Definition of Arithmetic Sequence 


A sequence is arithmetic when the differences between consecutive terms are the 
same. So, the sequence 


Gnd a at sees 
is arithmetic when there is a number d such that 
@g—-a,=d, a,;—a=d, a,— a, = d, andsoon. 


The number d is the common difference of the sequence. 


S<esss}e)(-wam Examples of Arithmetic Sequences 


a. The sequence whose nth term is 4n + 3 is arithmetic. For this sequence, the common 
difference between consecutive terms is 4. 





In Exercise 93 on page 557, 


you will find the sum of an arithmetic Te lle 13 LORS 3 ered) ote eee Begin with n = 1. 
sequence to determine the total profit YH 
for a company over a five-year period. 1l-7=4 


b. The sequence whose nth term is 100n — 13 is arithmetic. For this sequence, the 
common difference between consecutive terms is 100. 


87, tesG, es, BT 0 0 oy WMO = ean ee Begin with n = 1. 
eee 


187 — 87 = 100 


c. The sequence whose nth term is 7 — 5n is arithmetic. For this sequence, the common 
difference between consecutive terms is —5. 
De, = 3 =) = SS co og = yo 6c Begin with n = 1. 
Ue~.—Y 
ps5 
: | : : . ° 
d. The sequence whose nth term is 4(n + 3) is arithmetic. For this sequence, the 
aya ° <del 
common difference between consecutive terms is 3. 


a8 mar 3 
wie aes 


—_— 


Begin with n = 1. 


5 
on 


Y Checkpoint 1 





Determine whether each sequence is arithmetic. If it is, find the common difference. 


B57, Dolla, Ebersole eee Oe es 


Viorel Sima/Shutterstock.com 


min 


P Ree Tides & 





TECH TUTOR 


Most graphing utilities 
have a built-in function that 
will display the terms of an 
arithmetic sequence, as 
shown in the screen below. 
Consult the user’s guide for 
your graphing utility for 
more information. 






oo Te all 
"30 37 44 51 593 
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The nth Term of an Arithmetic Sequence 
The nth term of an arithmetic sequence has the form 
a, = a,+(n— 1)d 


where d is the common difference between consecutive terms of the sequence and 
a, is the first term of the sequence. 


scctecwam Finding the nth Term of an Arithmetic Sequence 


Find a formula for the nth term of the arithmetic sequence whose common difference 
is 3 and whose first term is 2. 


SOLUTION Because the sequence is arithmetic, you know that the formula for the nth 
term is a, = a, + (n — 1)d. Because the common difference is d = 3 and the first term 
is a, = 2, the formula must have the form 


a,=2+ Aiea) Substitute 2 for a, and 3 for d. 
So, the formula for the nth term is 
a, = 3n — 1. 


hewsequencods 2.5550 L, (Arne. Of) a Mtr ac 


a7 Checkceint 2 





Find a formula for the nth term of the arithmetic sequence whose common difference 
is 2 and whose first term is 5. B 


endcwKm Finding a Term of an Arithmetic Sequence 


Find the ninth term of the arithmetic sequence whose first two terms are 2 and 9. 


SOLUTION You know the sequence is arithmetic. Also, a, = 2 and a, = 9. So, the 
common difference for this sequence is 


al = =D = I, 


There are two ways to find the ninth term. One way is simply to write out the first nine 
terms by repeatedly adding 7. 


Dio ASE Ailes ah Aimee tel D BA weiter oft nce lan gee 


Another way to find the ninth term is to first find a formula for the nth term. Because 


the common difference is d = 7 and the first term is a, = 2, the formula must have 
the form 
Cee rie), Substitute 2 for a, and 7 for d. 


n 


So, a formula for the nth term is 
a, =n 5 
which implies that the ninth term is 


ag = 7(9) =5 = 58. 


+/ checkpoint 3 


Find the 10th term of the arithmetic sequence whose first two terms are | and 4. & 





On 
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When you know the nth term of an arithmetic sequence and you know the common 
difference of the sequence, you can find the (n + 1)th term by using the recursion 
formula 


gh. oe (al Recursion formula 


Gn+1 — Ay 


With this formula, you can find any term of an arithmetic sequence, provided that you 
know the previous term. For instance, when you know the first term, you can find the 
second term. Then, knowing the second term, you can find the third term, and so on. 


i%esss}e)(- ae Using a Recursion Formula 


The 14th term of an arithmetic sequence is 136 and the common difference is 11. 
a. What is the 15th term of the sequence? 

b. What is the first term? 

SOLUTION 


a. You know that a,, = 136 and d= 11. So, using the recursion formula 
d,s = da,4, + d, you can determine that the 15th term of the sequence is 


a,5 = 136 + 11 = 147. 

b. Using n = 14, d = 11, and a,, = 136 in the formula a, = a, + (n — 1)d yields 
136 = a, + (14 — 1)(11) 
136 =a, + 143 


= = ta.8 


o Checkpoint 4 


The 11th term of an arithmetic sequence is 37 and the common difference is 6. 
a. What is the 12th term of the sequence? 


b. What is the first term? a 


/e'errs}e)(-Mee Writing the First Several Terms of an Arithmetic Sequence 


The 4th term of an arithmetic sequence is 20, and the 13th term is 65. Write the first 
several terms of this sequence. 


SOLUTION You know that a, = 20 and a,,; = 65. So, you must add the common 
difference d to the 4th term nine times to obtain the 13th term. Therefore, the 4th and 
13th terms of the sequence are related by 

Gin = Aga 9d. da, and a,, are nine terms apart. 
Using a, = 20 and a,, = 65, you can conclude that d = 5, which implies that the 
sequence is as follows. 

Q@; Qo Q, G@, Gs Ag Gy Gg Gy Ay ay 


Jy y LO, ae lyae ei caries palo Uo, Oy OD: 


“/Cheokpoint 5 





The 3rd term of an arithmetic sequence is 12, and the 14th term is 45. Write the first 
several terms of this sequence. bs 
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The Sum of a Finite Arithmetic Sequence 


There is a formula for the sum of a finite arithmetic sequence. Be sure you see that this 
formula works only for arithmetic sequences. 


The Sum of a Finite Arithmetic Sequence 


The sum of a finite arithmetic sequence with n terms is given by 


n 
5, = 5 1 seed 


je ereye)(cMem Finding the Sum of a Finite Arithmetic Sequence 


Find the sum: 1+34+5+7+9+411+13+ 15+ 17+ 19. 


SOLUTION The sequence is arithmetic (with a common difference of 2). Moreover, the 
sequence has 10 terms. So, the sum of the sequence is 


So =1t+34+54+7494114+ 134+ 15+ 174+ 19 


n 
= es (a, iy a,,) Formula for the sum of a finite arithmetic sequence 
10 
= at + 19) Substitute 10 for n, 1 for a,, and 19 for a,. 
= 5(20) Simplify. 
+f cheekpolnt 6 
Find the sum: 4-7 + 10 413ul@s 1994 22 + 25 + 28 + 31. a 


The sum of the first n terms of an infinite sequence is the nth partial sum. The 
nth partial sum can be found by using the formula for the sum of a finite arithmetic 
sequence. 


seettecWan Finding a Partial Sum of an Arithmetic Sequence 


Find the 150th partial sum of the arithmetic sequence 5, 16, 27, 38, 49,. . .. 


SOLUTION For this arithmetic sequence, you have a, = 5 and d=16—5=l1I. 
So, a,=5+11(-—1) and the nth term is a,=11n—6. Therefore, 
ys) = 11(150) — 6 = 1644, and the sum of the first 150 terms is 





n 
iS ria ai a,) nth partial sum formula 
150 , 
= 5 (5 + 1644) Substitute 150 for n, 5 for a,, and 1644 for a,. 
= 75(1649) Simplify. 
= 123,675. Multiply. 


+/-chaekpolnt 7 


Find the 100th partial sum of the arithmetic sequence 4, IOWA), PR, Wes co oe ® 





D 


5 


4 
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Application 


€ eeoseyce-mm Total Sales 
Ss 


A small coffee shop sells $50,000 worth of beverages during its first year. The owner 
of the business has set a goal of increasing annual sales by $12,000 each year for 
9 years. Assuming that this goal is met, find the total sales during the first 10 years this 
business is in operation. What kinds of economic factors could prevent the shop owner 
from meeting the sales goal? 


SOLUTION The annual sales form an arithmetic sequence in which a, = 50,000 and 
d = 12,000. So, a, = 50,000 + 12,000(n — 1) and the nth term of the sequence is 


a, = 12,000n + 38,000. 
This implies that the 10th term of the sequence is 
Ayo = 12,000(10) + 38,000 = 158,000. 


The sum of the first 10 terms of the sequence is 


n 
S,, = 5 (a == a) nth partial sum formula 
10 Substitute 10 for n, 50,000 for a 
= (50,000 + 158, | Sa P 
y (50,000 15s 000) and 158,000 for a,. 
= 5(208,000) Simplify. 
= 1,040,000. Multiply. 


So, the total sales for the first 10 years are $1,040,000. Many economic factors, such 
as the location of the shop, demand by consumers, and marketing techniques, could 
prevent the shop owner from meeting the sales goal. SS 


/ Checkpoint 8 


A company sells $160,000 worth of printing paper during its first year. The sales 
manager has set a goal of increasing annual sales of printing paper by $20,000 each 
year for 9 years. Assuming that this goal is met, find the total sales of printing paper 
during the first 10 years this business is in operation. a 


SUMMARIZE (Section 7.2) 


1. State the definition of arithmetic sequence (page 550). For an example of an 
arithmetic sequence, see Example |. 


2. State the formula for the nth term of an arithmetic sequence (page 55/). For 
examples of using this formula, see Examples 2 and 3. 


3. State the recursion formula for the (n + 1)th term of an arithmetic sequence 
(page 552). For examples of using this formula, see Examples 4 and 5. 


4. State the formula for the sum of a finite arithmetic sequence and explain 
how to use it to find an nth partial sum (page 553). For examples of using 
this formula, see Examples 6 and 7. 


5. Describe a real-life example of how an arithmetic sequence can be used to 
analyze the total sales of a coffee shop (page 554, Example 8). 


George Dolgikh/www.shutterstock.com 
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SKILLS WARM |/P.7 2 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
. these skills in the exercise set for this section. For additional help, review Sections 0.1, 0.2, 2.4, 


and 7.1. 


In Exercises 1 and 2, find the sum. 


6 10 
ee, (ei — 1) 2. > (Sit?) 
i=1 = 
In Exercises 3 and 4, find the distance between the two real numbers. 
a 5) 8 4 14 
cor 4. 3,5 


In Exercises 5 and 6, evaluate the function as indicated. 


5. Find f(3) for f(n) = 10 + (n — 1)4. 6. Find f(10) for f(n) = 1 + (n — 13. 
In Exercises 7-10, evaluate the expression. 

7. H(1 + @ 8. 2(4 + 16) 

9, 2/2(5) + (12 — 1)3] 10. §[2(-3) + (15 — 1)5] 


Exercises 7.2 




















Identifying an Arithmetic Sequence In Exercises (a) c (b) i 
1-12, determine whether the sequence is arithmetic. If it Si 5 
is, find the common difference. See Example 7. i" nie atin © @ 
fee, 11, 15,19,... 2H QONINRI4IE SS 0 12 op Se 
3.12, —8, —4,0,4,8,... 4. —3,—2,0,3,7 6 ne ? . 
ei elf St i Lr ng as LL BL Re 
Reg, 5 10 32 6 od Lees a5 246 8 9 2A Oe SelO 
mes 3 5 3° 3° AY ea aul 
C 3 : 
1 oo SMe eee cone () % () 
9. log,) 10, logy) 100, log, 1000, log,, 10,000, . . . er a4 i 
Lommel in 27 1n3,in4,In5,... : on ‘a yon 
meee.) ,.0.2, 0.9, J... « « a+ ye 12 ae 
0 e 
melee 24, 3.0, 4.8, 6.0,. a Os =§ 
tt} HH }-+ She HH Eten 
5 i 2a G6 28 10 zs 2 6 
Writing the Terms of a Sequence In Exercises es os 
13-22, write the first five terms of the sequence. 23. a, = 3n—5 24. a, = 25 — 3n 
Determine whether the sequence is arithmetic. If it is, find 95 sae tg, See 34 
the common difference. 
Lond, — . + 3n 14. a, = 100 — 3n Poy Graphing the Terms of a Sequence In 
15. a, = (2")n 16, 0, = 2" fae! Exercises 27-30, use a graphing utility to graph 
Via (2+ n) —(1 +n) fy =the first 10 terms of the sequence. 
[sea = 1+ (mn — 1)4 21.0, Spor 3n 28. a, = —5 + 2n 
Qn + 29.4, = O.4an — 2 50.8, = 1ont f. 
= aia é 
19. a, = =e Lets fe 
1 (—1)" 2D (—1)22+1 Finding the nth Term of an Arithmetic Sequence In 
. a, = Wages . a 


Exercises 31-42, find a formula for the nth term of the 


; ; arithmetic sequence. See Examples 2 and 3. 
Matching In Exercises 23-26, match the arithmetic q - 


sequence with its graph. [The graphs are labeled (a), (b), 31. a; Say di 5 32. a, = 3,d=8 
(c), and (d).] 33.00, =90;d—12 34.-a; = 102,d = —6 
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35. a, = 9,4, = 17 





31. @; = 21,4, —= — 38. a, =5,a, = —4 
39.22, 81 O06 inne 

40. 3, —7, -17, —27, —37 

Aloe ee ORE al re 


Using a Recursion Formula _|n Exercises 43-48, use 
the given term and common difference of an arithmetic 
sequence to find (a) the next term and (b) the first term a, 
of the sequence. See Example 4. 


43. a, = 29,d=4 44. a, = 40,d = 6 
45. a,, = —13,d= -3 46. 4,,;= —-4,d=—-7 


ATG aul ee 48. a, = 12;,d = 4 


Writing the Terms of an Arithmetic Sequence In 
Exercises 49-54, write the first five terms of the 
arithmetic sequence. See Example 5. 


49. a, = 2, a, = 46 50. a; = 28, ai, = 3 
51. a, = 26, a,. = 10 52. a, = 16, ajo = 46 
53. a, = 3.7, a), = 7.3 54. ag = 10.3, ay, = 1.2 


Finding the Sum of a Finite Arithmetic Sequence In 
Exercises 55-62, find the sum of the finite arithmetic 
sequence. See Example 6. 


B52 4 oe Geter LO 2 A re | Onetenoeetaue 0) 
56515 45 Ee 1013 16 19 

STe ee (eo) ee a) eee) 

SB. 8) ea ie ci) 

59. Sum of the integers from | to 100 

60. Sum of the first 100 odd natural numbers 

61. Sum of the integers from — 20 to 80 


62. Sum of the integers from — 100 to 30 


Finding a Partial Sum of an Arithmetic Sequence In 
Exercises 63-70, find the indicated nth partial sum of the 
arithmetic sequence. See Example 7. 


635705 12S) 24st nO 
64. 4,11, 18; 23,42 02 = 10 
65,10, ea Ore eng 
66. =2, 39) — 16) = 23,000"; 
67.0.3, OSs ele. ee 7 — 10 
68.51.50) leo OSD es as 
69. a, = 100, a,, = 220, n = 25 


70. a, = 15, G99 = 307, n = 100 








Finding a Partial Sum_ In Exercises 71-80, find the 
partial sum. 
100 


tb ED n dia 3 2n 


n 1 n l 


LOO, 100 


73. > Sn 74. >) 7n 








n=32 n=S51 
50 250 

75> (O00 tae) 76. 5) (1000 — n) 
n=0 n=l 
20 500 

{the SS At) TEDDY TEN) 
n=1 n= 
100 n atl. 4 100 4 = 3n 

9, 80. 

f 2, 2 n=0 16 


Using Summation Notation In Exercises 81-84, use 
summation notation to write the sum. 


81.3+6+9+12+15+---+ 300 
82.5+7+9+11+13+---+ 43 
1 3 5 3 im 
$3.05 stg elie tears sare 
84.4434 3454+ 94 + 12 


Job Offer In Exercises 85 and 86, consider a job 
offer with the given starting salary and the given annual 
raise. (a) Determine the salary during the sixth year of 
employment. (b) Determine the total compensation from 
the company through six full years of employment. 


Starting Salary Annual Raise 
85. $35,000 $1750 
86. $39,400 $2125 


87. Seating Capacity An auditorium has 20 rows of 
seats. There are 20 seats in the first row, 22 seats in the 
second row, 24 seats in the third row, and so on (see 
figure). How many seats are there in all 20 rows? 





fe = 
ny a 
Ul 





20 


88. Seating Capacity An auditorium has 36 rows of 
seats. There are 15 seats in the first row, 18 seats in the 
second row, 21 seats in the third row, and so on. How 
many seats are there in all 36 rows? 

89. Brick Pattern A brick patio has the approximate 
shape of a trapezoid (see figure). The patio has 18 rows 
of bricks. The first row has 14 bricks and the 18th row 
has 31 bricks. How many bricks are there in the patio? 


31 





90. 


91. 


92. 


93. 
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Brick Pattern A triangular brick wall is made by 
cutting some bricks in half to use in the first column of 
every other row. The wall has 28 rows. The top row is 
one-half brick wide and the bottom row is 14 bricks 
wide. How many bricks are used in the finished wall? 





Sales The annual sales a, (in billions of dollars) for 
Nike from 2004 through 2009 can be approximated by 
the model 


e229 + 1 4471n,—nv= 1,2,...,6 


where n represents the year, with n = | corresponding 

to 2004. (Source: Nike, Inc.) 

(a) Construct a bar graph showing the annual sales for 
Nike from 2004 through 2009. 


(b) Find the total sales from 2004 through 2009. 


Revenue The annual revenues a, (in millions of 
dollars) for Panera Bread Company from 2005 through 
2010 can be modeled by 


ge — 6/0.6 +2180.48n, n= 1,2,...,6 


where n represents the year, with n = 1 corresponding 
to 2005. (Source: Panera Bread Company) 


(a) Construct a bar graph showing the annual revenues 
for Panera Bread Company from 2005 through 2010. 


(b) Find the total revenues from 2005 through 2010. 


Profit A small landscaping company makes a profit 
of $50,000 during its first year. The company president 
sets a goal of increasing profit by $10,000 each year for 
4 years (see figure). Assuming that this goal is met, find 
the total profit during the first 5 years of this business. 
What kinds of economic factors could prevent the 
company from meeting the profit goal? 
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A steel ball (with 
negligible air resistance) is dropped from a plane. 
The figure shows the distance that the ball falls 
during each of the first four seconds after it is 
dropped. 


1 second e516 ft 
\ 48 ft 
2 seconds @ 


80 ft 


3 seconds @ 
eld 2 fe 
e 


4 seconds 


(a) Describe a pattern of the distances shown. 
Explain why the distances form a finite 
arithmetic sequence. 


(b) Assume the pattern described in part (a) continues. 
Describe the steps and formulas for using the 
sum of a finite sequence to find the total 
distance the ball falls in a given whole number 
of seconds n. 


Falling Object A heavy object (with negligible air 
resistance) is dropped from a plane. During the Ist second 
of fall, the object falls 4.9 meters; during the 2nd second, 
it falls 14.7 meters; during the 3rd second, it falls 24.5 
meters; and during the 4th second, it falls 34.3 meters. 
Assume this pattern continues. How many meters will 
the object fall in 10 seconds? 


96. Profit The annual profits a, (in billions of 
dollars) for IBM from 2005 through 2010 are 
shown in the table, where n represents the year, 
with n= 1 corresponding to 2005. (Source: 
International Business Machines Corporation) 


Year, 11 l }2 | 3 | 
Profit, a, | 8.519 | 9.416 | 10.418 | 


Year, 71 4 5 3 6 


Profit, a, | 12.334 | 13.425 | 14.833 


























(a) Construct a bar graph showing the annual profits 
from 2005 through 2010. 

(b) Use the linear regression feature of a graphing utility 
to find an arithmetic sequence that approximates the 
annual profits from 2005 through 2010. 


(c) Use summation notation to represent the total profit 
from 2005 through 2010. Find the total profit. 


SEES 
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7.3 Geometric Sequences and Series 








100 


7. 
nH 


Year (0 &> 2004) 


Zz 





In Exercise 98 on page 566, 
you will use a geometric sequence to 
approximate the total revenue earned 
by the cable television industry during 
a six-year period. 


Recognize and find the nth term of a geometric sequence. 


a 

@ Find the sum of a finite geometric sequence. 
m Find the sum of an infinite geometric series. 
| 


Use a geometric sequence to solve an application problem. 


Geometric Sequences 


In Section 7.2, you learned that a sequence whose consecutive terms have a common 
difference is an arithmetic sequence. In this section, you will study another important 
type of sequence called a geometric sequence. Consecutive terms of a geometric 
sequence have a common ratio. 


Se oe sa TNA: 


Definition of Geometric Sequence 


A sequence is geometric when the ratios of consecutive terms are the same. So, 
the sequence 


Gy Os, Qasr 2, @ 


a ees 
is geometric when there is a number r such that 


a, a; a4 
SS Se ee 
a, ay a, 


and so on. The number r is the common ratio of the sequence. 


is cerste)(-wa Examples of Geometric Sequences 


a. The sequence whose nth term is 2” is geometric. For this sequence, the common 
ratio between consecutive terms is 2. 


OFA Sl Se Begin with n = 1. 


a 


5 


b. The sequence whose nth term is 4(3”) is geometric. For this sequence, the common 
ratio between consecutive terms 1s 3. 


12536, 108.. 324.2 eee 4 (O8) eee Begin with n = 1. 
UA“ 


36 
b= 3 


. iD 5 * ° 
c. The sequence whose nth term is (—4) is geometric. For this sequence, the common 
Pers 
ratio between consecutive terms 1s — 3. 





a ! : (-3) Begin wit | 
379° O78 ° a ore egin with n : 


<7 Chaskoolnt 1 





Determine whether the sequence 
PI ie Re Id 


is geometric. If it is, find its common ratio. a 


David Gilder/Shutterstock.com 





TECH TUTOR 


You can generate the 
geometric sequence in 
Example 2 with a graphing 
utility using the following 
steps. 


3 (ENTER) 
2 (x) (2nd) [ANS] 


Now press (ENTER) repeatedly 
to generate the terms of the 
sequence. 


SRT TET 
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In Example 1, notice that each of the geometric sequences has an nth term that is 
of the form ar”, where the common ratio of the sequence is r. 


The nth Term of a Geometric Sequence 
The nth term of a geometric sequence has the form 


=_ n= 1 
a, ame One 


where r is the common ratio of consecutive terms of the sequence. So, every 
geometric sequence can be written in the following form. 


Oneida a Cas Ay, sige ane ora hs 


Nigh ee ee ee { 


nT dy Penis te tae eT he. 


When you know the nth term of a geometric sequence, you can find the (n + 1)th 
term by multiplying by r. That 1s, 


Qh Ta). 


$erete(-wam Writing the Terms of a Geometric Sequence 


Write the first five terms of the geometric sequence whose first term is a, = 3 and 
whose common ratio is r = 2. 


SOLUTION Starting with 3, repeatedly multiply by 2 to obtain the following. 


a, 3 Ist term 
ay = 3(2') = 6 2nd term 
(ley — 3(27) = 12 3rd term 
a,= 3(22)' = 24 4th term 
a, = 3(27) = 48 5th term 


*/ Checkpoint yp 





Write the first five terms of the geometric sequence whose first term is a, = 2 and 
whose common ratio is r = 3. oT 


eeerecwm Finding a Term of a Geometric Sequence 


Find the 15th term of the geometric sequence whose first term is 20 and whose common 
ratio is 1.05. 


SOLUTION 
a, = Gr Formula for the nth term of a geometric sequence 
ays = 20(1.05)!5—} Substitute 20 for a,, 1.05 for r, and 15 for n. 
= 39.599 Use a calculator. 
A Checkpoint 3 





Find the 12th term of the geometric sequence whose first term is 14 and whose 
common ratio is 1.2. w 
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STUDY TIP 





When you know any two 
terms of a geometric 
sequence, you can use that 
information to find a formula 
for the nth term of the 
sequence. 


etedce ms Finding the nth Term of a Geometric Sequence 


Find a formula for the nth term of the geometric sequence 5, 15, 45,. . .. Then find 
the 12th term of the sequence. 


SOLUTION The common ratio of this sequence is r = 15/5 = 3. Because the first 
term is a, = 5, the formula for the nth term of the sequence must have the form 


= Ge : Formula for the nth term 
= 5(3)" © Substitute 5 for a, and 3 for r. 
You can determine the 12th term (n = 12) to be 
Gin mH es Substitute 12 for n. 
= 5( it Wi May) Use a calculator. 
= 885,735. Multiply. 


7 Cheekpoint 4 





Find a formula for the nth term of the geometric sequence 4, 20, 100,. . . . Then 
find the 12th term of the sequence. a 


scerncwee Finding a Term of a Geometric Sequence 


The 4th term of a geometric sequence is 125, and the 10th term is a Find the 14th 
term. (Assume that the terms of the sequence are positive.) 


SOLUTION Because r is the common ratio of consecutive terms of a geometric 
sequence, you have to find the relationship between the 10th term and the 4th term. 


Gigs Gin 





Ammo 
Because d,,) = 125/64 and a, = 125, you can solve for r as follows. 

125 
7h = 125r°® 

| 

— = 76 

ge 

re 

=F aw 


Because the terms of the sequence are assumed to be positive, choose the positive 
solution, r = . You can obtain the 14th term by multiplying the 10th term by r*. 


YW ee eles 
oh = ayor* = : (3) > 
64 \2 1024 


Y/ chackoaint 5 








~ . : “6 ete . 
The second term of a geometric sequence is 6, and the fifth term is ie Find the 
eighth term. a 
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The Sum of a Finite Geometric Sequence 


The Sum of a Finite Geometric Sequence 
The sum of the finite geometric sequence 
GL el SGT NGG SOU 


with common ratio r # | is given by 


n soe i! ‘ast ptt 
S, = > an = a( om “) 





eye Finding the Sum of a Finite Geometric Sequence 


12 
Find the sum SY’ 4(0.3)"7!. 
rs 
SOLUTION By writing out a few terms, you have 


1 3} 


Osea) (0.3)? + 400.3)2 bot AK03) 


n=1 


Now, because a, = 4, r = 0.3, and n = 12, you can apply the formula for the sum of 
a finite geometric sequence to obtain 


12 | Seri 
»S, 4(0.3)"- l= a( | —") 


1 — (0.3)!2 
= 4| 1—03 


/ Checkpoint 6 


Ppeemenneeis 








10 
Find the sum > (Bae) re 


n=1 


When using the formula for the sum of a finite geometric sequence, be careful to 
check that the sum is of the form 


For a sum that is not of this form, you must adjust the formula for the nth partial sum. 
12 
For instance, if the sum in Example 6 was » 4(0.3)", then you would evaluate the sum as 
n=1 
4(0.3)" = 4(0.3) + 4(0.3)? + 4(0.3)3 + - - - + 4(0.3)! 
=1 


tN 


Nl 


= 4(0.3) + [4(0.3)](0.3) + [4(0.3)](0.3)? + - - - + [4(0.3)](0.3)"". 
So, a, = 4(0.3), r = 0.3, and n = 12, and the sum is 


| - 3) 


Sig Le= 0,3 


4(0.3)( 


ul 


1.714. 


On 
(o>) 
NO 
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Geometric Series 


The summation of the terms of an infinite geometric sequence is called an infinite 
geometric series, or simply a geometric series. 

The formula for the sum of a finite geometric sequence can, depending on the value 
of r, be extended to produce a formula for the sum of an infinite geometric series. 
Specifically, if the common ratio r has the property that |r| < 1, then it can be shown 
that r” becomes arbitrarily close to zero as n increases without bound. Consequently, 


iL = (7# il = @ 
a, a = a; ee: ASM aos 


CRE PARTE REONS eres PaaS AACE meow: 


The Sum of an Infinite Geometric Series 


If |r| < 1, then the infinite geometric series 





Gy GPG Fact Gio aur ety) eam 
has the sum 
S= Cis 
2, Teer. 


Note that when |r| = 1, the series 
ee . 

Dy Qin 

i=0 


does not have a sum. 


1s <eteste)(-Wam Finding the Sum of an Infinite Geometric Series 


Find each sum. 
a. SY) 4(0.6)" b> AOA Es 


n=0 


SOLUTION 


a. S' 4(0.6)" = 4 + 4(0.6) + 4(0.6 + 4(0.6) + - - - + 400.6)" + 


n=0 














mene a, 
170.6 Liniy 
= 10 
b 3 (0.1)? 1 =3 + 3(0.1) + 3(0.1)2 4:3(0.1)? 4 e-- 3(0. 177 
eee a 
Lege Oul Ley 
aya 
aie 


/ oheskboint if 





Find the sum oY 5 (Oar a 


n=1 
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Application 


€ Sere Increasing Annuity 


A deposit of $50 is made on the first day of each month in an account that pays 3% 
compounded monthly. What is the balance at the end of 2 years? (This type of savings 
plan is called an increasing annuity.) 


SOLUTION _ To find the balance in the account after 24 months, consider each of the 
24 deposits separately. The first deposit will gain interest for 24 months, and its balance 
will be 


0.03 \24 
Te 50( + a 


= 50(1.0025)*. 
The second deposit will gain interest for 23 months, and its balance will be 


203) 





Le 12 


50(1,0025)2: 


The last deposit will gain interest for only 1 month, and its balance will be 


0.03 \! 


A, 


50(1.0025)!. 


The total balance in the annuity will be the sum of the balances of the 24 deposits. 











Using the formula for the sum of a finite geometric sequence, with A, = 50(1.0025), 
r = 1.0025, and n = 24, you have 
Si 4 Leake Formula for sum of a 
na al tr finite geometric sequence 
Se (i 0025)| 2 = (1.0025)** Substitute 50(1.0025) for A,, 
Bear Seneca |" iark0085 1.0025 for r, and 24 for n. 
= $1238.23. Simplity. 


/Cheokpolnt 8 
A deposit of $70 is made on the first day of each month in an account that pays 2% 
compounded quarterly. What is the balance at the end of 4 years? a 


SUMMARIZE | (Section 7.3) 


4. State the definition of geometric sequence (page 558). For an example of a 
geometric sequence, see Example |. 


2. State the formula for the nth term of a geometric sequence (page 559). For 
examples of using this formula, see Examples 3 and 4. 


3. State the formula for the sum of a finite geometric sequence (page 56/). For 
an example of using this formula, see Example 6. 


4. State the formula for the sum of an infinite geometric series (page 562). For 
an example of using this formula, see Example 7. 


Losevsky Pavel/www.shutterstock.com 
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; The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P7.3 these skills in the exercise set for this section. For additional help, review Sections 0.3 and 7.1. 


In Exercises 1-4, evaluate the expression. 


In Exercises 5-8, simplify the expression. 


5. (2n)(3n?) 6. n(3n) 


itgcs 8. 


pone 4. 4(3*) 


4n> (2n)3 





n 8n 


In Exercises 9 and 10, use summation notation to write the sum. 


9. 2 + 2(3) + 2(32) + 2(33) 


=> (=) ge] [-{ =) > A 


10. 3 + 3(2) + 3(2?) + 3(23) 


PoTeloM AW ANA @r2|(o1@1pralerelan im elmn Zoli, <clebrelu) acre) (Ul dlelar-m comele(ebialvlnn|elo\icle mo) ¢olKelisiorom 





Finding a Common Ratio In Exercises 1-8, find the 
common ratio of the geometric sequence. See Example 7. 


1.3) 15, eSiSel soe 
2. 4, 32, 256, 2048, 16,384,. . . 
3. 10, —20, 40, —80, 160,. . . 
—2, 8, —32, 128, —512,.. . 
216.86 oml ee 


woe 


nN 
ay 
Ww 
a) 
a) 
w 


oe Oya On Seen Oren 4. Onna ee 
9.320, SO S20 eye eee 


—I 


Identifying a Geometric Sequence In Exercises 
9-20, determine whether the sequence is geometric. If it 
is, find the common ratio and a formula for the nth term. 
See Example 7. 

Oe Alra al Ox OFure Re 2 
M4136. 108 


Le a Ae Oe Be: 


L022, LOSS OM s0 eae 


13. 1,-4.4, -3 14, 3, 1, 3,3, 
Sonat 16. —8,5,4, -2 
| |e [eee Sao 
We ssl io peer Pr 18. 3,3, 9. ip: - 
1974) Geo8 1s 5 ee 20. —25,5, —1, 0.2, 


Writing the Terms of a Geometric Sequence In 
Exercises 21-30, write the first five terms of the geometric 
sequence. See Example 2. 


21.a,=4,r=2 22. a, = 6,r =3 

23. a, + 1,r= 4% 24. amar ss 

25. a,=pr= 7-3 26. a, = 37 = ; 
27. a, = 200, r = 0.5 28. a, = 50,r = —0.1 
29. a,=l,r=e 30. a, = 2,r = &®! 


Finding a Term of a Geometric Sequence In 
Exercises 31-38, find the indicated term of the geometric 
sequence. See Example 3. 


31. a, = 16,7 = i 5th term 

32. @, =9,;r= =, 7th term 

33. a, = 6,7r = —3, 12th term 

34, a, = 1,r = —3, 10th term 

35. a, = 100, 7 = e, 9th term 

36. a, = 6,r = e®', 9th term 

37. a, = 500, r = 1.02, 40th term 
38. a, = 1000, r = 1.005, 60th term 


T 
3> 
2 
3> 


Finding the nth Term of a Geometric Sequence In 
Exercises 39-46, find a formula for the nth term of the 
geometric sequence. Then find the indicated term of the 
sequence. See Example 4. 


39th terms ose ies Ome 

40. 9th term: 5, 20, 80, 320,.. . 
at? 15th term74512° 36,083. 
42. 9th term: 2, 24, 288, 3456,. . . 
Ae PAVidm weraane (., HO), WSt0), WS), oo 
Ad eo 2nd termyrs. = 0, 12: — 24. ae 
45. 8th term: 
46. 7th term: 


1 
> 


at es 
Wid wl— 


5 
3 4 
Ds aa =o, sen. ' 


Finding a Term of a Geometric Sequence In 
Exercises 47-50, find the indicated term of the geometric 
sequence. See Example 5. 


47. a, = —40, a, = —10, 3rd term 
48. a. = 3,a,; = a 3rd term 
49. a, = —18, a, = ‘ 6th term 


16 64 
50. a, = 3,45 = 57, 7th term 
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Matching In Exercises 51-54, match the geometric 
sequence with its graph. [The graphs are labeled (a), (b), 
(c), and (d).} 
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at e 
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Sivan — 18(3) 52. d, = 18(—3) 
3 my aii Il 
54. a, = 18(—5) 


3S 
— 
(oe) 
———s~ 
pl 
=S5 
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53. a, = 


Using a Graphing Utility In Exercises 55-60, 
use a graphing utility to graph the first 10 terms of 
the sequence. 


B5qae—l2(— 0:75)" ! 
Bee — 12(—0.4)" 
59. a, = 2(1.3)"! 


56.ra, = 10(— 1.5) 
58. a, = 20(—1.25)"-} 
60. a, = 10(1.2)"-! 


Finding the Sum of a Finite Geometric Sequence In 
Exercises 61-74, find the sum of the finite geometric 
sequence. See Example 6. 


61. S 8(2”) 62.) 3(4”) 
63. ¥ 2" 64. S (-2)" 
iNet ao [Nes a 
65. S\ 8(1) 66. >) 5(3) 
Pepe) 68. 3:30({)' | 


(4 10. 


S il 
fo) 
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iI 
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wees 


67. 


i 
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Ms 
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= 
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ll 
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69. 
fake 


Paso 


(9 74, S 3) 


ie) 
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1S) 
a, 
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ll 
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wis 


ll 
ll 


7k, 


Using Summation Notation In Exercises 75-80, use 
summation notation to write the sum. 


Tee 15 + 45 + - - - 3645 
76.7+14+28+---+ 896 


7.2-+44+}----+78 
78. 15-3 +2—----— gs 
79.0.1+04+16+---+ 1024 
80. 32 + 244+ 18+---+ 10.125 


Finding the Sum of an Infinite Geometric Series In 
Exercises 81-88, find the sum of the infinite geometric 
series, if it exists. See Example 7. 


81. S Gy)=1t+s+gt¢gt:°: 


Il 
a) 


8 











hs OSS DG DRA cei i 
n=0 

Heh Sie tases t+ 
n=1 

sa, $ o(-9" 1 =2-$4+8- 8+ 
seca 

SOME Salone aries: 
n=O 

oa SAO) a ee 


oO 


Ms | 


7. Y' 3(4)" = 3 + 0.3 + 0.03 + 0.003 + - - 
EOS SG) eee eerie 


Rewriting a Repeating Decimal _|n Exercises 89-92, find 
the rational number representation of the repeating decimal. 


89. 0.36 90. 0.297 
91. 0.318 92. 1.38 


93. Compound Interest You are saving for a motorcycle. 
You deposit $300 at the beginning of each month for 
4 years in an account that pays 6% compounded monthly. 
The balance A in the account at the end of 4 years is 


0.06 \! 0.06 \*8 
=> ——— os 6 a . 
A 300( 1 + a + 300(1 a 


(a) Is there enough money in the account after 4 years 
to buy a $17,000 motorcycle? 


(b) Repeat part (a) for an interest rate of 9%. 


94. Compound Interest You are saving to pay for an 
addition to your house. You deposit $200 at the beginning 
of each month for 3 years in an account that pays 5% 
compounded monthly. The balance A in the account at 
the end of 3 years is 





0.05 ie 


1 
J +--+ 200(1 + e 


2 


a 


(a) Is there enough money in the account after 3 years 
to pay for an $8000 addition to your house? 


(b) Repeat part (a) for an interest rate of 7%. 
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95. Compound Interest You deposit $100 in an account 99, Cellular Telecommunications The numbers of 





at the beginning of each month for 10 years. The account 
pays 8% compounded monthly. Use a graphing utility to 
find your balance at the end of 10 years. Then find the 
balance if the interest is compounded continuously. 


. Compound Interest You deposit $150 in an account 
at the beginning of each month for 20 years. The account 
pays 6% compounded monthly. Use a graphing utility to 
find your balance at the end of 20 years. Then find the 
balance if the interest is compounded continuously. 

. Profit The annual net profits a, (in billions of dollars) 
for Wal-Mart Stores, Inc. from 2004 through 2009 can 
be approximated by the model 


n=0 5 |S eaeee 


0 46e9-064n 
n M 2 


where n represents the year, with n = O corresponding 
to 2004 (see figure). Use the formula for the sum of a 
finite geometric sequence to approximate the total net 








100. 


text messages a, (in billions) sent in the United States 
from 2003 through 2009 can be approximated by the 
model 


d= 0,096? 22 wee O21 ee 


where n represents the year, with n = O corresponding 

to 2003. (Source: CTIA-The Wireless Association) 

(a) Construct a bar graph showing the annual numbers 
of text messages from 2003 through 2009. 


(b) Use the formula for the sum of a finite geometric 
sequence to approximate the total number of text 
messages sent during this seven-year period. 

Sales The annual sales a, (in millions of dollars) 

for La-Z-Boy Inc. from 2004 through 2009 can be 

approximated by the model 


a= 208241 Genre en 0 ees 


profit earned during this six-year period. (Source: where n represents the year, with n = 0 corresponding 

Wal-Mart Stores, Inc.) to 2004. (Source: La-Z-Boy Inc.) 
(a) Construct a bar graph showing the annual sales 

an from 2004 through 2009. 
as 1} a 3 (b) Use the formula for the sum of a finite geometric 
ae 12-4 sequence to approximate the total sales during this 
3 S all six-year period. 
5 s 6 101. Daily Wage You decide to work at a company that 
25 rail pays $0.01 for the first day, $0.02 for the second day, 
in pecs ee roan Cr gal eel By $0.04 for the third day, and so on. If the daily wage 
OF gh ee eee 


Year (0 <& 2004) 


. Revenue The annual revenues a, (in billions of 
dollars) for the cable television industry from 2004 
through 2009 can be approximated by the model 


G60. 040 81 gO Meee 


where n represents the year, with n = 0 corresponding 
to 2004 (see figure). Use the formula for the sum of a 


2 }) HOW DO YOU SEE IT? 


OF ) 
shown below. 


keeps doubling, what will be your total income for 
working 29 days? 30 days? 31 days? Which job pays 
more the first year: the job that pays $0.01 the first 
day and twice the previous day’s wage for every day 
thereafter, or a job that pays $30,000 per year? 


Use the figures 








oe (ae GEgp 
finite geometric sequence to approximate the total Pe 
revenue earned during this six-year period. (Source: ae 225 + : 
SNL Kagan) 167 ¢ + e 
3 175 + 
® i e 
125 
8 O A ie : e 
4 ote 5, 75 ret 
— e 
g doe et a be 259 ® 
9s Dae Ae on Set foe aa in in ii foci ms 
Be} -4 + 24 (ones 
ov 
ee) 
ag (a) Without doing any calculations, determine 
g a which figure shows the terms of the sequence 
4\n—1 : 
& a, = 20(4)"' and which one shows the terms. 





Year (0 © 2004) 


of a, = 20(3)"" ‘i Explain your reasoning. 
(b) Which sequence has terms that can be summed? 
Explain your reasoning. 
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Q U | zZ YO U R Ss E L F See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Take this quiz as you would take a quiz in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, write the first five terms of the sequence. (Assume n begins 
with 1.) 


n 
u: “7? (n + 1)? 


In Exercises 3 and 4, simplify the factorial expression. 
5! 30! 
3. 3! . a7! 


In Exercises 5 and 6, write an expression for the apparent nth term a, of the 


sequence. (Assume rn begins with 1.) 


2) asin eh alla a 
S); SHeicuanrteltidan © 6. 29394257 69° °° 


In Exercises 7-10, find a formula for the nth term of the sequence. 
thy UNatisvinletntepetee) PEO * ) 8. Arithmetic: a, = 7,d = 3 


9, Geometric: a, = 10, r = 3 10. Geometric: a, = 4,r = —4 


11. Find the 13th term of the arithmetic sequence whose first two terms are 3 and 11. 

12. The seventh term of an arithmetic sequence is 175 and the common difference is 
28. What is the eighth term of the sequence? What is the first term of the sequence? 

13. Find the 20th term of the geometric sequence whose Ist term is 16 and whose 
common ratio is 1.04. 


14. The 5th term of a geometric sequence is 100, and the 10th term is sh. Find the 
12th term. (Assume that the terms of the sequence are positive.) 


In Exercises 15-18, determine whether the sequence is arithmetic, geometric, or 
neither. Explain your reasoning. 


15) d=) a a) IW, thy hy Bh Os ty Wns oe 
17. bs ae 18) a, =.3(2)" 
In Exercises 19-24, find the sum. 
5 4 
iA ye 2 
i=] i=1 
25 6 
21, 5) (n= 3) pi yi 
n=1 n=1 


23. yy, (—3)’ 24. > 5(2)" 

25. A person accepts a position with a company and will receive a salary of $48,500 
for the first year and a guaranteed raise of $1940 per year. 
(a) What is the employee’s salary during the sixth year of employment? 
(b) What is the employee’s total compensation from the company during this 

six-year period? 

26. You deposit $200 in an account at the beginning of each month for 20 years. The 
account pays 4% compounded monthly. What is your balance at the end of the 
20 years? 
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@ Find a binomial coefficient. 
m Use Pascal’s Triangle to determine a binomial coefficient. 


m Expand a binomial using binomial coefficients and find a specific term 
in a binomial expansion. 


Binomial Coefficients 


Recall that a binomial is a polynomial that has two terms. In this section, you will study 
« a formula that gives a quick method of raising a binomial to a power. To begin, look at 
the expansion of 


nF 
Number of chirps per minute 
iS 


x 





(e+ y)? 


= 


SOMO 1S. OD; BS 0 for several values of n. 


Temperature (0 <> 50°F) 


(x + y)® = 1 


(x Gry 


= 
| 


=x ay 


(ee ty) ieee Oxy aye 


a 
+ 

SY? 
——— 
Be) 

| 


( = ok te Oxy ey 
(ey) a aye Oy ay ye 
(oP yea ee oxy 10x ye elOxey ony ay 


In Exercise 72 on page 574, There are several observations you can make about these expansions. 
you will use the Binomial Theorem 
to rewrite a function that approximates 
the numbers of chirps a cricket makes 2 

each minute at various temperatures. 


1. In each expansion, there are n + | terms. 


. In each expansion, x and y have symmetrical roles. The powers of x decrease by | in 
successive terms, whereas the powers of y increase by 1. 


3. The degree of each term is n. For instance, in the expansion of 
(ey) 
the degree of each term is 5. 


A Wa) Sig 2) 5 
ron tet — 


(Ey)? =e Sx ty LO yA Oey ee oxy eye 
4. The coefficients increase and then decrease in a symmetric pattern. 


The coefficients of a binomial expansion are called binomial coefficients. To find 
them, you can use the Binomial Theorem. 


The Binomial Theorem 

In the expansion of (x + y)” 
(x a y)" = xf ey aE is nies ale TO ip AN HESS 0 oe all nxy"! aL y” 

the coefficient of x”~"y’, the (r + 1)th term, is given by 


n! 


Rng (n — r)ir! 


nvr 


5 al tN 5 Ryland 
The notation ( is often used in place of ,,C, to denote a binomial coefficient. 
lf 


Yuri Arcurs/ Shutterstock.com 
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sorta Finding Binomial Coefficients 


aes (8-7)-A 8: 
SENS Tanah carey Ee 


28 Coefficient of third term 
in expansion of (x + y)° 








ch — 
I 





b pee 10! = (10 ks 8) Soa) = LORS = 120 Coefficient of fourth term 
* OSES oy H - 3! BoD o jl = in expansion of (x + y)!° 
= ee a Coefficient of first term 
uM-O! in expansion of (x + y)’ 
ms 8 _ Coefficient of ninth term 
d. Cc; =~ = 1 : seu 
O! - 8f in expansion of (x + y)* 


R/ CHeekpoiit 1 


Find each binomial coefficient. 


ce Cee be te 


When r + 0 and r # n, as in parts (a) and (b) of Example 1, there is a simple 
pattern for evaluating binomial coefficients. 


2 factors 3 factors 

3° 7 10:9:-8 

82 = 5,7 ANd ls = 375047 
2 factorial 3 factorial 


seerte(-wam Finding Binomial Coefficients 


Find each binomial coefficient using the pattern shown above. 


u 12 
a. 7C; b. (7) CC, d. (1) 








SOLUTION 
C MSO) 5 Coefficient of fourth term 
ae ogo 9h 5 Ih 7 in expansion of (x + y)’ 
b 7 Si VEL Oe OE LA 235 Coefficient of fifth term 
Ay ate TORE DB 1 LES || in expansion of (x + y)’ 
f= 12 = 12 Coefficient of second term 
Ct = ie in expansion of (x + y)!* 
d 12 & 12! ai (12) oa Eig! Ly 12 £1) Coefficient of twelfth term 
a (1s Leal as es seal 1 in expansion of (x + y)!? 


o/ Chackpoint 2 





Find each binomial coefficient using the pattern shown before Example 2. 


6 
a. ols b. (°) ist 


It is not a coincidence that the results in parts (a) and (b) of Example 2 are the same 
and that the results in parts (c) and (d) are the same. In general, ,C, = ,C, 


af Dre (NX) feo 
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Pascal’s Triangle 


There is a convenient way to remember the pattern for binomial coefficients. By arranging 
the coefficients in a triangular pattern, you obtain the following array, which is called 
Pascal’s Triangle. This triangle is named after the famous French mathematician 
Blaise Pascal (1623-1662). 


| 4 1 
| > 10 5 | 4+6=10 
| 6 15 20 


The first and last numbers in each row of Pascal’s Triangle are 1. Every other number 
in each row is formed by adding the two numbers immediately above the number. 
Pascal noticed that the numbers in this triangle are precisely the same numbers that are 
the coefficients of binomial expansions, as follows. 


(x + y)® = 1 Oth row 

(xe y) ia eee Ly Ist row 
(eke) ie eye Ly 2nd row 
(ey)? sy oxy Ly 3rd row 


(x + y)* = 1x4 + 4x3y + Ox2y? + 4xy? + Ly4 
x bey)? = 18 Sixty 10 y2 = 10x ye Sxyt > Lye 
ey)? 1a Grey Tai 20K Layee Gy 
(eo Foy) P= Lx Tey + 21x? A Sxty? = 35x 21 a 


The top row in Pascal’s Triangle is called the zero row because it corresponds to the 
binomial expansion (x + y) = 1. Similarly, the next row is called the first row because 
it corresponds to the binomial expansion (x + y)'! = lx + ly. In general, the nth row 
in Pascal’s Triangle gives the coefficients of (x + y)”. 


> <erete(-ame Using Pascal's Triangle 


Use the seventh row of Pascal’s Triangle to find the binomial coefficients. 


slo Cr gly gg Cy gs gly gl gC 








SOLUTION 
Di 35 35 21 l 7th row 
Ae, Oe tal Bde Me Aas LY shat Rey a Oe ge es 
é ae =P ue 2 “th ; 8th row 
sCo sC\ go gC3 gC4 sCs so gC7 sCg 
a7 Checkocict 3 
Use the eighth row of Pascal’s Triangle to find the binomial coefficients. 
9€3 9C5 9C, a 


sheff/www.shutterstock.com 
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Binomial Expansions 


As mentioned at the beginning of this section, when you write out the coefficients for 
a binomial that is raised to a power, you are expanding a binomial. Pascal’s Triangle 
and the formulas for binomial coefficients give you a way to expand binomials, as 
demonstrated in the next two examples. 


iSeries Expanding a Binomial 


Write the expansion of the expression 
(x + 1)?. 

SOLUTION The binomial coefficients from the third row of Pascal’s Triangle are 
Leo AREIe 

So, the expansion is 


(x + 1)3 = (1)x3 + (3)x2(1) + (3)x(17) + (1)(13) 


Soe sk. ook tel 4 eal 


N7, Checkbolnt 4 





Write the expansion of the expression 
(x + 2)?°. fe 


To expand binomials representing differences, rather than sums, you alternate 
signs. Here are two examples. 


(x — 133 =[x + (1) 

aN Oe nO ee 
ey Sales aap 

= x* — 49° + 6x7 — 4x + 1 


ary Expanding a Binomial 


Write the expansion of each expression. 
a. (2x — 3)4 b. & — 2y)* 
SOLUTION The binomial coefficients from the fourth row of Pascal’s Triangle are 
1, 4, 6, 4, 1. 
The expansions are shown below. 
a. (2x — 3) = (1)(2x)4 — (4)(2x)3(3) + (6)(2x)?(3?) — (4)2x)(3°) + (GB) 
= 16x? — 9677-2 2162160 8) 
b. (x — 2y)* = (1)x4 — (4)x2Qy) + (6)222y)? — (4)x(2y)3 + (1)(2y)* 


= x4 — Bx3y + 24x?y? — 32xy? + 16y* 


ORNS SL 


of checkpoint 5 





Write the expansion of the expression 


(3x + 1)°. r 
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Sometimes you will need to find a specific term in a binomial expansion. Instead 
of writing out the entire expansion, you can use the fact that, from the Binomial 
Theorem, the (r + 1)th term is 


Note that this formula is for the (r + I)th term. So, ris one less than the number of the 
term you need. For instance, to find the third term of the expression in Example 5(a), 
you could use this formula with r = 2 and n = 4 to obtain 


yn 2x)" (= 3)" = 6(4x*) (9) = 2 1G 


| <otes}e)(-M-y Finding a Term or Coefficient in a Binomial Expansion 


a. Find the sixth term of (a + 25)§. 
b. Find the coefficient of the term a°b° in the expansion of (3a — 2b)!!, 
SOLUTION 


a. Because the formula ,C.x”" "y" is for the (r + 1)th term, r is one less than the 
number of the term you need. So, to find the sixth term in this binomial expansion, 
use r = 5,n = 8, x = a, and y = 2b. 








Gx yr =,.C.0" (2b) 


56: a: (325°) 


| 


= 1792a°b° 


b. Note that (Ga — 2b)!! = [3a + (—2b)|". So, n=11, r=5, x = samme 
y = —2b. Substitute these values to obtain 


C,x"-"y" = ,,C<(3a)°(—2b)5 
(462)(729a°)(— 32b°) 
= —10\777,530a°b>. 


So, the coefficient is —10,777.536. 


s/f Gheckosint 6 
Find the specified term in the expansion of each binomial. 
a. (2a + b)!°, sixth term 


b. (3a + 5b)°, fourth term a 


SUMMARIZE (Section 7.4) 


1. State the Binomial Theorem (page 568). For examples of using the Binomial 
Theorem to find binomial coefficients, see Examples | and 2. 


2. Explain how Pascal’s Triangle can be used to find binomial coefficients 
(page 570). For an example of using Pascal’s Triangle, see Example 3. 


3. Explain what is meant by expanding a binomial (page 57/). For examples of 
expanding a binomial, see Examples 4 and 5. 


4. Explain how to find a specific term in a binomial expansion (page 572). For an 
example of finding a specific term in a binomial expansion, see Example 6. 


David Gilder/Shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P 7.4 these skills in the exercise set for this section. For additional help, review Sections 0.3, 0.5, and 7.1. 


In Exercises 1-6, perform the indicated operations and simplify. 


12-5072 + 3) 2. (x + 5)(a? = 3) 3. (x + 4)? 
Am oy — 3)" Sit y(oxy. 4) 6.122)? 
In Exercises 7-10, evaluate the expression. 
8! 10! 6! 
! ee eee hee 
7 5\ Sis 9. 10. 3131 





=> <2) rcises 7.4 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Finding Binomial Coefficients In Exercises 1-12, find Expanding Complex Numbers In Exercises 41-46, 
the binomial coefficient. See Examples 1 and 2. use the Binomial Theorem to expand the complex number. 
iC, 2h Cs Simplify your answer by using the fact that i* = —1. 

Sh AG 4. Ge AlCl a)? 42. (2 — i) 

5. 12Co MS ee 43. (3 3 V4) 44. (5 + Val 

; — /% \3 /> \4 
te Sao fae os 3 v2. 
2015 20-5 ih i) 46. (5 a 


.() «.() 


Using Pascal’s Triangle In Exercises 47-50, expand 


ite ies. 12. ea the expression by using Pascal's Triangle to determine 
98 2 the coefficients. 
Using Pascal’s Triangle _ In Exercises 13-20, evaluat EAC Ck eB neds 
( i n Exercises 13-20, evaluate 
ae 49. (3 + 22)4 50. (3y + 2) 


using Pascal’s Triangle. See Example 3. 


Ish A) aa Finding a Term in a Binomial Expansion In 
15. {C, 16. (C3 Exercises 51-58, find the specified nth term in the 
io (°) is ie expansion of the binomial. See Example 6. 
5 8 Binomial Term 
19. ir) 20. (7) BIS (cetey) > 4th term 
: : 52 wl ten) 7th term 
Expanding a Binomial In Exercises 21-40, use the SS mas OV) 3rd term 
Binomial Theorem to expand the expression. Simplify 54. (x — 10z)’ 4th term 
your answer. See Examples 4 and 5. 55. (4x + 3y)° Sth term 
oie 1 1)* 22. (x + 1)° 56. (Sa + 6b)° 5th term 
23m + 6)? 24. (faa) 57. (Oxi ay)- 10th term 
pox 2)* 2672)? 58. (7x + 2y)* 7th term 
27. (x + y) 28. (x=iy)® 
Dyas 2)* 30. (2s + 3) Finding a Coefficient in a Binomial Expansion = In 
Exercises 59-66, find the coefficient a of the term in the 
— 2s)® 22(2-—45)8 , 
piat3 — 25) see s) expansion of the binomial. See Example 6. 
Bok = y)” 34. (x ty)? tte 
3,10) oe 36. (1 — 3x)" he ie 
37. (2 — y?) 38. (x2 + y2)6 59) ax : 
1 Ag 3\3 60. (x + 3)? (0 op 
39. (2 + y) 40. [: = 3) 610% = 2y) ax®y* 
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Binomial Term 73. Finding a Pattern Use each of the encircled groups 
62. (4x — y)10 ax3y! of numbers in the figure to form a 2 x 2 matrix. Find 
cee dy) Nene the determinant of each matrix. Describe the pattern. 
64. (2x — 3y)"! ax>y8 
65. (x2 — 1)8 ax® 
664 Ge + 2)” ‘bow 


Expanding a Binomial In Exercises 67-70, use the 
Binomial Theorem to expand the expression. 


67. (5 +5)’ 68. (f+ 3)" 
69. (0.6 + 0.4)° 702 (0.35 0:65)° 
71. Finding a Pattern Describe the pattern formed by 


the sums of the numbers along the diagonal lines shown 
in Pascal’s Triangle (see figure). 





74. HOW DO YOU SEE IT? The expansions of 
Row 0 (x + y)4, (x + y)>, and (x + y)® are shown below. 





age (x + y)* = 1x4 + 4x3y + 6x2? + 4ay3 + 14 
OW 


(x + yP = 1x? + S5x4y + 10x y? + 10x2y? Say ee 
Row 2 
a (e+ y)® = 1x® + Gry 4 15x4y? + 2007? Fob 
Row 3 te 6xy> zits ly? 


Row 4 (a) Explain how the exponent of a binomial is 
related to the number of terms in its expansion. 





(b) How many terms are in the expansion of 
Gey 2 

72. Crickets You conduct an experiment and determine 

5 that the numbers of chirps f(t) that a cricket makes each 

Sy minute at various temperatures can be approximated by 





75. Project: Fractals To work an extended 
f(t) = 0.0047 + 3.73t + 44, 0< +t < 30 application involving fractals, visit this text’s 


where t = 0 represents 50°F (see figure). website at www.cengagebrain.com. 





r pet — —— = 


(a) You want to adjust this model so that t = 0 Project LEractala 
corresponds to 60°F rather than 50°F. To do this, 
you shift the graph of f 10 units to the left and obtain 
a(t) = f(t + 10). Write g(r) in standard form. | 

(b) Use a graphing utility to graph f and g in the same | 
viewing window. 









Project: Fractals 
rows of Pascal’s Ti 






shaded. 


A, 
ALY 
WN L/N\A 
A AAA 


Stage 0 Suge | Suge 2 





0 (2? cuws of 
jangle) Pascal's Triangle) 








in Stage 3 of the pattern? 







d by connecting the dots is | square unit, Write a formula for s, 








80 -+- 
40 











Number of chirps per minute 
Ss) 
Co 
| 


+} +} > 
5 10 15 20 2 30 | hyp 


Temperature (0 <> 50°F) 
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7.5 Counting Principles 








Permutations of 
e seating positions 





"ge? 














In Exercise 25 on page 583, 
you will use counting principles to find 
the number of ways four couples can 
sit at a concert. 








Solve simple counting problems. 


fi 
mw Use the Fundamental Counting Principle to solve counting problems. 
m Use permutations to solve counting problems. 

a 


Use combinations to solve counting problems. 


Simple Counting Problems 


This section and Section 7.6 offer a brief introduction to some of the basic counting 
principles and their application to probability. 


‘ieee Bie Selecting Pairs of Numbers at Random 


Eight pieces of paper are numbered from | to 8 and placed in a box. One piece of paper 
is drawn from the box, its number is written down, and the piece of paper is replaced 
in the box. Then, a second piece of paper is drawn from the box, and its number iS 
written down. Finally, the two numbers are added together. In how many different ways 
can a sum of 12 be obtained? 


SOLUTION To solve this problem, count the different ways that a sum of 12 can be 
obtained using two numbers from | to 8. 


First number 4 5 6 7 8 
Second number 8 7 6 5 4 
From this list, you can see that a sum of 12 can occur in five different ways. 


ere SE 


+/ chackpotht 1 


In Example 1, in how many different ways can a sum of 14 be obtained? a 


eeineycwam Selecting Pairs of Numbers at Random 


Eight pieces of paper are numbered from | to 8 and placed in a box. One piece of paper 
is drawn from the box and, without replacing the paper, a second piece of paper is 
drawn. The numbers on the pieces of paper are written down and totaled. In how many 
different ways can a sum of 12 be obtained? 


SOLUTION To solve this problem, count the different ways that a sum of 12 can be 
obtained using two different numbers from | to 8. 


First number 4 5 yi 8 
Second number 8 7 5 4 


So, a sum of 12 can be obtained in four different ways. ——— 


of Checkpoint 2 





In Example 2, in how many different ways can a sum of 14 be obtained? wa 


The counting problems in Examples | and 2 can be distinguished by saying that the 
random selection in Example 1 occurs with replacement, whereas the random selection 
in Example 2 occurs without replacement, which eliminates the possibility of choosing 
two 6’s. 


Andresr/www.shutterstock.com 
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Counting Principles 


Examples | and 2 describe simple counting problems in which you can list each possible 
way that an event can occur. When it is possible, this is the best way to solve a counting 
problem. Some events, however, can occur in so many different ways that it is not 
feasible to write out the entire list. In such cases, you must rely on formulas and counting 
principles. The most important of these is the Fundamental Counting Principle. 


Fundamental Counting Principle 


Let E, and E, be two events. The first event E, can occur in m, different ways. 
After E, has occurred, E, can occur in m, different ways. The number of ways that 
the two events can occur is m, + my. 


The Fundamental Counting Principle can be extended to three or more events. For 
instance, the number of ways that three events £,, E,, and E; can occur is m, + my * m3. 


Ps 
a > '<oieste (Ki Using the Fundamental Counting Principle 


How many different pairs of letters from the English alphabet are possible? 


SOLUTION This experiment has two events. The first event is the choice of the first 
letter, and the second event is the choice of the second letter. Because the English alphabet 
contains 26 letters, it follows that the number of pairs of letters is 26 - 26 = 676. 


Wf cieckpaint 3 


The extension for a file name on a computer typically consists of three letters from 
the English alphabet. How many different extensions are possible? wi 


€ > 'ohs}e(- ay Using the Fundamental Counting Principle 


Telephone numbers in the United States currently have 10 digits. The first three are the 
area code and the next seven are the local telephone number. How many different local 
telephone numbers are possible within each area code? (Note that at this time, a local 
telephone number cannot begin with 0 or 1.) 


SOLUTION Because the first digit cannot be 0 or 1, there are only eight choices for 
the first digit. For each of the other six digits, there are 10 choices. 


Area code Local number 








So, the number of local telephone numbers that are possible within each area code is 
$10-> 10 - 10 10 10 = 10 268.000,000; 


of Checkpoint 4 





The catalog number for a particular product consists of one letter from the English 
alphabet followed by a five-digit number. How many different catalog numbers are 
possible? a 
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Permutations 


One important application of the Fundamental Counting Principle is in determining the 
number of ways that n elements can be arranged (in order). An ordering of n elements 
is called a permutation of the elements. 


Definition of Permutation 


A permutation of n different elements is an ordering of the elements such that one 
element is first, one is second, one is third, and so on. 


/$<ehsee)(- Finding the Number of Permutations of n Elements 


How many permutations of the letters 
INE Veoh UD doe erate ola 
are possible? 


SOLUTION Consider the following reasoning. 


First position: Any of the six letters. 

Second position: — Any of the remaining five letters. 
Third position: Any of the remaining four letters. 
Fourth position: Any of the remaining three letters. 
Fifth position: Either of the remaining two letters. 
Sixth position: The one remaining letter. 


So, the numbers of choices for the six positions are shown below. 


Permutations of six different letters 








YS JD 9, Y ~ —’* 
6 5 + 3 2 


The total number of permutations of the six letters is 
Go CO I NS IS 


f-Cheakpolnt 5 





How many permutations of the letters 
Woe oma 2, 


are possible? ee 


me iteee ieee senna 


Number of Permutations of n Elements 
The number of permutations of n distinct elements is given by 
n>-(n=1)-+*°4°3*251 =n). 


In other words, there are n! different ways that n distinct elements can be ordered. 
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It is useful, on occasion, to order a subset of a collection of elements rather than 
the entire collection. For example, you might want to choose (and order) r elements out 
of a collection of n elements. Such an ordering is called a permutation of n elements 
taken r at a time. 


€ S<esss}e)(-Mom Counting Kidney Donors 


A patient with end-stage kidney (renal) disease has eight family members who are 
potential kidney donors. How many possible orders are there for a best match, a 
second-best match, and a third-best match? 


SOLUTION Here are the different possibilities. 


Best match (first position): Eight choices 
_ Second-best match (second position): Seven choices 
~ Third-best match (third position): Six choices 
, The numbers of choices for the three positions are shown below. 
& Different orders of donors 
———— 
SS) eee 
8 7 6 


So, using the Fundamental Counting Principle, you can determine that the number of 
different orders is 8 + 7 + 6 = 336. 








o/ Gheckpolnt 6 


In how many different ways can the top three potential donors in Example 6 be 
ordered when six family members are potential donors? & 





aot yO ATE TCLNT ers Sortie TRAIN DEH pS DXU AAS SAH ENN SA ESSA Shot aTaR CAA 


Permutations of nm Elements Taken r at a Time 


The number of permutations of n distinct elements taken r at a time is 


n! 
ae 
vr (n-— nr)! 


=n(n —1)(n-—2)--+- (n—rt 1). 


Using this formula, you can rework Example 6 to find the number of permutations 
of the eight potential donors taken three at a time. 


8! 
3 8-3) 
! 
15! 
ig, Oya 
ra 
= 336 


The answer is 336 different orders, the same answer obtained in Example 6. 


Leah-Anne Thompson/www.shutterstock.com 
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Remember that for permutations, order is important. So, when finding the possible 
permutations of the letters A, B, C, and D taken three at a time, the permutations 


ABD and BAD 


would be different because the order of the elements is different. 
Consider, however, the possible permutations of the letters A, A, B, and C. The 
total number of permutations of these four letters would be 


Py AL 


Not all of these arrangements, however, would be distinguishable because there are 
two A’s in the list. To find the number of distinguishable permutations, you can use the 
following formula. 


Distinguishable Permutations 


FERRET EO RTE TEST TEST PIII IB 


Suppose a set of n objects has n, of one kind of object, n, of a second kind, n, of 
a third kind, and so on, with 


= fy ei gerne re 


Then the number of distinguishable permutations of the n objects is 


n! 


: ‘ : See 
Aq? na) “ins! ny! 


iS <oerte)(-wam Distinguishable Permutations 


In how many distinguishable ways can the letters in BANANA be written? 


SOLUTION This word has six letters, son = 6, but you have to take into account that 
there are three A’s, two N’s, and one B. So, the number of distinguishable ways the 
letters can be written is 





= 60. 


The 60 different distinguishable permutations are as follows. 








AAABNN AAANBN AAANNB AABANN AABNAN AABNNA 
AANABN AANANB AANBAN AANBNA AANNAB- AANNBA 
ABAANN ABANAN ABANNA ABNAAN ABNANA ABNNAA 
ANAABN ANAANB ANABAN ANABNA ANANAB- ANANBA 
ANBAAN ANBANA ANBNAA ANNAAB ANNABA ANNBAA 
BAAANN BAANAN BAANNA BANAAN BANANA’ BANNAA 
BNAAAN BNAANA BNANAA BNNAAA NAAABN NAAANB 
NAABAN NAABNA NAANAB NAANBA NABAAN NABANA 
NABNAA NANAAB NANABA NANBAA NBAAAN NBAANA 
NBANAA NBNAAA NNAAAB NNAABA NNABAA NNBAAA 
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In how many distinguishable ways can the letters in MITOSIS be written? 
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Combinations 


When you count the number of possible permutations of a set of elements, order is 
important. As a final topic in this section, you will look at a method of selecting subsets 
of a larger set in which order is not important. Such subsets are called combinations of 
n elements taken r at a time. For instance, the combinations 


{A,B,C} and {B,A,C} 


are equivalent because both sets contain the same three elements, and the order in which 
the elements are listed is not important. So, you would count only one of the two sets. 
A common example of how a combination occurs is a card game in which the player is 
free to reorder the cards after they have been dealt. 


1% essehe}(-Mem ~Combinations of n Elements Taken r at a Time 


In how many different ways can three letters be chosen from the letters A, B, C, D, and 
E? (The order of the three letters is not important.) 


SOLUTION — The following subsets represent the different combinations of three letters 
that can be chosen from the five letters. 


Most graphing utilities (A, B, C} {A, B, D} 
have keys that will evaluate i {A, B, E} AGL 
the formulas for the number 

of permutations or combina- (A, C, E} (A, D, E} 
tions of n elements taken r at {BeG. Dp} 1 Bi@ee! 
{ 


TECH TUTOR 








a time, as shown in the screen | 
below. Consult the user’s 
guide for your graphing utility 


Bae Cr; Ey 


From this list, you can conclude that there are 10 different ways that three letters can 


for specific instructions on | be chosen from the five letters. ee 
how to evaluate permutations — | 
and combinations. ' Wf -cheekpoint 8 





In how many different ways can two letters be chosen from the letters J, K, L, M, 
and N? (The order of the two letters is not important.) a 





ore nD Fete LOOSE * RAMS RIT. c orncnns utr SIRES AD RN TTT ERE ROE 


Combinations of n Elements Taken r at a Time 





4 The number of combinations of n elements taken r at a time is 


n! 
oy (n = r)ir\ 


Note that the formula for Cis the same one given for binomial coefficients. To 
see how this formula is used, solve the counting problem in Example 8. In that 
problem, you are asked to find the number of combinations of five elements taken three 
at a time. So, n = 5, r = 3, and the number of combinations is 


Sy) 


oa Dist 


2 
_5+A+ 3-2 
2+3+2+1 
= 10 


which is the same answer obtained in Example 8. 
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Kc eamannatGen Heeds 
Naty 


A standard poker hand consists of five cards dealt from a deck of 52. How many different 
poker hands are possible? (After the cards are dealt the player may reorder them, and 
therefore order is not important.) 


SOLUTION Using the formula for the number of combinations of 52 elements taken 
five at a time, the number of different poker hands is 
52! Sy Silleo Sill soy eats) 


main = = => DES 9 differe ¢ S. 
2s = Aai51 a Cre 98,960 different hands 





Checkpoint 9 


In three-card poker, each player is dealt three cards from a deck of 52. How many 
different three-card poker hands are possible? (Order is not important.) a 


€ |e <ors}0)(-Will Choosing Between Permutations and Combinations 
os 


Decide whether each scenario should be counted using permutations or combinations. 
a. Number of different arrangements of three types of flowers from an array of 20 types 
b. Number of different three-digit pin numbers for a debit card 


SOLUTION To determine which counting principle is necessary to solve each problem, 

ask yourself two questions: (1) Is the order of the elements important? If yes, then you 

should solve the problem using permutations. (2) Are the chosen elements a subset of 

a larger set in which order is not important? If yes, then you should solve the problem 

using combinations. 

a. The order of the flowers is not important. So, the number of possible flower 
arrangements should be counted using combinations. 


b. The order of the digits in the pin number matters. So, the number of possible 
pin numbers should be counted using permutations. —————— 


of Chackpotnt 10 


Siar 
Should the number of different nine-digit social security numbers be counted using 
permutations or combinations? 8 


SUMMARIZE (Section 7.5) 


4. State the Fundamental Counting Principle (page 576). For examples of using 
the Fundamental Counting Principle, see Examples 3 and 4. 


2. State the definition of permutation and explain how to find the number of 
permutations of n elements (page 577), the number of permutations of n 
elements taken r at a time (page 578), and the number of distinguishable 
permutations of n elements (page 579). For examples of finding numbers 
of permutations, see Examples 5, 6, and 7. 


3. Explain how to find the number of combinations of n elements taken r at 
a time (page 580). For examples of finding numbers of combinations, see 
Examples 8 and 9. 


Andritanov/www.shutterstock.com 
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SKILLS WARM \P 7.5 


In Exercises 1-4, evaluate the expression. 


Le So Soe 2. 107 - 93-4 


In Exercises 5 and 6, find the binomial coefficient. 
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3. S77) 


The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Sections 0.2, 7.1, and 7.4. 


12! 25! 


22) 


3s 9G, 6. a5Co 
In Exercises 7-10, simplify the expression. 
n! (2n)! 
TN Gena a 4(2n — 3)! 
re . . one 6 . . . be one 
9.2 4-6°8 (2n) 10. 372620 se 12 (3n) 





Qn 


Exercises 7.5 





3n 
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Random Selection In Exercises 1-10, determine the 
number of ways a computer can randomly generate the 
specified integer(s) from 1 through 15. See Examples 1 
and 2. 


1. An odd integer 


. An even integer 


nw 


. A prime integer 

. An integer that is greater than 9 

. An integer that is divisible by 4 

. An integer that is divisible by 5 

. Two integers whose sum is 20 

. Two integers whose sum is 16 

. Two distinct integers whose sum is 20 


. Two distinct integers whose sum is 16 


. Job Applicants A small college needs two additional 
faculty members: a chemist and a statistician. There 
are five applicants for the chemistry position and six 
applicants for the statistics position. In how many ways 
can these positions be filled? 

12. Dissections In a physiology class, a student must 
dissect three different organisms. The student can select 
one of nine earthworms, one of four frogs, and one of 
seven fetal pigs. In how many ways can the student 
select the specimens? 

. Toboggan Ride Six people are lining up for a ride 
on a toboggan, but only two of the six are willing to take 
the first position. With that constraint, in how many 
ways can the six people be seated on the toboggan? 
Draw a diagram to illustrate the number of ways that the 


people can sit. 


14. 


15. 


16. 


17: 


18. 


1K) 


Course Schedule Acollege student needs to 
schedule five prescribed courses for next semester. Only 
three of the five courses are able to be scheduled as 
the first class of the day. With that constraint, in how 
many ways can she select her schedule? Draw a 
diagram to illustrate the number of ways she can select her 
schedule. 


License Plate Numbers In a certain state, each 
automobile license plate number consists of two letters 
followed by a four-digit number. How many distinct 
license plate numbers can be formed? 


License Plate Numbers In a certain state, each 
automobile license plate number consists of two letters 
followed by a four-digit number. To avoid confusion 
between “O” and “zero” and “I” and “one,” the letters 
“O” and “I” are not used. How many distinct license 
plate numbers can be formed? 


True-False Exam In how many ways can a 
10-question true-false exam be answered? (Assume that 
no questions are omitted.) 


True-False Exam In how many ways can a 
15-question true-false exam be answered? (Assume that 
no questions are omitted.) 


Three-Digit Numbers How many three-digit 
numbers can be formed under each condition? 


(a) The leading digit cannot be 0. 


(b) The leading digit cannot be 0 and no repetition of 
digits is allowed. 


(c) The leading digit cannot be 0 and the number must 
be a multiple of 5. 


20. Four-Digit Numbers How many four-digit numbers 
can be formed under each condition? 


(a) The leading digit cannot be 0. 


(b) The leading digit cannot be 0 and no repetition of 
digits is allowed. 


(c) The leading digit cannot be 0 and the number must 
be a multiple of 5. 


21. Combination Lock A combination lock will open 
when the right choice of three numbers (from 1 to 
40, inclusive) is selected. How many different lock 
combinations are possible? 

22. Combination Lock A combination lock will open 
when the right choice of three numbers (from | to 
50, inclusive) is selected. How many different lock 
combinations are possible? 

23. Chemistry Lab In a chemistry lab, five oxidation- 
reduction reactions can be performed in any order. How 
many different orders are possible for the five reactions? 

24. Biology Lab In a plant biology lab, seven different 
experiments can be performed in any order. How many 
different orders are possible for the seven experiments? 

25. Concert Seats Four couples have reserved seats in a 
given row for a concert. In how many different ways can 
they be seated, given the following conditions? 

(a) There are no restrictions. 
(b) The two members of each couple wish to sit together. 

26. Single File In how many orders can five girls and 
four boys walk through a doorway in single file, given 
the following conditions? 

(a) There are no restrictions. 
(b) The boys go before the girls. 


(c) The girls go before the boys. 


Finding a Permutation In Exercises 27-36, evaluate 
nP. using the formula on page 578. 


DIN LP, OS ee, 
ZIP, 30. 4P, 
ah AS 32. 
SRE an 34. Po 
55. oF 4 36. 4gP3 


Finding a Permutation Using a Graphing Utility 
In Exercises 37-40, evaluate ,P. using a graphing 


utility. 
SD Jemaal 6 38. oP s 
89: 204 40. 100? 3 


Finding Distinguishable Permutations In Exercises 
41-48, find the number of distinguishable permutations 
of the group of letters. See Example 7. 
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41. B, R,O,O,M 42. V1, V,1,D 
@37 Alo, 0, Ey 1,5 44. A,C,C,R, U, A, L 
C Rohe pul lal rl ll noes 46. M, A, M, M, A, L 


47. A, L, GE, B,R,A MOV Li Ley ose OE oe Le Tl 


Finding a Combination In Exercises 49-58, evaluate 
nc, using the formula on page 580. See Examples 8 and 9. 


49. ,C, 50. <C, 
SiG pede 
53. 6C; 34. 19Cs 
55. 3Co 56. Cp 
ST Cy SSC 


Finding a Combination Using a Graphing 


Utility In Exercises 59-62, evaluate ,C, using a 
graphing utility. 

59. aC; 60. oC, 

61. oC; 62. 50C¢ 


Simplifying Expressions — In Exercises 63-66, simplify 
the expression. 
63. ,P; 

GS 


64. n©3 

ih 66. en | 

Choosing Between Permutations and Combinations 

In Exercises 67-70, decide whether the scenario should 

be counted using permutations or combinations. Explain 

your reasoning. See Example 10. 

67. Number of ways 10 people can line up in a row for 
concert tickets 

68. Number of ways three different roles can be filled by 
10 people auditioning for a play 

69. Number of different three-topping pizzas that can be 
made from an assortment of 15 different toppings 

70. Number of ways a jury of 12 people can be selected 
from a group of 50 people 


71. Choosing Officers From a pool of 15 candidates, 
the offices of president, vice-president, secretary, and 
treasurer will be filled. In how many different ways can 
the offices be filled if each of the 15 candidates can hold 
any office? 

72. Bike Race There are 10 bicyclists entered in a race. 
In how many different ways can the top three places be 
decided? 

73. Forming an Experimental Group 
conduct an experiment, five students are randomly 
selected from a class of 30. How many different groups 
of five students are possible? 


In order to 


74. Lab Practical A student may answer any 15 questions 
from a total of 20 questions on a biology lab practical, In 
how many ways can the student select the questions? 
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75. Lottery In California’s Fantasy 5 Bonus Bucks game, 
a player chooses five distinct numbers from | to 39. In 


86. HOW DO YOU SEE IT? Without calculating, 
determine whether the value of ,,P. is greater than 
the value of ,,C, for the values of n and r given 
in the table. Complete the table using yes (Y) or 
no (N). Is the value of ,, P. always greater than the 
value of ,,C,? Explain. 


how many ways can a player select the five numbers? 
(The order of selection 1s not important.) 

76. Lottery In Massachusetts’s Cash WinFall game, a 
player chooses six distinct numbers from | to 46. In 
how many ways can a player select the six numbers? 
(The order of selection is not important.) =I 

Se OR slag ey 

77. Number of Subsets How many subsets of four 

elements can be formed from a set of 100 elements? 











78. Number of Subsets How many subsets of five 
elements can be formed from a set of 80 elements? 





79. Game Show Ona game show, 10 audience members 
are randomly chosen to be eligible contestants. Six of 
the 10 eligible contestants are chosen to play a game on 
stage. You and your friend are two of the 10 eligible 
contestants. In how many ways can the six players be 
chosen from the group of eligible contestants given that 
you and your friend are chosen to play a game? 
































80. Job Applicants An employer interviews 10 people 
for four openings at a company. Four of the 10 people 
are women. All 10 applicants are qualified. In how 
many ways can the employer fill the four positions, 
given the following conditions? 

(a) There are no restrictions. 
(b) Exactly two selections are women. 

81. Poker Hand Five cards are selected from a standard 
deck of 52 playing cards. In how many ways can you 
get a full house? (A full house consists of three of one 
kind and two of another.) 

82. Poker Hand Five cards are selected from a standard 
deck of 52 playing cards. In how many ways can you get 
a straight flush? (A straight flush consists of five cards 
that are in order and of the same suit.) 

83. Committee A six-member research committee at a 
local college is to be formed. It will consist of one 
administrator, three faculty members, and two students. dvanced Process Combinatorics applies 
mathematical approaches to a wide range of 

endeavors, from scheduling of pharmaceutical 

manufacturing to improving oncology radiation 
treatments. The company’s Dispatch Planning System 


Business Capsule 


There are seven administrators, 12 faculty members, 
and 20 students in contention for the committee. How 
many six-member committees are possible? 


84. Law Enforcement A police department uses (DPS) software, created for the beverage industry, 
computer imaging to create digital photographs of downloads customer orders and uses combinations 


alleged perpetrators from eyewitness accounts. One and permutations to find the most efficient way to 
software package contains 195 hairlines, 99 sets of eyes build pallets for optimized loading and delivery. 


and eyebrows, 89 noses, 105 mouths, and 74 chins and 87. Research Project Use your campus library 


cheek structures. ; 
the Internet, or some other reference source to 


(a) Find the possible number of different faces that the find information about a company that uses 
software could create. combinations or permutations to perform pallet 

(b) An eyewitness can clearly recall the hairline and optimization or some other business function. 
eyes and eyebrows of a suspect. How many different Write a brief report about the company. Explain 


faces can be produced with this information? why the use of combinations or permutations is 


85. Think About It Can your calculator evaluate jo )P9,? needed to perform the business function. 


[f not, explain why. 
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7.6 Probability 








How Should the U.S, Deal 
4 with Offshore Drilling? 


e 


Continue existing 
drilling only 
35% —~ 


— Expand it 


31% 





~/ Don't know 
A 12% 


In Exercise 84 on page 595, 
you will find probabilities based on the 
attitudes of Americans about offshore 
drilling for gas and oil. 


\ 


® 


m Determine the sample space of an experiment and find the probability 
of an event. 


@ Find the probability of mutually exclusive events. 
m Find the probability of independent events. 


The Probability of an Event 


In measuring the uncertainties of everyday life, ambiguous terminology, such as 
“fairly certain” and “highly unlikely,” is often used. Mathematics attempts to assign a 
number to the likelihood of the occurrence of an event. This measurement is called 
the probability that the event will occur. For instance, when a fair coin is tossed, the 
probability that it will land heads up is 7 

Any happening whose result is uncertain is called an experiment. The possible 
results of an experiment are outcomes, the set of all possible outcomes of an experiment 
is the sample space, and any subcollection of a sample space is an event. 


if 
e. ie <eteeye)(-wam Finding the Sample Space 


Find the sample space for each experiment. 
a. One coin is tossed. 

b. Two coins are tossed. 

SOLUTION 


a. Because the coin will land either heads up (denoted by H) or tails up (denoted by 7), 
the sample space is S = {H, T }. 


b. Because either coin can land heads up or tails up, the possible outcomes are 
HH = heads up on both coins 
HT = heads up on first coin and tails up on second coin 
TH = tails up on first coin and heads up on second coin 
TT = tails up on both coins, 


The sample space is S = {HH, HT, TH, TT }. This list distinguishes between the 
two cases HT and TH, even though these two outcomes appear to be similar. 

Another way to list the possible outcomes is by using a tree diagram, as shown 
in Figure 7.1. 






we 


@ 


SNS Tj 
@ 


%, y 
sinm at 








HH HT TH 
FIGURE 7.1 
of Cheokpoint 1 
Find the sample space when a six-sided die is tossed. a 
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When an event E has equally likely outcomes and its sample space S has equally 
likely outcomes, the probability of event E is 


Number of outcomes in event E 
Number of outcomes in sample space S” 





P(E) 


More formally, the number of outcomes in event E is denoted by n(E), and the number 
of outcomes in the sample space S is denoted by n(S). 





Pema A ELAR, AE DLE UT AREAS PRACT MRIS ALE OT HOS I CRRLES LEU 2h AM AB ADEPT ELON 


The Probability of an Event 


If an event E has n(E) equally likely outcomes and its sample space S has n(S) 


Increasing likelihood equally likely outcomes, then the probability of event E is 
of occurrence 




















0.0 0.5 1.0 P(E) = n(E) 
}- nS)’ 
Impossible The occurrence | | Certain 
event of the event is event . 
(cannot just as likely as | | (must Because the number of outcomes in an event must be less than or equal to the 


occur) it is unlikely. occur) | number of outcomes in the sample space, the probability of an event must be a number 
between 0 and 1, as shown in Figure 7.2. So, for any event E,0 < P(E) < 1. 











FIGURE 7.2 
Properties of the Probability of on Event a 
Let E be an event that is a subset of a finite sample space S. 
1 O02 Pee 1 
2. If P(E) = 0, then E cannot occur and is called an impossible event. 
3. If P(E) = 1, then E must occur and is called a certain event. 
€ Finding the Probability of an Event 
a. Two coins are tossed. What is the probability that both land heads up? 
AY AO AM AO b. A card is drawn at random from a standard deck of playing cards (see Figure 7.3). 
1% 2 21m 2 What is the probability that it is an ace? 
39 39 3& 36 SOLUTION 
49 49 4 46 a. Following the procedure in Example 1(b), let E = {HH} and S = {HH, HT, TH, TT}. 
59 5@ 5& 5@ The probability of getting two heads is 
BGS EES n{E) 1 
19 70 1@ 7@ Ey ay 


8% 8@ 8s& 8@ 
99 «09 0& 9@ 


b. Because there are 52 cards in a standard deck of playing cards and there are 
four aces (one in each suit), the probability of drawing an ace is 








10% 109% 0@ 10@ 
19 31@ 5&@ 10 pipy ee) = _ A 
0%” 0% of QO nS) 32 13 —_—_—_—_—_—_—_— 


KY K® K& KO 

Standard Deck of Playing Cards 

FIGURE 7.3 A card is drawn at random from a standard deck of playing cards. What is the 
probability that the card is a diamond? a 


NY Ghackooint 2 





A probability can be written as a fraction, a decimal, or a percent. For instance, in 
Example 2(a), the probability of getting two heads can be written as i, 0.25,,0625%e 
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Ps 
€. EENVAM Finding the Probability of an Event 














ee @ Two six-sided dice are tossed. What is the probability that the total of the two dice is 7? 
e@@® e . : 
F 6 (See Figure 7.4.) 
SOLUTION Because there are six possible outcomes on each die, you can use the 
@ r 6 = Fundamental Counting Principle to conclude that there are 6+ 6 or 36 different 
@ @ e 6 outcomes when two dice are tossed. To find the probability of rolling a total of 7, you 
é must first count the number of ways this can occur. 
First Die 
FIGURE 7.4 Second Die 

So, a total of 7 can be rolled in six ways, which means that the probability of rolling a 

total of 7 is 


TECH TUTOR 


<a 


nk) 6 | 
P(E) = — ==, 
E) n(S) 36 6 













You can use the 
random integer feature of a 
graphing utility to simulate the 
tossing of a die or set of dice. 
For instance, the result of 
rolling a pair of dice five times 
and summing the outcomes is 
shown below. 





Recheckocint 3 





Two six-sided dice are tossed. What is the probability that the total of the two dice 
is 4? fa 


| Beery a Finding the Probability of an Event 


Twelve-sided dice can be constructed (in the shape of regular dodecahedrons) such that 





each of the numbers from | to 6 appears twice on each die, as shown in Figure 7.5, Can 
these dice be used in any game requiring ordinary six-sided dice without changing the 
probabilities of different outcomes? 


SOLUTION For an ordinary six-sided die, each of the numbers 


LP Bi Ce See Telntal We 


aad P(E) n(E) | 
© i = 
@ 2 Tits) ae 
906 4 & ; eee ; 
e 40 For a twelve-sided die, each number occurs twice, so the probability of any particular 
000 6 @ @ p number coming up 1s 
@ nk “ | 
Ne P(g) = , 
Hs) pe ioe es 
a ® of 
®° Be 4 So, the twelve-sided dice can be used in any game requiring ordinary six-sided dice 
without changing the probabilities of different outcomes. _—— 
FIGURE 7.5 


of Cheakoolnt 4 





Two twelve-sided dice (as described in Example 4) are tossed. What is the probability 
that the total of the two dice is less than 5? x 


In Examples 2, 3, and 4, you simply counted the outcomes in the desired events. 
For larger sample spaces, however, you should use the counting principles discussed in 
Section 7.5. 
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Ps 
a erty cewe The Probability of Winning a Lottery 
SS 


In Louisiana’s Lotto game, a player chooses six different two-digit numbers from 01 to 
40. To win the jackpot, the six numbers must match the six numbers drawn (in any 
order) by the lottery commission. What is the probability of winning the jackpot? 


SOLUTION Because the order of the six numbers does not matter, use the formula for 
the number of combinations of 40 elements taken six at a time. 
Al) o 3h9) o BSS a By7/ © Bio) o Ss: 

Go 50 dio 308 o | 





a =e = = 3,838,380 








*/ Checkpoint 5 


In Pennsylvania’s Cash 5 game, a player chooses five different numbers from | to 43. 
To win the jackpot, the five numbers must match the five numbers drawn (in any order) 
by the lottery commission. What is the probability of winning the jackpot? @ 


€ Serta Random Selection 


The numbers of colleges and universities in various regions of the United States in 2010 
are shown in Figure 7.6. One institution is selected at random. What is the probability 
that the institution is in one of the three southern regions? (Source: U.S. National 
Center for Education Statistics) 


Mountain Weer Nerih 
i KS Central East North ee ; 

~ 471 Central nglan 

266 










Pacific 


Atlantic 
797 






East South Central 
294 


West South Central 
438 


FIGURE 7.6 
SOLUTION From the figure, the total number of colleges and universities is 4490. 
Because there are 
797 + 294 + 438 = 1529 


colleges and universities in the three southern regions, the probability that the institution 
is in one of these regions is 





Wf Checkpoint 6 








In Example 6, what is the probability that the randomly selected institution is in the 
Pacific region? z 
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FIGURE 7.7 
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Mutually Exclusive Events 


Two events A and B (from the same sample space) are mutually exclusive when 
A and B have no outcomes in common. In the terminology of sets, the intersection 
of A and B is the empty set and P(A M B) = 0. For instance, when two dice are tossed, 
the event A of rolling a total of 6 and the event B of rolling a total of 9 are mutually 
exclusive. To find the probability that one or the other of two mutually exclusive events 
will occur, you can add their individual probabilities. 


Probability of the Union of Two Events 


If A and B are events in the same sample space, then the probability of A or B 
occurring is given by 


P(A UB) = P(A) + P(B) — P(A B). 
If A and B are mutually exclusive, then 


P(AUB) = P(A) + P(B). 


€ The Probability of a Union 


One card is selected at random from a standard deck of 52 playing cards. What is the 
probability that the card is either a heart or a face card? 


SOLUTION Because the deck has 13 hearts, the probability of selecting a heart 


(event A) is 


EN tes 


Similarly, because the deck has 12 face cards, the probability of selecting a face card 
(event B) is 


P(B) = 


in) 


2) 


Because three of the cards are hearts and face cards (see Figure 7.7), it follows that the 
events A and B are not mutually exclusive, and that 


P(AN B) ==. 


Finally, applying the formula for the probability of the union of two events, you can 
conclude that the probability of selecting a heart or a face card is 


P(A UB) = P(A) + P(B) — P(ANB) 





IB peel) 
526 50am? 
22 

7 

~ 0.423 
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One card is selected at random from a standard deck of 52 playing cards. What is the 
probability that the card is either a spade or an eight? ce 
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€ Probability of Mutually Exclusive Events 


The human resources department of a company has compiled data showing the number 
of years of service for each employee. The results are shown in the table. 








Years of service | Number of employees 


























0-4 157 

5-9 89 | 
10-14 74 
15-19 63 a 
20-24 42 
25-29 38 | 
30-34 OM 











35-39 21 

40—44 8 a 
An employee is chosen at random. What is the probability that the employee has had 
9 or fewer years of service? 





SOLUTION To begin, add the number of employees and find that the total is 529. 
Next, let event A represent choosing an employee with 0 to 4 years of service. Because 
there are 157 employees with 0 to 4 years of service, the probability of choosing an 
employee who has 4 or fewer years of service is 


ey 


aay 529° 


Let event B represent choosing an employee with 5 to 9 years of service. Because there 
are 89 employees with 5 to 9 years of service, the probability of choosing one of these 
employees 1s 


Because A and B have no outcomes in common, you can conclude that these two events 
are mutually exclusive and that 


P(A U B) = P(A) + P(B) 


157% 589. 
529 as 529 


246 
529 


= (0.465. 
So, the probability of choosing an employee who has had 9 or fewer years of service is 
about 0.465. (a 


of Cheokpoint 8 


In Example 8, what is the probability that the employee chosen at random has had 
30 or more years of service? * 
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Independent Events 


Two events are independent when the occurrence of one has no effect on the occurrence 
of the other. For instance, rolling a total of 12 with two six-sided dice has no effect on 
the outcome of future rolls of the dice. To find the probability that two independent 
events will occur, multiply the probabilities of the events. 


Probability of Independent Events 


If A and B are independent events, then the probability that both A and B will 
occur is 


P(A and B) = P(A) - P(B). 


This definition can be extended to any number of independent events. 


€ J eoseete(eeme Probability of Independent Events 


a. The probability that a particular surgery is successful is 0.90. What is the probability 
that two surgeries are successful? (Assume the surgeries are on different patients.) 


b. Two six-sided dice are tossed three times. What is the probability that the total for 
each toss is 7? 
SOLUTION 
a. The probability that two surgeries are successful is 
P(A) - P(A) = (0.90)(0.90) = 0.81. 


b. From Example 3, you know that the probability of tossing two dice once and getting 
a total of 7 is P(A) = A So, when two dice are tossed three times, the probability that 
the total is 7 every time is 


P(A) + P(A) + P(A) = )(E\(2) _ 3 ~ 0,005. 








W/ Checkpoint 9 





The probability that a particular surgery is successful is 0.65. What is the probability 
that two surgeries are successful? (Assume the surgeries are on different patients.) © 


SUMMARIZE (Section 7.6) 


1. State the definition of sample space (page 585). For an example of finding 
the sample space for an experiment, see Example 1. 


2. State the definition of the probability of an event (page 586). For examples 
of finding the probability of an event, see Examples 2, 3, 4, 5, and 6. 


3. State the definitions of mutually exclusive events and the probability of the 
union of two events (page 589). For examples of finding the probability of 
the union of two events, see Examples 7 and 8. 


4. State the definitions of independent events and the probability of independent 
events (page 59/). For an example of finding the probability of independent 
events, see Example 9. 


lev dolgachov/www.shutterstock.com 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Sections 0.2, 0.3, 7.1, 


SKILLS WARM UP 7.6 


In Exercises 1-8, evaluate the expression. 


and 7.4. 





era rks yaaa se | 
1-4 7 da ir deans 
Loosen 1G See 
_ 4! 9G» 8: 7-665 
5. 6. 

8112! 9! 








3 5-4 5!22! 

Sy call 

7. 5C3 8. 1002 * 102 
103 204 


In Exercises 9 and 10, evaluate the expression. (Round your answer to three 


decimal places.) 


gg \ 100 
(>) 
LOO 


Exercises 7.6 


89 50 
LOS (=) 
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Finding the Sample Space __ In Exercises 1-6, find the 
sample space for the experiment. See Example 7. 


1. A coin and a six-sided die are tossed. 


i=) 


. Asix-sided die is tossed twice and the sum of the points 
is recorded. 
3. A taste tester ranks three varieties of yogurt (A, B, and 
C) according to preference. 
4. Two marbles are selected from a sack containing two 
red marbles, two blue marbles, and one black marble. 


The color of each marble is recorded. 


1 


[Wo county supervisors are selected from five supervisors 
(A, B, C, D and E) to study a recycling plan. 

6. A sales representative makes presentations of a product 
in three homes. In each home, there may be a sale 
(denote by S$) or there may be no sale (denote by F). 


Using a Tree Diagram In Exercises 7-10, make a tree 
diagram that shows the possible outcomes that make up 
the sample space for the experiment. 


7. Three coins are tossed. 

8. A committee rates three programs A, B, and C in order 
of importance. 

9. Two of four vendors A, B, C, and D are given contracts 
for the upcoming year. 

10. Team A plays team B in one semifinal game and team C 
plays team D in the other semifinal game to determine 
the two teams in the championship game. 


Finding the Probability of an Event In Exercises 
11-14, a computer randomly generates an integer from 
through 50. Find the probability of the event. See 


and 


11. An odd number is generated. 


12. A number less than 25 is generated. 
13. A prime number is generated. 


14. A multiple of 5 is generated. 


Finding the Probability of an Event In Exercises 
15-18, a coin is tossed three times. Find the probability 
of the event. See Examples 2, 3, and 4. 


15. Getting exactly one head 
16. Getting a tail on the second toss 
17. Getting at least one tail 


18. Getting at least two heads 


Finding the Probability of an Event In Exercises 
19-24, two six-sided dice are tossed. Find the probability 
of the event. See Examples 2, 3, and 4. 


19. The sum is 5. 

20. The sum is less than 10. 

21. The sum is at least 7. 

22. The sum is 2, 3, or 8. 

23. The sum is odd and no more than 7. 


24. The sum is odd or a prime number. 


Finding the Probability of an Event In Exercises 
25-30, a card is selected at random from a standard 
deck of 52 playing cards. Find the probability of the 
event. See Examples 2, 3, and 4. 

25. Getting a red card 26. Getting a face card 
27. Not getting a face card 

28. Getting a red card that is not a face card 

29. Getting a card that is a 6 or less (aces are low) 


30. Getting a card that is a 9 or higher (aces are low) 


Using Combinations _|n Exercises 31-36, two marbles 
are drawn randomly (without replacement) from a bag 
containing two green, three yellow, and four red marbles. 
Find the probability of the event. 


31. Drawing exactly one red marble 

32. Drawing exactly one yellow marble 
33. Drawing two green marbles 

34. Drawing two red marbles 

35. Drawing none of the yellow marbles 


36. Drawing marbles of different colors 


Random Selection In Exercises 37-40, one of a 
team’s 2200 season ticket holders is selected at random 
to win a prize. The circle graph shows the ages of the 
season ticket holders. Find the probability of the event. 
See Example 6. 


Ages of Season Ticket Holders 


66 


19-29 
264 





37. The winner is younger than 19 years old. 
38. The winner is older than 39 years old. 
39. The winner is 19 to 39 years old. 


40. The winner is younger than 19 years old or older than 
59 years old. 


The Probability of a Union In Exercises 41-44, one 
card is selected at random from a standard deck of 52 
playing cards. Use a formula to find the probability of the 
union of the two events. See Example 7. 

41. The card is a club or a king. 

42. The card is a face card or a black card. 

43. The card is a face card or a 2. 


44. The card is a heart or a spade. 


Probability of Mutually Exclusive Events In 
Exercises 45-48, use the table, which shows the age 
groups of students in a college sociology class. See 
Example 8. 


Age Number of students 


iM 
18 
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A student from the class is chosen randomly for a project. 
Find the probability that the student is the given age. 


45. 20 or 21 years old 

46. 18 to 21 years old 

47. Older than 21 years old 
48. Younger than 31 years old 


Probability of Independent Events In Exercises 
49-52, arandom number generator selects three numbers 
from 1 through 10. Find the probability of the event. See 
Example 9. 


49. All three numbers are even. 
50. All three numbers are less than or equal to 4. 
51. Two numbers are less than 5 and the other number is 10. 


§2. One number is 2, 4, or 6, and the other two numbers are 
odd. 


Finding the Probability of a Complement The 
complement of an event A is the collection of all 
outcomes in the sample space that are not in A. If the 
probability of A is P(A), then the probability of the 
complement A’ is given by P(A’) =1— PIA). In 
Exercises 53-56, you are given the probability that an 
event will happen. Find the probability that the event will 
not happen. 


53. P(E) = 0.75 54. P(E) = 0.32 
55. P(E) = 4 56. P(E) = 


Using the Probability of a Complement In Exercises 
57-60, you are given the probability that an event will not 
happen. Find the probability that the event wil! happen. 


S/o P(e.) = 012 58. P(E’) = 0.84 

59. P(E’) = 35 60. P(E’) = to 

61. Winning an Election Three people have been 
nominated for president of a college class. From a small 
poll, it is estimated that the probability of Jane winning 
the election is 0.46, and the probability of Larry 
winning the election is 0.32. What is the probability of 
the third candidate winning the election? 


62. Winning an Election Taylor, Moore, and Jenkins 
are candidates for a public office. It is estimated that 
Moore and Jenkins have about the same probability of 
winning, and Taylor is believed to be twice as likely 
to win as either of the others. Find each candidate’s 
probability of winning the election. 


63. College Bound Ina high school graduating class of 
198 students, 43 are on the honor roll. Of these, 37 are 
going on to college, and of the other 155 students, 102 
are going on to college. A student is selected at random 
from the class. What is the probability that the person 
chosen is (a) going to college, (b) not going to college, 
and (c) on the honor roll, but not going to college? 


594 


64. 


65. 


66. 


67. 


68. 


69. 


Alumni Association The alumni office of a college 
sends a survey to selected members of the class of 
2010. The numbers of graduates, and the numbers of 
graduates who attended graduate school, are shown in 
the table. An alumnus is selected at random. What is the 
probability that the person is (a) female, (b) male, and 
(c) female and did not attend graduate school? 


Number of | Number of graduates who 
graduates | attended graduate school 


Random Number Generator Two integers (from 
1 to 30, inclusive) are chosen by a random number 
generator on a computer. What is the probability that 
(a) both numbers are even, (b) one number is even and 
one is odd, (c) both numbers are less than 10, and (d) the 
same number is chosen twice? 











Preparing for a Test A biology instructor gives her 
class a list of eight study problems, from which she will 
select five to be answered on an exam. A student knows 
how to solve six of the problems. Find the probability 
that the student will be able to answer all five questions 
on the exam. 


Drawing Cards from a Deck Two cards are selected 
at random from a standard deck of 52 playing cards. 
Find the probability that two hearts are selected under 
each condition. 


(a) The cards are drawn in sequence, with the first card 
being replaced and the deck reshuffled prior to the 
second drawing. 


(b) The two cards are drawn consecutively, without 
replacement. 


Game Show On a game show, you are given five 
different digits to arrange in the proper order to represent 
the price of a car. If you are correct, then you win the car. 
Find the probability of winning under each condition. 


(a) You must guess the position of each digit. 


(b) You know the first digit but must guess the remaining 
four. 

(c) You know the first and last digits but must guess the 
remaining three. 

Game Show On a game show, you are given six 

different digits to arrange in the proper order to represent the 

price of a house. If you are correct, then you win the house. 

Find the probability of winning under each condition. 

(a) You must guess the position of each digit. 

(b) You know the first digit but must guess the remaining 
five. 

(c) You know the first and last digits but must guess the 
remaining four. 
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70 


71. 


72. 


Ss 


74. 


EE 


76. 


The 


78. 


Letter Mix-Up Five letters and envelopes are addressed 
to five different people. The letters are inserted randomly 
into the envelopes. What is the probability that (a) exactly 
one is inserted in the correct envelope and (b) at least one 
is inserted in the correct envelope? 


Payroll Mix-Up Three paychecks and envelopes are 
addressed to three different people. The paychecks get 
mixed up and are inserted randomly into the envelopes. 


(a) What is the probability that exactly one is inserted 
in the correct envelope? 


(b) What is the probability that at least one is inserted 
in the correct envelope? 


Poker Hand Five cards are drawn randomly from 
a standard deck of 52 playing cards. What is the 
probability of getting a full house? (A full house consists 
of three of one kind and two of another. For example, 
A-A-A-5-5 and K-K-K-10-10 are full houses.) 


Poker Hand Five cards are drawn randomly from 
a standard deck of 52 playing cards. What is the 
probability of getting a straight flush? (A straight flush 
consists of five cards that are in order and of the same 
suit. For example. Av, 2¥, 3¥, 4¥, 5¥ and 104, Ja, 
Qa, Ka, Aa are straight flushes.) 


Defective Units A shipment of 1000 compact disc 
players contains four defective units. A retail outlet has 
ordered 20 units. 


(a) What is the probability that all 20 units are good? 


(b) What is the probability that at least one unit is 
defective? 


Defective Units A shipment of 12 stereos contains 
three defective units. Four of the units are shipped to a 
retail store. What is the probability that (a) all four units 
are good, (b) exactly two units are good, and (c) at least 
two units are good? 


Houses for Sale by Region In 2009, about 8.29% 
of all houses for sale in the United States were in the 
northeast, about 14.44% were in the midwest, about 
54.01% were in the south, and about 23.26% were in the 
west. A house is selected at random from the houses for 
sale in the United States. What is the probability that the 
house is in the midwest or the south? (Source: U.S. 
Census Bureau) 


Making a Sale A sales representative makes sales 
on approximately one-third of all calls. On a given day, 
the representative calls on four offices. What is the 
probability that sales are made at (a) all four offices, 
(b) none of the offices, and (c) at least one office? 


A Boy or a Girl? Assume that the probability of the 
birth of a child of a particular gender is 50%. In a family 
with four children, what is the probability that (a) all 
four children are boys, (b) all four children are of the 
same gender, and (c) there is at least one boy? 


Probability In Exercises 79-81, consider n independent 
trials of an experiment in which each trial has two possible 
outcomes, called success and failure. The probability 
of a success on each trial is p, and the probability of 
a failure is q = 1 — p. In this context, the term ,C,p*q” * 
in the expansion of (p + q)” gives the probability of k 
successes in the rn trials of the experiment. 


79. A fair coin is tossed eight times. To find the probability 
of obtaining five heads, evaluate the term 


el \- 
el) (3) 
in the expansion of (5 a \8 
80. The probability of a baseball player getting a hit during 
any given at bat is = To find the probability that the 


player will get four hits during the next 10 at bats, 
evaluate the term 


veils) (5) 


in the expansion of (z =f rahe 

81. The probability of a sales representative making a sale 
with any one customer is ve The sales representative 
makes 10 contacts a day. To find the probability of 
making four sales, evaluate the term 


wela) () 


\ 10 
in the expansion of ( + 3) 


04) HOW DO YOU SEE IT? The circle graphs 
show the percents of undergraduate students by 
class level at two colleges. A student is chosen 

at random from the combined undergraduate 
population of the two colleges. The probability 

that the student is a freshman, sophomore, or junior 


is 81%. Which college has a greater number of 
undergraduate students? Explain your reasoning. 





College A College B 
Seniors Seniors 
15% Freshmen 20% Freshmen 
31% 28% 
Juniors 
25% 
Sophomores Sophomores 
28% 27% 


83. Writing Write a paragraph describing in your own 
words the difference between mutually exclusive events 
and independent events. 
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* 84. Offshore Drilling Ina survey, Americans were 
asked how they felt about offshore drilling for oil and 
gas. The results are shown in the circle graph. Two 
people from the survey were chosen at random. 
(Source: Pew Research Center) 


How Should the U.S. Deal 


with Offshore Drilling? 


Expand it 
— SUG, 








Continue existing 
drilling only 
35% 


Don’t know 
12% 


Ban it 22% 


(a) What is the probability that neither person felt the 
U.S. should expand offshore drilling? 


(b) What is the probability that both people felt the U.S. 
should participate in offshore drilling? 


$5. Texting In a survey, adults with cell phones 
were asked how often they sent or received 
text messages related to work. The results are 
shown in the circle graph. Two people from the 
survey were chosen at random. (Source: Pew 
Research Center’s Internet and American Life 
Project) 


Frequency of 


Work-Related Texts 


A few times 
per week 12% 






At least once 
per day 6% 


— Several times 
per day 15% 


Never 51% 


(a) What is the probability that both people sent or 
received work-related texts at least a few times per 
week? 


(b) What is the probability that neither person sent or 
received work-related texts? 
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Evaluating Factorial Expressions 


Much of the algebra in this chapter involves evaluating factorial expressions. When 
evaluating these types of expressions, use order of operations. Factorials follow the 
same conventions as exponents. 





iS <certe)(-Wam Evaluating Simple Factorial Expressions 


Evaluate each expression. 























ee 99! 
mei alee 100! 
20! 2 
d. 18! e. 8! 
SOLUTION 
Ae 4 — bie 
a. 5! = ap ae es Definition of factorial 
— ih Divide out c factor 
Ponlon. J255 ivide out common factors. 
ee Pry 
30 Simplify. 
a Definition of factorial 
ai ens efinition of factoria 
= LZ Multiply 
G ulliply. 
=2 Divide. 
pee eee mani le Sieh 
° 100! | ) i 3 1 99 5 100 efinition of factoria 
= Divide out common factors. 
1 -2-3---99 - 100 
awa ae 
100 implify. 
20! 1+2+3---18+ 19+ 20 See 
d. 18! = mo aoe Definition of factorial 
j 223-18 = 19 = 20 
= Divide out common factors. 
= 380 Simplify. 
mo é Eval : and expand factorial 
"3 i Lee valuate exponent and expand factorial. 
Se 





= Divide out common factors. 


Dar Sin +5 lye eS? 


= 5040 Simplify. 





TECH TUTOR 


Try entering the 
expressions in Example 2 
into your calculator. Do you 
get the same results? 





m Algebra Tutor 597 





SEAS se 
sb SESSA SS eace as 


le coreye)(-Wam Evaluating Other Factorial Expressions 


Evaluate each expression. 
































8! b 9! Oe 
oe © PCy | OAR 
ies A(5 * 3!) t. 4g — 3): 
aneen e. 4( ! ; 5 )! 
SOLUTION 
a fo eee Definition of factorial 
. Al + 4! an ee 4) + ie Dae: 4) efinition of tactoria 
_ 40,320 ae 
48 Simplify. 
= 840 Divide. 
9! 9! 
b. (= 3)! = 6! Subtract inside parentheses. 
1°2°3+4+5+6°7°8°9 scat steal 
= C tion of Tactorié 
TSR cays Gaede efinition of factoria 
1+2+3-4+576+7+8-9 - . 
= Divide out common factors. 
= 504 Simplify. 
ea, 2 ee oot) Aa teieorattt 
0 et e tion of factoria 
Oh» 3! Gl aoia os ey efinition of factoria 
au Multiply 
12 ultiply. 
=' 60 Divide. 
dete — Definition of factorial 
= e tion of ftactorid 
3! oy ies 5 i inition ictoria 
veal Oe 
= 6 2 Simplify. 
2 
= 3 Add fractions. 
e. 4(5 + 3!) = 4(5 il oD 3) Definition of factorial 
= 4(30) Multiply inside parentheses. 
= 120 Multiply. 
l l Ay 
it (8 = 3)! =—:5! Subtract inside parentheses. 
s 5 
I ~ eit . . 
= 5! PDO Bro 5) Definition of factorial 
= 5 120) Multiply inside parentheses. 
= 4 ely ee 


598 Chapter 7 m Sequences, Series, and Probability 


SUMMARY AND STUDY STRATEGIES 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 600. 
Answers to odd-numbered Review Exercises are given in the back of the text.” 





Section 7.1 Review Exercises 
mw Use sequence notation to write the terms of a sequence. 1-12 
m Evaluate a factorial expression. 13-16 

B= 3 Ae (7 al) 


As a special case, zero factorial is defined as 0! = 1. 


u Find the sum of a finite sequence and use summation notation to write 


the sum of a sequence. 17-24 
>) = 4, Fa, Ha, +> 268 Seah. 
= 
mw Use a sequence to solve an application problem. 29,20 
Section 7.2 
# Recognize and find the nth term of an arithmetic sequence. 27-36 
a Find a formula for an arithmetic sequence. 37-42 
G1, =.4, 1d a= Gat (ne Nd 
ws Find the nth partial sum of an arithmetic sequence. 43—46 


n 
Si; = 5 (ay 1 a,,) 


a 








w Use an arithmetic sequence to solve an application problem. 47, 48 
Section 7.3 
= Recognize and find the nth term of a geometric sequence. 49-60 
a, = a,r"} 
w Find the sum of a finite geometric sequence. 61-64 
n LA 
S,= ee — a(t ~") 
m Find the sum of an infinite geometric series. 65—68 
If |r| < 1, then S = Sari -—4 : 
i=0 Revs 
m Use a geometric sequence to solve an application problem. 69-72 


* A wide range of valuable study aids are available to help you master the material in this chapter. 
The Student Solutions Manual includes step-by-step solutions to all odd-numbered exercises to 
help you review and prepare. The student website at www.cengagebrain.com offers algebra help 
and a Graphing Technology Guide, which contains step-by-step commands and instructions for 


a wide variety of graphing calculators. 
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Section 7.4 Review Exercises 
g Find a binomial coefficient. 73-76 
Binomial Theorem: In the expansion of Gs y)”, the coefficient of x"~"y’, 


the (r + 1)th term, is given by ,C, = wee 
fae, (ls 7) tr 


mw Use Pascal’s Triangle to determine a binomial coefficient. 77, 78 


1—_<—@-——__ 00th row 


1 SOW, 
1 2 | <—_\_—_—— 2nd row 
1 3 3 | <—_\_\_————— 3rd row 





1 f ZA 35 35 21 7 fee Tth tow? «Co = ie-C, = 7,4C, = 21,... 


mw Expand a binomial using binomial coefficients and find a specific term 79-58 
in a binomial expansion. 





ee — 


Section 7.5 
m Use the Fundamental Counting Principle to solve counting problems. 89-92 


Fundamental Counting Principle: Event E, can occur in m, ways. 
After event E, occurs, event E, can occur in m, ways. The number 
of ways that both events can occur 1s m, * Mm. 


m= Use permutations to solve counting problems. 93-100 


There are n! different ways that n distinct elements can be ordered. 
The number of permutations of n distinct elements taken r at a time is 


n! 





a, 
ae (7). 7)! 
m Use combinations to solve counting problems. . 101, 102 
The number of combinations of n elements taken r at a time is ,C, = Seer 
Section 7.6 
= Determine the sample space of an experiment and find the probability of an event. 103-106, 117-122 
n(E) 
FE) = —— 
(E) 7(S) 
a Find the probability of mutually exclusive events. 107-114, 120-124 


A and B mutually exclusive: P(A UB) = P(A) + P(B) 
A and B not mutually exclusive: P(A U B) = P(A) + P(B) — P(AN B) 

= Find the probability of independent events. LD LIGA 235124 
A and B independent: P(A and B) = P(A) « P(B) 


ms NRE ED SE TENE BI EW MI AE EB SMELLS IS ME A A II II RRA EE 





Study Strategies 

m Studying Relationships Between Concepts To reinforce your understanding of the concepts presented in this 
chapter, review how they are related. For instance, look back at the similarities and distinctions between concepts such 
as sequences and series, geometric and arithmetic sequences, combinations and binomial coefficients, combinations and 
permutations, counting methods and probability, and so on. 
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Review Exercises 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Writing Terms of a Sequence _In Exercises 1-6, write 
the first five terms of the sequence. (Assume rn begins 
with 1.) 


WR i = be || 


n 


Pie (als == Byki 


n 











3. a, = 
n+ | 
iol 
4. a, = 
n 
P ( 5 ; Qn 
fas = (= [)' 
Gn ) n+ 1 
n 3h = 
6. = (— —— 
a, = ( an] 


Writing the nth Term of a Sequence In Exercises 
7-12, write an expression for the apparent nth term a,, of 
the sequence. (Assume rn begins with 1.) 


Tf Ney oe ns 

See 

9. 1,5) 5: g. 5) + 

10. ae Sse es 
11. =) Dif, ll, OMS). 
(PA, 2b ay ayy Ie, = SI. 


Simplifying a Factorial Expression In Exercises 


13-16, simplify the factorial expression. 
16! 24! 
13. rrr 14. 1 
! ; A)! 
15. (n + 5)! 16. (n + 4)! 
(n + 4)! (i ae 2) 


Using Summation Notation In Exercises 17-20, find 
the sum. 
6 


17. Si — 2) 18. Si) (4i + 5) 
i=1 


i=1 


6 8 
19>, (hae 1) ea 2) 20 ek ae) 
k=] 


k=] 


Writing a Sum in Summation Notation In Exercises 
21-24, write the partial sum in summation notation. 








af ati cat ap at arin ars oe nee 
PA) ee Loe 2 ee, 1+4 lee 2 

221445 +4+5t+et-::-+% 

23.2.7 4.4.8.— 16.3207. O4 ee, St B92 
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25. Compound Interest On your next birthday, 
you plan to deposit $4000 in an account that earns 6% 
compounded quarterly. The balance in the account after 
n quarters 1s given by 


206) 


A, = 4000( 1 + nl, ee 


(a) Compute the first eight terms of the sequence. 


(b) Find the balance in the account after 10 years by 
computing the 40th term of the sequence. 


(c) Find the balance in the account after 30 years by 
computing the 120th term of the sequence. 


26. Compound Interest You deposit $10,000 in an 
account that earns 8% compounded monthly. The balance 
in the account after n months is given by 


A, = 10,000(1 + 228), n= 1,2,3;. ee 
12 
(a) Compute the first 10 terms of the sequence. 


(b) Find the balance in the account after 10 years by 
computing the 120th term of the sequence. 


Identifying an Arithmetic Sequence In Exercises 
27-30, determine whether the sequence is arithmetic. If 
it is, find the common difference. 

DK Spe ota) dts baad 1 

Zoey Lee 2) ae 

20 Ae oan 


30. 6.4;°5.6, 4.554.035.2206 


Writing the Terms of an Arithmetic Sequence In 
Exercises 31-36, write the first five terms of the arithmetic 
sequence. 


31. a, = 9,d=5 

33. ad, = 14, 4a, = 29 

35. a, = 12, a1) = 18 
36. a,, = 1,.a,5 = —3 


32. a, = 8,d = —4 
34. a, = 0,a,, = —9 


Finding the nth Term of an Arithmetic Sequence _ In 
Exercises 37-42, find a formula for the nth term of the 
arithmetic sequence. 


oJ: a, =2,d=3 

38. a, = 15,d = —3 

fe Be eae RE ae 
ADS OSS ly mle Le Siete 
41. a, = 7,a5 = 27 

42. a, = -—5,a,= —17 


Finding a Partial Sum of an Arithmetic Sequence In 
Exercises 43-46, find the indicated nth partial sum of the 
arithmetic sequence. 


Baal, 21527,.. .,n = 8 
44. —8, -4,0,4,8,...,n=12 
45: a, — 9, a,, = 93,n = 15 

46. a, = 27, dy = 300, n = 20 


47. Job Offers You have job offers from two companies. 
The position with Company A has a salary of $32,500 
for the first year with a guaranteed annual raise of 
$1600 per year. The position with Company B has a 
salary of $28,000 for the first year with a guaranteed 
annual raise of $2500 per year. 


(a) What will your salary be during the sixth year of 
employment at Company A? at Company B? 

(b) How much will Company A have paid you at the 
end of 6 years? 


(c) How much will Company B have paid you at the 
end of 6 years? 


48. Seating You are setting up 20 rows of chairs for a 
concert. There will be 20 chairs in the first row, 
23 chairs in the second row, 26 chairs in the third row, 
and so on. How many chairs do you need? 


Tt 


M$ 











capgens. sii ry 
20 


Identifying a Geometric Sequence In Exercises 
49-52, determine whether the sequence is geometric. If 
it is, find the common ratio and a formula for the nth 
term. 


AV eee L827. 
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Writing the Terms of a Geometric Sequence In 
Exercises 53-56, write the first five terms of the geometric 
sequence. 


Shs Cl SRO IN anes 
54. a, = 
Sods — 10,7 = es 


Bonar ier 


m Review Exercises 601 


Finding the nth Term of a Geometric Sequence In 
Exercises 57-60, find the indicated term of the geometric 
sequence. 


57. a, = 8,r= , 40th term 

58. a, = 100, 7 = —i 5th term 

59. a, = —100, a, = 12.5, 10th term 
60. a, = 10, a, = 11.025, 19th term 


Finding the Sum of a Finite Geometric Sequence In 
Exercises 61-64, find the sum of the finite geometric 
sequence. 

10 20 


61. 5) 4(2”) 62m 2a 
n=1 n=0 
30 


15 
63. 5) 20(0.1)7! 64. 5’ 100(1.06)'~! 
i=] 


i=1 


Finding the Sum of an Infinite Geometric Series In 
Exercises 65-68, find the sum of the infinite geometric 
series, if it exists. 


65. S'(1)" 66. 5 (3) 


n=0 n=0 
co 


5\r Ze 1\n 
iol, SG) 68a el4) 
n=0 n=0 
69. Compound Interest You deposit $100 at the beginning 
of each month for 10 years in an account that pays 6% 
compounded monthly. The balance A at the end of 10 
years is as follows. 


06\' 0.06 \!0 
= 100(1 + 908) +. +++ 100( + 208) 


(a) Find the balance after 10 years. 


(b) Is the balance after 20 years twice what it is after 
10 years? Explain your reasoning. 

70. Compound Interest You deposit $200 in an 
account at the beginning of each month for 10 years. 
The account pays 6% compounded monthly. What will 
your balance be at the end of 10 years? Suppose instead 
that the interest were compounded continuously. What 
would your balance be at the end of the 10 years? 


71. Profit The annual profits a, (in millions of dollars) 
for a pharmaceuticals company from 2000 through 
2012 can be approximated by the model 


drm 65.320 tun Oe 1, asia mara elie 
where n represents the year, with n = 0 corresponding 
to 2000. 


(a) Construct a bar graph that represents the company’s 
profits during the 13-year period. 

(b) Use the formula for the sum of a finite geometric 
sequence to approximate the total profit earned 
during the 13-year period. 


602 Chapter 7 m Sequences, Series, and Probability 


72. Sales The annual sales a, (in millions of dollars) 
for a furniture company from 2000 through 2012 can be 
approximated by the model 


a = 225¢9-135n, — OF 1, DE 3. Bee ee 12) 


where n represents the year, with n = 0 corresponding to 
2000. Use the formula for the sum of a finite geometric 
sequence to approximate the total sales during the 
13-year period. 


Finding Binomial Coefficients In Exercises 73-76, 
find the binomial coefficient. 


73h 


Using Pascal’s Triangle In Exercises 77 and 78, 
evaluate using Pascal’s Triangle. 


Expanding a Binomial In Exercises 79-84, use the 
Binomial Theorem to expand the expression. Simplify 
your answer. 


TOS (eal eo 
SO Ly" 
$1. (3x + y)? 
S272 ay)? 
83. (x — 2y)8 
84. (x? + 4) 


Finding a Term in a Binomial Expansion In 
Exercises 85 and 86, find the specified nth term in the 
expansion of the binomial. 


85. (a — 3b)>, n= 3 $6028 y) Mes 
Finding a Coefficient in a Binomial Expansion In 
Exercises 87 and 88, find the coefficient a of the term in 
the expansion of the binomial. 


Binomial Term 
87. (x + 2)!2 ax! 
88. (2x — Sy)? axrys 


89. Computer Systems A customer in a computer store 
can choose one of six monitors, one of five keyboards, 
and one of seven computers. All of the choices are 
compatible. How many different systems can be chosen? 


90. Chemistry Experiment To set up an experiment, a 
chemist can use one of two beakers, one of two graduated 
cylinders, one of six hot plates, and one of three stirring 
rods. How many different equipment setups are possible 
for the experiment? 


91. Four-Digit Numbers How many four-digit numbers 

can be formed under each condition? 

(a) The leading digit cannot be 0, 1, or 2. 

(b) The leading digit cannot be 0, 1, or 2, and no 
repetition of digits is allowed. 

(c) The leading digit cannot be 0 and the number must 
be divisible by 2. 

92. Five-Digit Numbers How many five-digit numbers 

can be formed under each condition? 

(a) The leading digit cannot be 0. 

(b) The leading digit cannot be 0 and no repetition of 
digits is allowed. 

(c) The leading digit cannot be 0 and the number must 
be odd. 

93. Genetics A geneticist is using gel electrophoresis 
to analyze DNA. The DNA is divided into five samples. 
Each sample is treated with a different restriction 
enzyme and then injected into one of five wells that 
have been formed in a bed of gel. In how many orders 
can the five samples be injected into the wells? 


94. Aircraft Boarding Ten people are boarding an 
aircraft. Two have tickets for first class and board 
before the other eight people. In how many orders can 
the ten people board the aircraft? 


Finding a Permutation In Exercises 95-98, evaluate 
nP, using the formula on page 578. 


95. oP, 96. P, 
Hh ae 98. <P, 


Finding Distinguishable Permutations In Exercises 
99 and 100, find the number of distinguishable 
permutations of the group of letters. 


O97 EIN, 1a Rabe Ey ike tee Na Eig 
100. PH.OnT Ons YAN Haba clas 


101. Zebrafish A researcher has 24 zebrafish embryos 
and must choose a sample of them for study. How 
many different samples of each size are possible? 


(a) 5 embryos 
(b) 10 embryos 
(c) 18 embryos 


102. Job Applicants An employer interviews 10 people 
for five identical job openings in the marketing 
department of a company. All 10 applicants are qualified 
and seven of them are women. For each situation below, 
how many different groups of five people are possible? 
(a) The people are chosen at random. 

(b) Exactly three of those hired are women. 


(c) All five of those hired are women. 


Finding the Sample Space __In Exercises 103 and 104, 
find the sample space for the experiment. 


103. Guessing the last digit in a telephone number 
104. Tossing four coins 


Finding the Probability of an Event In Exercises 105 
and 106, a card is selected at random from a standard 
deck of 52 playing cards. Find the probability of the 
event. 


105. Getting a 10, jack, or queen 
106. Getting a black card that is not a face card 


Probability of Mutually Exclusive Events In 
Exercises 107-110, use the table, which shows the 
weights of the players on a college football team. 


Weight (in pounds) | Number of players 


160-199 
200-239 
240-279 


























A player from the team is chosen randomly to compete 
in a tug of war for charity. Find the probability that the 
player’s weight is in the given range. 

107. 280 to 319 pounds 

108. 240 to 319 pounds 

109. Greater than 199 pounds 

110. Less than 280 pounds 


The Probability of a Union In Exercises 111 and 112, 
one card is selected at random from a deck of 
52 playing cards. Use a formula to find the probability of 
the union of the two events. 


111. The card is red or an ace. 


112. The card is a face card or a heart. 


Finding the Probability of a Complement In 
Exercises 113 and 114, you are given the probability p 
that an event will happen. Find the probability that the 
event will not happen. 


113. p = 0.57 114. p = 0.23 


Probability of Independent Events In Exercises 115 
and 116, a random number generator selects three 
numbers from 1 through 20. Find the probability of the 
event. 

115. All three numbers are odd. 


116. Two numbers are even and the third number is 11. 


117: 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


m Review Exercises 603 


Education In a high school graduating class of 
72 students, 28 are on the honor roll. Of these, 18 are 
going on to college, and of the other 44 students, 12 
are going on to college. A student is selected at random 
from the class. What is the probability that the person 
chosen is (a) going to college, (b) not going to college, 
and (c) on the honor roll, but not going to college? 
Game Show On a game show, you are given four 
different digits to arrange in the proper order to 
represent the price of a trip. If you are correct, then 
you win the trip. Find the probability of winning under 
each condition. 


(a) You must guess the position of each digit. 


(b) You know the first digit, but must guess the 
remaining three. 


Poker Hand Five cards are drawn randomly from a 
standard deck of 52 playing cards. What is the 
probability of getting two pair? (Two pair consists of 
two of one kind, two of another kind, and one of a third 
kind. For example, K-K-9-9-5 is two pair.) 
Preparing for a Test An instructor gives a class a 
list of 12 study problems, from which eight will be 
selected to construct an exam, A student knows how to 
solve 10 of the problems. Find the probability that the 
student will be able to answer (a) all eight questions on 
the exam, (b) exactly seven questions on the exam, and 
(c) at least seven questions on the exam. 
Payroll Mix-Up Four paychecks and envelopes are 
addressed to four different people. The paychecks get 
mixed up and are inserted randomly into the 
envelopes. 
(a) What is the probability that exactly one will be 
inserted in the correct envelope? 
(b) What is the probability that at least one will be 
inserted in the correct envelope? 
Defective Units A shipment of 1000 radar detectors 
contains five defective units. A retail outlet has ordered 
50 units. 
(a) What is the probability that all 50 units are good? 
(b) What is the probability that at least one unit is 
defective? 
A Boy ora Girl? Assume that the probability of the 
birth of a child of a particular gender is 50%. In a 
family with five children, what is the probability that 
(a) all the children are boys, (b) all the children are of 
the same gender, and (c) there is at least one boy? 
A Boy ora Girl? Assume that the probability of the 
birth of a child of a particular gender is 50%. In a 
family with seven children, what is the probability that 
(a) all the children are girls, (b) all the children are of 
the same gender, and (c) there is at least one girl? 
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Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-4, write the first five terms of the sequence. (Assume rn begins with 1.) 
Vad = ioe 2. a, = (=) 3.a,=(n+1)! 4a,= (3)" 


In Exercises 5-8, determine whether the sequence is arithmetic, geometric, or 
neither. If possible, find the common difference or common ratio. 


5. ad, — on — 2 6. 4, =2" +2 1.4, = 92") 8. 2, = Sn 


9. Find a formula for the nth term of an arithmetic sequence 5, 13, 21, .... Then find 
the 20th term of the sequence. 


10. The 11th term of an arithmetic sequence is 360 and the common difference is 35. 
What is the first term of the sequence? 


11. Find a formula for the nth term of the geometric sequence 4, 28, 196, . . .. Then find 
the eighth term of the sequence. 


12. Find the 18th term of the geometric sequence whose first term is 4 and whose 
common ratio is 1.1. 


In Exercises 13-15, find the sum. 


50 20 


13. Si (2n + 1) 14. 5'3(3) is. S(4)' 


n=] n=1 n=1 


16. A deposit of $8000 is made in an account that pays 5% compounded monthly. The 
balance in the account after n months is given by 


Find the balance in the account after 10 years. 
17. Use the Binomial Theorem to expand (2x — 3). 


18. Determine the coefficient of the x’ term in the expansion of (x — 3)!?. 


In Exercises 19 and 20, evaluate each expression. 
19a oe D) ae 20. (a) 4yCy  (D) eC 


In Exercises 21 and 22, find the number of distinguishable permutations of the 
group of letters. 


Dl aP ZZ 22% TINS aL. Es RIN Els 


23. A customer in an electronics store can choose one of eight digital cameras, one of 
four memory cards, one of two compact tripods, and one of ten cases. How many 
different camera packages are possible? 

24. An ecology quiz consists of 12 multiple choice questions with four possible 
answers for each question. In how many ways can the quiz be answered? (Assume 
that no question 1s omitted.) 

25. How many different five-digit numbers can be formed if the leading digit cannot be 
0 and the number must be odd? 

26. In how many ways can eight people sit in an eight-passenger van? 

27. In how many ways can three toppings for a pizza be selected from a list of 12 toppings? 

28. You roll three six-sided dice. What is the probability that you roll a five on 
each die? 
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A An Introduction to Graphing Utilities 





Graphing utilities such as graphing calculators and computers with graphing software 
are very valuable tools for visualizing mathematical principles, verifying solutions of 
equations, exploring mathematical ideas, and developing mathematical models. 
Although graphing utilities are extremely helpful in learning mathematics, their use 
does not mean that learning algebra is any less important. In fact, the combination of 
knowledge of mathematics and the use of graphing utilities enables you to explore 
mathematics more easily and to a greater depth. If you are using a graphing utility in 
this course, then it is up to you to learn its capabilities and to practice using this tool to 
enhance your mathematical learning. 

In this text, there are many opportunities to use a graphing utility, some of which 
are described below. 


Uses of a Graphing Utility 

A graphing utility can be used to 
¢ check or validate answers to problems obtained using algebraic methods. 

* discover and explore algebraic properties, rules, and concepts. 

* graph functions and approximate solutions of equations involving functions. 


* efficiently perform complicated mathematical procedures such as those found 
in many real-life applications. 


find mathematical models for sets of data. 


In this appendix, the features of graphing utilities are discussed from a generic 
perspective. To learn how to use the features of a specific graphing utility, consult your 
user’s manual or the website for this text, found at www.cengagebrain.com, where you 
will find specific keystrokes for most graphing utilities. Your college library may also 
have a video on how to use your graphing utility. 


The Equation Editor 


Many graphing utilities are designed to act as “function graphers.” In this course, 
functions and their graphs are studied in detail. A function can be thought of as a rule that 
describes the relationship between two variables. These rules are frequently written in 
terms of x and y, For example, the equation y = 3x + 5 represents y as a function of x. 
Many graphing utilities have an equation editor that requires an equation to be 
written in “y =” form in order to be entered, as shown in Figure A.1. (You should note 
that your equation editor screen may not look like the screen shown in Figure A.1.) 
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FIGURE A.1 
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FIGURE A.3 











FIGURE A.5 
eee) 
10 10 
| 
| 
7 10 
FIGURE A.6 


Table Feature 


Most graphing utilities are capable of displaying a table of values with x-values and one 
or more corresponding y-values. These tables can be used to check solutions of an 
equation and to generate ordered pairs to assist in graphing an equation by hand. 

To use the table feature, enter an equation in the equation editor in “y =” form, The 
table may have a setup screen, which allows you to select the starting x-value and 
the table step or x-increment. You may then have the option of automatically generating 
values for x and y or building your own table using ask mode (see Figure A.2), In ask 
mode, you enter a value for x and the graphing utility displays the y-value. 








TABLE SETUP 
Th1lStart=1 
alTbl= 

Indent: (iim Ask 
Derend: (iia Ask 







FIGURE A.2 


For example, enter the equation 


in the equation editor, as shown in Figure A.3. In the table setup screen, set the table 
to start at x = —4 and set the table step to 1. When you view the table, notice that 
the first x-value is —4 and each value after it increases by 1. Also notice that the Y1 
column gives the resulting y-value for each x-value, as shown in Figure A.4. The table 
shows that the y-value when x = —2 is ERROR. This means that the equation is 
undefined when x = —2. 

With the same equation in the equation editor, set the independent variable in the 
table setup screen to ask mode. In this mode, you do not need to set the starting x-value 
or the table step, because you are entering any value you choose for x. You may enter 
any real value for x—integers, fractions, decimals, irrational numbers, and so forth. 
When you enter.x = | + \/3, the graphing utility may rewrite the number as a decimal 
approximation, as shown in Figure A.5. You can continue to build your own table by 
entering additional x-values in order to generate y-values. 

When you have several equations in the equation editor, the table may generate 
y-values for each equation. 


Creating a Viewing Window 


A viewing window for a graph is a rectangular portion of the coordinate plane. A viewing 
window is determined by the following six values. 

Xmin = the minimum value of x 

Xmax = the maximum value of x 

Xscl = the number of units per tick mark on the x-axis 

Ymin = the minimum value of y 

Ymax = the maximum value of y 

Yscl = the number of units per tick mark on the y-axis 
When you enter these six values into a graphing utility, you are setting the viewing 
window. On some graphing utilities, there is a seventh value on the viewing window 
labeled Xres. This sets the pixel resolution. For instance, when Xres = 1, functions 
are evaluated and graphed at each pixel on the x-axis. Some graphing utilities have a 
standard viewing window, as shown in Figure A.6, 


FIGURE A.8 






FIGURE A.9 
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By choosing different viewing windows for a graph, it is possible to obtain 
very different impressions of the graph’s shape. For instance, Figure A.7 shows four 
different viewing windows for the graph of 


y = O.1x* — x + 2x2. 


Of these, the view shown in part (a) is the most complete. 











(Cc) (d) 
FIGURE A.7 


On most graphing utilities, the display screen is two-thirds as high as it is wide, On 
such screens, you can obtain a graph with a true geometric perspective by using. a 
square setting—one in which 


Yat = ymin 7 2 
Xmax — Xmin 3 





One such setting is shown in Figure A.8. Notice that the v and y tick marks are equally 
spaced on a square setting, but not on a standard setting, 

To see how the viewing window affects the geometric perspective, graph the 
semicircles 


Vi J/9 — x and y= > JI — x 


using a standard viewing window. Then graph y, and y, using a square viewing window, 
Note the difference in the shapes of the circles. 


Zoom and Trace Features 


When you graph an equation, you can move from point to point along its graph using 
the trace feature. As you trace the graph, the coordinates of each point are displayed, as 
shown in Figure A.9. The trace feature combined with the zoom feature enables you to 
obtain better and better approximations of desired points on a graph, 

For instance, you can use the zoom feature of a graphing utility to approximate the 
x-intercept(s) of a graph. Suppose you want to approximate the x-intercept(s) of the graph 
of y = 2x3 — 3x + 2. Begin by graphing the equation, as shown in Figure A,1O0(a). 


A4 
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(a) 


FIGURE A.11 





From the viewing window shown, the graph appears to have only one x-intercept. This 
intercept lies between —2 and —1. By zooming in on the intercept, you can improve 
the approximation, as shown in Figure A.10(b). To three decimal places, the x-intercept 
isx =~ —1.476. 





(a) (b) 
FIGURE A.10 


Here are some suggestions for using the zoom feature. 

1. With each successive zoom-in, adjust the x-scale so that the viewing window 
shows at least one tick mark on each side of the x-intercept. 

2. The error in your approximation will be less than the distance between two tick 
marks. 

3. The trace feature can usually be used to add one more decimal place of accuracy 
without changing the viewing window. 


Figure A.11(a) shows the graph of y = x? — 5x + 3. Figures A.11(b) and A.11(c) 
show “zoom-in views” of the two x-intercepts. Using these views and the trace feature, 
you can approximate the x-intercepts to be 


x =~ 0.697 and x = 4.303. 
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Zero or Root Feature 


Using the zero or root feature, you can find the real zeros of functions of the various 
types studied in this text—polynomial, exponential, and logarithmic. To find the 
zeros of a function such as 


f(x) = jx -2 


first enter the function as 


in the equation editor. Then use the zero or root feature, which may require entering 
lower and upper bound estimates of the zero, as shown in Figures A.12(a) and A.12(b). 
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(a) (b) (c) 
FIGURE A.12 


In Figure A.12(c), you can see that the zero is x ~ 2.6666667 ~ De. 


Intersect Feature 


To find the point(s) of intersection of two graphs, you can use the intersect feature. For 
instance, to find the point(s) of intersection of the graphs of 


y,=—-x+2 and y=xt+4 


enter these two functions in the equation editor and use the intersect feature, as shown 
in Figure A.13. 
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(a) (b) 





(€) (f) 
FIGURE A.13 


From Figure A.13(f), you can see that the point of intersection is (— 1, 3). 
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Regression Feature 

Throughout the text, you are asked to use the regression feature of a graphing utility to 
find models for sets of data. Most graphing utilities have built-in regression programs 
for the following. 


Regression Form of Model 

Linear y=axt+b or y=a+t+bx 

Quadratic y= ax + bx c 

Cubic y= ax + bx* + cer Hd 

Quartic y= ax* + be + cx? + ax +e 

Logarithmic y=artbinx 

Exponential y = ab* 

Power y = ax? 

Logistic y= = = Oty = & — ae 
I aie (eta ee II iis faye!” 

Sine y =asin(bx + c) +d 


For example, you can find a linear model for the data in the table. 





EB 10 ) 1 12 13 14 15 





y | 142.8 155.4 | 166.7 180.1 | 192.2 | 198.6 | 208.4 





Enter the data in the /ist editor, as shown in Figure A.14. Note that the list in the first 
column contains the x-values and the list in the second column contains the y-values. 
Now use your graphing utility’s linear regression feature to obtain the coefficients a and 
FIGURE A.14 b tor the model 





y=ax+b 
as shown in Figure A.15. So, a linear model for the data is 


y = 11.03x + 45.4. 





FIGURE A.15 


When you use the regression feature of a graphing calculator or computer program 
to find a linear model for data, you will notice that the program may also output an 
“r-value.” The r-value, or correlation coefficient, measures how well the linear model 
fits the data. The correlation coefficient r varies between — | and 1. The closer |r| is to 
1, the better the data can be described by a line. For the data in the table above, you can 
see from Figure A.15 that r ~ 0.996, which implies that the linear model 


y = 11.03x + 45.4 


is a good fit for the data. 
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Maximum and Minimum Features 


The maximum and minimum features of a graphing utility find the relative extrema of a 
function, To find the relative maximum of a function such as 


F(x) = # = 3x 


first enter the function as y, = «2° — 3x in the equation editor. Then use the maximum 


feature, Which may require entering lower and upper bound estimates for the maximum, 
as shown in Figures A.16(a) and A. 16(b). 
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FIGURE A.16 


In Figure A,16(c), you can see that the relative maximum occurs at (— 1, 2). The relative 
minimum of the function can be found in a similar manner. From Figure A.16(d), you 
can see that the relative minimum occurs at (1, 2). 
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B Conic Sections 


B.1 Conic Sections 


£ 


Conic Sections 


FIGURE B.1 





Recognize the four basic conics: circles, parabolas, ellipses, and hyperbolas. 
Recognize, graph, and write equations of parabolas (vertex at origin). 


a 
H 
m Recognize, graph, and write equations of ellipses (center at origin). 
o 


Recognize, graph, and write equations of hyperbolas (center at origin). 


Introduction to Conic Sections 


Conic sections were discovered during the classical Greek period, which lasted from 
600 to 300 B.c. By the beginning of the Alexandrian period, enough was known of 
conics for Apollonius (262-190 B.c.) to produce an eight-volume work on the subject. 

This early Greek study was largely concerned with the geometric properties of conics. 
It was not until the early seventeenth century that the broad applicability of conics 
became apparent. 

A conic section (or simply conic) can be described as the intersection of a plane 
and a double-napped cone. Notice from Figure B.1 that in the formation of the four 
basic conics, the intersecting plane does not pass through the vertex of the cone. When 
the plane does pass through the vertex, the resulting figure is a degenerate conic, as 
shown in Figure B.2. 





Degenerate Conics 
FIGURE B.2 


There are several ways to approach the study of conics. You could begin by defining 
conics in terms of the intersections of planes and cones, as the Greeks did, or you could 
define them algebraically, in terms of the general second-degree equation 

Ax? + Bxy + Cy? + Dx + Ey + F=0. 

However, you will study a third approach in which each of the conics is defined as a 
locus, or collection, of points satisfying a certain geometric property. For example, in 
Section 2.1 you saw how the definition of a circle as the collection of all points (x, y) that 
are equidistant from a fixed point (h, k) led easily to the standard equation of a circle, 


(x — h)? + (y — k)? =r’. 


You will restrict your study of conics in Appendix B.1 to parabolas with vertices at 
the origin, and ellipses and hyperbolas with centers at the origin. In Appendix B.2, you 
will look at the general cases. 
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Parabolas 
In Section 3.1, you determined that the graph of the quadratic function given by 
STUDY T : ; 
iP JAC) Meher sone me 


Note that the term parabola 
is a technical term used in 
mathematics and does not 
simply refer to any U-shaped 
curve. 


is a parabola that opens upward or downward. The definition of a parabola given below 
is more general in the sense that it is independent of the orientation of the parabola. 


a ADL WP 


Definition of a Parabola 





a Re RRE TNNNENN 


A parabola is the set of all points y 
(x, y) in a plane that are equidistant 
from a fixed line called the directrix 
and a fixed point called the focus 
(not on the line). The midpoint 
between the focus and the directrix 
is called the vertex, and the line 
passing through the focus and the 
vertex is called the axis of the parabola. Directrix 








Using this definition, you can derive the following standard form of the equation 
of a parabola. 


Standard Equation of a Parabola (Vertex at Origin) 


The standard form of the equation of a parabola with vertex at (0, 0) and 


directrix y = —p is given by 
x*=A4py, p #0. Vertical axis 

For directrix x = —p, the equation is given by 
AE = 4px, p #0. Horizontal axis 


The focus is on the axis p units (directed distance) from the vertex. See Figure B.3. 
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FIGURE B.3 
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FIGURE B.4 






Vertex 


| 
(QO, 0) 


FIGURE B.5 


\ 
A 


| Focus (0, 


e 
) 


Focus 


(2,0) 


eeieiycwen Finding the Focus of a Parabola 


Find the focus of the parabola whose equation is y = — 2x. 


SOLUTION Because the squared term in the equation involves x, you know that the 
axis is vertical, and the equation is of the form 


x? = 4py. Standard form, vertical axis 


You can write the original equation in this form, as shown. 


—27* = y Write original equation. 
5 io aoe Divide each side by — 2. 
f | 
a6 = 4( = a Write in standard form. 
So, p = - 4 Because p is negative, the parabola opens downward and the focus of the 


parabola is (0, p) = (0, —4), as shown in Figure B.4. 


/chackolnt 1 





Find the focus of the parabola whose equation is y? = 2x. a 


ets cea Finding the Standard Equation of a Parabola 
Write the standard form of the equation of the parabola with vertex at the origin and 
focus at (2, 0). 


SOLUTION The axis of the parabola is horizontal, passing through (0, 0) and (2, 0), as 
shown in Figure B.5. So, the standard form is 


y? = 4px. Standard form, horizontal axis 
Because the focus is p = 2 units from the vertex, the equation is 
y? = 4(2)x Standard form 


y? = 8x, 


7 Cheekpelnt 2 





Write the standard form of the equation of the parabola with vertex at the origin and 
focus at (0, 2). g 


Parabolas occur in a wide variety of Light source 
at focus 9) f4 2>" = 22 = Sa > 





applications. For instance, a parabolic 





reflector can be formed by revolving @ FJ < 
parabola about its axis. The resulting ... fit... 
surface has the property that all incoming Ss : Ree i 
rays parallel to the axis are reflected through me co 
the focus of the parabola. This is the principle a 
behind the construction of the parabolic soseecs se 
mirrors used in reflecting telescopes. 

Conversely, the light rays emanating from 

the focus of the parabolic reflector used Parabolic refleecom 
in a flashlight are all reflected parallel to Light is reflected 


OS . in parallel rays. 
one another, as shown in Figure B.6. : i 


FIGURE B.6 


FIGURE B.7 
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Ellipses 


Another basic type of conic is called an ellipse. 
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Definition of an Ellipse 


An ellipse is the set of all points (x, y) in a plane the sum of whose distances from 
two distinct fixed points, called foci, is constant. 


(x, y) 










Major axis 
Center 


Minor 
— axis 






d, + d, is constant. 


The line through the foci intersects the ellipse at two points, called the vertices. 
The chord joining the vertices is called the major axis, and its midpoint is called the 
center of the ellipse. The chord perpendicular to the major axis at the center is called 
the minor axis of the ellipse. The endpoints of the minor axis of an ellipse are commonly 
referred to as the co-vertices. 

You can visualize the definition of an ellipse by imagining two thumbtacks placed 
at the foci, as shown in Figure B.7. If the ends of a fixed length of string are fastened 
to the thumbtacks and the string is drawn taut with a pencil, the path traced by the pencil 
will be an ellipse. 

The standard form of the equation of an ellipse takes one of two forms, depending 
on whether the major axis is horizontal or vertical. 
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Standard Equation of an Ellipse (Center at Origin) 


The standard form of the equation of an ellipse with the center at the origin and 
major and minor axes of lengths 2a and 2b, respectively (where 0 < b <a), is 


2 2 
+51 or eee 
a 

















ee = 
Vertex ya) 
Major axis is horizontal. Major axis is vertical. 
Minor axis is vertical. Minor axis is horizontal. 


The vertices and foci lie on the major axis, a and c units, respectively, from the 
center. Moreover, a, b, and c are related by the equation c? = a? — b’. 
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oer 


FIGURE B.8 





(0, —6) 


FIGURE B.9 


Finding the Standard Equation of an Ellipse 


Find the standard form of the equation of the ellipse that has a major axis of length 6 
and foci at (—2, 0) and (2, 0), as shown in Figure B.8. 


SOLUTION Because the foci occur at (—2, 0) and (2, 0), the center of the ellipse is 
(0, 0), and the major axis is horizontal. So, the ellipse has an equation of the form 


9 6) 

Ge y~ : ‘ , 
+ PP — aie Standard form, horizontal major axis 
(Oia in 


Because the length of the major axis is 6, you have 2a = 6, which implies that a = oh 
Moreover, the distance from the center to either focus is c = 2. Finally, you have 


be = @ = 2 = 32? — 2 =9 -—4=S. 


Substituting a* = 37 and b? = (sie yields the following equation in standard form. 





a/- Checkpoint 3 


Find the standard form of the equation of the ellipse that has a major axis of length 8 
and foci at (0, —3) and (0, 3). zt 


eeertywan Sketching an Ellipse 


Sketch the ellipse given by 
Ane Ty = 30 
and identify the vertices. 


SOLUTION Begin by writing the equation in standard form. 





4x? + y? = 36 Write original equation. 
sa + ve = 20 Divide each side by 36 
36 36 ~~ 36 ‘wil 
rsa ee 

9 36 Simplity. 

ee Ses 

3 =i 6 = | Write in standard form. 


Because the denominator of the y?-term is greater than the denominator of the x°-term, 
you can conclude that the major axis is vertical. Also, because a* = 6°, the endpoints 
of the major axis lie six units up and down trom the center (0, 0). So, the vertices of the 
ellipse are (0,6) and (0, —6). Similarly, because the denominator of the x?-term is 
b? = 32, the endpoints of the minor axis (or co-vertices) lie three units to the right and 
left of the center at (3, 0) and (—3, 0). The ellipse is shown in Figure B.9. 


s/ Checkuoit 4 





Sketch the ellipse given by x? + 4y? = 64, and identify the vertices. a 


Appendix B.1. m™ Conic Sections A13 


Hyperbolas 


The definition of a hyperbola is similar to that of an ellipse. The distinction is that, for an 
ellipse, the swm of the distances between the foci and a point on the ellipse is constant, 
whereas for a hyperbola, the difference of the distances between the foci and a point on 
the hyperbola is constant. 


Definition of a Hyperbola 


A hyperbola is the set of all points (x, y) in a plane the difference of whose 
distances from two distinct fixed points, called foci, is constant. 








(x, y) 
d, Be Transverse axis 
Pia 1 
Center 
HOCUS. Cet Iii =—-—-* Focus Sa in 
1 
1 
I 
1 
| 

ae 
[P axe) 
———— 


d>—d, is constant. 


The graph of a hyperbola has two disconnected parts, called branches. The line 
through the two foci intersects the hyperbola at two points, called vertices. The line 
segment connecting the vertices is called the transverse axis, and the midpoint of the 
transverse axis is called the center of the hyperbola. 


Standard Equation of a Hyperbola (Center at Origin) 


The standard form of the equation of a hyperbola with the center at the origin 
(where a # 0 and b # 0) is 








Transverse 
4 
axis 








— ee Se — nono we Xe 














The vertices and foci are, respectively, a and c units from the center. Moreover, a, 
b, and c are related by the equation 


ba a 
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eniscien Finding the Standard Equation of a Hyperbola 
) Find the standard form of the equation of the hyperbola with foci at (—3, 0) and (3, 0) 
‘ and vertices at (—2, 0) and (2, 0), as shown in Figure B.10. 


SOLUTION From the graph, c = 3 because the foci are three units from the center. 
Also, a = 2 because the vertices are two units from the center. So, 





b2 = c2 — a? = 32-27 =9-42=5. 
/ x . . . ~ . . 
alps Because the transverse axis is horizontal, the standard form of the equation 1s 
e, ; 
ee Ws ‘ 
A eas ie = 1. Standard form, horizontal transverse axis 
= am ‘ 
mL 2 
34 Finally, substituting a? = 2? and b* = (./5)”, you have 
2 2 
FIGURE B.10 Xx y 





= |. Write in standard form. 


n/Checkeoint 5 





Find the standard form of the equation of the hyperbola with foci at (0, —4) and (0, 4) 
and vertices at (0, —3) and (0, 3). a 


An important aid in sketching the graph of a hyperbola is the determination of its 
asymptotes, as shown in Figure B.11. Each hyperbola has two asymptotes that intersect 
at the center of the hyperbola. Furthermore, the asymptotes pass through the corners of 
a rectangle of dimensions 2a by 2b. The line segment of length 2b, joining (0, b) and 
(0, —b) [or (—b, 0) and (b, 0)], is referred to as the conjugate axis of the hyperbola. 


oy 


Asymptote: 
| b 








‘| 
7 an 
¢_/ 


_/ | Asymptote: 














e 
(0, 
| 
| Asymptote: 
b 
} y= Xx 
ok Re cae 
Transverse axis is horizontal. Transverse axis is vertical. 


FIGURE B.11 


a 


Asymptotes of a Hyperbola (Center at Origin) 


Wh rad and y= TPR Transverse axis is horizontal. 
a a * . . 
ye a and y= bei hes Transverse axis is vertical. 


FIGURE B.14 
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e<etye(MMe Sketching a Hyperbola 


Sketch the hyperbola whose equation is 4x7 — y? = 16. 





SOLUTION 
4x? — y* = 16 Write original equation. 
a aye 16 Panic: 
= Divide each side by 16. 
16 16 16 : 
e} yh 
ie yo hy : 
Tie 42 = |] Write in standard form. 


Because the x?-term is positive, you can conclude that the transverse axis is horizontal 
and the vertices occur at (—2, 0) and (2, 0). Moreover, the endpoints of the conjugate 
axis occur at (0, —4) and (0, 4), and you can sketch the rectangle shown in Figure B.12. 
Finally, by drawing the asymptotes through the corners of this rectangle, you can 
complete the sketch shown in Figure B.13. 














y y 
A A 
(sj 
a: 10, 4) 
(—2, 0) | (2,0) 
t t ¢ ° | pes } 
=§ =—4 } ; 4 6 —6 
U : ers - a 
(0, —4) 
—6 
FIGURE B.12 FIGURE B.13 
af chearpelnt 6 
Sketch the hyperbola whose equation is 9y? — x? = 9. a 


eaete(-wam Finding the Standard Equation of a Hyperbola 


Find the standard form of the equation of the hyperbola that has vertices at (0, —3) and 
(0, 3) and asymptotes y = —2x and y = 2x, as shown in Figure B.14. 


SOLUTION Because the transverse axis is vertical, the asymptotes are of the form 


a a — 
ye and Ve vars Transverse axis is vertical. 
b b 
Using the fact that y = 2x and y = —2x, you can determine that a/b = 2. Because 


t 3 ‘ 
a = 3, you can determine that b = 5. Finally, you can conclude that the hyperbola has 
the equation 





<r =], Write in standard form. 


of GhackBoint 7 


Find the standard form of the equation of the hyperbola that has vertices at (—5, 0) 
and (5, 0) and asymptotes y = —x and y = x. a 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
SKILLS WARM P B.1 these skills in the exercise set for this section. For additional help, review Sections 0.7, 1.3, and 2.1. 


In Exercises 1-4, rewrite the equation so that it has no fractions. 





Pg We ic a 42 eZ 
24% = 2,2 4+ 2 Se 
: Key 8 32 2 aioe 
gi Spee age 
a (ee 
St Peete ae 1/529 


In Exercises 5-8, solve for c. (Assume c > 0.) 
5, c? = 32 — |? 6. ¢ 
7. cf +2? = 4 SG 


N 


pe 


Asal 


+ 
oS) 
wv 


i) 
tw 


i) 
is) 


In Exercises 9 and 10, find the distance between the point and the origin. 
9, (0, —4) 10: (=2;0) 





Exercises B.1 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Matching In Exercises 1-8, match the equation with Lie 4 y 2. x2 = —Ay 
its graph. [The graphs are labeled (a), (b), (c), (a), (e), (f), 3. y2 = 4x 4. 2 = —4x 
(g), and (h).] ye 

Sor = = | 
| 4 
co ye 

4 Sar Se Sl 
2 4 | 
Kom 

Vo = = Se = | 
| 4 
y2 x2 

ae ee el 
4 | 


Finding the Vertex and Focus of a Parabola In 
Exercises 9-16, find the vertex and focus of the parabola 
and sketch its graph. See Example 7. 


9. y = 4x 
L0.ayi ex 
11. y? = —6x 
12. y* = 3x 


13. x7 + 8y =0 
14, x2 + 12y =0 





) 15.x+y?=0 
a 2 16. y? — 8x = 0 


(9) aot (h) ; Finding the Standard Equation of a Parabola In 

Exercises 17-26, find the standard form of the equation 
of the parabola with the given characteristic(s) and vertex 
at the origin. See Example 2. 


17. Focus: (0, —3) 18. Focus: (0, —2) 





19. Focus: (—2, 0) 
21. Directrix: y = —1 
moe Directrix: x = 3 


20. Focus: (3, 0) 

22. Directrix: y = 2 
24. Directrix: x = —2 
25. Passes through the point (4, 6); horizontal axis 


26. Passes through the point (— 2, —2); vertical axis 


Finding the Standard Equation of an Ellipse In 
Exercises 27-34, find the standard form of the equation 
of the ellipse with the given characteristics and center at 
the origin. See Example 3. 


27. Vertices: (0, +2); minor axis of length 2 

28. Vertices: (+2, 0); minor axis of length 3 

29. Vertices: (+5,0); foci: (+2, 0) 

30. Vertices: (0,+10); foci: (0, +4) 

31. Foci: (+5, 0); major axis of length 12 

32. Foci: (+2, 0); major axis of length 8 

33. Vertices: (0,+5); passes through the point (4, 2) 


34. Major axis vertical; passes through the points (0, 4) and 
(2, 0) 


Sketching an Ellipse In Exercises 35-42, find the 
center and vertices of the ellipse and sketch its graph. 
See Example 4. 


oe x2 ” 
eerie t= 

‘a bs! 16 20 St mar oo eek 

Be ve 
Sito, + 6 = 1 2.2 a eg 

9 9 4 

eS a ps oe 

aot el +> 
a lial we ee © 
41. 5x* + 3y? = 15 42. 2+ 4 =4 


Finding the Standard Equation of a Hyperbola In 
Exercises 43-46, find the standard form of the equation 
of the hyperbola with the given characteristics and center 
at the origin. See Example 5. 


43. Vertices: (0, +2); foci: (0, +4 
44. Vertices: (0, +5); ( 

45. Vertices: (+6, 0); foci: (+9, ( 
46. Vertices: (+3, 0); (+5, ( 


foci: 
foci: 
Sketching a Hyperbola_ In Exercises 47-54, find the 


center and vertices of the hyperbola and sketch its 
graph. See Example 6. 


Ay. x y | 48. 9 16 1 
A y2 x? 
ISS Bae a ,o-- =) 
49. * 4 1 50 9 | 
2 x? ne y? 
ee oe 52. = Sa eet 
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53. 2x* — 3y* = 6 5432 515 


Finding the Standard Equation of a Hyperbola In 
Exercises 55-60, find the standard form of the equation 
of the hyperbola with the given characteristics and 
center at the origin. See Example 7. 


| 
+ 
be 


55. Vertices: (+1, 0); asymptotes: y = 
56. Vertices: (0, +3); asymptotes: y = +3x 

57. Foci: (0, +4); asymptotes: y = +5x 

58. Foci: (+10, 0); asymptotes: y = +x 

59. Vertices: (0, +3); passes through the point (—2, 5) 
60. Vertices: (+2, 0); passes through the point (3, 73) 


61. Satellite Antenna The receiver in a parabolic 
television dish antenna is 3 feet from the vertex and is 
located at the focus (see figure). Write an equation for a 
cross section of the reflector. (Assume that the dish is 
directed upward and the vertex is at the origin.) 


y 





Se Receiver | aa 
m é 3 ft 
> Xx 





62. Suspension Bridge Each cable of the Golden Gate 
Bridge is suspended (in the shape of a parabola) between 
two towers that are 1280 meters apart. The top of each 
tower is 152 meters above the roadway (see figure). The 
cables touch the roadway at the midpoint between 
the towers. Write an equation for the parabolic shape of 
each cable. 







(—640, 152) (640, 152) 





~ Soe Xe. 
Hy ~Roadway ata 
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63. Architecture A fireplace arch is to be constructed in 
the shape of a semiellipse. The opening is to have a 
height of 2 feet at the center and a width of 5 feet along 
the base (see figure). The contractor draws the outline 
of the ellipse by the method shown in Figure B.7. 
Where should the tacks be placed and what should be 
the length of the piece of string? 











A18 


64. 


66. 
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Mountain Tunnel A semielliptical arch over a tunnel 
for a road through a mountain has a major axis of 100 feet, 
and its height at the center is 30 feet (see figure). 
Determine the height of the arch 5 feet from the edge of 
the tunnel. 





SWCD, ae 


. Sketching an Ellipse Sketch a graph of the ellipse 


that consists of all points (x, y) such that the sum of the 
distances between (x, y) and two fixed points is 15 units 
and the foci are located at the centers of the two sets of 
concentric circles, as shown in the figure. 
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Think About It A line segment through a focus of an 
ellipse with endpoints on the ellipse and perpendicular 
to its major axis is called a latus rectum of the ellipse. 
An ellipse has two latera recta. Knowing the length of 
the latera recta is helpful in sketching an ellipse because 
this information yields other points on the curve (see 
figure). Show that the length of each latus rectum is 


2b? 


a 








Using Latera Recta 


In Exercises 67-70, sketch the 


ellipse using the latera recta (see Exercise 66). 


Gism. 


69. 
70. 


71. 


72. 


Ths 


74. 


ets “= | 


Qx2 + dy? = 36 
5x2 + 3y* = 15 


Think About It Consider the ellipse 


2 2 
x ig 


see a = 
3260 ES2e 





Is this ellipse better described as elongated or nearly 
circular? Explain your reasoning. 


Navigation Long-range navigation for aircraft and 
ships is accomplished by synchronized pulses transmitted 
by widely separated transmitting stations. These pulses 
travel at the speed of light (186,000 miles per second). 
The difference in the times of arrival of these pulses at 
an aircraft or ship is constant on a hyperbola having the 
transmitting stations as foci. Assume that two stations 
300 miles apart are positioned on a rectangular coordinate 
system at points with coordinates (— 150, 0) and (150, 0) 
and that a ship is traveling on a path with coordinates 
(x, 75) (see figure). Find the x-coordinate of the position 
of the ship if the time difference between the pulses 
from the transmitting stations is 1000 microseconds 
(0.001 second). 





Hyperbolic Mirror A hyperbolic mirror (used in some 
telescopes) has the property that a light ray directed at 
one focus will be reflected to the other focus (see figure). 
The focus of the hyperbolic mirror has coordinates 
(12, 0). Find the vertex of the mirror if its mount at the 
top edge of the mirror has coordinates (12, 12). 


G2512) 





(—12;, 0) (12, 0) 





Writing Explain how the central rectangle of a 
hyperbola can be used to sketch its asymptotes. 
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FIGURE B.15 


m Recognize equations of conics that have been shifted vertically or horizontally 
in the plane. 


m@ Write and graph equations of conics that have been shifted vertically or 
horizontally in the plane. 


Vertical and Horizontal Shifts of Conics 


In Appendix B.1, you studied conic sections whose graphs were in standard position. 
In this section, you will study the equations of conic sections that have been shifted 
vertically or horizontally in the plane. The following summary lists the standard forms 
of the equations of the four basic conics. 


Standard Forms of Equations of Conics 
Circle: Center = (h, k); Radius = r; See Figure B.15. 


Parabola: Vertex = (h, k); Directed distance from vertex to focus = p 
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SONG aS Vertex: 
p>od (h, k) 


Focus: 
(h, k + p) 









































Hyperbola: Center = (h, k); Transverse axis length = 2a; 
Conjugate axis length = 2b 
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FIGURE B.16 


y | @—-2)? =4-lDO = 3) | 
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FIGURE B.17 


| Example 1 | Equations of Conic Sections 


Describe the translation of the graph of each conic. 
a. (x — 1)? + (y + 2)? = 3? b. (x — 2)? = 4(-Lly — 3) 


Cr Oa Co Aa Oe ane 
aT = OY Cae ag ae tale 








c 


SOLUTION 


a. The graph of (x — 1)? + (y + 2)? = 37 is a circle whose center is the point (1, —2) 
and whose radius is 3, as shown in Figure B.16. The graph of the circle has been 
shifted one unit to the right and two units downward from standard position. 


b. The graph of (x — 2)? = 4(—1)(y — 3) is a parabola whose vertex is the point 
(2, 3). The axis of the parabola is vertical. Moreover, because p = —1, it follows 
that the focus lies below the vertex, as shown in Figure B.17. The graph of the 
parabola has been reflected in the x-axis, and shifted two units to the right and three 
units upward from standard position. 


c. The graph of 


(x— 3)? (y—2/ 
12 32 





is a hyperbola whose center is the point (3, 2). The transverse axis is horizontal with 
a length of 2(1) = 2. The conjugate axis is vertical with a length of 2(3) = 6, as 
shown in Figure B.18. The graph of the hyperbola has been shifted three units to the 
right and two units upward from standard position. 


d. The graph of 


ee aN —— 2 
(aD Awl 
ap my 





is an ellipse whose center is the point (2, 1). The major axis of the ellipse is horizontal 
with a length of 2(3) = 6. The minor axis of the ellipse is vertical with a length of 
2(2) = 4, as shown in Figure B.19. The graph of the ellipse has been shifted two 
units to the right and one unit upward from standard position. 
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FIGURE B.18 FIGURE B.19 
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Describe the translation of the graph of 


(x + 4)? + (y — 3)? = 5. a 





FIGURE B.20 


FIGURE B.21 
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Writing Equations of Conics in Standard Form 


Se xetejey(-wam Finding the Standard Form of a Parabola 


Find the vertex and focus of the parabola given by x7 — 2x + 4y — 3 = 0. 


SOLUTION Complete the square to write the equation in standard form. 


=. 
x 2n + 4y = 3 = 0 Write original equation. 
9 
x2 — 2x = —Ay +3 Group terms. 
- 
te el eS tees | Complete the square. 


Write in completed 
square form, 


. Standard form 
x— 1)? = 4(-1)(y - 1 ape 
( ) (— DG ) (x — h)? = 4p(y — &) 


(x — 1)? = —-4y + 4 


From this standard form, it follows that h = 1,k = 1, and p = —1. Because the axis is 
vertical and p is negative, the parabola opens downward. The vertex is (h, k) = (1, 1) 
and the focus is (h, k + p) = (1, 0). (See Figure B.20.) 





\/ Checkpoint 2 


a 





Find the vertex and focus of the parabola given by x7 + 2x — 4y + 5 = 0. % 
In Examples 1(b) and 2, p is the directed distance from the vertex to the focus. 


Because the axis of the parabola is vertical and p = — 1, the focus is one unit below the 
vertex, and the parabola opens downward. 


Serle Sketching an Ellipse 


Sketch the ellipse given by x? + 4y? + 6x — 8y + 9 = 0. 


SOLUTION Complete the square to write the equation in standard form. 











x? + 4y? + 6x — 8y + 9 = 0 Write original equation. 
(x + 6x + ) + (4y? = te) ap ) =i —9 Group terms. 
(x? + 6x + ) + A(y? = Par ) =) Factor 4 out of y-terms. 
(x2 + 6x + 9) + 4(y? — 2y + 1) = -9+ 9+ 4(1) Complete the squares. 
' 2 teeok Write in completed 
(x + 3) + AC) I) 4 square form. 
(be ae BF is (Ge 1)? 2 Divide each 
4 | side by 4. 
ear Ole el) = hi? Avs & 
(x eg it ee @=hP =m, 
92 12 a De 


From this standard form, it follows that the center is (h, k) = (—3, 1). Because the 
denominator of the x-term is a? = 22, the endpoints of the major axis lie two units to 
the right and left of the center. Similarly, because the denominator of the y-term is 
b? = 17, the endpoints of the minor axis lie one unit up and down from the center. The 
ellipse is shown in Figure B.21. LL 


s/ GChaokeoint 3 


Sketch the ellipse given by x7 + 9y? — 4x + 18y + 4 = 0. 7 
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secrycwas Sketching a Hyperbola 


Sketch the hyperbola given by 
ye = Are 4y + 24x — 41 = "0. 
SOLUTION Complete the square to write the equation in standard form. 


ye Ax Ay pe 24x = 410 


Write original equation. 

















(2 + 4y + ) = (4x? — 24x + ) et) Group terms. 
(2 + 4y + ) = A(x? — 6x + ) = 4] Factor 4 out of x-terms. 
(y? + 4y + 4) — 4027 — 6x + 9) = 41 + 4 —4(9) Complete the squares. 
7\2 os Write in completed 
ae 2) A(x 3) 9 square form. 
TD) mee ees 3) 
(y ; ( ; Ls; Divide each side by 9. 
(Vie) Care | 
9 9/4 = | Change 4 to 1/4 
(y+2yr _@- 3% _, G-)? _ Gage 
32 (3/2)? a b> 


From the standard form, it follows that the transverse axis is vertical and the center lies 
at (h, k) = (3, —2). Because the denominator of the y-term is a? = 3°, you know that 
the vertices lie three units above and below the center. 


(3; (Zao) 


To sketch the hyperbola, draw a rectangle whose top and bottom pass through the vertices. 
Because the denominator of the x-term is b* = ( ie locate the sides of the rectangle 
5 3 units to the right and left of the center, as shown in Figure B.22. Finally, sketch the 
asymptotes by drawing lines through the opposite corners of the rectangle. Using these 
asymptotes, you can complete the graph of the hyperbola, as shown in Figure B.22. 


Vertices: and 





oY Checkoaint 4 





Sketch the hyperbola given by 


4x2 — y2 + 16x — 2y -1=0. Py 


To find the foci in Example 4, first find c. Recall from Appendix B.1 that 


b2 = c? — a*. So, 








eC=aat+ bh? 
Ce=9+-— 
ge ittidd 
Fal 3d 
mete 
fi Ye 


Because the transverse axis is vertical, the foci lie c units above and below the center. 


Foci: (3, -2 x3) and [3 =—2 3y3) 





2 





FIGURE B.23 





FIGURE B.24 
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etree Writing the Equation of an Ellipse 
Write the standard form of the equation of the ellipse whose vertices are (2, —2) and 
(2, 4). The length of the minor axis of the ellipse is 4, as shown in Figure B.23. 


SOLUTION The center of the ellipse lies at the midpoint of its vertices. So, the 
center is 





(ae (? ; a 2) 


= (2, 1). Center 


Because the vertices lie on a vertical line and are six units apart, it follows that the major 
axis is vertical and has a length of 2a = 6. So, a = 3. Moreover, because the minor axis 
has a length of 4, it follows that 2b = 4, which implies that b = 2. So, you can conclude 
that the standard form of the equation of the ellipse is 


(x Yk e (y =i) - 
[ay Ge 
Chee Gea eae 


p) 
4 = |. Write in standard form. 


92 32 





| Major axis is vertical. 





n/ checkpoint 5 


Write the standard form of the equation of the ellipse whose vertices are (— 1, 4) and 
(4, 4). The length of the minor axis of the ellipse is 3. a 


An interesting application of conic sections involves the orbits of comets in our 
solar system. Of the 610 comets identified prior to 1970, 245 have elliptical orbits, 295 
have parabolic orbits, and 70 have hyperbolic orbits. For example, Halley's comet has 
an elliptical orbit, and reappearance of this comet can be predicted every 76 years. The 
center of the sun is a focus of each of these orbits, and each orbit has a vertex at the 
point where the comet is closest to the sun, as shown in Figure B.24. 

If p is the distance between the vertex and the focus (in meters), and v is the speed 
of the comet at the vertex (in meters per second), then the type of orbit is determined 
as follows. 


2GM 

1. Ellipse: v < 22 
—P 

iM 
P 


2¢ 
2. Parabola: v = : 

/2GM 
3. Hyperbola: v > F. 


In these expressions, M = 1.989 x 10%° kilograms (the mass of the sun) and G ~ 6,67 x 10° 4 
cubic meter per kilogram-second squared (the universal gravitational constant). 
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SKILLS Ww ARM PB 9 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
- these skills in the exercise set for this section. For additional help, review Section B.1. 


In Exercises 1-10, identify the conic represented by the equation. 


x 
a Ve x y 


x 

es —t == 
Loree eres Waa 

x2 y? 

2x + y2 = 4S 
2h PRES? 3H 0 7 16 | 
5. 4x2 + 4y? = 25 6 ee 

at pe =; pie 
Loe Oye 8. 3x — y* = 
penne 10. 3y? — 3x2 = 48 
Mahe ee 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 





Equations of Conic Sections In Exercises 1-6, Finding the Standard Form of a Parabola In 
describe the translation of the graph of the conic from Exercises 7-16, find the vertex, focus, and directrix of the 
the standard position. See Example 17. parabola. Then sketch its graph. See Example 2. 


x — 1)? + 8(y + 2) =0 


( 

(i 3) ) 
9, (y AF 1)? = Woy 

(x +3) 

) 





(x+2)24+(y—-1)2=4 | | (y— 1)? =4(2)@ +4 2) 13. 4x y? 2y 33 = 0 








3. 4. 15. y? + 6y + 8x + 25 =0 


he : | 16. x2 — 2x + 8¥ +9 =0 
il 2 ay Finding the Standard Form of a Parabola In 
=4 6 Exercises 17-24, find the standard form of the equation 
of the parabola with the given characteristics. 
ae SE I : — 17. Vertex: (3, 2); focus: (1, 2) 
or =(a peat = ee eet 18. Vertex: (—1, 2); focus: (—1, 0) 
19. Vertex: (0, 4); 


v4 
WwW 





directrix: y = 2 
20. Vertex: (—2, 1); 
directrix: x = | 


wn 
s 


21. Focus: (2, 2); 
directrix: x = —2 





22. Focus: (0, 0); 
directrix: y = 


4 


1)? (y+2) | (+2)? (+3)? _, 23. Vertex: (0, 4); 
9 16 4 ra oi passes through (—2, 0) and (2, 0) 


e 24. Vertex: (2, 4); 
passes through (0, 0) and (4, 0) 
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Sketching an Ellipse In Exercises 25-32, find the 
center, foci, and vertices of the ellipse. Then sketch its 
graph. See Example 3. 


A. 2 —s 2 
ee ty 5) 
9 25 

(y + 4) 
Cen 2)? a = 
6. (x + 2) i/4 l 


Dea? + 36x — 24y +36 = 0 
OHO EIA 36x By + 31 =0 
2G ay, — 32x + 50y + 16 = 0 
B0moT oy" — 36x — 50y + 61 = 0 
Sie 2Oy 12x + 40y— 37 = 0 
B20 1 Oy, + 48x — 36y + 43 = 0 


Sketching a Hyperbola_ In Exercises 33-42, find the 
center, vertices, and foci of the hyperbola. Then sketch 
its graph, using asymptotes as sketching aids. See 
Example 4. 








eee fy 2)? 
ib a 7 a2. 
fae Oy 4)? | 
5 eae 25 a 
35. (y + 6)? — & — 2)? =1 
Se +3) | 
16: 1/4 1/9 ae 


Buoy — 36x — by + 18 = 0 
BRM 19)? + 36y — 72 = 0 

39. 9y7 — x? + 2x + S4y + 62 =0 
BONG? — x2 + 2x + G4y + 63 =0 
Ale — 9y- + 2x — 54y — 107 = 0 
AQ. 9x? — y? + 54x + 10y + 55 = 0 


Finding the Standard Equation of an Ellipse In 
Exercises 43-52, find the standard form of the equation of 
the ellipse with the given characteristics. See Example 5. 


43. Vertices: (0,2), (4, 2); minor axis of length 2 
44. Vertices: (3, 1), (3, 9); minor axis of length 6 
45. Foci: (0, 0), (4, 0); major axis of length 8 
46. Foci: (0, 0), (0, 8); major axis of length 16 
47. Center: (2, — 1); vertex: (2, 1). 
minor axis of length 2 
48. Center: (4, 0); vertex: (4, 
49. Center: (3,2); a = 3c; foci: (1, 2), (5, 2) 
50. Center: (0,4); a = 2c; vertices (—4, 4), (4, 4) 
51. Vertices: (5,0), (5,12); endpoints of minor axis: 
(0, 6), (10, 6) 
52. Vertices: (—12,0), (0,0); endpoints of minor axis: 
(-@ 3), (—6, —3) 


—4); minor axis of length 6 


Finding the Standard Equation of a Hyperbola_ In 
Exercises 53-60, find the standard form of the equation 
of the hyperbola with the given characteristics. 


53. Vertices: (2, 0), (6, 0); foci: (0, 0), (8, 0) 

BA aVertices:s (245) 2s 0)s f0Cl: (2.5)s (2, = >) 
55. Vertices: (4, 1), (4, 9); foci: (4, 0), (4, 10) 
56. Vertices: ( 


2h), (21); foc «(35 1); (3,1) 
57. Vertices: (2,3), 2, —3); 
passes through (0, 5) 
58. Vertices: (—2, 1), (2, 1); 
passes through (4, 3) 
59. Vertices: (0, 2), (6, 2); 


Wis 
a 


asymptotes: y = 3x, y = 4 — 
60. Vertices: (3, 0), (3, 4); 


, 
asymptotes: y = 3x, y = 4 — 3x 


in) 


Identifying Conics In Exercises 61-68, identify the 
conic by writing the equation in standard form. Then 
sketch its graph. 


61. x7 + y? —6x+ 4y+9=0 

G2e Aye over Oye 2 1e— 0 
6354 ya = 0 

64. y? — 4y — 4x = 0 

65. 4x2 + 3y? + 8x — 24y + 51 =0 
66. 4ya— 2x7 — 4y + 8x —.15 = 0 
OL, ate lOxeee 200 y= 119 = 0 
68. 4x2 + 4y? — loy + 15 =0 





69. Satellite Orbit A satellite in a 100-mile-high circular 
orbit around Earth has a velocity of approximately 
17,500 miles per hour. When this velocity is multiplied 
by ./2, the satellite has the minimum velocity necessary 
to escape Earth’s gravity, and it follows a parabolic path 
with the center of Earth as the focus (see figure). 


Circular Parabolic 





Not drawn to scale 


(a) Find the escape velocity of the satellite. 


(b) Find an equation of its path (assume the radius of 
Earth is 4000 miles). 


A26 


70. 


Eccentricity of an Ellipse 
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Fluid Flow Water is flowing from a horizontal pipe 
48 feet above the ground. The falling stream of water 
has the shape of a parabola whose vertex (0, 48) is at the 
end of the pipe (see figure). The stream of water strikes 
the ground at the point (1073, 0). Find the equation of 
the path taken by the water. 








10 20 30 40 


In Exercises 71-78, the 


flatness of an ellipse is measured by its eccentricity e, 
defined by 


CG 
eo 7 NIE = eI 


When an ellipse is nearly circular, e is close to 0. When an 
ellipse is elongated, e is close to 1 (see figures). 


ih le 


72. 


ths 


y: y 
A A 

















Find an equation of the ellipse with vertices (+5, 0) and 
eccentricity e = a 
Find an equation of the ellipse with vertices (0, +8) and 
eccentricity e = - 

etary Motion Earth moves in an elliptical orbit 
with the sun at one of the foci (see figure). The length 
of half of the major axis is a = 9.2956 x 107 miles 
and the eccentricity is 0.017. Find the shortest distance 
(perihelion) and the greatest distance (aphelion) between 
Earth and the sun. 








Not drawn to scale 


Figure for 73-75 


74. 


TY 


76. 


fake 


78. 


nek 


Planetary Motion The dwarf planet Pluto moves in an 
elliptical orbit with the sun at one of the foci (see figure). 
The length of half of the major axis is 3.670 x 10° 
miles and the eccentricity is 0.249. Find the shortest 
distance and the greatest distance between Pluto and the 
sun. 


Planetary Motion Saturn moves in an elliptical 
orbit with the sun at one of the foci (see figure). The 
shortest distance and the greatest distance between 
Saturn and the sun are 1.3495 x 10° kilometers 
and 1.5040 x 10° kilometers, respectively. Find the 
eccentricity of the orbit. 


Satellite Orbit The first artificial satellite to orbit 
Earth was Sputnik I (launched by the former Soviet 
Union in 1957). Its highest point above Earth’s surface 
was 588 miles, and its lowest point was 142 miles (see 
figure). Assume that the center of Earth is one of the 
foci of the elliptical orbit and that the radius of Earth is 
4000 miles. Find the eccentricity of the orbit. 








UJ 

| 1 
1 1 
| 1 i) 
| i} 1 
' i} ! 
' ! ' 
1 i i] 
1 ' 1 
i} i} 
' i} i) 
| 1 i 
' 1 | 


i] 
! 
142 miles 588 miles 


Not drawn to scale 





Alternate Form of Equation of an Ellipse Show 
that the equation of an ellipse can be written as 
a) een! ae 

a a*(1 — e?) 
Comet Orbit Halley’s comet has an elliptical orbit 


with the sun at one focus. The eccentricity of the orbit 
is approximately 0.97. The length of the major axis of 
the orbit is approximately 35.88 astronomical units. (An 
astronomical unit is about 93 million miles.) Find the 
standard form of the equation of the orbit. Place the 
center of the orbit at the origin and place the major axis 
on the x-axis. 


Australian Football In Australia, football by 
Australian Rules (or rugby) is played on elliptical fields. 
The fields can be a maximum of 170 yards wide and a 
maximum of 200 yards long. Let the center of a field of 
maximum size be represented by the point (0, 85). Find 
the standard form of the equation of the ellipse that 
represents this field. | lis Po 


threat 
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Answers to Selected Exercises 


Chapter 0 





Section 0.1 (page 8) 
1. (a) Natural: {5} 

(b)) Integer! {—9, 5} 

(c) Rational: {- 9, -4,5, 20.1} 

(d) Irrational: { /2} 
3. (a) Natural: {12 1, a4} (Note: E—)) 

(b) Integer: fy, —13, 1, V4} 

(c) Rational: { 12, = 13) 1, 4,8} 

(d) Irrational: | 6} 
5. (a) Natural: 18.6 )} (Note: ; =A) 

(b) Integer: 8, —4, 9} 

(c) Rational: 13, —5, —4,9, 14. 2} 

(d) Irrational: {1/10 i0| 
peoeee 9, 0.126 11. -1<25 
Te Oo 7) 15. la es 

7 45 

SP cy “1a ne ot + -—t—_t-—_ x 

—6 4 0 2 4 6 4 3 2 1 0 | 2 
17,2 > a 19, 4 3 3.45, 273, 5 

t 4 1 xX 
0 | 

24, 22 384 On 2 ax S40 (25.0<x 53 
27. x < 0 denotes all negative 29. x < 5 denotes all real 


31. 


Seb 


OD: 


Die 
43. 
ie 
Ds 
63. 
TES: 
Wee, 


83. 
85. 


real numbers. numbers less than or 


equal to 5. 


x > 3.5 denotes all real numbers greater than 3.5. 
ef + t (> x 
| 2 3 4 5 
—2 < x < 2 denotes all real numbers greater than —2 and 
less than 2. 


el 


3 C= 2 | 0 | 2 3 


{ie coal 


—| < x < 0 denotes all real numbers greater than or equal to 
— | and less than 0. 


SW hy c= Sy 41. A 2 21 
STS .070 45. 10 47. —3 49, — 
55. |-7| = |7| 
59, —|—2| = —|2) 61. 4 
67. 51 69. 3.67 Tis gr Ol 
75. |y—0| =6 => ly| = 6 
79. 81 miles 81. 89°F 
Passes Budget 


tee) 
=(),5% 
=] i Heim) 
I-3| > - I-31 
| 65. 7 

|x + 10| = 6 

yon | > 5 





la bl 0.05b Variance Test 
$876.55 $1500 No 
$264.32 $600 Yes 


87. 
89. 
91. 
WB} 


OK; @i = 


Passes Quality 


hear 0.0012b Control Test 

0.002 0.0168 Yes 

0.027 0.0192 No 

0.022 0.0156 No 

When u and v have the same sign, |u + v| = |u| + |v]. When 


|u| + |v]. 

0; If the original value of a is negative, then |a| results in 
a positive number. Because a is negative, the expression 
|a| = a states that |a| is equal to a negative number, which can 
never happen. So, if a is originally negative, |a| must equal 
—a, which is a positive value. 


u and v have different signs, |u + v| < 


Section 0.2 (page 18) 


Skills Warm Up (page 18) 





1. 7x,4 32x, = 40.8 5a 2xe, 9x, 13 Terao 
9. 6 TG) ieee (D) ee 13. (a) 14 =—(b) 2 
15. (a) 5 (b) Undefined. You cannot divide by zero. 
il7/, 1 19. 35 21 r 23. Commutative (addition) 
25. Inverse (addition) 27. Distributive Property 
29. Inverse (multiplication) 31. Identity (addition) 
33. Identity (multiplication) 35. Associative (addition) 


71. 
TES 


. x(3y) = (x + 3)y Associative (multiplication) 
= (3x)y Commutative (multiplication) 
= labs 12 
gen Al 2305 43. 3x LN as: ON a 
; 20 x 
gee 1. eR 3 So he OT. 05s 
eG 61. —4 63. 5 65. 23.8 67. 46.25 


5 (GD) BOW 


(b) National Defense: about $617 billion 
Other: about $495 billion 
Income Security: about $433 billion 
Education and Veterans’ Benefits: about $149 billion 
Health and Medicare: about $671 billion 
Social Security: about $617 billion 
~ 1695 patients 
Food: 38.6% 
Vet care: 26.4% 
Supplies/OTC medicine: 22.9% 
Live animal purchases: 4.7% 


75. Answers will vary. 


Grooming and boarding: 7.4% 


Grooming and boarding 7.4% 








- Live animal purchases 4.7% 


Supplies/ 

OTC 

medicine 
Z 


0 WHLdVHO 
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Section 0.3 (page 27) 59 = 4961.25) 63222) 6S ore 
69. 8 71 vy 73. 292 75S 


17 02s/%  $19.031n/2 ae 81a 28 y eeaS3 aoe 








Skills Warm Up (page 27) 85. 2.140 87. 1.787 89. 0.382 
< Paes . 1.0400V70003 £93. /5+ /3 Sse 
10. 95. /3- 43> 83 97. 10/11 feet x 10./11 feet 
99, 25.01% 101. =~ 2.221 seconds 103. No 
105. ~ 40.2 miles per hour 107. ~ 17.4°F 


1. 64 3h 1 By 12D) Dawe Sil 9. 5184 LISS. 109. ~ 494 vibrations per second 








mt eS a3 Xf -4 aie 
ee : P eh ee Wi he Nes we 111. a; Higher notes have higher frequencies. 
23. ye 25. ae Nile i 29. 31. 27” 113. (ey a\s = = This is not the same as rationalizing the 
3 y = zs denominator, which gives the result 
5. 3 
33.45 35.1440 37 39.8 41. a 2) 5 3) Jo Nao, 
3 115. No; /4x* = 0, whereas 2x can be less than zero. 
4 3a 10 (Dope 
43.55 AS a= 47. = Ao eerie ny Ps) : 
x b x ne Quiz Yourself (page 39) 
ws cia 
53. 16 Ss) Ae 1000 1. —|-7| < |-7| ap, = =2)) =, |—3| 
10° = 100 As the exponents decrease 3 Natal: {V1} 
10* = 10 by 1, the answers decrease ; ieee l=6 J7} 
10° = 1 by a factor of 10. et ae ia “As -1) 
107! = 0.1 te ei 
10-2 = 0.01 Irrational: ie 1 1} 
a. ee 4420 5.15 =(C6)|=41) 6.3%, 7a 
57. 5.73 x 10’ square miles 59. 9.46 x 10!? kilometers 5 1 3 
61. 1 x 10-7 meter 63. 350,000,000 air sacs The a 8. =13 9: 14 10. 9 11 es 
65. 0.000000000000000000 1602 coulomb 10 
67. (@) 6.0 * 10% ib) 20x10" 12. 2 13. 1.41052 14. $5579.71 
69. (a) (4.8 x 10!)(2.5 x 108) = 1.2 x 10” 15 | 16. =64 17.9 18 =23  198oue 
1.2 x 10-8 , , , 
SS Se = 20 ee2iciiee2 2icme ao21em 
(b) ZASOTE 1.875 x 10 


71. 161,100 7 OLS25) 75. 1.007843137 

77. (a) 3.07) x10 4b) 3.07710 

79. (a) 4.907 x 10!” (b) 1.479 

81. (a) $15,682.76  (b) $15,680.58 
(c) $15,672.12  (d) $15,650.28 1. 
As the number of compoundings per year decreases, the 
balance in the account also decreases. 

83. About 4.32% 85. About 4 hours 





Section 0.4 (page 36) 


tl, 452 sr Ske se 
Degree: 2; leading coefficient: 4 


Skills Warm Up (page 36) 





Sie ans 
2. 48 ah cats 4, 6x’ B28 Degree: 7; leading coefficient: 1 
: mck 9. | 10. (x + 2)! Soke sP Gt = ae se il 
4x- Degree: 5; leading coeficient: —2 

7. Polynomial, —3x° + 2x + 8, degree 3 

fie eres Ee Ee 5, 3/27 =3 9. Not a polynomial 

7. ¥/—1 is nota real number. 9. £/64 = +2 i 3 A OIE oe Sere a tle: 

Leo L322 17. */—16 is not a real number. EPC) Ree Big 0) 0 Mane ee 


Sy (@) 10 (yl  @y4 ys 


Geen 23/5 19 -3/F 2 
ei MP ooh Cees EC SMe COR 17. -2x-10 19. 2x7-4x—5 21. 8x9 + 2907 + 1 


27. 4x? 29. 31. 90 33. 45 35. 5 37. V5 D3 se Ok at PASS ys! — Piles 27. x7 + 7x = 12 
: 64/9) 2 29. 6x2 -—Tx-5 3h. x4 + 3x3 — x? — 6x 
39. 43/441. an 43. 3(/6 — V5) 33. —3x9= 3 — 12 — 19x — 5 35. x? = 25 
ye 37. x2 + 12x +36 39. 4x? — 20xy + 25y? 
45.9/2=3 47. 3/32=2 49. (—216)' = — ; ; : 
= as pa ( o i 44 epee Aan se 5 aleve eet op Ae) 
$1, 915/427 «53... 3/1252 = 25 BSia «67, 





43. 
47. 
53. 
Dil 


SY). 
63. 


65. 


67. 


x2 + 3x2 + 3x +1 45. 8x? —12x2y + éxy? — y? 

Oy I 49, m? — n* — 6m +9 51.44 24+ 1 
oA = 53x = 7 BSA bee. 8x 05 

The middle term was omitted when squaring the binomial. 

(6 — 3)? = x? — 2(x)(3) + 32 = x2? — 6x + 9 

1000r? + 3000r? + 3000r + 1000 61. Yes; yes; no 
77,918.76; 82,562.74; In the years 2006 and 2007, the total 
amounts of federal student aid disbursed were approximately 
$77,918,760,000 and $82,562,740,000. 

x = 4 inches: V = 6076 cubic inches 

x = 6inches: V = 7290 cubic inches 

x = 10 inches: V = 7030 cubic inches 

x = 6 inches produces the greatest volume. 

Answers will vary. 


Section 0.6 (page 53) 


Skills Warm Up (page 53) 


5 ISR De 
mOx- — 48x +64 5. 2x" + 13x — 24 
mor 2 TeAyeu tl 8. 
oe 12x + 48x + 64 

» Sx — 36x? + 54x — 27 


3. 4x2 + 12x + 9 


ye Dy 


2 2 
ba to ie 





il, SiGe =D) By Sade? — 2) 5. (x — 5)(3x + 8) 
7. (x + 6)(x — 6) 9. (4x + 3y)(4x — 3y) 
mre 1) — 3) 13. (9x2 + 1)(3x + 1)(3x — 1) 


msec) — 1) 17.2 = by) (Ox — Sy) 


hoa —x)(> + x)(x — 1) 21. (x — 2)? 23. Gy 3) 
25. (y—4) 27. (x — 2)(x? + 2x + 4) 

29. (y + 5)(y? - +25) 3h. (x — 3)(x2 + x + 9) 

33. (x + 2)(x — 35. (w — 2)(w— 3) 

Simtyet 5)(y — i 39. (x — 20)(x — 10) 

41. (3x — 2)(x — 1) 43. (3x + 1)(x — 2) 

45. (6x + 1)(x + 6) 47. (x — 1)(x* + 2) 

nome 1 )(x* —“3) Si (Oc Fy (Slay) 

53. (2x — 1)(x + 2) 55. (x — 2)(6x + 5) 57. 4x(x — 2) 
59. y(y—4)(y +4) 61. B(x + 4)(x— 4) 63. (x — IP? 
65. (1 = 2x)? 67, yi2y 3) ly —s5) 69. Prime 

71. (3x + 1)(x? + 5) 73. x(x — 4)(x2 + 1) 


83. 


. —x(x + 10) 
2 — 2)( + 2¢ + 4) 


77. (oot) A) 


85. (2x — 3) feet 


87. 


89. © 
91. 


93. 


Answers to Selected Exercises A29 


(a) 

(b) (3x — 5)(x + 4); factoring by trial and error 
= {7, 12, 15, 16}; Answers will vary. 

Answers will vary. Sample answer: 


(x + 8)(x + 3); factoring by grouping 


(1) Find a combination of factors of 2 and —15 such that the 
outer and inner products add up to the middle term — 7x. 
Di ste i = (243) (ae) 


(2) Rewrite —7 as the sum of two factors of the product 
2(— 15). Then factor by grouping. 
Dee — Te = ey = WO = MO ae See al 
= Dros = 5) ae See = S53) 
= (be = SNe ae 33) 
Ryo Ihe Wee (@ = fp 
Box 2: V= 


ar 
(a — b)ab 
Box 3: V = (a — b)b* 

Multiplying (a — b) by each term of (a? + ab + b?) produces 
the volumes of the three boxes. 


Section 0.7 (page 60) 


Skills Warm Up — (page 60) 


tly SireA(il = Sh) mn, (be se ihe = 5)) 
sh. (he = 1 Away Se Se ae Ne 
(, Hoe = DXCe — IK) We (3 = seXul sk Ske) 
9 (5 += Ls =e 2) (ss = 2) 


ar ll), 


? 

) 
bh (ke = Ge — sy) 
10. 2(% — 4)(x? + 4x + 16) 






































1. (a) No (b) Yes Sun) MLC Sma (D) meVes 
5. All real numbers 7. All real numbers x except x = 3 
9. All real numbers except x = 0 and x = 4 
11. All real numbers greater than or equal to — | 
13. 3x, x #0 1S a= ee 2a 
3 Ps 
17.x+2,x#-2,x%3 19.=,x#0 
7y i SOCIO 5 hye ge 
i281) eet yy 
sls se & 
25. —(x+5),x#5 27. a J) #2 
see ; 
Dag) ,y#3 Si = il Spey eee 33.213 
Var @ © 
| xdee ce) 
. SS 7: tar aaa, 
3 ER) p ae foal 
ea Il ip —P5) 
: t#—2 
59) ey # | 41 G+3)¢—2) 
AS etd AS Gere pea 
* x(x + 1)” at : 
AT. xix + 1), x = —1,0 49. (x — 6)(x + 4) 
5x 4x AX aanll) 
Ce Sos 
5153276 — 1) Si iaer 5 nates amey 
x—4 x 
: : 61. = x #0 
(re) (ape ae 1) oe | 
| | Die 
63. = x #2 (sheareetca call 67. gael 
2) x ph 
288(NM 
69. (a) 4.88% — (b) Ny Ee 4.88% 


N(12P + NM)’ 


0 WHLdVHO 


Answers to Selected Exercises 

















ah 7 
aa 
2 wo t| |¥alalmls 
2. so 4 NG) Fe 
; 10 + 
: ’ t ~ | 
Fime (in hours) 
No 
73. False. The domain of the left-hand side is x" # 1. 
75. Answers will vary. 
Review Exercises (page 66) 
1. (a) Natural: {9} 
(b) Integer: 19, —7} 
(c) Rational: 19, il 550.4} 
(d) Irrational: | /6} 
30 4 y 
t ¢ * ‘amie 
¢ ‘ 4 | 
Sort 6 denotes all real numbers less than or equal to —6, 
a wf | t - 
« } 6 1 
te ar 10) D2 Sun Sco 11. —14 
13. 4 15. 10 17, |x = 7| 2 4 
19, 5x°, —2%,7 21, (a) 2 (b) 0 
23. Distributive Property 25. Commutative (addition) 
S 
2a 29. 4 sil (Os) 33.15%, 4 7 0 er 
a 
37. 3.087 x 10° 39. 7,280,000 41. 11,414.125 
43 =a . 
Year 3] 10 IMs 
Balance $10,014.37 $12,535.94 $15,692.44 
Year 20 ph 
Balance $19,643.73 $24,589.94 
45.16/2=4 47,13 49. 2x? §1.°24/3 
re heya ov c Gael | Sencchy seme ph meet tere 
Ol. 11.269 63. ror 5 65, x* = 8x 14 
67, x*—-x-2 69. x° + 64 71, x7 + 8x + 16 
73. 254,691; In 2010, the number of mobile telephone sites in the 
United States was 254,691. 
75. 4(x + 3)(x — 3) 77. (2x5) (4S 10x + 25) 
719, (er L(x — 3) 81. (x* — 2)(x — 4) 
83. All real numbers except x = 4 
85. All real numbers where x = — 1 87. 3x, x # 0 
\ 2 r+ 3 
89. : x # —2 91 x #0,3 
| 3x° 
99, 2 os 21,8 08, eee 
\ } 2 dN fs ait tae) 
6 r+ ] 
97, ,x#—-] 99, x #0 
\ 

































Test Yourself (page 68) 
dl 
Ze 5 
Balance $4763.77 | $5673.38 $6756.67 
20 25 
Balance $8046.81 $9583.29 
The longer you leave the $4000 in the account, the more 
money you earn. 
3. —64x6 4. dex 5, 25 6.41/38 Sa 
+ 
Pah) Cie 5 aa 9. 9x2 + 42x + 49 


aie an Poh 


11. 5(x + 4)(x — 4) 12. (2x AaB ye 





13. (x2 — 3)(% — 6) 14. (x + 2)-(x — 2) 
| x+ 4 5 
15. 3 —4)x#-4 16. rearer 7 23, 3 
Ax? = 13x je ar DO 
a ee LS. Sa 
(x — 3)(x — 4) (x + 5S) = 2) 
19. All real numbers greater than or equal to 10 
20. All real numbers except x = —9 
Let Ox 18 
21. ces all tae? 
Pip) 38 AVE S300 = Sh TIO) 


In 2000 and 2009, the average prices of a movie ticket in the 
United States were $5.35 and $7.36, respectively. 


Chapter 1 


Section 1.1 


(page 77) 


Skills Warm Up (page 77) 


[3x = 71.0 Pas, ye) = 2 
| 


a (Comatay) 


a ee 





. Identity 3. Conditional equation 

. Conditional equation 

(a) NO (b)' No (ce) Yes (d) No 

. (a) Yes (b) Yes (c) No (d) No 

. (a) Yes (b) No (c) No (d) No 

. (a) No (b) No (c) No (a)e Yes 

« (a) Yes (b) No (c) No’ (d) No 

ons) 19) =4 Pal &) 23. No solution 

. Infinitely many solutions Py) 295 —20 


. Nosolution 33. -4 35.z=-$ 37. 10 

.4 41.3 43.5 45. Nosolution 47. x=1 
mo) 51. 0 53. All real numbers 55. No solution 

. Because substituting 2 for x in the equation produces division 


by zero, x = 2 cannot be a solution to the equation. 


59. 


61. 


63. 


69. 


vat 


73. 


TE 


Extraneous solutions may arise when a fractional expression is 

multiplied by factors involving the variable. 

Equivalent equations have the same solutions. 

Example: 2x — 6 = 0 and x — 3 = 0 both have the solution 

x=3., 

x = 138.889 65. x ~ 62.372 67. x ~ 19.993 

Use the table feature in ASK mode, or use the scientific 

calculator part of the graphing utility. 

(a) 6.46 (b) 6.41 

(c) There is a roundoff error because decimals in the original 
problem have 5 decimal places. 

(a) 56.09 (b) 56.13 

(c) There is a roundoff error because the fractions in the 
numerator and denominator have infinitely many 
decimal places. 

2009 Wy (OKs) say 


79. (a) 2007 ~=(b) 2010 


Section 1.2 (page 88) 


iS), 


WS 


17. 


19. 


mos 8 9, 


Skills Warm Up (page 88) 


4. 4 





. (a) One natural number + Next consecutive natural number 


(b) One natural number = x 
Next consecutive natural number = x + 1 
(c)x+@+1)=2x+1 


. (a) Distance = t hours x Car speed 


(b) Hours = t 
Car speed = 50 mi/h 
(c) 50t 


. (a) Perimeter = 2(Width) + 2(Length) 


(b) Width = x 
Length = 2x 
(c) 2x + 2(2x) = 


=9 11. 60,000 + 0.08(60,000) 


Xx 
* 
2 
(a) Sum = One number + Next consecutive number 


(b 


One number = x 


ma 


Next consecutive number = x + 1 

Sum = 525 
(mee xt (x+1) (d) 262, 263 
(a) 148 = One positive number — Another positive number 
(b 


wm 


One positive number = x 
Another positive number = 5x 
(c) 148 =5x—x (d) 37,185 
(a) Raise = Percent x Old wage 
(b) Old wage = $440 

Raise = $66 

Percent = r 
(c) 66 = 440r (d) 15% 
(a) Change in price = Percent x Original price 
(b) Change in price = $30 

ercente= 07; 

Original price = $149 
(c) 30=149r (d) ~ 20.13% 


21. 


Ss 
27. 
31. 
Shh 
Sie 


ae 
43. 
49. 


51. 
Shc 
SB), 


61. 


67. 


71. 
TE: 


Wife 


Answers to Selected Exercises A311 


(a) Total paycheck = Your weekly paycheck 
+ Your coworker’s paycheck 
(b) Total paycheck = $848 
Your weekly paycheck = 1.12x 
Your coworker’s paycheck = x 
(c) 848 = 2.12x 
(d) $400, $448 


= 17.5% decrease 25. =~ 16.2% increase 

= 3.4% increase 29. = 128.57% 

= 54.29% 33. ~ 56.41% decrease 

(a) $37,800 (b) $40,748.40 (c) $44,578.75 
(a) 46.6% 


(b) Cars: 5,459,515 
Light trucks: 4,940,066 
Other trucks: 201,419 
(c) ~ 96.1% 
= 0.57 ft x 0.93 ft 41. ~ 8.9 years 
97 or greater 45. $1411.76 47. $18 
(a) $361.25 
(b) Percent increase needed: ~ 17.65% 
A higher percent increase is needed because you are 
taking a percentage of a smaller number. 
2thours 53. 62.5 feet 55. 
$10,500 at 6.5% and $4500 at 7.5% 
Stock A: $2200, Stock B: $2800 


1.28 seconds 





2A Pre 2 
8571 units per month 63. hh ==> 65. 1 = : 
BY A 
L=—— 69, P=7——— 
1 — R 6 P ( n\" 
l+— 
n 
= 48 ft 73. ~ 32.1 gallons 
Williams: ~ $24,933 


Gonzalez: ~ $27,833 

Walters: ~ $25,633 

Gilbert: ~ $26,100 

Hart: ~ $24,433 

Team average: April: $25,600, May: $25,920, 
June: $25,840 

“takes 30 minutes”; “from a depth of 150 feet” 


Section 1.3 (page 100) 


sot te Se oe 0 
oa Ov 4 = 0 
ek eee OOK anh =) 


Skills Warm Up (page 100) 


4 Se 

* 6) 

Ey, ad(Ghe ae Sy) 
7. —(x — 7)(x — 15) 


9. (5x — 1)(2x + 3) 


oh, ONG ®) 





3, x7 — 19x = 0 
7. 2x? -2x+1=0 
1. 40 —2 13. 


5 17. Bie 9 2, =6 210 2, 5 
24400 25, t/7~ 42.65 27. 42/3 ~ 43.46 
OM4 


T daLdVHO 


Answers to Selected Exercises 











31. —2 + 2/3 = 1.46 

—2 - 2/3 = —5.46 
SSS 35. +/38 = +6.16 Sijlemets >= 42.14 
39. + as ~+294 41.48 43.1 45 “ 
ibe Cee BibGa = PERE Sh = 
55.9.3 5741 59 -1,-5 61. -3 
63. Algebra argument: 

(erste 2) 2m (og) (ete) Definition of exponent 

= ae 2 FOU 
= 9 ap Ug ap al Combine like terms. 

Son (G6 ae De 3 ae se Gh 

Graphing utility argument: 

(1) Let y, =(@ +2)? and y,=x*+4. Use the table 
feature with an arbitrary value of x (but not x = 0). The 
table will show that the values of y, are not the same as the 
values of y,. 

(2) Use the scientific calculator portion of the graphing utility 
to show that if x = 5, (5 + 2)? = 49 and 5? + 4 = 29. 
So, (x + 2)? is not equal to x7 + 4. 

65. 34 feet x 48 feet 
67. Base: 2./2 feet 
Height: 2./2 feet 
69. 5 feet 71. ~ 3.54 seconds 73. ~ 1.43 seconds 
75. 42 seconds faster 77. ~ 4.24 centimeters 
79. 976 miles 81. ~ 494.97 meters 83. 60,000 units 
85. 2019 (t = 8.85) 
87. (a) 1987 (t ~ 18.74) 


89. 
SIE 


(b) Yes; the model is a good representation through 1890. 

2010: 312,493.19 thousand 

They are close. 

(d) Yes 

2019 (t = 9.13) 

1 pM. (t ~ 12.96) 

No; For 7 pM. (tf = 19), the model yields a value of 
= 144.81°F, which is extremely high and unreasonable. 


(Cc 


Section 1.4 (page 110) 


. One real solution 
. No real solutions 


. x = 0.976, —0.643 
. No real solution 37, 
, ieee 2 43. —2,4 


Skills Warm Up (page 110) 


25 3. 4/6 ANI TS 


(Ew 8. 





3. Two real solutions 
7. Two real solutions 


4-1 114-3 23.-34713 15.543 
j Ropaee is | 11 
.-442./5 f+ .->t 
4 19s oe ae 
l - 2 6 
st V2 25.5. 27.2 ee 29. 6+ Jl 


33. = 090722200 


={1 39. + /10 


45. 


49. 
51. 
55: 
Sie 
61. 


65. 


67. 
69. 


71. 


ide 


75. 
Vik 


Th 


Se 37 
6 

7, 8, or —8, —7; Real-life problems will vary. 

200 units 53. 653 units 

6 rows, 18 chairs per row 

14 in. x 14 in. 59. ~ 7.2 seconds 

Moon: ~ 14.9 seconds 63. Moon 

Earth: ~ 2.6 seconds 

Oklahoma City to Austin: 354.45 mi 

Austin to New Orleans: 433.55 mi 

4:00 P.M. (t ~ 3.9) 

Southbound: ~ 550 miles per hour 

Eastbound: ~ 600 miles per hour 

(a) 2011 (t~ 11) = (b) 2008 (t ~ 8) 

(c) 2016 (t ~ 16.6); yes 

Ge a6: 8 Cb) eae 

5279 units or 94,721 units 

No; the equation that has a discriminant of 5 has two distinct 

real solutions, while the equation that has a discriminant of 

— 10 has no real solutions. 


47. 50, 50; Real-life problems will vary. 


Answers will vary. 


Quiz Yourself (page 114) 





1. x = —6 2.x =6 3.x = -2 4. No solution 
5. Use the table feature in ASK mode or the scientific 
calculator portion of the graphing utility. 

6. 328.954 7. 431.398 

8. 8.50x + 30,000 = 200,000; 20,000 units 

9, 300,000 = x(75 — 0.0002x); 4044 units or 370,956 units 
10. #=3,— LW. x = +/5;x ~ +2.24 
12 3 e/a 

13. x= —1+4 J7;x = —3.65, 1.65 

a ee =~ —2.59, 0.26 


19. 


. x = 1.568, — 0.068 
. One real solution 


16. No real solutions 


. Answers will vary. Sample answer: Use the FOIL method 


[(x + 3)? = (x + 3)(x + 3) =x? + 6x + 9], use the table 
feature of your graphing utility, or use the scientific calculator 
portion of your graphing utility to evaluate the solution. 


4.5 seconds 20. 9 in. x 9 in. x 6 in. 


Section 1.5 (page 123) 


Skills Warm Up = (page 123) 





19. 1,-2 21,50. 23. 26  %25, 1160) eum 
29.6.5  31.2,-5 33.0... 35. —59, 69=Nimevem 
39.4+./69 41.-1 43.-12,2 45. 1,=3 


Answers to Selected Exercises A383 


AT Ona ARs th =) olF 332 Ss eeE— OLOLEY nO) Mh Sth oe << 
53: 3: ae. S35 10), =] a =|.) F». tt caneeeneeeeee) 
57. The quadratic equation was not written in general form ee om gS cog le eee a 


before the values of a, b, and c were substituted in the 














i 
Quadratic Formula. The general form for this equation is eee Dieisdinietod 61. x < —j0rx > 4 
3x2 — Tx — 4 = 0 (a = 3,b = —7, and c = —4), and the i a ae ial 
only solution is | 

fe) = /(—7)? — 4(3)(—4) 63. x <= —Zorx = —4¢ GS On ties: 18 
2(3) ; —~j, -->. — Fe 

59. x ~ +1.038 61. x ~ 16.756 63. 34 65. 2.2% ce ee ee eal aie. et 

67. ~ 12.98% 69. 45,000 passengers 71. 57 years old 61S ealO 60 eo eS 

73. 67,760 units; It does not make sense for demand x or price p a, 5 eee eats 2 a 
to be less than zero. 7 8 9 10 1 Olea Oe, 2) 8) HS. 8 


75. Least acceptable weight: 15.6 ounces 
Toa eee (Ss lei Ni =e) Us) Al ea) 


Tel tee | eS 79. Less than 18,269.23 miles 

81. 2008 (t > 7.9) 83. More than 250 miles 

85. (a) 1998 to 2005 (t < 15.23); yes; According to the bar 

Section 1.6 (page 134) graph, the average salary was less than $1.5 million from 
1998 to 2005. 

(b) 2011; Yes; The average salary has been increasing. 

Skills Warm Up (page 134) 87. 33; weeks 89. < 15 inches 

91. = 10,417 units 93. Greater than 4% 

95. [~ 106.864, ~ 109.464} 

97. [65.8, 71.2] 

99, Minimum = 20%; Maximum = 80% 


Greatest acceptable weight: 16.4 ounces 
77. 13 minutes, 20 seconds 
79. A polynomial of degree n has at most n real solutions. 





101. ~ $0.28 
1. —1 <= x <= 5; Bounded 3. x > 11; Unbounded ‘ 
5. x < —2; Unbounded Section 1.7 (page 145) 
th © 8. h 9. f 10. e 
gee 2 8613.b 6d Skills Warm Up (page 145) 


iSe(a)mevesen (b) No (c) Yes’ (d)) No 

17. (a) Yes (b) No (c) No’ (d) Yes 

19. (a) No (b) Yes’ (c) Yes (d) Yes 
Diea(a)eNowen(b)) Yes (c) No (dd) Yes 

Domiewe oO) then x > 3. Jay, Ibi eg S Sh, liens = eh 
Diigo — 10) then x <3: 

29. If —$x = —6, thenx < 9. 


6 WS =O 
bee = — 5) 


1 
4 
Te 
9 











ls (Hs5, =) (ES DG, cal) 
Sik, se 2 6) Bh ee 3 eee a) (es ares) 
a eee le TES 5.1 ( Soe, (= 1, 1), (1, 5) 
5 7. [-3, 3] 9. (—00, —2) U (2, 00) 
ah oF SO) Sie 3 Sow bK———___—_ > x el i) ee, 
ee ae + as a Boe ea OS Md 3 ie” el a) (peas ta aS 
Pome 25,267 0 | 2 3 4 11. (-7,3) 13. easton os 
39. x < —3 41. x < -18 pt tt <x | + -—> 
“ 8 -6 4 —2 0 2 4 ~6 4 2 0 2 
——_§_§¥_f-+ 1 1 + > 
-2 -1 0 i] 2 ~20 -—19 -—18 17 -16 15. (-3, 2) 17. (—oco; a 1) U (as co) 
5 ————_——_ ——- i ¢——_— 
43. Sr 5 45.2<x<4 aa eae | 0 | 2 2 | 0 | 
——} ———__— 1 a Ca SLA 
, ees 19.23) 21. (—00, 4) U (4, 00) 
tl cannaneenaeeenanen EE <—__—_—_t—_+— 
47. -4<=x<2 AD = 9 oe al Hh Ey Sh ioe 8 ee Sin ose ve 
+k} Ce 1 
o/s es ee a3 =4 (Ow 4) week 9 Ie oi6 23. 2 
! 
51. -i OS —} 5356. =n <= 6 + 4 +- TR, 
ct + mx -—————_——— =4 0 | 2 


aa 0 -6 =4 -2 0 2 4 6 25. All real numbers 27. No solution 


I Wa.LdVHO 


A34 


29. 


43. 


Answers to Selected Exercises 


(—co, 0) u (0, 3) 


[—2, 0] U [2, 0) 33. [—1, 1] U[2, 00) 
a ee er 
2 | 0 I 2 3 - —] 0 1 z 3) 

5 (ees, S 1) UC IN), 37. (—oo, —1) U (4, co) 
tt t— _ <— +—+—+4+—_+—_ +> « 
2 —| 0 l -1 0 1 2 3 4 

(5, 15) 41. (—5, —3) U(-1, 00) 

ao 4+ « re OH x 
0 5 10 15 0 = 54s ee) 1 0 
(—2, 3) U[6, o0) 
i 


47. All real numbers 
. (—co, 2) U (5, 00) 
57. (—co, —3] U[0, 3] 
(Bs (=O, 113), 25113) 


53. All real numbers 
59. [—2, 00) 
65. (2.26, 2.39) 


5 
3. 00) 


=3:51,3:51) 


. Between about 13.8 meters and about 36.2 meters 
. (a) 90,000 < x < 100,000 


(b) $30 = p S $32 
(c) About 185,967 units; The company should produce a 
maximum of about 185,967 units. 


71. 4.8% 
73. (a) 6393.56 million; It matches the value shown in the bar 
graph. 
(b) 2012; yes 
75. 2014/2015 77. R, = 2 ohms 
Review Exercises (page 152) 
1. Conditional equation 3. Identity 
5. (a) No (b) No (c) Yes’ (d) No 
7. (a) No (b) No (c) No’ (d) No 
9.13 11. -3 13. Nosolution 
15. All real numbers Whe -3 19. —3 
IMs Si Te ARs: 23. 0.033 25. 2009 
27. (a) Sum = First even integer + Second even integer 
+ Third even integer 
(b) Sum = 42 
First even integer = x 
Second even integer = x + 2 
Third even integer = x + 4 
(c) x + (x +2) + (« + 4) = 42 
(d) 12 
29. (a) New salary = 7%(Annual salary) + Annual salary 
(b) New salary = S (dollars) 
Annual salary = 28,900 (dollars) 
Percent = 0.07 (percent in decimal form) 
(c) S = 0.07(28,900) + 28,900 
(d) $30,923 
31, $163.52 33. 2 hours 35. =~ 26.58% 
37. 2% quarts 39. 29.5 feet x 59 feet 41. $20 
43. -1,4 45.3,8 47. +./11, = £3.32 


49. 


SI 
SR} 
BEb 


Su) 


65. 
69. 


71. 


TED: 
87. 
91. 
93. 


oie 


101. 
103. 
105. 


109. 


—4+3/2 ~ 0.24 

—4 — 3./2 = —8.24 

15 feet x 27 feet 

200,000 units or 400,000 units 


Two real solutions 57. No real solutions 


=O LOS 


6+ /6 61. A 63. —3 + 2V3 
Ley, —O2283 67. 8.544, 0.162 
Moon: ~ 8.61 seconds 


Earth: ~ 3.54 seconds 


0,-1.4 73.£2,+1 75.2  77..Nosolmaes 
44/2 $81.-3,2 83.2+./19 “‘S5eneo8 
= 313,251 units 89. —4 < x < 7; bounded 

x <= 1000; unbounded 


xe (Ul 95 aa << 
>_> > 

9 10 11 12 13 -6 -4 -2 0 2 4 6 
=") & 3p = 18 99. x > 45 units 
er x 


(—oo, —1), (—1, 1), (1, 09) 
(—co, 1), (1, 5), (5, c0) 


(173) 107. (—oo, —3) U (0, 3) 


0 1 2 3 4 5 
111. (— 1.69, 1.69) 113. (1.65, 1.74) 115. [10, co) 
117. (—00, 6] U [9, 00) 
119. Between 2.5 and 3.75 seconds 
121. Between about 15.5 meters and about 24.5 meters 
123. Greater than 4.25% 
125. Between about $41.34 and about $58.66 
Test Yourself (page 156) 
1.42 2. (a) Allreal numbers (b) —3 = x $3 
3. April: $325,786.00 4. -3,3 5. 4,-3 
May: $299,723.12 
-134+V =e 4 
Rise 
D; 6 
9. 1.038, -0.446 10. -3,> 


15. 


Ike 


19} 


. 4(7 is extraneous. ) 
PE =I hs 
. Selling either 341,421 units or 58,579 units will produce a 


BE =O. W 


revenue of $2,000,000. 





aes 16.x< —4orx 22 
—+——_—_+—_—+— +> « <—} + Ht 
1 0 | : 3 bs =—6 -4 -2 0 2 4 Gee 

(si 7) 18. (—co, —2] U[0, 2] 

ee es ae ~<~+— +--+ + « 
-11 -10 -9 -8 -—7 -3 -2 -l 0 1 2 3 
Between 19,189 units and 143,311 units 20. 2012 


Chapter 2 

















Section 2.1 (page 168) 
Skills Warm Up (page 168) 
Pemeeescy.) 3.1 4.2 
Sey /5) 6 «6. 2(/3 + ~/11) 
8.95 1 CE 0) ae: 10. +2 
he ; 3. (a) 
e (—5, 3) at y 
at i 
tp al ee + 
=5-4-3-2-1 | , 2 3 3+ 
aS wll 
= (—6, 1) 
Cea Tt x ait 
-4 Bop dt pt tt 
Tal -6-5 “s_ -2-1 | 1 2 3 
os (2,38 27 
ie S225) 
(6) 10 Cx 22) 
Sena) 7. (a) 
i 4 
4+ all 
ae *) Oe 
ipeayno-4-2 | 2 4 6 ea 
“ie 4+ iy), Pree?) 
al 2 
2) ay ~-8 aT. 
s ern ae ir i eS ee 
-127 
-14+ 
(b) 2 LOman(e)s (2,73) 
(b)17 c) (-3,-7) 
9. (a) 11. (a) 
«4 oa 
s+ euect8a7'5) 
mi i oa 
ance) (-0.35,48) 6} 
Sh a mat par 
B54 3 2-1 i Os Gone 
tad eon 
Hh (25,21) 5 f 
(3-3-3 JeR engin aie 
(be 10 (b) 47.65 
(c) (-3, -2) (c) (—0.35, 4.8) 
il 2S Se L09 Wh =), =© 19. y = 9, —23 
21. (a) Yes (b) No 23502) CSaaen (DMCS 



































Answers to Selected Exercises A35 




















29. (5,0),(,-1) 31. (—2,0), (1, 0), (0, -2) 

33. (—2, 0), (2,0), (0,2) 35. (4,0), (0, 2) 

37. Every ordered pair on the x-axis has a y-coordinate of zero 
[(x, 0)], so to find an x-intercept we let y = 0. Similarly, every 
ordered pair on the y-axis has an x-coordinate of zero [(0, y)], 
so to find a y-intercept we let x = 0. 

39. y-axis symmetry 41. x-axis symmetry 

43. y-axis symmetry 45. Origin symmetry 

47. Origin symmetry 49. x-axis, y-axis, and origin symmetry 

51. y Sh ‘| 


A A 

















Ssh € 56. d W/o it 58. a 

















Intercepts: 

(3,0), (0, 5) (—1, 0), (1, 0), (0, 1) 

Symmetry: none Symmetry: y-axis 
(Bh 67. , 


Intercepts: 

















Intercepts: 
(— 3/2, 0), (0, 2) 


Symmetry: none 


Intercepts: 
(3, 0), (1, 0), (0, 3) 
Symmetry: none 
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A36 Answers to Selected Exercises 











y ) 2 2 2 2 
69. ay 99, (x- 4) +(y—4 =2 101. @ +3) + (vray aa 
1+ | , ‘ 
4 ‘ \ \ 
(0, 2) 
4 x 
14 -2 ! 
4 ! u] | | yi 
va t t 
" ( 
4 + + > xX 
; | | 2 
= ch 
Intercept: (0, 2) Intercepts: (— 1, 0), (0, 1) ) 
Symmetry: y-axis Symmetry: none 
7 y of 103. Center: (3, —1); Radius: 5 
, h 


Key = Ox ey) te. 
105. (a) ~ 17% (b) ~ 8% 
107. (a) (0, 482); It represents the population (in millions of people) 
of North America in 2000. 


(b 
| Be 20 | =10 | 0 
y | 376 BIE 535 


an 20) 30 40 
= 
588 | 641 | 694 


if 




















Intercept: (0, 0) Intercepts: (4, 0), (0, 4) 
Symmetry: origin Symmetry: none 

















300 


Population (in 


Intercepts: (—1, 0), (0, 1), (0, —1) 
200, 
Symmetry: x-axis 100 
79 y cope no] faa GLa ia ol elias ee! 
. j ~20-10 © 10 20 30 40 50 60 
| 0.2) Year (50 < 2050) 


millions of people) 





109. (a) ; 


7000 
(2, Y) 6000 
5000. 
4000 


3000 


Stores operated 


2000, 


1000. 
Intercepts: (— 2, 0), (2, 0), (0, 2), (0, —2) Pe eer eigere eecee 
1 29 Sr 4s a Or 7 Bo 10 
Year (0 < 2000) 





Symmetry: x-axis, y-axis, origin 
81. Radius: 2 83. Radius: \/5 a... 4 
Recenter aia OV Radiudiea/s (b) 2011: about 6842; The model’s prediction for 2011 is 
Sr ath nie RO yet ANd ser yes (hme d not close to the plan of Family Dollar Stores. 


91. (x + 1)? + (y — 2)? =5 93. (x — 1)? + (y — 1)? = 25 (c) Year, t 
95. (x — 3)? +(y+2)?=16 97. @-— 2)? + (y+ 3) =4 
5 : Number of stores | 6836 | 6780 | 6674 | 6518 
A 


} . 
(d) ‘ 


7000 














4 
3 


6000 
je 2 
5000 
4000 


4000, 


Stores operated 


2000 


6 1000 











OL a ea ae IE TS Ea 
9 a 


Year (0 a 





(e) The model does not support the company’s expectations. 


2013: 6780 
2014: 6674 
2015: 6518 
The graph of the model begins to decrease in 2011. 
Tlie (a@) x° + y? = 7656.25 
(b) Quadrant II, Quadrant IM, Quadrant I, Quadrant I, 
Quadrant TV 
(c) 100 cm 


Section 2.2 (page 180) 


Skills Warm Up (page 180) 


4 
6. y = 


9 y= 


(6, 9) 

































undefined 6 fan 2345 6 
4-1) 4 
ip = 
y ; 
11. / 13: ; 
(-6,4) 4 
3+ 
! 
{_——}|— +— + ——p— X 
-5 —-4 3 2 | 
(=0;—w)) | 1 =a. ie 
=f 1 
: 
m is undefined. m=35 


15. Answers will vary. 

Sample answer: (3, —2), (—1, —2), (0, —2) 
17. Answers will vary. 

Sample answer: (2, —3), (2, —7), (2, 9) 
19. Answers will vary. 





Sample answer: (6, —5), (7, —4), (8, — 3) 
21. Answers will vary. 
Sample answer: (2, 3), (—4, 0), (4, 4) 
oy | — 0 25. 4x +y +8 =0 


y y 

















tt t+ fh t+ tt tt tt > 8 


Answers to Selected Exercises A37 
Ditto Vie Ai. 0 29. y+7=0 
l 
| 
5 4 3 if | 3 4 ae 
; 
44 
5 +t 
= 
OO 





49. 





Buf 














37.x+9=0 3%y-7=0 
AY Phe — Syl ae M00) 
A7. m= 2, (0, —1) 








51. m is undefined: 


no y-intercept 











$— x — 
6 








Answers will vary. Sample answer: You could graph a vertical 
line and pick two convenient points on the line to find the 
slope. Regardless of the points selected, the slope will have 
zero in the denominator. Division by zero is not possible, so 
the slope does not exist. 
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A38 Answers to Selected Exercises 


CE) abe = We Ae 

63. 12x + 3y +2 =0 

65. Changing the viewing window will affect the appearance of 
the slope of the line. Answers will vary. 

67. Neither 69. Perpendicular 71. Parallel 

73. Perpendicular 75. Parallel 77. Perpendicular 

79. Neither 81. Parallel 

83. (@) 2x —y— 10 =0 


61.x+y+2=0 


Heh (a) Gee = Oy — FS 0 
(b) x + 2y - 10 =0 (b) 36x + 24y + 7 =0 
87. (2) y=0 ()x+1>=0 bh Ves (m = +) 


91. F=2C +32 93. y = 7000x + 151,000; $179,000; No 
95. p = aad ai Ne 5 atmosphere per foot 


Section 2.3 (page 190) 


Skills Warm Up (page 190) 

















6.y=ext+3 TyHx 
9, 5x + 40y — 213 =0 





i lp bid 3 2500 
— 120 
7 
= 100 ‘ 
2 
& 80 e 
S 60 
‘> 40 
wv 
= 2 é 0 10 


0 
—4—+—t-4+—4-» 1 
2 “4 96 38° 10:12 


17. (a) y= 0.0134x = (b) $2479 


19. (a) M = *5K 


(b) 
km/h | 40 | 60 80 100 120 
mi/h | 24.85 i 37.28 | 49.71 | 62.14 | 74.56 


21 Vi 140 re S60 2a ra 

23. V = —21421 + 46,104, 12 = ¢5 17 

25. V = 10\7807 + 24/640) 12 S77 = 17 

27. (a) h = 7000 — 20¢ (6) 2:13:50 BM. 

ML WSS = Wien, OSES S 

31. W = 0.75x + 11.50 33. (a) H = 0.5t+ 4 
35. Yes; Answers will vary. 37. No 











(b) 13 in. 


Sample answer: 








aa ae ae x 
1 2 3 4 5) 


y=5-x 
39. Yes; Answers will vary. 
Sample answer: 











—}—+—+-+—+-—+ 4 x 
2 6 


ite Use am Le) 


Ales (a) ree (b)) @ = 29.19% 37 





Yes 
(c) Slope: 29.19 
The number of autistic children receiving disability services 
is increasing by about 29 thousand children per year. 
(d) 2011: 378 thousand children 
2012: 407 thousand children 
The estimates are reasonable. 


Age (in months) 
The model is a good fit 
for the actual data. 


3 
5. y= rt 7. y = 20x 9. y 
1l.H=3p 13.c=2d 15. 


y = 231.1x + 53.256 
The model is a good fit 
for the actual data. 


_ 32 ory = 18 
qe Y= 35% 


I = 0.06P 


43. (a) % 


(b) Answers will vary. 
Sample answer: 
y = 58.1t + 210.8 


a 











45. 


47. 


49. 


51. 


(c) y = 56.69t + 200.7 

Using linear regression equation: 
2010: $767.6 million 
2011: $824.29 million 

Using equation from part (b): 
2010: $791.8 million 
2011: $849.9 million 

(d) The projections made by California Pizza Kitchen are 
lower than the predictions given by the models. 

(e) Yes; Using the linear regression equation, the yearly revenue 
is expected to reach $937.67 million by 2013. Using the 
equation from part (b), the yearly revenue is expected to 
reach $966.1 million by 2013. 

(a) rt 


04> 
Oy" 


Value (in 1982 dollars) 
So 


0.27 
Ohare 


ertestert atte t ttt ttt tat 
2 4 6 8 10 12 14 16 18 


Year (4 € 1994) 





The data appear to be approximately linear. 

(b) y = —0.0152t + 0.873 

(c) 2010: 0.569; 2011: 0.5538 
Because the data follow a linear pattern from 1994 to 
2008, you can assume that the estimates for 2010 and 2011 
are reliable. 

(a) 16,500 


0 10 
14,000 
The data appear to be approximately linear. 
(b) E = 394.17t + 12,592.9 
(c) 2011: 16,928,770 employees 
2013: 17,717,110 employees 
(d) 16,500 





14,000 


The predictions are most likely going to be just about right 
because the model is a good fit for the actual data. 
The model for population, because population tends to change 
at a consistent rate, whereas snowfall can be quite different 
from year to year. You should use more than three data points 
to ensure that the data can be represented accurately by a 
linear model. 
Yes; When you start, you have zero wrong moves (x = 0) and 
800 points (y = 800). So, 800 is the y-intercept. Then you lose 
50 points for each wrong move. This is a slope of ~ 50. 


53. 


Answers to Selected Exercises A39 
A known rate of change corresponds to the slope of a linear 
model, so determine whether the rate of change of y with 
respect to x 1s constant. The data points show a 10-unit 
increase in y for each 1-unit increase in x, so the rate of change 
is constant and the data points are linear. 


Section 2.4 (page 203) 


Skills Warm Up — (page 203) 


» 2x + 2) 4, —8(x 
y= tx Te a PE 


9, All real numbers 





This is a function from A to B because each element of A is 
matched with an element of B. 


. Not a function; The relationship does not match the element b 


of A with an element of B. 


5. This is a function from A to B because each element of A is 
matched with an element of B. 
7. This is a function from A to B because each element of A is 
matched with an element of B. 
9, Not a function; The relationship assigns two elements of B to 
the clement ¢ of A. 
11. Nota function from A to B; The relationship defines a function 
from B to A, 
13. This is a function from A to B because each element of A is 
matched with an element of B. 
15. Nota function 17. Function 19. Function 
21. Not a function 23. Function 
25. (a) —6 (b) 34 «(c)6—4t (d) 2 -— 4 
| | | 
Ze (a) — l(b) 5 (Cc) 25} (d) eT | 
29, (a) -1 (b) -9 (c) 2x-5 (d) -3 
cH (ED) (0) (do) S(O) Bee ee (CaN) SO) 
Sim (el) es O77 ((L)}) er) an (d) shat 
2 3 
OS) Ch) ey te) ail) (cd) 28 
37. (a) Undefined (b) — 
16 
. | p) 
(c) 7" ay 12” y # —6,2 
(d) rr z 12” » it Pa 
k-1| 
39. (a) | (Any) — (nL (d) RTE 
41, (a) —4 (b)3 (c) =7 = (d)7 
43, (8) 2D) @eg) BY (Gah) ss 45. 5 47, +3 
49.0,1,-1 51, 53. {0,3,5,8,9} 
55. {-—2, —1, 0, 1, 2} 57. All real numbers x 
59. All real numbers except t = 0 61. All real numbers y 
(OPH eee al 65. All real numbers except x = 0, —2 
67. All real numbers x 2 —1 except x = 2 69. x > 0 
71. {(-—2, 4), (—1, 1), (0, 0), (1, 1), (2, 4)} 
73, {(=2, 0), (—1, 1), (0, »/2,), (1, /3), (2, 2)} 


c WALdVHO 





A40 Answers to Selected Exercises 


75. The domain of f(x) = /x — 2 is all real numbers x = 2 
because an even root of a negative number is not a real 
number. The domain of g(x) = </x — 2 is all real numbers. f 
and g have different domains because an odd root of a negative 
number is a real number, but an even root of a negative 
number is not a real number. 

77. n ordered pairs 

79. (a) V=x(18 — 2x)? 
(c) 400 cubic inches 

81. Yes [y(30) = 6] 

83. 2000: 945 million acres; 2009: 917.98 million acres 


See) 
(b) 5G oho + 2.05 


(b) Domain: 0 < x < 9 


85. (a) C = 57,000 + 2.05x 


000 0,000 | 100,000 
5205S 205 WS 


(d) Answers will vary. Sample answer: The average cost per 
unit decreases as x gets larger. 


S7au(a) 

















(b) Linear model: P = 0.965¢ + 5.11 
Quadratic model: P = —0.0456f? + 1.375t + 4.56 


(Cc) Re 

Year P (Actual) | P apes P (Quadratic) | 

2000 oe Syallil 4.56 

200 rake 5.89 6.08 5.89 
ae 6s | 7.04 WMS 1 
| 2008 8. — 8.01 8.27 


“oases 9.30 




















hs 





|—-— 
eri 10.55 if Dae) 10.30 


| 2006 Teta ol AG 
L 2007 12.09 11.87 4. Ms 


2008 Ss) 12.83 12.64 


ae ca 
2009 2s) 13.80 13.24 


The quadratic model is a better fit because its values of P 
tend to be closer to the actual values than those of the 
linear model. 
89. (a) r(t) = 0.75t 
































(b) A = 0.56257? 








Radius, r 
(in feet) 









Area, A 


(in square feet) 1.767 | 7.069 | 15.904 


28.274 | 44.179 











A(2) _ 7.069 A(4) _ 28.274 

= 4.000, = 

(AG) 71767 | eh ACh © 7.069 
Predicted area when t = 8: 113.096 square feet 

113.097 square feet 


91. (a) Correct; Each price has exactly one tax amount. 





= 4.000 


Calculated area when t = 8: 


(b) Incorrect; For any given value of education, there is not 


exactly one specific value of intelligence. 
93. Answers will vary. 




















Quiz Yourself (page 208) 
1. (a) Zea) 
fl i 
4 2+ 
(-3, 2) 3 (-3.7,0.7) , 1 
A) « 
my +—4—+_+ $—}- 
pt ptt tt a4 58S 0 ot | 
=feiecjerhat alll sl eh 2S ee 
gk (5 7) (-1.2,-1.9) ~s 
=3 a 
os SGD) att 5. geen 
*; <1 oe 
(by 7a 2 (b) /52.04 
(c) G, -3) (c) (-1.2, -1.9) 
3. (a) \ 4 y 
ipl 
+—++ ——}—} +> «x 
=i il iL or seca, 5 
1+ 
eam ammiiee) 
(iy bed) 
-4 











Intercepts: 
(= 3). 0),.(3, 0), (0, 9) 


Symmetry: y-axis 


y 
h 
I 

















Intercepts: (—4, 0), (0, 0) 

Symmetry: none 
Tei) 2 te stay) ae 
8. (x — 1)? + (y + 2)? =9 


y 
ry 
| 


Intercepts: (3, 0), (0, 3) 
Symmetry: none 











Answers to Selected Exercises A414 


or 2x — 3y +9 = 0 10. y-4=0 15. Not a function 17. Increasing on (— oo, co); No change 
h 1 19. Increasing on (—oco,0) and (2,00), decreasing on (0, 2); 

“ : behavior changes at (0, 0) and (2, —4). 
san lg Dela 21. Increasing on (—1, 0) and (1, co), decreasing on (—oo, —1) 




















and (0, 1); behavior changes at (— 1, —3), (0, 0), and (1, —3). 


. Increasing on (—2, 00), decreasing on (—3, —2); behavior 


changes at (—2, —2). 





2 25. Increasing on (2,00), decreasing on (—oo, 2); behavior 
> changes at (2, —4). 
27. Increasing on (—oo,0) and (2,00), decreasing on (0, 2); 
Lie 2 = 2 1D Pee a) mim N10) behavior changes at (0, 2) and (2, —2). 
y y 
A 29, 
27 
+ + 
I+ 6 
-\— ee Vi jl 
=) | 3 5 ae 
ig 
le les 
=A a}. 
=5-7 Minimum: (2, —3) Relative maximum: (0, 0) 
zs Increasing: (2, oo) Relative minimum: (2, —4) 
F 4 , ‘ a yA Pte al (= 5 cin ee re an 5 
13. 261,019 14. y is a function of x. Decreasing: (~ 90, 2) Increasing: (— 00, 0), (2, o0) 
15. The collection of ordered pairs does represent a function from Decreasing: (0, 2) 


Ato B. 








seh 
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16. The collection of ordered pairs does not represent a function 
from A to B. 
ema (D)_ = 18. (a) 1 (b) —20 
LO Ne 4 20. All real numbers except x = —2 
9A |, 9500 
Relative maxima: (— 1.54, 3.29), (0.95, 3.77) 
Relative minimum: (—0.34, 1.14) 
Increasing: (—oo, — 1.54), (—0.34, 0.95) 
A ia Decreasing: (— 1.54, —0.34), (0.95, oo) 
a 35, @ 2) 6) 29'©) =—3 dd) =4 
Linear: y = 428.5t + 4873 3 ///am (cl) ee DL (CS) et OE (C1!) 
Quadratic: y = 35.29t? — 30.2t + 6261 39. Even 41. Odd 43. Odd 
22. Linear: Quadratic: 45. ( 47. ( 
2010: $9158 million 2010: $9488 million ; | 
2011: $9586.5 million 2011: $10,198.89 million 
23. A= = 
Section 2.5 (page 216) ] 
| 
re ‘mie. 
Skills Warm Up (page 216) ' 4: 
_ (6) a ae 4, x2+3 5, 0,+4 Even Neither even nor odd 
4 49. 51. 
yn 7. All real numbers except x = 4 
. All real numbers except x = 4, 5 Dee 3 
. All real numbers 
1. Domain: [1, 00); Range: [0, 00); 0 » 
3. Domain: (—00, co); Range: (— oo, 4]; 4 
5. Domain: (—0o, co); Range: (—00, 00); —1 | 
7, Domain: [—5,5]; Range: Lonel Odd Neither even nor odd 


11. Not a function 13. Function 


9, Function 





























53. 
Bie h / 
ae 
3+ 
1 
yA poppet 
—2 #1 1 2 3 4 
Neither even nor odd 
61. 2 
=e = 3 
=A 
Odd 
65. 
69. Y 
h 
73. i 
4+ 











Answers to Selected Exercises 























Soe } 
tt ; 4+— f+ x 
=a et il ian Sa} 
mips 
Neither even nor odd 
59. 2 
-3 3 
= 
Even 
63. 3 
-3 3 
-1 
Even 
6 
71. , 
jl 
34 
be ad 
+ +—t 44 +» 
-3 -2 -l 1 2 3 
-1 
=oyalh 
Ds 4 
A 
—_— 3+ 
m—o 2+ 
——- 
f $—$_—}—_}- > 
- —2 -1 | 2 3 
-1+ — 
2+ _— 





Wik 


TE 


81. 


83. 


85. 


87. 





2+ —o 
1+ — 
+ $— a ae 
—2 -!l 1 2 3 4 
=] oO) 
ait 
—_—o -3+ 





(a) Maximum: $1212.62 


(b) Decreasing: Price did not decrease during 2000-2010. 


Increasing: 2000-2010 


(c) The slope of the graph seems to increase quite rapidly in 
future years. The price of gold probably will not increase 


that quickly. 
(a) 600 


0 4 
0 


Increasing: 0 seconds to 2 seconds 
Decreasing: 2 seconds to 4 seconds 
(b) Maximum change in volume: ~ 501.9 milliliters 


3,000,000 +- 


2,500,000 if 









2,000,000 +- 


1,500,000 + 


Profit (in dollars) 


1,000,000 


500,000 =- 








50,000 150,000 250,000 
Number of units 


Approximately 112,500 units 








c 
A 
50 + 
-_ 
45+ 
aoe mn?) 
@ 40+ pas 
ra (35 — 
Zyaot mo 
Ses 
"A 
eo 
ral 
3 15 
iT 
Pl 
LS ee 
a, en eee aE 


Weight (in pounds) 


700 + SS 


600 + Fly SOE 


Volume (in millions of barrels) 








al ge Ds Se IEST aeLeesSa ae 
8 9 1011 12 13 14 15 16 17 18 19 


Year (8 © 1998) 


89. (a) y = 425.71t + 705.54 
Domain: (0, 4) 
Range: (705.54, 2408.38) 
(b) y = —202.95P + 3304.67t — 7311.8 
Domain: (5, 9) 
Range: (4137.8, 6140.3) 


fo) y = [425718 + 705.54, 0< 
— 202.95 + 3304.67r — 7311.8, 5 < 
7000 
0 10 
0 


(d) The revenues increased from 2000 to 2008 and decreased 


from 2008 to 2009. 
Diem) ,4) (b) G, —4) 
93. (a) (—4,9) () (—4, —9) 


Section 2.6 (page 226) 


Skills Warm Up (page 226) 


3. 0,410 
6. f(x) = —x 





(0, 0) 
+ 








t—}—> 


























Answers to Selected Exercises 


A43 


1. Shifted four units downward 3. Shifted two units to the left 


y 


Gh 


ist 


17. 











5+ 





Shifted two units upward 
and four units to the right 


y 


A 





———t + + + —P x 
1 2 3 4 5 6 


. Shifted two units upward 





Reflected about the x-axis 
and shifted three units 
upward 





Shifted three units to 
the right 


h 








y 


\ 








7. Reflected about the x-axis 
and shifted one unit upward 
é 
| 
| 








11. Shifted one unit to the right 








15. Shifted one unit to the 
left and four units 
downward 








19, Shifted three units to the 
right and one unit upward 
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A44 


21. Vertically stretched by 


; 
a factor of 2 


, 





25. Reflected about the y-axis 





29. Reflected about the x-axis, 
shifted one unit to the left, 
and two units upward 





33. Vertically shrunk by a 


J 
factor of 5 








37. Common function: y = x? 





Answers to Selected Exercises 


23. Reflected about the y-axis 
and shifted four units to the 
left and two units upward 


h 


fmt ttt 8 
8 -6 -4 2 2 4 





27. Shifted two units downward 








31. Vertically stretched by a 
factor of 2, shifted one unit 
to the left, and one unit 
downward 





35. Common function: y = x 
Transformation: shifted 
two units to the right 
Equation: y = (x — 2)? 


Transformation: reflected about the x-axis 


Equation: y a 


39. Common function: y aX 


Transformation: reflected about the x-axis and shifted one unit 


upward 
Jx +1 


41. Common function: y = x 


Equation: y 


Transformation: vertically stretched by a factor of 2 


Equation: y = 2x 


43. (a) Vertical shift of two units 





45. (a) g2(x) 


47. (a) 














(4, 4) 

















(d) 4 








(f) / 








Answers to Selected Exercises A45 


49. (a) f (b) 69. y = x’ will be an odd function and its graph will be similar in 
12 shape to the graphs of y = x° and y = x. y = x® will be an 
even function and its graph will be similar in shape to the 
graphs of y = x”, y = x4, and y = x°. 


Section 2.7 (page 236) 











Skills Warm Up = (page 236) 
































(c) A (d) 4 | 12 
" ——— Ds 
¥ (-7, 4) 2 (5, 4) x(1 = x) (x Ir 3)(x <= 
, 4x — 5 2 Jae = 1 we 
* 3(x — 5) 2 Se 
mer weil 
b ese 2 tes Mee = DY), 
x(x + 2) : (x — 2) 
ye ae 2 
’ oe 
(x — 2)(x + 3) 
il sie Spee 5 
aap 10. 
1 i 3. ( 
Fl “lb 
(1,3) (2, 6) a (4, 6) 
(, 2) 5+ 
ea (6, -4) ; ; ei 
6 6-5) 10 (6, —9) (0, 1) (2,3) 
p+} 4-4 —4+—4— 
-2 -1 ihe ee we ul 
Sia x = 2 53. y = 43 all eae: bee ees! 
BBA) =V/x—- 4-3 57. h(x) = 3x -3 a+ Sota ie ie 








Bome(e) = x — 3x7 + 2 61. e(x) = @ + 1)? — 3@ + 1)? 


he (EMSS Mee Te 
63. Shifted one unit to the right and two units downward 














ae l 
g(x) = (x -— 1)? -2 (d) : FT Domain: (—©o, 1) U (1, co) 
65. (a) P(x) = 80 + 20x — 0.5x? — 25 GN ee eae (epee 3G = 1 
EGO 20% — yep, (<= ae cs 2X0) ae 
Shifted 25 units down (d) 7 Dae Domain: (—oo, —1) U(—1, 1) U1, oo) 
(b) 9 Oh 1G) oe se JTS Ge ES) UN ast Sl ae ae S 
(Chine lee ley 
ae 
(d * Domain (—co; |!) 
P= 3 
bee ull 32 
of . 11. @) —— = OF 
Ga x 56. 
ie Fe f (d) x,x # 0; Domain: (—co, 0) U (0, co) 

(c) (=) = 80 + F — 0.000052", 13.14 15.-42+41+3 17.-6 19% 21.3 
0 < x <= 2000 (x in dollars) 23. —8 250 (A) Oxo (0) Ox Tin (eRe n 
Horizontal stretch 27) (3) O97 oe Gx ee (6) Axel fc) ix 

8 
67. (a) Vertically stretched by a factor of 34, shifted 3705 units 29. (a) % Sep (D) oS, 
upward Suk (Gy oe secs O) (oi) ag an = Ud asia) 4/x  (b) 4/x 
(b) 16,900 35. (a) |x + 6| (b) |x| +6 


37. (a) All real numbers, or (— oo, 00) 
(b) x = 0,or[0,co) (c) x = 0, or[0, co) 
39. (a) All real numbers except x = 0, or (— 00, 0) U (0, 20) 
(b) All real numbers, or (— 0, co) 
(c) All real numbers except x = 2, or (—00, 2) U (2, 00) 
41. (a) 3. (b) O 43. (a) 0 (b) 4 






3000 


(c) 2007 


‘ 45. Answers will vary. 47. Answers will vary. 
(d) M(t) = 34.0(t + 10)? + 3705; i ; a 
To make a horizontal shift 10 years backward (10 units to Sanipie answer: pap leena wer: 
f(x) = x*, g(x) = 2x + 1 fx) = Ys, 2) = 2? — 4 


the left), add 10 to f¢. 


c WALdVHO 


A46 


49, 


Wn 
Ww 


59. 


61. 


63. 


65. 


67. 








Answers to Selected Exercises 














Answers will vary. 51. Answers will vary. Review Exercises (page 244) 
answer: : y y 
Sample pie Sample answer 1. (a) ? 3. (a) y 
f(x) == glx) =x + 2 ff) =x +22, 2+ ; oe : 3-45, 6.55) 
‘ g(x) =x + 4 ow ae Sr ie 
) =A 2 ee) 4 4 
Sos (C ° x)(t) = (5 00f cir 495 Z£ (0 3 al / 
; Cal Nea / (1,195, 1,34) 
(Grarx represents the cost of Y ar Bs He 
producing x units in ft hours. re an -§ -4 = | 
(3,5) eh 1.06, -3.87) | 
(b) V85 ~ 9.22 (b) 128.9165 ~ 11.35 
(c) (0, -3) (c) (1.195, 1.34) 
cpa RGR a See Ors.) ena) eSmn(D) mes 
Miles per hour 9, a, 























(a) Total sales decreased. 
(b) Ret Re Ol] 26.76 

The function is linear with a negative slope, so its value 

decreases for increasing values of f. 
(a) ; (b) y, = 48.5¢ + 1856 

yy = 15.21 + 694 

g y3 = 23.7t + 434 

ri 1. 

Z 

t uli 
+ + t + + 

(c) 50,000 -3 -2 -1 i 2 3 





1500 


0 


2011: 3,945,400 employees 
2013: 4,120,200 employees 
(A or)(t) = (0.62)? = 0.367? 


A °rrepresents the area of the circle at time f. 


Year | 2005 | 2006 | 2007 | 2008 | 2009 


Domain of (f/g)(x): all real numbers 0 S x < 3, or [0, 3) 
Domain of (g/f)(x): all real numbers 0 < x < 3, or (0, 3] 
The two domains differ because if x = 3, (f/g)(x) is undefined 
(division by zero), and if x = 0, (g/f)(x) is undefined (division 





259 


LGealez 0 


by zero). 


True. The range of g must be a subset of the domain of f for 


(f ° g)(x) to be defined. 























y-intercept: (0, 3) 
Symmetry: y-axis 








x-intercept: (G, 0) 
y-intercept: (0, —4) 
Symmetry: none 


x-intercept: (—1, 0) 
y-intercept: (0, 1) 
Symmetry: none 
























ot 


f+} x 


21. 


25. 


29. 


33 
Sie 
avy 
41. 
43. 
51. 
Sos 
Sie 
61 


. 


63 
65 
69. 
wAk 


IBS 
TS 























Answers to Selected Exercises A47 
(a) Domain: all real numbers 
Range: all real numbers 
(b) Decreasing: (0, ;) 
Increasing: (—0o, 0) U ( oo) 
(c) Neither 
(d) Relative minimum: (°, — 3%) 
Relative maximum: (0, 0) 
y is a function of x. 81. y is not a function of x. 
; 85. , 
6 -_—dO | 
Z — 3 
4 | =O 
ee Bae whee 

















f 23. ‘ Wk 
ts (3, 7) al! (3, 4) 
6+ 
s+ =a) 
4+ 9 
SP 1 
2 
4 +—+— - 
al =] | 2 . a : 
fa ie t+—+-—+—+-> x aan 
2h 1 3 4 5 6 3 9 
i 6% Fal (3, -2) 79. 
; r 83. 
m=8 m is undefined. 
Se 2y — 10 = 0 27. y=6 
y % 
h 
ee 
: (-2, 6) 
Bit 
iets 
zl 
l-+ 
ae 
Ship ate ot I i 2 
Slope: 2 31. Slope: undefined 
y-intercept: (0, 4) y-intercept: none 
y y 
A 
aye 
: 91 
+—4 +#+—+ mA 
—2 = | 2 
25 








Parallel 35. Neither 

(a) y=3xt1 (y= 2 

(aon —4y—23=0 (b) 4x+5y-—2=0 
i= -2 (b) x= -1 

y=tx 45. y=348x 47.A=5r 49. a = tb 
y = 0.0084x; $1470 53. $3,350,000 


V = —12,950t + 135,000, 0 <= ¢ = 10 
y is a function of x. 59. y is not a function of x. 


Function; Every element of A is assigned to an element 


of B. 
feo. (b) —3 (c) -—5 (dd) Vx+7-—5 
All real numbers x Oe 


lst<4,t>4 

The domain of h(x) is all real numbers except x = 0, because 
division by zero is undefined. The domain of k(x) is all real 
numbers except x = —2 and x = 2, because if x = 2 or 
x = —2, then x? — 4 equals zero, and division by zero is 
undefined. When a graphing utility and the table feature are 
used, (0) results in an error, and k(—2) and k(2) also result in 
errors. 





20678)" (b) t= 0 
4 
(a) Domain: all real numbers 
Range: [1, 00) 
(b) Decreasing: (— ©, 0) 
Increasing: (0, 00) 
(c) Even (d) Minimum: (0, 1) 


(Gi) sei = 650( ts 





. Reflected about the 


Ob. 


09; 











93. Shifted two units to the 
x-axis and shifted two 
units downward and 

one unit to the right 1 


right 


y 











97. Common function: y = af 
Transformation: reflected 


Shifted two units to 
the left 

‘ about the y-axis and shifted 
4 three units to the right 
Equation: y = /3 — xor 


y= J/-(x - 3) 








(a) (f + g)(x) 
Cb) pce) San te sl 
(cy): (fe) (x) ='3x? + Sx? —2e 


= x27+5x-1 


(@ (f/8)@) = 


Domain of f/g: x < —2, —2:< x < 0,x > 0, or 
(—00, —2) U(—2, 0) U (0, 00) 
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A48 


101. 
105. 


107. 


109. 


113. 


Test Yourself 
1. 


5. (N° T)(t) 


Answers to Selected Exercises 


i) 103. 18 
(a) x* + 6x + 9 


Domain: All real numbers 


(b) x* +3 
Domain: All real numbers 
/ | 
a) ; 
3x + Xx 
Domain: All real numbers except x = O and x 5 
3 | ax + | 
(b) - == OF . 
\ ie a 


Domain: All real numbers except 1 = 0 
Answers will vary. 
Sample answer: f(x) = x*, g(x) = 6x — 5 


Answers will vary, 


Sample answer: /(x) g(x) = x | 


(2) 7 (b) A= mre (c) (A eri(x) 


(A °r)(x) is the area of the base of the tank in terms of x, 
where x is the length of a side of the square base. 

327 + 36t + 204 

(N ° 7)(t) represents the number of bacteria in the petri dish 
at time f, 


(page 248) 
2. Distance: = 7.81 
Midpoint; (0.44, 4.335) 


Distance: 4/5 
Midpoint: (1, 0) 
y-intercepts: (—5, 0), (3, 0) 


y-intercept: (0, ~ 15) 


4. Symmetric with respect to the origin 


10. 


(x — 3)? + (y + 2)¢ 16 


64 
| 
84+ 


a 


ix 3y + 21 0 


True, Each value of « corresponds to exactly one value of y, 


False. The element —9 is not included in set B, 


. (a) Domain: All real numbers 


Range: (— oo, 2] 

(b) Decreasing: (0, ce) 
Increasing: (oe, 0) 

(c) Even 

(d) Maximum: (0, 2) 

(a) Domain: (—0o, —2] U[2, co) 
Range: [0, ce) 

(b) Decreasing: (—0o, —2) 
Increasing: (2, ce) 

(c) Even 


(d) Minima: (— 2, 0), (2, 0) 


Il. Reflected about the x-axis 12. 
and shifted two wnits to 
the lett 








13, (f — g)(x) = x* — 2x + 3 
14. (fe)(v) = 2x4 


Shifted three units to the 
right and four units upward 


y 


4 





15, (fog)(x) = 4x* — 8x + 5 16. (g °f)(x) = 2x? 


17, V 
18. 


30,000 — S300f 





P= 0,17t + 19.3 
Chapter 3 
Section 3.1 (page 258) 


Skills Warm Up — (page 258) 


I. Compared with the graph of y 





x’, each output of f(x) = 5x? 


vertically stretches the graph by a factor of 5, 








The graph of f(y) = 3x? is 
a vertical stretch of the graph 


of y = x? by a factor of 3. 


7. The graph of fis the graph of y 








The graph of giv) = — 42 


is a reflection in the x-axis 

of the graph of y = a? and 

a vertical shrink by a factor 
at 

ots. 


x reflected in the x-axis, 


shifted to the left 1 unit and shifted upward | unit, 


Xe 10. ¢ ll. a la; G 


RoR I4. b 


Answers to Selected Exercises A49 


15. f(x) = —x* + 16 17. Vertex: (—5, —6) 49. x = 150 feet, y = 200 feet; 300 feet x 200 feet 
Vertex: (0, 16) 51. 25,000 units 53. 20 fixtures 55. 14 feet 
) ) 57. (a) and (b) 


22,000 





B) 






























t ; — 18,000 
R - 186.43 + 2811.9¢ + 10,329 
: (c) 2007 (t = 7.5); Yes, this agrees with the actual data. 
19. 2(x) = (x + 1)? 21. fx) =-@+ 1)? +4 59, (a) 24 
Vertex: (—1, 0) Vertex: (—1, 4) 
0 11 
9 
(b) N = 0.04727 + 0.76¢ + 10.1 
(c) (d) 25,988 physicians 
23. f(x) =(x- 4) +1 25. f(x) = —(x — 1)? + 6 
Vertex: (1, 6) ae ee 
4 61. (a) 400 
20 
| fee oN 
: = (b) p(x) = —1.276x? + 21.63x + 236.5 
(c) 400 
29, f(x) = 4(x — 8)? — 8 
8 





0 20 
0 
(d) ~ (8.5, 328.2); Producing about 85,000 units yields the 
maximum profit, about $32,820,000. 
(ce) Sample answer: Production costs may be growing faster 
than revenue, so profit decreases. 


/ 2 . 2 
63. f(x) = als + "| + LO 





4a 
ai y= —(x + 2) 
35. y = —2(x + 3)? 





37. y= —3(x - 2)? - 1 39. y=3(x — 5)? + 12 
41. Answers will vary. 43. Answers will vary. 
Sample answer: Sample answer: 
ici x — x — 2 fix) = ee 10x 
ex) = =x? +x +2 g(x) = —x? + 10x z+ 5)(z + 
45. Answers will vary. 47, A = 100x — x?; (50, 2500); F 3)(x + 2)(x 
Sample answer: The rectangle has the greatest 7. No real solution 
ie) = 2x 7x + 3 area (A = 2500 square feet) 10. +3 


ex) = —2x2 — 7x — 3 when its width is 50 feet. 


¢ WALdVHO 


lh 


17. 


21. 


23. 


. Rises to the left 


yes 


Answers to Selected Exercises 




















We 
+ + 
—4 3 
— i tx 
=4 —3 3 4 
i 11. 
vd 
1+ 3 
+ —+——++ > x 
=5 —4 3 —2 -1 
(a) 5; odd 15. (a) 5; odd 
(b) 2; positive (b) —2; negative 
(c) (c) 
10 10 
-4 4 -4 4 
73. 
-8 -8 
(d) Falls to the left, (d) Rises to the left, 
rises to the right falls to the right 
(a) 2; even 19. (a) 6; even 
(b) 2; positive (b) —1; negative 
(c) (Cc) 
10 10 
-10 10 
-5 5 
US 
—10 —5 Wk 


(d) Rises to the left and (d) Falls to the left and 
to the right to the right 

When the leading coefficient is positive, the graph falls to the 
left and rises to the right. When the leading coefficient is 
negative, the graph rises to the left and falls to the right. 
Rises to the left 25. Rises to the left 

Falls to the right Falls to the right 

29. Rises to the left 


Rises to the right Rises to the right 


. Falls to the left; Falls to the right 


Ga) deeb S52 Dn RW aes) 
.-4 41. Norealzeros 43. -14+J/5 45. 2,0 
49, 4/5/01 51-52" = 53,60) p 54.86 
g - 5O..d) 9cS71k @ 58-0) 59: Oc 















































+—> x 
2 
Answers will vary. Sample answers: 
a, < 0 a0) 
y y 
+—t — tt +> x 
=3| =2 45 =Sh i) 5 











f(x) = 3(x4 — 11x3 + 28x?) 


(@) & (b) Positive 


0 120 
0 


(c) P = 0.000112 — 0.0137 + 0.37t + 10.8 
The model agrees with the prediction from part (b). 
(d) 50 


10) 120 
0 


2012 (t ~ 112.8); The prediction seems reasonable. 


79, 00 


0 20 
0 


(11, 323.9) 
81. (a) Answers will vary. 


(c) 


(b) Domain: 0 < x < 6 











25 


Section 3.3 (page 279) 


Skills Warm Up (page 279) 


~x8— x72? 4+2x4+ 3 2. 2x3 + 4x2 — 6x — 4 
.x* — 2x27 + 4x2 — 2x -—7 


. 2x4 + 12x3 — 3x2 — 18x - 5 


mee 3)(x — 1) 
(Gx + 5)(x — 1) 
mec — 1)(2x'— 3) 


6. 8(x + 2)(x — 5) 
8. (3x — 4)? 
10. x(3x + 2)(2x + 1) 








(Pees o 8) She ss 5. 2x + 4 7. x 2x 3 
25 
ae aes oe oe Bil 
Ce ape ex x 1 13 ey 
Dye 5} 0 a= i 
ae+5-———— S17. x + 
ie, Sears ae Wis. & eng 
6 
19) x* — 6x + 17 - : 
ie ae 
ithe = 7/ 
34 4x2 — 2x — 8 - =———— Lat 
ONeeo ale 4X = 8 put oF] IR sear 
25, 2x7 — 3x +5 27. 4x2 —9 29. —x2 + 10x — 25 


84 
Slee ex + 14x — 20 + —; 











a6 ape ot 
; 1360 
33. 10x? + 10x? + 60x + 360 + 
1 
age 2 s 
35. x4 —- xe t+x7-x4+1 aa 
48 
37, —3x° — 6x* — 12x — 24 — 
x-2 


11 
Lo pA ie 
39, —x* + 3x-6+ z 


41. 4x? + 14x — 30 
dene lt 


ase (e22)(x? te 3x > 6) = 8; f(2) = 8 

45. f(x) = (x = *)(3x? + 3x + 6); f(G) =,.0 

Bye Roem 8) [x2 + (Qi w/3)xit 23] =: 
f(V3) = -6 





Answers to Selected Exercises A51 


49. f(x) =(x — 1 — V3)[2x? + (3 + 2V3)x 


Oke 
sah 
Sey 


SW 


Se). 


61. 
63. 


65. 
67. 
69. 


71. 
We 
81. 


83. 


85. 


+ (-5 + 5V3)} (1 + V3) =0 
(QR Oo eee (D) a2 08i (c) —6 (d) 446 
(a) eo Oe) ieee (c)e0o2 (ad) 
(a) Proof (b) x= 2 
(of) =e = ae 2)? (d) 42 
(e) 


(a) Proof (b) x+5 
(fa Gr lc 2) 5) Gs 275 
(e) 


wa 


(a) Proof (b) x + We 

() f(x) = (x — V3)@ + 2)(x + V3) 
OV3e—2,-V/3 

(e) 


The second polynomial is a factor of the first polynomial. 





e; pos eee nS 
2 2 
daily yer 2 6c. 8a /5 
by) ea/ 50) 8 68: 2,28 5/5 
Answers will vary. Sample answer: 


To oxe ee loke er Au 20 
(cee en ox 40 20 
Infinitely many polynomial functions 


Kee oe LO) (EPs oni G) 15S Xe OF 
x Ax 3 79, x2 + 9x + 16 ft? 
Multiply the divisor and the quotient, then add the remainder 


to obtain the dividend. 
(a) 3,200,000 


45 


o 


—400,000 


(b) Another nonnegative real solution is x ~ 25.0366, 


representing an advertising expense of $250,366. 
(c) The answer is the same as part (b). 
c= 42 
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Abd2 Answers to Selected Exercises 


Section 3.4 (page 291) 59. (a) V = x(18 — 2x)(15 — 2x) 
Domain: 0 < x < 7.5 
(yr 


Skills Warm Up = (page 291) 


1. Answers will vary. Sample answer: 
He = she) — te = Sut ae 

. Answers will vary. Sample answer: 
Gd) = db = Bye = Or? Sb De 














Approximate dimensions: 
2.72 inches x 12.56 inches x 9.56 inches 


WMalbo bol 





(c) x ~ 0.448, 6, ~ 10.052 
A value of x ~ 10.052 inches is impossible because it 
would yield a negative length and width. 
Lele At) 2, fl le 0 (dix — 6 
Actual zero of f: —1 61. 18 inches x 18 inches x 36 inches 
Sate of CN a) het 63. (a) V= x2 + 9x? + 26x + 24 = 120 
Actual zero of f: none (b) 4 feet by 5 feet by 6 feet 
nly sell sed, a3), acloy 65. 4.49 hours 
i a A) a Ol teen 67a 
f() = 0, f(—3) = —12, f(6) = 168, f(—6) = —180 


NGA ZEROS Of 8 = 2, — il, 3 
Tar POSSID Leder tyets Zeta 


NCUA leete 
10 





(b) Linear: R = 6.923t — 7.43 











-10 10 Quadratic: R = 0.88847 — 2.849f + 12.12 
Cubic: R = 0.088068 — 0.5646f? + 3.852t + 4.56 
Quartic: 
=u R = 0.0126304 — 0.189798 + 1.46887 — 1.705t + 8.90 

OM ROSSIDI Sse ate te ete aet= metal, (c) Linear Quadratic 

Actual: 1, 2, 6 90 
11. Possible: +1, +2, +3, +6, +3, +5 

ANGE, =D, 3). ; 
13. —3,3,4 15.43,42 17.1,2,3 19. -1,-10 
PARC ye all = PRE Sechcne /) Spl Ae= O4h lent ; F 
PAYS =P) (0), I w 
31. (a) 1,+3,45,43, 4443424244 435,.45,46 Cubic Quartic 

(b) ©) 1,4, =3 90 90 

0 uy 0 1 
0 0 
The nonlinear models fit the data well. 
(d) Linear: 2015 (t ~ 15.52) 
1 = oi Quadratic: 2011 (t ~ 11.68) 

33. f(l) =-2,f(2)=7 35. f(2) = -6,f(3) = 44 Coble 201 ae lt) 
37. Real zero ~ 0.7 39. Real zero ~ 3.3 Quartic: 2010 (7 ~ 10.99) 
41. & =1.760 42. c: 0.755 43. d: 0.206 Answers will vary. Sample answer: The higher the degree of 


the model, the faster the graph climbs after 2010, so the quartic 
model makes the earliest prediction of when the revenue per 
share will reach $100. Based on the increasing trend of the last 
few data points, the year (2015) predicted by the linear model 
seems too late. 


44. a; 0.266, 1.175, 2.559 45. f; 2.769 

46. b; —1.675, —0:539, 2.214 47. —1.164, 1.453 

49. 0.900, 1.100, 1.900 S135 64 

So. 2d fy Lsod0S 55, d 56. a We 6) 58. c 


69. (a) i 
700,000 +- 
600,000 +- ° 
500,000 ~~ 
400,000 +- 
300,000 +- 


200,000 + ° 





100,000 =- 





eee > 
ey 4 4} 
ile 9 Aietas Te 50:5 eas} 


(b 


SS, 


Quadratic: S$ = 11,001.497? — 36,269.6t + 47,202 
Cubic: S = 735.4027 + 1073.577 
— 2367.6t + 28,670 
(c) Quadratic: 2011 (t = 11.1) 
Cubic: 2010 (t ~ 10.6) 

Answers will vary. Sample answer: Based on the trend of the 

data, both models seem appropriate for predicting future values. 
71. (a) 16,000 


10 50 
0 
30 and ~ 38.91 
(b) You can solve 


—x? + 54x* — 140x — 3000 = 14,400 
by rewriting the equation as 
y = —x? + 54x* —140x — 17,400. 


Using the table feature of a graphing utility, you can 
approximate the solutions to be x ~ — 14.91, x = 30, and 
x ~ 38.91. The company should charge $38.91 to generate 
greater revenue. 

73. No; setting h = 64 and solving the resulting equation yields 

imaginary roots. 
75. No 77. Yes. Answers will vary. 
Sample answer: f(x) = (x + 1)(x? — 5) 
79. Answers will vary. 


Quiz Yourself (page 296) 
th ) 2: 








(-5, 0) 














4 

le 11 x 

=4 —3=2 =] Dees: 
Vertex: (—1, —2) Vertex: (0, 25) 
Intercepts: Intercepts: 


(—1 + V2, 0), (0, —1) (£5, 0), (0, 25) 


- (a) 


Answers to Selected Exercises A53 


. Rises to the left 4. Rises to the left 


Falls to the right Rises to the right 


. 293 6. f(x) = &+ 1) — x7 — 4x + 4) +0; f(-—1) = 0 
af (X) Ses 2) Ore x te 12) 0::7(2) 10 


2?2+5x-12 94+/5,-5 10, +3,44 
SA © 1285 © 213.0 P= $2,534, 375% $337,600 
150 
0 1 
40 


(b) Linear: A = 10.53t + 39.9 
Quadratic: A = 0.2107 + 8.43t + 43.0 
Cubic: A = —0.03868 + 0.7892 + 6.22t + 44.4 





Quartic: 
A = 0.00627 — 0.16338 + 1.5687 + 4.66¢ + 44.9 

(c) Linear Quadratic 

150 150 

0 a 

40 

Cubic Quartic 

150 150 





40 


Each model could be considered a good fit, but the cubic 

and quartic models appear to fit the data a little better than 

the linear and quadratic models. 
(d) Linear: 2012 (t ~ 12.36) 

Quadratic: 2011 (t ~ 11.67) 

Cubic: 2012 (t ~ 12.49) 

Quartic: 2011 (t ~ 11.79) 
Answers will vary. Sample answer: The linear and cubic 
predictions are close to each other and the quadratic and 
quartic predictions are close to each other. The quadratic and 
quartic models give earlier predictions because their graphs 
rise faster in the years after 2010 than the graphs of the linear 
and cubic models. 


Section 3.5 (page 304) 


Skills Warm Up = (page 304) 
ea. 200.75 0) 3a. CAs eon 
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A54 Answers to Selected Exercises 








=) 14 Ha, - 1, =9,1,1,41, S51 

jan = 1, itl = 7 jnt2 = —1, i+? = —1; mis an integer, 
36S be S12 5. a= 49 hi= 2 7.2414 
95+6 UW.2+2 13.13+91 15. 25 
7.5+i 1930420 21.-11+60i 23. - 
25.8 27.94+4::9-4i 29. -3 -2/3i;-3 + 2V3i 
31. -21:-21 33. -1—6i;-1+6i 35. —5i;5i 
37. -3:-3 39.4-2: 41.1491 43.5 —4i 
45.4; 47.-H-$i 49.3451 
51.-7+7/2i 53. -2/6 55. — 
57, (16 + 4/3) + (-16V2 + 2/6)i 

3 


So Error) (Sa ae + 2i)=9 —477=9+4= 13 


) 
61.+3i 63. 14i 65.-245i 67. -2+i 


71. No. Sample answer: When the discriminant of the Quadratic 
Formula is negative, there are two complex imaginary solutions 
to the equation. Otherwise, the solutions are real. 

73. Imaginary He Imaginary 

A 





ut 
| 
ew 


+——> Real Rr oe 
2 


<j ——— = REA! 
ts | 


l 2 








Tile Imaginary 


—— +—_——|——> Real 





79. The complex number 0 is in the Mandelbrot Set because, for 
= (), the corresponding Mandelbrot sequence is 0, 0, 0, 0, 0, 0, 

which is bounded. 

81. The complex number | is not in the Mandelbrot Set because, 
for c = 1, the corresponding Mandelbrot sequence is 1, 2, 5, 
26, 677, 458,330, . . . , which is unbounded. 

83. The complex number i is in the Mandelbrot Set because, for 
c= +i, the corresponding Mandelbrot sequence is ai; 








heehee a ew velit oeenT [SLO LOST 
—4 + 21, —76 + gl, —756 + 324, — 65,536 T 4096! 
864,513,055 46,037,845. , 
— 4,294,967,296 + 134,217,728!» Which is bounded. 


85. False. If the complex number is real, it equals its conjugate. 
87. Answers will vary. 


Section 3.6 (page 312) 


Skills Warm Up = (page 312) 
~ /291,4+/29i 2. —5—12i,-5 + 12i 


1 

3. -14+4/2i,-1-4/2i 4.6+44i,6-}i 

5. -13+9i 6 12+16i 7. 26+ 22i 
i 10. —9 + 46i 





| 5}, 3 5. 4 7. £5i; (x + 5i)(x — 5i) 
6+ J10;(x — 6 — V10)(x -— 6 + 10) 

2+ J3;(x-—2- J3)(x -2+ V3) 
+3,+3i; (x — 3)(x + 3)(x — 3i)(% + 31) 
0,+JS5i: x(x — J5i)(x + V5i) 

—5, 8ti;4+ 5% —-—8 +i) —- 8 — i) 
22+ 4 —-—2(% —-2+ )(% -2 —- i) 
—5,4 + 3i; (¢ + 5)(¢t — 4 + 3i)(¢ — 4 — 37) 


3. —10, —7 + Si; (x + 10)(x + 7 — 5i)(x + 7 + Si) 


.-5,-2+ V3 (x + (x t+ 2- V3i(x +2 + V3i) 


+ $i; (4x + 3)(2x — 2 + i)(2x -— 2 - i) 


3 
4 
Whit S5i; (5x + D(x -— 14+ V5i)(x - 1 - J5i) 


. 2, 242i; (x — 2)2(x + 2i)(% — 23) 
. +1437; (« + D(x — De + 3x — 3i) 

B50 A,B cele (toed ee maton ot) (meee) 
. Answers will vary. Sample answer: x* — 2x? + x — 2 
. Answers will vary. Sample answer: x* — 5x? + 9x — 5 
. Answers will vary. 


67. 


Sample answer: x° + 4x4 + 13x3 + 52x? + 36x + 144 


. Answers will vary. 


Sample answer: x* + 8x? + 9x* — 10x + 100 


. Answers will vary. 


Sample answer: 3x° = 173° + 25x* + 23x = 22 


» (a) (2 = B)\x2 +1) (b) (x — 2V2)(x + 2V2) 02 + 1) 


(c) (x — 272) (x + 2V2)(x — D(x + i) 


. (a) (x = 2x 4:3)? — 3x — 5) 


2 


a 


3 2 3 = 
6) Goat afr E eae pe: 22) 


fst allt 


(aX) 





2 
. +1, +2. The x-intercepts occur at the solutions of the equation. 
5 
6 6 
3 


Answers will vary. Sample answer: 

(a) f(x) = x* — 7° + 17x? — 17x + 6 
Phsaoly the lls 2 i 

(b) o(x) = x? = Bx or 3x4 — 3x + 2 
PAS ays) Aly P4 a 


Answers to Selected Exercises A55 


(c) h(x) = x4 + 5x2 + 4 9. Horizontal asymptote: y = — 1; Vertical asymptote: x = 5 
PCOS met Ute DL 11. Horizontal asymptote: y 


3; Vertical asymptote: None 
13. Horizontal asymptote: y = 0; Vertical asymptote: x = —4 
15. f 16. e 17. a 18. b Ih, fe 20. d 

21. g(x) shifts downward two units. 

23. g(x) is a reflection about the x-axis. 

25. g(x) shifts upward three units. 





29. g 
31. g(x) is a reflection about the x-axis. 
Sy : 


Similarities: f, g, and h all rise to the left and rise to the Pee Maya tie Uns 


right. 
Differences: f, g, and h have different numbers of 
x-intercepts. 

69. —0.0001x? + 140x = 50,000,000 

x = 700,000 + 100,000: 
The solutions are imaginary, so there is no quantity of units x 
or price p that will yield a revenue of $50 million. 

71. Imaginary zeros of polynomials with real coefficients occur 
in conjugate pairs. So, a fourth-degree polynomial with real 
coefficients cannot have exactly three imaginary zeros. 

73. Imaginary zeros occur only in conjugate pairs. Because f has 
three zeros, one or all of them must be real numbers. 


( 
( 
( 
27. g(x) is a reflection about the x-axis. 
( 
( 





























39. 


Section 3.7 (page 322) 








Skills Warm Up (page 322) 


1. x(x — 4) I, DCs — 2) 3. & — 5)(% +72) 
4. (x — 5)(x — 2) 5. x(x + 1)(x + 3) 

6. (x? — 2)(x — 4) 

16 y 8. 


4 






























































1. Domain: All x # 2 3. Domain: All x # —1 
f(x) 9-00 as x 27 f(x) 900 as x -17 
f(x) > 00 as x 27 f(x) —00 asx—>—1* 





5. Domain: All x # +1 
f(x) 2 -—coasx>-1° orx1- 
f(x) 900 asx —-1* orx—1* 
7, Horizontal asymptote: y = 3; Vertical asymptote: x = —1 
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A56 Answers to Selected Exercises 






61. 


67. 
69. 





f(x) has a hole at x = 3. 


























SBt 
\ 
I 
I 
I 
\ 
| 
| 
=a Ses 
x =2 2 4 
i 
| 
| 
| 
! 
| 
59, , 
| Gi 
| 64 f/ 
| Gj 
I 44 KK 
; / \ 
1 
\ 2 iy =a 
| / 
i = { +} + +. {#—> 
u = Sh = / A eh 5 
I fore 
| / 
if +> x L 
(6m J \- 
| 
\ Bele 
1 
) 63. y 
A ’ A 
































. Answers will vary. Sample answer: f(x) = 





Answers will vary. Sample answer: 
eS 71. as 
-8 4 
-9 9 
2g -4 


f(x) has a hole at x = 2. 





73. Exclude x = 7 from the domain of the new function. 
75. No. Given 
: GG ee 1G 
f(x) = : 
Dx apa a bo 


dae 


ae 


if n > m, there is no horizontal asymptote, and n must be 
greater than m for a slant asymptote to occur. 

(a) $176 million (b) $528 million  (c) $1584 million 
(d) No. The model has a vertical asymptote at p = 100. 

Cay ete (b) 2012: N ~ 624.5 


0 9 


2020: N = 308.5 
Answers will vary. 
The model fits the data well. 


(c) N = 0; Over time, the number of DVDs sold will decrease 
and approach 0. 





85. (a) E= 


Review Exercises 





























0 200,000 


10,000 100,000 | 1,000,000 | 10,000,000 


Eventually, the average recycling cost per pound will 
approach the horizontal asymptote of $6. 
27,904t + 906,950 
3.023t + 250.90 










(b) 





3250 


wa 


(c) About 4615.6 kWh/person 


87. (a) 420 





(b) 2014: 238.54 seconds; 2018: 238.04 seconds 
(c) No; Answers will vary. 


(page 330) 
, eb He = 


eS) 


(x — 2)? -— 1 














Vertex: (—3, —5) 
Intercepts: 


(0, 4), (—3 + V5, 0) 


Vertex: (2, —1) 
Intercepts: 


(0, 11), (a 0) 


5. f(x) =dxt+52?-1 
7, A(x) = 250x — x?: 125 feet x 125 feet 


Answers to Selected Exercises A57 


9, (a) 50,000 (b) About 385 units 35. (a) Proof (b) x — 2 


(C) in Gate) (eta )) (ce (Cees 





1200 


0 


(c) Write the equation of the quadratic function in standard 
form. The vertex is the minimum cost, 

11. (a) 150 37. x2 + Ilx + 24 

39, (a) 2,500,000 





(b) Answers will vary. 





(b) d(x) = —0.077x? + 6.59x + 2.4 




















(c) 150 
[Soeedemees er LSe S15 
Te 4l. Cel ae +5, +45 
0 65 -5 5 
0 
(d) (42.8, 143.4); The vertex gives the angle 42.8°, which \ 
results in the greatest distance of 143.4 meters. =40 
15. i From the graph: x ~ 2.357, so the zero is not rational. 
43. —3,-1,2 45.42,4./5 47. -3,3,2 
EO ah Oth oes 2S) BBh I svi, —UOeish, Il fore! 
55. (a) 80,000 
f mx 
t }—j—-> x 
5 34 5 
0 1 
19 30,000 
(b) Linear: R = 4996.7t + 28,927 
Sees Quadratic: R = —36.14f? + 5394.3t + 28,132 
: * ae Quartic: R = 3.4725t4 — 134.78813 + 1486.421? 
a a — 577. At + 34,333 
al (c) Linear Quadratic 
; 80,000 
5 7+ 
6 | 8 
21. Falls to the left 23. Falls to the left 
Rises to the right Falls to the right 
25. +4 aif: {0}, 2 ——— 
204 Quartic 
80,000 





30,000 











Each model could be considered a good fit for the data. 








29.\x* —3x+1- 


1 
PR es al | 
Sona LO (bd) 1a 
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2011 (t = 
2011 (¢ 


(d) Linear: 
Quadratic: 
Quartic: 


2018 (t = 


Answers will vary. 


Answers to Selected Exercises 


11.6) 
= 11.9) 
18.8) 
Sample answer: 


The linear and 


quadratic predictions are around 2011, while the quartic 


model levels off for a few years before increasing. 





87, 4./2i;, -4./2i 59. -3 +45 =3—4F 61.5 + 2i 
63. 89 (Sep, = 1K) — ty Oe ete 69. 10 
Aly Sih is =3 ay 
+ ./23 —11+ J73 
15, EE ae 
4 
79, Imaginary 
A 
e —3+2i 2 
1 
+ + + + = Real 
4 j i} 
| 
81. +3, +37; (x — 3)(x + 3)(% — 31) + 3i) 
83. —5,+/3i; (t + S\(t — Y3i)(t + Vi) 
3i 
85. 2,455 (x — 2)(2x — 3i)(2x + 3i) 
87. Answers will vary. Sample answer: x? — x? + 9x — 9 
89. (a) (x2 + 8)(x2 — 3) (b) (x2 + 8)(x - aye hes) 
(c) (x + 2/2i)(x — 2/2i)(x — V3 )(x + V3) 
91. +4i, § 93 ea LES eal eo 
95. Domain: All x # —2 
Vertical asymptote: x = —2 
Horizontal asymptote: y = 0 
97. Domain: All x # +3 
Vertical asymptotes: x 3,x =3 
Horizontal asymptote: y = 2 
99, 101. ‘ 
J ee 
i} } ' 


103. 


105. 





None 





ym x ns Re | 












(0, 1.75) 4 


§-4-3 





(a) 430,769 fish; 662,500 fish; 1,024,000 fish 


(b) 1,666,667 fish 


107. (a) 


Test Yourself 


mn 


6. 


Vertex: (1, 





$35,000 (b) $157,500 
(page 334) 
A 
+ + ——t +——++ > 1 
4 + 6 





= 5)) 


Intercept: (0, = i) 


- (a) 


(b) 


— 


(Cc 


(d) 


sy)! 





Falls to the left 
Rises to the right 


(b) Rises to the left 
Rises to the right 


eee a 
mee I 


3 2 
+3, +9, +27, +4, 43,43, at 


H- 








10 


Si oly 118i 
S = 0.0242 + 1.253r + 12.34 


Linear: 
Quadratic: 
Quartic: 
S = 0.010739r4 — 0.26789r3 + 2.27491? 
—ayeyyycie itsa74 


Linear Quadratic 





Quartic 
30 





10 


Each model could be considered a good fit for the data. 


Linear: 2015 (t ~ 15.29) 

Quadratic: 2014 (t ~ 14.21) 

Quartic: 2011 (t ~ 11.9) 

Answers will vary. Sample answer: All three models give 
predictions that reflect the increasing data. The quartic 
model increases most rapidly, while the linear and quadratic 
models increase at slower rates. 


7. 7-10: 8. 27 -4/3i 9. 23 — 14: 


Answers to Selected Exercises A59 


10. i .x = 
i 11. x 5 WI, 3 


13. Answers will vary. Sample answer: 
x%* — 7x? + 19x? — 63x + 90 


—5+ /3i ovat 
4 


ae) Si, 2 




















Domain: All x # 2 











Chapter 4 
Section 4.1 (page 343) 














Skills Warm Up = (page 343) 





1. All real numbers 2. [—1, co) 
3. All real numbers except x = 0, 2 























4. All real numbers except x 5 By 5 6. x 
3 y3 41. Error: f~! does not mean to take the reciprocal of f(x). 
Thy Ss 8. x 2S 12 10.4 =" +2 Te 
OS 

ee 2 26.21.08) 43. f1G) = 4254 45. f-1(a) = Hx 
Se ((1,:— 1), ( 2))(3; —3), (4; =4)} 
Ei yo 6 eee nae J=x+5 
9. f(g(x)) = (25 3 +1=xe(fo) =D ., 
11. f(g(2)) = (¥2)° = x g(f@) = YP =x 
13. f(g(x)) = an + 4)—4=x; 9(f@) =(Vx—4) +4 =x 
15. f(g(z)) = 1 — (YI — x) =x ef) = YI-T—- 2) =x 











f@ =f" 











#+-------- 








+ +-—»~ x 
-1 5 
calf fx) 
=o =6 6 
: : -] f"@) 
19. f doesn’t have an inverse function. 21. g(x) = 8x 
23. p doesn’t have an inverse function. i 
Boat. x)= ~/x —3,.«:2.0 53. Because fis one-to-one, f has an inverse function. 
cee ; 4, Hn & Oe: Be | Smee oe, 
27. h-(x) = i 29. f-(x) = x a yee) 55. f doesn’t have an inverse function because two x-values share 
2 the same y-value. 


31. g doesn’t have an inverse function. 


eae (x)= —./ 25 — "x, x 8/25 
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A60 Answers to Selected Exercises 


57. 2 has an inverse 59, h doesn’t have an inverse 


function. function. 











61. f doesn’t have an inverse function. 











x+2 | x+2 
63. (gfx) === 65. (fog) = 
(he, AV? 69. 600 
Oe NX ie ts 

71, Ps). = aaa a P~'(x) computes the number of units 

that must be sold to obtain a profit of x. 

Domain of P: [0, 0) 

Domain of P~!: [—5736, 00) 
We Mey Fe 

(b) y = 0.263¢ + 5.12 

@ t= 5-1 ist in which th 

ye) = ; y | represents the year in which the 

¢) y 0.63 >  Tepresents the year in which the 


average price is ¢ dollars. 


(d) 2014 (y~! ~ 14.75) 


x? + 0,021 
15. fx ae <~. $3.49 
hye (3) 0.0209 °° 


Section 4.2 (page 354) 


Skills Warm Up (page 354) 
1. § 2.3% 3.4% 4, 10° 


8. 4% 





1. 3.463 3. 94.818 5. 0.079 whey") dae 
9. b 10. h 11. d 12.4 Lon 14. ¢ 




















27. 54.598 


29. 0,067 
31. ‘ 


aw 
w 








+ i t -N t {enim 
i] | 2 2 1 1 2 
35 3 
35 / 37. f 
6 
: 2 
A 
4 
[nto = < = = 
I 
i i t b> x 
5 \ \ 2 | | i {em 
| | | 








39. Yes. For the natural exponential function, f(x) = e*, the base 


isa =e. 
me se 
$ 22 | $7429.74 


$7346.64 | $7401.22 


me [s 
$7449.23 | $7458.80 | $7459.12 


41. 






















45. 


47. 
51. 





oS: 
59. 
63. 


65. 
67. 
69. 
71. 


ids 


EY 
ke 











4 


$6753.71 
alk 








Continuous 














$6795.70 | 
—— 





The account paying 5% interest compounded quarterly earns 
more money. Even though the interest is compounded less 
frequently, the higher interest rate yields a higher return. 
$7424.70 49. $12,434.43 








| 10 20 
P | $90,521.24 | $36,940.70 13,646.15 
a eras 


40 | 50 | 
a $5040.98 | $1862. 17 | $687. 90 | 


sr 656.97 | $16,529.89 


$6720.55 | $2732.37 | $1110.90 






































$19,691.17 57. $147,683.76 
$20,700.76 61. $155,255.66 
(a) $182.91  (b) $29.58 
(c) 600 (d) ~ 117 books 

0 350 

0 
(a) 100 (b) ~ 110 (c) = 121 (d) = 158 
Kamo 0b) 6237 (Cc) 6767 (d)) 7758 
= 30.42 kilograms 

(b) ~ 1.11 pounds 





(c) On the graph, when P = 2.5, t ~ 4.6 months. 
(a) 9000 screens, 39,000 screens 

(b) 9059 screens, 39,186 screens 

(ayee2n 24, 25526 9 (b) 2251.24,0925.1, 25.9 


(a) 20,000 





4,000 


(b) $5682.8 billion, $9624.6 billion, $15,463.8 billion 


Answers to Selected Exercises A61 


79. Answers will vary. 


Section 4.3 (page 365) 


Skills Warm Up (page 365) 


oe) 2. 0 Saal 4. | 

5 Mod) 6. 0.368 

. The graph of g is the graph of f shifted two units to 
the left. 


. The graph of g is the graph of f reflected about the 
X-axis. 

. The graph of g is the graph of f shifted downward 
one unit. 

. The graph of g is the graph of f reflected about the 
y-axis. 





Lac Py iF ah |p) 4.d Sh fa 6. e 
7, log, 256=4 9. log, 3=7 11. log. + = —2 


15, 2-'= V7 57 = 0:2 


Ni 











Please 21620 23,4 925,20 27,4 
Mh, ASeKe 33. —0.097 RPO ey) Bia 
41. 3 43. 7 
f(x) fy 
a(x) 
L(x) 
$—+—+—- A | aa ae a ee 
3 4 5 
I | 
49. Domain: (0, co) 51. Domain: (—4, co) 


Asymptote: x = 0 Asymptote: x = —4 


x-intercept: (1, 0) x-intercept: (—3, 0) 











53. Domain: (0, cc) 55, Ine =.1 
Asymptote: x = 0 


x-intercept: (1, 0) 








b WHALdVHO 


A62 


Os 
67. 
qk 


Thy 


91. 


i 
99, 





Answers to Selected Exercises 


65. 
(RY, SE) 


61. &=1 —4 


71. 0.896 


59. e'=e 
69. 2.913 


In4 =x 


63. | 
1.946 4 


IY 


’ 


f(x) 








g(x) 
} + - 
l ! 3 1 
i 

Domain: (—ce, 0) 81. Domain: (—1, co) 
Asymptote: x = 0 Asymptote: x = —1 
x-intercept: (—1, 0) x-intercept: (0, 0) 

n 











rel 86. b 


2 3 


a 


93. t ~ 26.1 years 





The domain 0 < t < 12 covers the period of 12 months or 
| year. The scores range from the average score on the original 
exam to the average score after 12 months, so the range is 
82.40 < f(t) s 98 
(Ei: A (>) tet ole 
(a) 30 years; 20 years 
(b) $396,234; $301,123 
(c) $246,234; $151,123 
(d) x = 1000; As the monthly payment approaches $1000, the 
length of time it takes to pay off the loan increases without 
bound. 


(c) In 11 months (t ~ 10.6) 





101. (a) 





8 10 














Quiz Yourself (page 368) 


1. f does not have an inverse function. 
2. Yess f(x) =e aa 

















(b) : 



















Answers to Selected Exercises A63 





























Ss 51. The change-of-base formula was used incorrectly. The formula 
is log ae l ee 
ee iia a lee | iO 
53. The Quotient Property was used incorrectly. The Quotient 
Property is In~ ind = Inv S0.)0 8 = Ini — in® = In4. 
Spb © a> Silos, 3 57. log, 4 + log, n SOO R eS aad 
zit eee ace ew 61. 4 log, x 63. 5 Inz (bE lias se tins" SF thal Z 
Rint. aye < Zz “ 
67. 3In(a—1) 69. 2In(z — 1) — Inz 
ie gO 71. Inyt+ing—3Zln(¢+3) 73. n5 + 4(inx — Iny) 
A 
I ae 3 5 
: = ube DSc Ne toes Se NT Zendoe, 5x) 79. ‘ee 
2-- 2 I 4 4 5 x 
a ] a) Se 
. ihe 4) 5 : 
: | STlog iia 4) 83 In 6x 85 In= or 
aeaee 144 Ke 
SOD eee 0 hb i —$—<—— 
Ms | aan 8 Ge Ge a) 











The two graphs are the 
same. The property is 


9. (a) Monthly: $15,085.04 —_(b) Continuously: $15,098.34 
log,(uv) = log, u + log, v. 


10. (a) 2006: 9.49 million; 2008: 10.26 million 

(b) 2014: 12.99 million; 2015: 13.51 million 
11. (a) 100 =(b) ~ 364) = (c) ~ 1326 
12. $108.54 ies 2 14. 4 15:5—2 16. 0 
ae: The two graphs are the same. 
Pe eet alters) The graphs demonstrate the 


pomamios sO eo) Power Property for logarithms. 


The graphs are reflections of 
each other about the line y = x. 














97.3 99-5 101. -3 103. Iny=1inx 
105. Iny =Inx+1n0.070 — ‘107. ~ 26 decibels 
109. (a) a”a” =a™t" ~~ (b) = =i (care =aae 
111. Let log, u = x and log, v = y. 
a* = uanda’ =yp 
Skills Warm Up (page 374) Pau eee 
(me 2.5. .-30 «Se ere 
log,a* %=x-y 
6. = th e . A eas u 
e log, 3 = log, u — log, v 


10. y= x!/2 11. 44 = 64 12. 161/2 eae 


Section 4.5 (page 384) 





Skills Warm Up (page 384) 





2 7 ia 9.2585 
In 5 In 6 ; e 
eeo7o) «13. 2.633. «15. —0.683 17. —1.661 . . : 5 


19. In5 + In2 21. In5 —1n2 23. 2(In 5 + In 2) 

25. —logigy = logig() = logio it 

2 In = in( 5) es in(2) Ain? — Ine) =2in 7 — 2 
é 


Il 





7 Z ; 
29. 1.1833 31. —0.2084 33. 1.0686 35. 0.1781 1s sie 2) pemetsthal rales ep sb 
37. 1.8957 39. —2.7124 41. 0.5708 13. 1S 7 17 Boe 19. 2+ 5 
43. -1—log,2 45. 3 +3 log, 10 21. x2 23. n3 = 1.099 _— 25. log, 8 = 1.893 


47. -3-—log,2 49.6+1n5 27. In 28 ~ 3.332 29. 5log,80~ 1.994 31. 2 


¥ WALdVHO 


Answers to Selected Exercises 
































33. log, 28 + 1 = 4.033 35: 3:— log, 565: — 0.142 
37. 41og,93 ~ 0.059 39. log,7 + 1 ~ 2.209 
41. 4in12~0.828 43. In3~ 0.511 
45. Int ~ —0.693 47. 5 + 5 log, 3 ~ 0.805 
49. In 6 ~ 1.792, In 2 ~ 0.693 51. In4 =~ 1.386 
53. 2 In 75 =~ 8.635 55; + In 1498 ~ 3.656 
In 4 
Sie ; = 21.330 
oe al Hs : 
ne 365 
z In 2 
59) 010\~ 6.960 61. 10,000 
I nf 1 Si ) 
24 
63. e > = 0.050 63-2 52 67. 5,000,000 
69.26 71. te!/3 ~5.606 73. e2 — 2 ~ 5.389 
15.1657? = 0.513 77. No solution 79, No solution 
=i ab Vl 
81. 7 83. Soe 08 85. 2 
ye Raa): 
87. y= e+ 1x> 89. y= poets S! 
91. 2.807 93. 20.086 95. ~ 9.56 years 
97. = 13.32 years 99. 30 months 
101. (a) ~ 210 coinsets (b) ~ 588 coin sets 
(c) 200 
0 1500 
0 
103. (a) ~ 29.3 years (b) ~ 39.8 years 
NOS (a) ee (b) and (c) 2003 
107. (a) : 
0.6 25 
0.8 40.5 The model is a good fit for 
: the data. 
1.0 33.9 
(c) 1.197 meters 
(d) No. To reduce the g’s to fewer than 23 requires a crumple 
zone of more than 2.27 meters, a length that exceeds the 
front width of most cars. 
109. Yes. See Exercise 79. 


111. log, wv = log, u + log, v 
True by the Product Property in Section 4.4. 
113. log,(u — 
False. 
1.95 = log(100 — 10) # log 100 — log 10 = 1 


In 2 


v) = log, u — log, v 


115. Yes. Time to double: t = 


7 
In 4 In 2 
Time to quadruple: t = a = 2( 22) 


Section 4.6 (page 395) 


Skills Warm Up (page 395) 
a: 


























9. ~ 34.539 








Lc 2. Sab) 4.a Sb @ 6. f 
7. Exponential growth 9, Exponential decay 
11. iP 
A 
202 
200,000 +- 2025 
& 150,000 +- 
3 
2B. 100,000 + 
o 
a 
50,000 +- 
at TA aes mee tl 
10 20 30 40 
Year (0 < 2000) 


13.C=1,k=41010 156¢= 


10. ~ 3.695 


7h, 
19, 
21. 
23. 
25. 


27. 
29. 
31. 
ab 
Sky 


37. 


41. 
45. 


47. 
49. 


Si: 


Answers to Selected Exercises A65 








Initial Annual Time to Amount After 53. (a) ~ 7.906 (b) ~ 7.684 
Investment % Rate Double 10 Years 55. (a) 20 decibels (b) 70 decibels 
$5000 7% 9.90 years $10,068.76 Sie = 1 58550 10° BY), Sil ows} 61. 3:00 A.M. 
$500 6.93% 10 years $1000.00 eh ef 
$1000 8.25% 8.40 years $2281.88 | 
$6392.79 11% 6.30 years $19,205.00 
$5000 8% 8.66 years $1127.70 
Half-Life Initial Amount After 
Isotope (Years) Quantity 1000 Years ; 
ae? ae ; a , so g The data fit an exponential model. . 
a Se re 2 oe F Exponential model: n = 3.9405¢@°!086 
nie oe = ae A logistic growth model would be more appropriate for this 
k= 35 In = =~ 36,671 people data because after the initial rapid growth in productivity, the 
=~ 12.36 hours to double worker’s production rate will eventually level off. 
=~ 19.59 hours to triple 
12,180 years 39. ~ 9. Review Exercises (page 404) 
(a) N = 40(1 — e~ 9.9490) = 42 days 43. 100 ees 
(a) 12,000 (b) ~ 1252 fish 1. f(g(x)) 3 3 *) ae ee 


ys) P< o = 3 Site s 
(c) ~ 7.8 months 2 45 =e 
g(f(x)) = oe <7 aa 
f(g(x)) = x = g(f(x)), so fand g are inverse functions of each 
other. 


1 Se : wets 
aioe , ; 3. f-'(x) =— (fis its own inverse function.) 
No, because the function is always increasing. Xx 


(a) 21,000 


= 
=| 


aoe 
(b) P = 2922.32(1.0391), P = 2922.32¢0.0384 
(@) 46 a oe 2022: ~6,801,736 people 
2042: ~ 14,660,808 people 














IV 
>) 


5. (a) f-'Q) = Vax 
. (c) f-(f@)) = Vi? = x 
FUP) = (Vx)? = x 


By 55 


(a) 3400 


3 : 
ll 8, - 
- a t toe 
pega 516. 7 Rs 
0 45 
0 


7. 16,777,216 9. 0.431 tle Peli 
(b) Logistic growth model; The data points seem to be 13. ¢ 14. d Teen 1600 
leveling off in the later years as though approaching an 17. , 19. , 
asymptote. 
3455 
er 10.3 Le ie 
(d) 3400 (e) 3407 


al 
0 


The model is a good fit. 














(c) P= 
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PA 23; i 
1 -2 -1 1 2 ; 
-l+ 
1D ~ 
25 ie 
n l 
ZZ 2 
hes $13.308.43 | $13,576.74 | $13,718.59 
— 
n 12 365 Continuous 
pea Z| 
| A | $13,816.21 | $13,864.33 | $13,865.97 
27. 
a 10 
P | $185,085.40 | $92,140.76 | $42,449.5 
7 
| P | $19,556.69 | $9009.84 | $4150.87 
29. $8471.94 31. log, 64 = 3 33. In 7.3890... = 
35. 3* = 81 S7c—al 39. 5 41. 7 43. 


51. 





Answers to Selected Exercises 





















































Domain: 








(3, co) 


53. Domain: (0, co) 


Vertical asymptote: x = 3 


x-intercept: 


(4, 0) 


x-intercept: 





' 
' 
1 
' 
\ 
! 
a F 7 
9 34 
' 





Vertical asymptote: x = 0 


(1, 0) 


y 








55. The average score decreased from 82 to about 68. 
53.42 inches 


ie 


a au 


60 


59. 2.096 61. 2.132 
67, 2569232 

73. Inx + 4 In(x — 3) 
790 tn cee Len aa 
85. In 8 ~ 2.079 

91. 3e82 ~ 1213.650 

95. 3e2 ~ 22.167 

99. (a) ~ 197 desks 


105. 


107. 
109. 


111. 


. (a) 300,000 


150,000 


(b) 2021 ( 





~ 21.00) 

=~ 9.93 hours to double 

=~ 15.74 hours to triple 

(a) N = SO(1 — e~ 9.04838") 
(a) k ~ 0.2121 
(b) ~ 196 deer; ~ 294 deer; ~ 383 deer 
Nes 


Test Yourself (page 408) 


sear TI 
5 


1. Yes; f-'(x) = 








Ss ; 4. 

















7. 87; = 79.8; = 76.5 


63. 0.9208 
%—1Osi6) 
75. 4log.(y — 3) 


89. In4 ~ 
2 = 1.478 


(b) ~ 257 desks 


83. In y 


(b) 48 days 








65. 0.2823 


77. log,6 


4 
= 3 ne 


. 10.63 g 











pera ee 
3 et: 


. logyx +jlog,(x—2) 12. Slog 
xy? = 
: ar 14. logig3/x?y? 15. 


- In6 ~ 1.792, In 2 ~ 0.693 
= WA 18. e° — 2 ~ 401.429 
. About 2015 (t ~ 15.4). Because the exponent on e is positive, 


ee 9.9) hours 
- Answers will vary. Sample answer: 


. After 6 months: ~ 74.3 
After 12 months: ~ 70.3 
After 18 months: ~ 67.8 


Human memory diminishes slowly over time. 


; 2inx + 3iny — Inz 
» log 3 + logiy x + log,yy + 2 logs Z 


(x2 + 1) 


log, 21 
5 IONS 
4 09 


19. ~ 16.3 years 


the population of the city is growing. 
22. ~ 2.97 grams; ~ 0.88 gram 


The growth of the bear population will slow down as the 
population approaches the carrying capacity of the island. So, 
the population will grow logistically, 


Chapter 5 


Section 5.1 


(page 417) 


Skills Warm Up (page 417) 
1. ee 























1. (a) No (b) Yes Son (a) es men) INO 

5. (a) No (b)No 7. (-1,1) 9 (43) 411. (10,3) 
13. (1.5,0.3) 15. (2%) 17. No solution 

19. $5000 at 3%, $7000 at 5% 


. $6000 at 2.8%, $6000 at 3.8% 
Oi ory 2) 2498/2); (1 = 
BG. an); (—2),0) 
p21) 
pO; 4), (2, — 2) 


</ 2, oerinx/3) 
27. No solution 29. 
35. (=1, 2), (2; 5) 


a1. (3,3) 


(0, 1), (+1, 0) 
O50 (2,3) 
39. (4, 3) 


69. 
Ss 
Ws 
81. 


» (2; 2), (4, 0) 45. 
- No solution 
5. No solution 
= (Oy 1) 
- Answers will vary. Sample answers: 


Answers to Selected Exercises A67 


(1, 4), (4, 7) 
51. One solution 


57. (5,3), (-3, -1) 
63. (1,4), (3,12) 65. (— 


47. (4, -4) 

53. Two solutions 
SBE (ila) ek 9h) 

3, 4), (5, 0) 


(a) | x + 2y=0 
ie — 4y =3 

(Cc) jax+y= 8 
fe <> i 

71. 233,333 units 

75. 2002 (t ~ 2.03) 

79. $100,000 

According to the graphs, sales of general merchandise stores 

first exceeded sales of food and beverage stores in 2003 

(¢t ~ 13.37). Both models eventually decrease and become 


negative. So, it is unlikely that these models will continue to be 
accurate. 


(b) |}2x7 -y=-] 
Stay ea 


192 units 
2000 software packages 
Yes, at age 20. 


Section 5.2 (page 428) 


. (40, 40); consistent 


Skills Warm Up (page 428) 











3x —-yr4=0 4. 5x + 3y — 28 =0 


7. Perpendicular 8. Parallel 


9. Neither parallel nor perpendicular 


10. Perpendicular 





(22) Sana) 5. Inconsistent 

(2a, 3a — 3), where a is any real number 
(2, ‘). consistent ne be 
( 


4, —5); 


7, — 13); consistent 


; consistent 5 (a ay consistent 


9. (—35, 35); consistent 
35, 35); Consisten 


> 


21. (8 2). consistent 23. an 2). consistent 
= 13 . |2r+s=8 
25. |x +y=1 - (8, 5) ply ip ae A (5, —2) 
bie Bia No P= ="), 
29. No solution; inconsistent 
31. (a, 2a = 4), where a is any real number; consistent 
ARE (20, —$t). consistent ake (-4 9» 1) SSP) 
39. (—0.874, 0.417), (0, 1) 41. (20, 20) 
43. Answers will vary. Sample answers: 


(a) {3x -y=18 (b) |—2x + 8y = 38 
x+y= 6 4x+ y= -8 
(c) a= y= | 
—4x + 4y = —25 


§ WHLdVHO 


A68 Answers to Selected Exercises 


45. No. The solution of the system is (79,400, 398). 
47. 550 miles per hour; 50 miles per hour 
49. 6; gallons of 20% solution 


3} gallons of 50% solution 
1. $8000 at 4.75%, $17,000 at 5.5% 
53. x ~ 309,091 units; p ~ $25.09 
55. x = 2,000,000 units; p = $100.00 
57. (a) Fast-food Full-service 


y y 








A \ 

| 
200 200 

e 
180 180 ° 0 
° 
e 
160 e? 160 m3 
C e 
e 
140 e 140 S 
e 
e 

120 2 120 
100 + 100 + 
pt 4 ptt ttt tt jt pt ttt tt 
=i 1] OQ SA SO 8 oe 10) -1 Deeside si Ow iO MLO) 


y = 6.79x + 101.8 y = 6.67x + 130.3 
(b) In the near future, fast-food sales will not equal full-service 
sales. According to the models, fast-food sales will equal 
full-service sales in the year 2237. These models, therefore, 
are not appropriate to use for predicting when fast-food 
sales will equal full-service sales. 
59. 1380 units at $810.60 61. y = 0.97x + 2.1 
63. y = 0.318x + 4.061 
65. (a) y = 2.031t + 384.59 
(ba 404.9 





350 


(c) You obtain the same model: y = 2.031t + 384.59. 
67. Answers will vary. 


Section 5.3 (page 439) 


Skills Warm Up (page 439) 


2, (-—3,-2) 3. (28,4) 
6. Not a solution 
10. a+ 13 


Le (0; 15) 4. (4, 3) 


7. Solution 


5. Not a solution 
9, 5a +2 


8. Solution 


ih, ge 2. 4 3. b 4. d 

5. Yes. The system has a “stair-step” pattern with leading 
coefficients of 1. 

7. No. The system has a “stair-step” pattern, but not all of its 
leading coefficients are 1. 

9. (4, 272). Ut 3, =e) 

15. Inconsistent ge (1, =e 

19. (-3a + 10,5a—7,a) 24. (—4a + 13, -#a + 9a) 

23. Inconsistent DS ed, a 2) Joule &) 

29. (3a, —2a, a) 31. (—S5a + 3, —a — 5,a) 

33. Inconsistent bei Abadl, oI) 


13. (-—1, —6, 8) 





37. Answers will vary. Sample answer: 


x yee =9 [=x dy 42 = 13 
ye = | xe yt le = lee 
z=2 oa i= 5 

39. Answers will vary. Sample answer: 
x-y+z= 3 | x+3y + 4z = —26 
yoga =2, 940— y= Sz 24 
z=-3 2 Se PY = -9 


41. Answers will vary. 43. Answers will vary. 
Sample answer: Sample answer: 
a = 1: (1,3,4) a= —4: (—2, -16,7) 
a = 2: (2,4, 4) a = 2; (1,8, 7) 
fol = (OR (0), 2, O) a= of (Cov 

45. y = 2x? + 3x — 4 47, y=—-4¢°+2x+ 1] 

49, x? + y-—4x=0 51. 2+ y*- 6x + 6y+9=0 

53. $1,100,000 at 3% 55. 15,000 units of $15 candles 
$200,000 at 4% 30,000 units of $10 candles 
$200,000 at 6% 5000 units of $5 candles 

57. 18 gallons of spray X 
| gallon of spray Y 
6 gallons of spray Z 

59. Invest $33,333.33 + 0.8a in certificates of deposit, 
$341,666.67 — 0.8a in municipal bonds, $125,000.00 — a in 
blue-chip stocks, and a in growth or speculative stocks, where 
0 < a s 125,000. 

61. y = 0,079x* + 0.63x + 2.9 


63. y = —0.207x? — 0.89x + 5.1 
65. (a) y = 0.114x2 — 0.40x + 4.0 
67. (a) y = 1.07x2 — 1.6x + 22 
69. (a) y = 0.125x2 — 2.55x + 18 


(b) y = 0.125x? — 2.55x + 18 


(b) Same model 
(b) 32.72% 


(c) ~530 ft 








x=6,y = 15 x=7,y =21 x = 8,y = 28 
Yes. The relationship between x and y is represented by the 
equation for regular polygons with 6, 7, and 8 sides. 

73. Yes. A system of linear equations can have three possible types 
of solutions: exactly one solution, infinitely many solutions, 
or no solution. 

75. Answers will vary. Sample answer: 
(a) @=4,b = —-2,c = —2 
(b) a=3,b=2,c= 1 
(c) Not possible 

77. Answers will vary. 


Quiz Yourself (page 444) 


een) 2. No solution 
F (-2 2e/Tiit 1 4n/14 
5 


a. tio) 





l 
St a VS eed 
7<(2,—1) «, 8v (1,3) 


5. 1500 units 


6. 500,000 units 


Answers to Selected Exercises A69 


9. x = 5000 units 

p = $40 
10. y = 0.84 + 42.6 Wik, (Gil, 275 3) 
12. Answers will vary. 

Sample answer: (a + 6,a + 6, a), ais any real number. 
13. Inconsistent 
14. (a) y = 0.1400x? + 3.204x + 69.83 

(b) 2010: $80.70 

2011: $84.89 


Section 5.4 (page 451) 






Skills Warm Up (page 451) 


1. Line 2. Parabola 3. Circle 4. Parabola 
5. Line 6. Circle Ws (Gl) 8. (2, 0) 


9, (2, 1),(—3,-3) 10. (2,3), (3,2) 
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A70 Answers to Selected Exercises 














47. y < x, y2>0O0,y < —4x + 16 (Cc) The line is an asymptote to the boundary. The larger the 
ip Sepang = 0 = 0 circles, the closer the radii can be with the constraint still 
‘ 2 ea i 3 satisfied. 
51. (ay 2x + Gy Ss 1852 ys 12x = Oye 
(eer Section 5.5 (page 460) 
E Skills Warm Up (page 460) 
a vj 
7 





La a sy es Ie ees Ina Kee a a 
Pies: 4) -Sebiay 26 9) 10 


Number of tables produced per day 

53. Consumer surplus: $4,777,001.41 
Producer surplus: $477,545.60 

55. Consumer surplus: $40,000,000 
Producer surplus: $20,000,000 

57. The consumer surplus and producer surplus are equal when the 
slope of the demand equation is the negative of the slope of the 






































supply equation. 
59. (a) x+y < 30,000 (b) ( 
x = 7000 000 
y 2 7000 & 
y¥— 2y > (¢) 2 30,000, 
Z 20,000 
z 10,000 =F 
————— — +—- x 
10,000 20,000 30,000 40,000 
Investment account x 
61. (a) 20x + 15y = 400 (b) i 
10x + 20y = 250 ; 30 
1Sx + 20y = 220 aa 
oO 33 is 
y20 2 5 10 
7 2 5 
4+——+ jp x 
5 10 15 20 25 30 
Amount of food X 1. Minimum value at (0, 0): 0 
i“ SiGe ‘ Maximum value at (0, 5): 20 
63. (a) (b) 121 nesting pairs 3. Minimum value at (0, 0): 0 
Maximum value at (5, 0): 45 
5. Minimum value at (0, 0): 0 
Maximum value at (3, 4): 26 
P 7. Minimum value at (0, 0): 0 
0 Maximum value at (4, 0): 20 
65. The graph is a half-line on 67. Answers will vary. 9, Minimum value at (0, 0): 0 
the real number line; on the Sample answer: Maximum value at any point on the line segment connecting 
rectangular coordinate system, x2=1 the points (5, 0) and (0, 3): 30 
the graph is a half-plane. r<4 y 
ie | 
ys4 
69. (a) [77 —7amx?2=10 = (b) : 
Ween ke 
| ya) 
6 6 





11. 


13. 


LS: 


17. 


19. 


21. 
23. 


25. 
72h. 
29. 


os 


Se 


41. 


45. 


49. 


Minimum value at (0, 0): 0 
Maximum value at (5, 0): 40 
Same graph as in Answer 9 
Minimum value at (5, 3): 35 
No maximum value 





Minimum value at (10, 0): 20 

No maximum value 

Same graph as in Answer 13 

Minimum value at (0, 0): 0 

Maximum value at any point on the line segment connecting 
the points (0, 20) and (10, 15): 120 


y 





Minimum value at (0, 0): 0 

Maximum value at any point on the line segment connecting 
the points (25, 5) and (30, 0): 30 

Same graph as in Answer 17 

Maximum value at (3, 6): 12 

Maximum value at any point on the line segment connecting 
the points (0, 10) and (3, 6): 30 

Maximum value at (5, 4): 58 

Maximum value at (8,0): 120 


Answers will vary. 31. Answers will vary. 
Sample answer: Sample answer: 
Z= 2x + 15y Z=-x 

Answers will vary. 35. Answers will vary. 
Sample answer: Sample answer: 
oe Ty z= 6x + Sy 
Crop A: 60 acres 39. Brand X: 3 bags 
Crop B: 90 acres Brand Y: 6 bags 
$33,150 $240 

Model A: 0 bicycles 43. 12 audits and 0 tax returns 
Model B: 1600 bicycles 

$120,000 

Television: None 47. Type A: $62,500 


Newspaper: $4,800,000 
300 million people 
Model A: 929 units 
Model B: 77 units 
$99,445 


Type B: $187,500 
$26,875 


Answers to Selected Exercises A71 


51. z has a maximum value 53. The constraint x < 10 is 
(of 5) at any point on the 
line segment connecting 


the vertices (2, 0) and(7@, 9). 


extraneous. The maximum 
value of z, z = 14, occurs 


at (0, 7). 





55. The constraint 2x + y < 4 is extraneous. The maximum value 
of z, z = 4, occurs at (0, 1). 





57. No. You need more information about the feasible region to 
determine whether the minimum also occurs at (0, 0). 

59. Yes; The objective function also has the maximum value at 
any point on the line segment connecting the two vertices, 
so there are an infinite number of points that produce the 
maximum value. 


Review Exercises (page 467) 


(—2, 4) 3h (hy =) 5. (8, 6), (0, 10) 


1. 
hs (Gl, OD), (GUS, BS) 





9. 800 plants 
13, (355) 
17. Inconsistent 


11. During the fourth month of the new format 
15. (a, fa = =) where a is any real number 
19. (8,9) 
21. The graph is a point. Solution: (—1, 1) 
23. (a) |0.1x + 0.S5y = 0.25(12) 
bg ay 
10 


0 10 
0 


(b) 7.5 gallons of 10% solution 
4.5 gallons of 50% solution 
Py eS NIMs ee: 27. x = 71,429 units, p = $22.71 


§ WALdVHO 


A72 Answers to Selected Exercises 


29 enone) Sen (Qe 13) 65. Minimum value at (0, 0): 0 
33. (fa + §, -$a + ¥, a), a is any real number Maximum value at (0, 8): 48 
35. Inconsistent sy = 2 67. Minimum value at (0, 0): 0 


Maximum value at any point on the line segment connecting 
(25, 35) and (50, 15): 550 

Minimum value at (0,0): 0 71. Minimum value at (0, 0): 0 
Maximum value at Maximum value at 

(4,3): 48 (Ais) eee 


y y 


ee i Aa Oye A a ( 
. $200,000 in certificates of deposit 
$100,000 in municipal bonds 
$15,000 in blue-chip stocks 
$185,000 in growth or speculative stocks 
AS. yy = O14 080 31.1.6 





69. 



































45. 47. 1 
rats if 
6 T 6 
Eu 4+ 
3+ 34 
i4 i+ 4 (6,0) ; 
a x ters tee > Xx 
-7 -6 —4 -3 ee le —2 aaa 2h Sah Se 6: 
, 73. 369 units of model A 75. $525 model: O units 
49, y 5 538 units of model B $675 model: 305 units 
4 A 
ay ; a $117,600 $38,125 
ist} 77. 8 audits 
14} ! ss 0 tax returns 
a a $20,000 
ye Fi 
5 a FF >: isle Test Yourself (page 472) 
“" B) i a 
=o a USE a aa t tl, (2,25) 2. (—2, 5), 6, 0) 3. (—1, 6), (2, 0) 
-3+ ps 6 5 
4.(636,=632) 5112 —1,3)) 6a) 
Seb / SD: i 7. $60,000 at 2.3% 8. (50,000, 34) 
Ne ae 4 $20,000 at 3.1% 
* ‘4 9. (a) y = 0.593x? + 4.95x + 46.7 (b) ~66.9 million adults 
| 10. II. : 
‘f +1 Ee +—> x 3 | 
' ; 1, a, ee —4 4 
5 =4 3 -2 51 V1 3 4- 
, 8 
’ > 4 1 Bie 
, i = SS 2+ 
UY * . -1 1 2 =) 4 5 
ail ills 
eo 59. |y <ix- 2 - SS 
} ! . i se Sao 1 2eN 
24 : WS cee An = z= 
in we y>ix- 13 2 : 13 
— 2 A y= 5x pi 4 ; a b, 
ut 3 1 | 
- 4 -——_— =—_— = ee i: - 
ti 3+ 
at ' 5 
it 1 call 
61. Consumer surplus: $4,500,000 ii : 
Producer surplus: $9,000,000 SS Srna oe aie a 
‘ Ba! 
63. y= Dy h 
10 
100x + 150y = 4000 ail 15. Minimum value at (0, 0): 0 
Ses Ut g : Maximum value at (3, 3): 39 
yz 2 ar 
N 54 
E 4 





St 


6 


8 10 12 
Model Y BDPs 





tx 


14 16 18 20 





Answers to Selected Exercises A73 


16. Model A: 297 units; model B: 570 units (iii) 
$216,150; The profit model is P = 200x + 275y with the 
constraints 


*rowt -l“4, [0], 23 
310] 


Die Bi fe) 
fel 4]] 


(V) ferouel-s, 
[E] 






3.5x + 8y < 5600 
pox +t) 2y S 2000 





esis =: 0.9) = 900 35. Reduced row-echelon form 37. Not in row-echelon form 
eae a() 39. Not in row-echelon form 
»=0 
, lL 21 5 l =1 =—1 «1 
and the maximum profit occurs at (297, 570), 41. 10 | | | 43. 10 | (6 8 
0) O | 2 0) 0) 0) 0) 
Chapter 6 eel i toad Aerts 
F - QO | QO 0 
Section 6.1 (page 483) br Oe Ca) ete Oe eg 
O 0} | 
10) 0) 10) | 
Skills Warm U page 483) 0 
Fal 49. | 0 | WS (Gh (09) YP (ah eis 7A) 
1 : Pe SiO) ‘ ; 0) 0 
6. Not a solution alo: hella POF (Se al ele sloy cel Sak (Gh, ) EA AC =) 
9. (40, 14, 2) : 2 : 6l. (3, =) 63. Inconsistent (We), (Gitar se Ah, Shah oe Ph cei) 
67. (0, 2 — 4a, a) 69. (—3b + 96a + 100, b, 52a + 54, a) 
71. (0, 0) 73. (—2a, a, a) 75. (4, —3, 2) 
Tie {2a + 1,3a + 2, a) 79. (7, —3, 4) 


ts Nae (al, all, sy) 83. No 

85. $1,200,000 was borrowed at 8%, $200,000 was borrowed at 
9%, and $600,000 was borrowed at 12%. 

87. Both are correct. Because there are infinitely many ordered 
triples that are solutions to this system, a solution can be written 
in many different ways. If a = 3, the ordered triple is 
(3, —3, 5). You obtain the same triple when b = 5. 

89. y = 7.5t + 28 


























17. |o 1 = a [OMA da 5 finer to FR 133 new cases; Because the data values increased in a linear 
. 6 0 1 _4 ; ; oe; pattern, this estimate seems reasonable. 
21. Interchange R, and k,. Add 4 times R, to R,. Section 6.2 (page 497) 
23. | 2x+4y= 6 Lal fle, + 2z = —10 
i: eoge lo Cheon 5 ; 
ey : Ante, 3 Skills Warm Up (page 497) 
Wit Sy = 6 PAS |i Sy 1, —5 cv, 
y= -2 y + 47 = —12 3. Not in reduced row-echelon form 
fea +2) z ‘ . Not in reduced row-echelon form 
a (—14, 8, -5) 5 wo: 
f Soe. 0) 
31. (a) (i) B : ee (ii) [ ; i COMMIS RS 9: e542 
. (a) (i - il : : 42 
— 25 0 -4 AN : 
6 -4 a | ee Omi me 
= #) 
(iii) | 0 6 (iv) | ; my 5 (0), 4) 8. (2+ a,3 a, a) 
oe : .(1—2a,a,-1) 10. (2, 
(—2, 4) 
—3y + 4y => 22 
(b) | Pedy me 28 lx=-3,y=2 3x=-2,y=5 
(c) Answers will vary. (c) [42 —18]  (d) [40 —18] 
33. (i) [FowFCIAl> 219318 7. (a) E | (b) : | : 
DU Smc ese) : ‘ 
to “4 ~261] 30 -12 ie " 
a: ‘| om peere 








9 WALdVHO 


A74 Answers to Selected Exercises 


i 7 SS i 3) ||| ze 9 1 
9. (a) l (b) 3) Wilks (yy || =A Sas) | = || 6 (D)) le 
| IS i ) DE eS) 3) |ILzZ 17 Z, 
26. =6 Die als 73. fe 132 66 4 
(c) 12 24 (d) I] | 154 176 220 88 
| 18 30 =I = AKG 75. Hotelw Hotelx Hotely Hotel z 
3 3-2 \ | 0 688.80 750.40 828.80 | aa Ocaupanee 
ay 2 5 7 (ey a ed 1114.40 1153.60 1321.60 1237.60] Family 
ies. ie a 77. (a) $7375 (b) $5845 
(c) Wholesale Retail 
ee fo oe $4650 $7375] 1 
(GY Poa eles eee ST = | $7405 $11,350| 2} Outlet 
ee ae a $5845 $9400 | 3 
13. (a) [2 40 30-23] (b)[-28 8 10 J ST represents the wholesale and retail prices of the laptop 
(c) [-78 144 120 -66] (d)[-97 48 50 —8] computer inventories at the three outlets. 
= 79. DI) 
15. ae o 17. [12 —6] 19. le | ne tl ee 





A 
c ay 


D 
a1. - el 3 is 10 ;| 130-Ib 155-lb 


person person 
= {Sil — 3) F]2X0) BA = [1180 1407.5 | 
495) =13:240 BA represents the total calories burned by each person. 
9.713 —0.362 81. (a) Xx Y 2 
3 | 2| Sacks 
D={|0 2 3 | Interceptions 


oes 
|e 31.| -3 0 33. [-32 4 5 3] Key tackles 
11 


= 2 
25. 17.143 a 37. 


11.571 10.286 


. % oe ay Each entry d,, represents the number of each type of 
“5 7 10 =12. 17 =] 19 defensive play made BN) each a 
35. | 6u 1 a 15 39. A299 aes ‘ Sacks Interceptions Tackles 
a ee eS eG 0 14 = [$2000 $1000 $800 | 
a entry b,, represents the bonus received for each type 
of play. 
(c) X ivi Z 
= [$9200 $8000 $9400] 
yf I Each entry represents the bonus each player will receive. 
2 25 47. Not possible (d) Player Z 


41. 


45. 
CAO Onlome Ons 





=9 =) 3 
49. ( or (b) : ‘| (c) | ‘ al 83.10.28 0.53 017) 85. fron one 
E 12 31 14 is? OS 202 0I6s correct matrix 
3 P 1] 5 0 
51. (a) " A (b) |-7 -4 -1]  (c) Not possible ee a a 
I 6 14 8 3 87. AC=|16 —8 12|=BC, butA = B. 
Ace 3 
—4 2 3 
9. ; 
53. (a) [11] (b)| 0 0 O]|  (c) Not possible Bo ORS eat 
20 10 15 Gold subscribers: 28,750 
axy subscribers: 35,75 
55. Cannot perform operation. 57. Cannot perform operation. peeey supscupers Sa) 
: ‘ Nonsubscribers: 35,500 
59. Cannot perform operation. Glin 63. 2 x 3 ; ee é ; 
= ie 4 4 Multiply the original matrix by the 3 x I matrix 
65. (a) E | = ‘| (b) | 25,000 
30,000 
ib cop PAU 3 | ; 
67. (a) FE pale = El (b) Ht 45,000 
= : which represents the current numbers of subscribers for each 
a es ani iFe 3 —4 ; 
company and the number of nonsubscribers. 
69. (a) 3 5 1 |) y| =| —24 )) | es 
| 


ue 8 =] 


Two years: 
Gold subscribers: 30,813 
Galaxy subscribers: 39,675 
Nonsubscribers: 29,513 
Multiply the original matrix by the 3 x | matrix 
28,750 
35,750 
35,500 
which represents the numbers of subscribers for each 
company and the number of nonsubscribers after 1 year. 
Three years: 
Gold subscribers: 31,947 
Galaxy subscribers: 42,330 
Nonsubscribers: 25,724 
Multiply the original matrix by the 3 x 1 matrix 
30,813 
39,675 
DOS 
which represents the numbers of subscribers for each 
company and the number of nonsubscribers after 2 years. 


The number of subscribers to each company is increasing each 
year. The number of nonsubscribers is decreasing each year. 


Section 6.3 (page 508) 


Skills Warm Up (page 508) 


o 
0 


7 -—2 
1-9. AB = and BA = 1 8 ae | 


| I ee 
13. | s ] 15. ie al 17. ; | 
aL | 11 4 0 
19. Does not exist 21. Does not exist 
1 | =I ! = 3} 3 2 
pes || s} BD =I A 3 Se 6 
37 3 2 =) 2 D) 





27. 


31 


33. 


Sip 


41. 


45. 


51. 
Mo 
63. 


69. 


71. 


TE 
Wc 


1h). 


81. 


83. 


Answers to Selected Exercises A75 


SO bnes() peng Haha 
3 
Oap s 0 29.|/-; < 0 
ee Ole, mine rs 
Does not exist 
= 1/5) SH = il8} O20 10 
Qs) = 2X0) I 35. Ti S1N@ 55 39) 
14 =3 | 1 i) eet () 
=I) =f =9 
sth 9) ih 39. Does not exist 
-8 -4 -6 
“al ; i As aDocaneeerie 
Tees 5 . Does not exis 
16 Ls 
az 5) 2 
S12, a 47. (-2,1) 49. (4, 2) 
(= 253) SS (220) 55. (3, 8, —11) 


(Cale Ox0)) 59. (2, —2) 61. Inconsistent 
(—4, —8) OS7m Galles) 67-5 (On 082.3) 


a+ yt3c= 16 


Ae = Dye = = 2) 
3y +2z= 1 
AAA bonds: $20,000 73. AAA bonds: $21,000 
A bonds: $5000 A bonds: $5000 
B bonds: $10,000 B bonds: $10,000 


, = 4 amperes, /, = | ampere, J, = 5 amperes 
100 bags of potting soil for seedlings 
100 bags of potting soil for general potting 
100 bags of potting soil for hardwood plants 
5 bags of potting soil for seedlings 
100 bags of potting soil for general potting 
120 bags of potting soil for hardwood plants 
(a) |2.5x + 4y + 2z = 300 
Key tee =a) 20) 


So 2yt 22 30 

AN) 4 EN Was 300 
(b) | l | | y | =| 120 

=| J, EA |e 0 


(c) 80 roses, 10 lilies, 30 irises 


3 4 ean 
@ 4B =|" a) B= | I 


AB = C and in the product BA, the diagonal entries are the 
reverse of those in C. 


ibaa we 
Lief! 5 5 
Oe Ea al 
100 100 

us a et 

s See | ERLOON me00 

ot ie ‘ 

Pk 25 


5 
) i 
== =] 25 "25 
Poe e = | 4h iy 13 
100. 100 


Cre Bea 
(c) The inverse of a product AB is equal to the inverse of 
B times the inverse of A. 


9 WHLdVHO 


A76 


85. 


87. 


Quiz Yourself 


nre=— 


ios) 


11. 


14. 


19. 


oy 2s 
ay —4 oy 


Answers to Selected Exercises 


Answers will vary. Sample answer: 


If k = 3, then 


deme Weed ee 
=5) 3} = (ee 
Nap 


If k = —5, the matrix is singular. 


OlIwm aAl— 





True. The inverse of /, is /,,. 89. Answers will vary. 


(page 512) 


. Any matrix with four rows and three columns 
. Any matrix with three rows and one column 


p ro 7 eae 2 - 
: AN twee A 2 
ae yee 30 4 0 


(2.769, — 5.154) GAN: 


=A NG 


5 89 = 
: . 12. Not possible 13. | : A 





i 
en 
l7 x | 15. $22.80 16. $41.40 17. $59.60 
Plant | Plant 2 
$22.80 $20.20 | A 
LW = | $47.80 $41.40 | B ¢ Model 
$66.50 $59.60 | C 
LW represents the total labor costs for each model at each 
plant. 


(4, —2) DO AS Zeta) 


Section 6.4 (page 518) 


Skills Warm Up (page 518) 





i ee) Shr he) Hs Wh 11. 4 
13. LS S20 17. 248 19. 0.14 21. —0.838 
23. (a) My, = —5,M,. = 2, M2, = 4,M2. = 3 
(b) Cj. = =5,C n= =2, C,, = 4, Ce =3 
25. (a) My = —4,Mj. = —2,My, = 1, Mo. = 3 
(6) Cy = —4 6, = 2, Gi Sh Cn = 3 
27. (a) M,, = 3,My. = —4,My3 = 1, Ma, = 2, Mo. = 2 
M,, = —4,M3, = —4,M3, = 10, My, = 8 
(b) C,). = 3, Gyo = 4 Gg SG 2 Oo = 
Cy, = 4, Cy, = —4, Cz. = — 10, Ca, =8 


29. 


59. 


61. 


63. 


Wh 


Le 


. Lower triangular; —6 


= 30, M,, = 12, M,, = 11, M,, = —36, 
M,, = 26, M,, = 7, M3, = —4, 
M3, = —42, M3, = 12 

(b) Cy, = "30, Gp = 12, C, =A Core: 
Cop 26; Coa = a Ca Sie 
Cz) = 42, C33 = 12 


(a) —99 (b) —-99 33. (a) -145 (b) das 
(a) 170 (b) 170 37. —58 39. —30 sailed 
0 45, —0.002 47.0 49. —108  5ly4i2 
106 955.0336 
2h) 2 es | d) 6 
(3) 20 Os) wee eo 
= 4m) 
(a) -8 (b)0 (c) | a (d) 0 
ee 
(a) =21 (b) -19 (c)|—8 9 —3)|)  t@eaae 
Wace, 
(ee 
(a) 2 “@y=6 wet oO %3)/ a =e 
(Pd 


. 45; The determinant is the product of the matrix’s diagonal 


entries. 


. 75; The determinant is the product of the matrix’s diagonal 


entries. 
71. Upper triangular; — 16 


. Upper triangular; — 168 
. Matrices will vary. The determinant of each matrix is the 


product of the entries on the main diagonal, which in this case 
equals 6. 

Matrices will vary. The determinant of each matrix is the 
product of the entries on the main diagonal, which in this case 
equals — 18. 

Matrices will vary. The determinant of each matrix is the 
product of the entries on the main diagonal, which in this case 
equals 28. 


7 20 83. —18 85. 80 

-89. Answers will vary. 91. +2 93. +5 

Jolie) 1 OT fe dle 99S 

. Answers will vary. For an nxn matrix (n > 2) with 


consecutive integer entries, the determinant appears to be 0. 


3. True. If an entire row is zeros, then each cofactor in the 


expansion is multiplied by zero. 


Section 6.5 (page 527) 


Skills Warm Up (page 527) 


> 2. 0 RB ts 


bal 10. [7 14] 





28 


w 
~~) 
o 
On 
oo 
— 
Vin 
.=) 


11. 
1 
21. 
27. 
SS: 
ah). 
41. 


43. 


45. 


47. 


49. 
ils 


535 
57. 


61. 


y= ory = 0 133) J Ony—— 1] 
17. Collinear 19. Not collinear 
Collinear 23. Not collinear 25. Collinear 


y=-4 29. x = 3 Sule R= sie SY =) 


307.5 square miles 


xe oy — > — 0 S55yi— ) 37. x = —4 
2x + 3y — 8 = 
Peetoiiis S){0 8)[15 13}[5 0][19 15] [15 14] 


A8, 81, 28, 51, 24, 40, 54, 95, 5, 10, 64, 113, 57, 100 

[20 5 24][20 0 13][5 0 1][20 0 23] [15 18 11] 
= 119, 28, 67, —58, 6, 39, —1, —3, 3, —118, 26, 69, —33, 
7, 15 

=>) 65,17, 15, —9, —12, —62, -119, 

27, 51, 48, 43, 67, 48, 57, 111, 117 
29, 53, 48, 60, 115, 120, 20, 38, 35, 
165, 62, 143, 181 

34, 55, 43, 60, 136, 169, 71, 139, 145, 52, 106, 119, 38, 52, 23 
ie ec) 2, —30, —69, —16, —74°=1372 15, 28, 25, 6, 
— 16, —58, 46, 79, 67 

HAPPY NEW YEAR 55. SOUND ALL CLEAR 

SEND MORE MONEY 59. MEET ME TONIGHT RON 
| =[10 15] 


“ 





Up MAAS SUN, TP Cass 





Because [45 — 35]] 4 
Ey, 


and [38 -30]|" 


ou can solve Ee sy" ‘| = ie ‘| 
2 38 —30 1: Sema 


JOHN RETURN TO BASE 





= [8 14), 





63. 12 square units 65. Answers will vary. 
A (7, 5) 
5+ 
4+ 
3+ 
pa 
ean ——|—> X 
5] G=n (7,-1) 
A = 4(4)(6) = 12 square units 
Review Exercises (page 534) 
Ths. Wl SP Soars: 
1 3 0 2 | 0 0 
, @) l | 2 Th, 0) l 0 9. (3, —2) 
0 0 1 2 0 0 l 
Lee 25— 1) 13. (10) = 4a; a..a) 15. Inconsistent 
17. $40,000 was borrowed at 8%, $120,000 was borrowed at 10%, 


19% 
21. 


23. 


and $40,000 was borrowed at 12%. 
x=-6,y=2 


eas =5. 3 
(a) ta 1 | 8 5} 


—4 20 GG EH 
© | 8 "| | 22 on 


Yl Sia 9 
(ci) |e 0 (D) teow 3 
3. 6 ))f=2 


Answers to Selected Exercises A/7 
4 —16 =f 510) 
(Or imo —4 (Oy |= Cee 9 
16 8 22 2 
3 4 2 | =i PS ail 
P @ |; hie x: o| La ee i i] 
©) 12 —8 24 | il 3) ahs! i 
() hh =6 fly 9 14 
ae | 29, [2 —13e0d)) 31 dn : 
Dip a i 
= ee} 
1 3 = 5) 8 | 0 0 
33. 5} 1 4 35 5 He |) @ | 0 
“19 14 =(6) 0 0 | 
ee) 8 
39. (a) [4] (b)|-2 6 -8 (c) Not possible 
= 3-4 
a 24 «48 
41. rc 96 824 
168 . 120 96 
43. (a) $8325 (b) $5200 
(Cc) Wholesale Retail 
$5200 $8265 | | 
ST = | $5075 $7985 | 2 ¢ Outlet 
$5125 $8325 | 3 
ST represents the wholesale and retail values of the car 
sound system inventory at each outlet. 
45. AB = /and BA = / 
=I : 0 5 3 
47. 0 5 0 49. | . E | 51. (3, 4) 
0 0 j z 
53, (2,5,3) 55. (—6,—1) 
57. 10 units of fluid X, 8 units of fluid Y, 5 units of fluid Z 
Al «Pl gl 
35 35 7 
59. (a)|-3% % -3 
I 2 aS 
7 7 14 
y = —6.147 + 109.6t + 818 
(b) 1213 stores (c) The estimate is too high. 
61. 4 63. 0 
65. (a) M,, = 4,M,, =7,M,, = -—1,M,, =2 
(b) Cy, =4, Ci. = =79 Cy, = 1, C3.=2 
67. (a) M,, = 30, M,, = —12,M,, = —-21 
M,, = 20, M,, = 19, Ma, = 22, 
M,, = 5, M3, = —2, M3, = 19 
(b) Cj, = 30, Cj, = 12, Cj), = —21 
C3, = —20, C,, = 19, C5 = —22 
Ca, = 5, Cyn = 2, Ca, = 19 
69. 44; Answers will vary. 71. —12; Answers will vary. 
73. —39; Answers will vary. 
qe (ay Ome bye Ie ey | 2 (d) —96 
.-14 6 
If, KO) IR MO) 81. Not collinear 83. Collinear 
85. x + 15y — 38 = 0 87. x = 2 
89. [20 18][1 14][19 13][9 20][0 14][15 23] 











94, 132, 44, 59, 77, 109, 78, 107, 42, 56, 99, 137 
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A78 Answers to Selected Exercises 












































91. SEIZE THE DAY Thera obi eGR IP abe =e 
ieee ee 4 
93, (a) Because [—57 3] M ‘| = [23 5] and ST itaag 39. T4175 41. a 42. d ASG 44. b 
yY 4 45. 8 47. 19,656 49. (n + 1)(n + 2) 
[91 26]| " / [0 13], you can solve Fy Ree RS lace a ie Epa a 
y 2 Mosel ~~ 3 is 
| alee so Pi ‘| =| if CA eg ELE Tih ee eh 
9| 6 yest (ow 4S 2 el Gea 
(b) WE MISS YOU BIG BOB 65. 30 67) 43° 69. 14 © 71408 973.057 A ee 
zl u i a ae 
Test Yourself (page 538 TiS ae: )2(5) + 3| 81. = eae 
(oe 58) $5» S/G)es] Seve 
2 | 4 2 20 (—1)'*! 5 2! | 
83. 5 5 
1} 14 -1 O;,3x4 a 2 2 
he fe 3 —| 87. (a) A, = $25,145.83 (b) $35,440.63 
eal ts H At 825 29252 (c) No; Ay) = $50,241.53 
5513 3) 0 =j ad 3) Coton a) A, = $25,440.06 
0 2 3 —3 A, = $25,588.46 
. Be a A= S573 7412 
2 Ale Moy 0) Sh (3h) 6. E 5 | Ag = $25,887.86 
a 9 , Lee ; 89. (a) a, = 1.0156 Each term represents the 
7 | 13-29 8. | | 9, 5 Al d, = 0.9884 number of males divided 
anes ee : : . d, = 0.9684 by the number of females 
10. | 8 7 11. | x 20 12. | = 2 re a, = 0.9556 in the United States for the 
M19 —32 —36 5 5 a; = 0.95 corresponding year. 
— 19 = 
13. | i | 14, ab ay 15 Mi ;| dg = 0.9516 
5132 a, = 0.9604 
Sh Gy 6 dg = 0.9764 
16. 5 6 9 4 M5 ly LS 8 My, — 240) (b) a 
‘ ry 
Aaa ee ol ‘edl 
200 (2, 250) 1.0+ 
21. Matrices will vary. Sample answer: g j 
be a eS 0 0 ore 
—2 21° 13 3 OvaKO 0st 
Dios a square units 23. Collinear 24, Vict oe) cen rene Eee: 
25. BA = [$384,000 $631,000] Year (1 « 1940) 


BA represents the total value of each product at each warehouse. Tm 1940. there were more males’ thant females eens 


decreased until 1980, and increased thereafter. 
(c) 143.3 million females, 137.7 million males 





Chapter if 91. $230.51 million 93. True by the properties of sums 
Be Fe) oe BE 
, 5.x—> =. 
Section 7.1 (page 547) 78-96? 9A 120 

97 x2 x4 x x° x8 - x10 
; * 2°24’ 720° 40,320’ 3,628,800 
Skills Warm Up (page 547) 
3, —36 er Section 7.2 (page 555) 





Skills Warm Up (page 555) 








1, -5,-3,-1,4,3 3. 2,4,8,16,32 ; Se doe 58 
Riek dd 9 34,331 7. 143 8. 160 9. 430 10. 256 
D+ 2s 49 ~ 8» 16> ~ 32 * 20454) 592 
9 -1,4,-44-1 wees Se 13..0,152,3,4 
15. -1,4,-4.45,-7 17. 5,2 2 a ul 1. Arithmetic sequence; d = 4 
9 3. Arithmetic sequence; d = 4 

( my Ws So ol aan ae . : 
19. a, = 3n-2 21. a, = (—1)"*!(2n) 23. a, = at) 5. Not an arithmetic sequence 
z r+ | (—1)"2"-! | metas wan acy bo 
ai eae : 27, a. * sa. 29: oe 14+ a. Arithmetic sequence; d 5 

nt+2 3 n 9, Arithmetic sequence; d = | 


11. 
13. 
LAs 
17. 
19; 
21. 
23. 





31. 
ah 
41. 
45. 
47. 
51. 
SBh 
65. 
ioe 


81. 


83. 


85. 
87. 
91. 


O35 


Not an arithmetic sequence 

8, 11, 14, 17, 20; Arithmetic sequence, d = 3 

2, 8, 24, 64, 160; Not an arithmetic sequence 
1,1, 1, 1, 1; Arithmetic sequence, d = 0 
Undefined, 2, 1, a i. Not an arithmetic sequence 


—1, 1, —1, 1, —1; Not an arithmetic sequence 
25. b 


d 24. a 26. c 


29, 25 





Gon — | Sos de — Ldn 62 

Ga, = &n + 1 Senda — 73 39. a, = 6n — 4 
a, = in =f 3 43. (a) ag = 33 (b) a, =5 

(a) a,,=-—-16 (b) a, = 20 

eee 15s (b)a,=11 49. 2,6, 10, 14,18 


54, 50, 46, 42, 38 SBE WEL OI M3h, Wo, 2S) 

110 Se 20 59. S050 61. 3030 63. 216 
12 67. 23 69. 4000 TAL, IAAIS) Wek LTD 
44,625 77. 670 TY, PHS 


100 
Answers will vary. Sample answer: >; 3n 
n=\ 
A iia 
Answers will vary. Sample answer: »> 7 


n=] 





(a) $43,750 (b) $236,250 














780 seats 89. 405 bricks 
(a) (b) $103.8 billion 
20 
eo 18 
va 
a 14 
32 nf 
26 10+ 
4 Fs 8 
a 6 
al 
iT 2 3 4 5 6 a 
Year (1 € 2004) 
$350,000; Answers will vary. 95. 490 meters 


Section 7.3 (page 564) 


Skills Warm Up (page 564) 
fe 2 eT 


125 * 16 


6. 27n' 
4 
re 2(3)" | 


n=1 


25 16 
7. 4n? 





Fe) ae ars Site Ths 
. Geometric sequence; r = 45a, = 4"~! 
. Geometric sequence; r = —3;a, = 4(—3)""! 
. I j\r-1 
. Geometric sequence; r = —3; 4, = (—}) 
. Not a geometric sequence 17. Not a geometric sequence 


: 3 NW cdeet! | 
, Geometric sequence; r = 5; a, = 4(3) 


21. 
25. 
29. 


33. 


Sil 
41. 
43. 





65. 
TES: 


1D: 


85. 
OBI. 
DEE 
99. 


101. 





Answers to Selected Exercises A79 


4,8,16,32,64 23. Lpaan 
ie Sea fi 
DR MIGIR tae SAT6D 27. 200, 100, 50, 25, 12.5 
lee e,e4 31. 164) =4 
1 11 y) 
o(-4) — ~ 310 35. 100e*® 
500(1.02)?? = 1082.37 39. a, = 7(2)"— 1; 448 


a, = 4(3)"-!; 19,131,876 
a— 66) tee 4 10-4 


—20 


61. 16,368 63. 511 


349,525 
32.763 ~ 10.67 


O7.7AS a 69s See T1229 921031 
7 
TEE DA 


n=1 n=1 


HL BRA 


==—95 > 10" 


0.1(4)""! 


n=1 
Sum does not exist; |r| = 1 87. » 89. a 91. 5 


(a) No, Sig = $16,310.50. (b) Yes, S,, = $17,385.63. 
$18,416.57; $18,444.46 97. $74.1 billion 
(a) a, 





Number of messages (in billions) 
zx 











eee ee ae ae 
Year (0 < 2003) 
(b) 360.1 billion text messages 
$5,368,709.11 for 29 days 
$10,737,418.23 for 30 days 
$21,474,836.47 for 31 days 
The job for which the wage doubles daily pays much more. 








Quiz Yourself (page 567) 
1. —1,1,3,5,7 2.95753 3. 20" 4. 24,360 
3 
5. 4, = 75 6. 4, = 1. Gai 
i= 
8.4,=3n+4 9a,=103)-! 10. a, =4(-4) 
Li Oo mie? ce 203G = tel 3 033,70) Ae 


. Arithmetic; Common difference is 3. 
. Neither; No common ratio, no common difference 


L WALdVHO 


A80 


17. 
18. 
21. 
25. 


Answers to Selected Exercises 
Geometric; Common ratio 1s 7 
Geometric; Common ratio is 2. 19, 45 20. 60 


(225 23126 «3 24 
(a) $58,200 = (b) $320,100 26. $73,599.44 


Section 7.4 (page 573) 


29, 


49, 
S35 
59, 
67. 
69. 


yfN\ 
VF 


Vee 


Section 7.5 


Els, SF PAM, Siu ah 


8 320 Su 3 Jews 9, 10 
. 240 15. 6,760,000 17. 


Skills Warm Up 


(page 573) 


ry PAS, 8. 336 JF PAY) 





15,504 9, 1 


. 4950 RE (6, 15. 35 Wf, fs, 19, 45 
~ x4 + 4x3 + 6x2 + 4x + I 
» xX + 2403 + 216x2 + 864% + 1296 


Bo 8x? + 24x 32x + 16 


2x + Sxty + 10x3y?2 + 10x2y3 + Sxy4t + ys 
8154 + 216s? + 21652 + 96s + 16 
. 645° — 5765° + 216054 — 432057 + 486057 29168 + 729 
x5 — Sxty + 10x3y? — 10x2y? + S5xy4 — y? 
| 6x + 12x? — 8x? 
» KIO — 5 x8y2 + 1Oxoy4 = 10x4y® + Sx2y8 — yl? 
J Sy 10y LOy# 5y4 ia 
\ \ \ \" \ 


2035 + 828i AS. | 
32t> — 8014 + BOL2 — 4042 + 102 | 


81 + 216z + 21622 + 9623 + 1624 51. 120x’y? 
360xy2 55, 1,259,712x2y’ 57. —4,330,260,000x+y? 
8064 61. 180 63, 489,888 65. —56 

| | ] | 21 45 | \4 21 | ] | | 

12% 128 12 | 128 128 128 128 128 


0.07776 + 0.2592 + 0.3456 + 0.2304 + 0.0768 
t 0.01024 

Mibonacel sequence 

NCA OY Mek ty 


one of the diagonals of Paseal’s Triangle. 


The determinants are . which constitute 


Answers will vary. 


(page 582) 


Skills Warm Up — (page 582) 


291,600 3. 7920 4, 13,800 
2300 7. nln Lin — 2)(n = 3) 
1)(2n 1) 9, n! 10. 1! 


1. 6656 i 


5. 792 6. 
%. n(n 





11. 30 
1024 


Permutations of 


sCATIN POSIIONS 





19, 
oA 
25. 
33. 
41. 
Pils 
61. 
67. 
69. 
Ms 
79. 
85. 
87. 


(a) 900 (b) 64% (c) 180 

64,000 pF MPAY, 

(a) 40,320  (b) 384 27. 24 29, 24 31. 30 
| 35. 11,880 37. 27,907,200 39. 197,149,680 
60) 43. 120 45. 1260 47. 2520 49. 4 

| 53; 19 aes | 57. 495 59. 15,504 
%50,66% Oo, nh =) =" 2) 65. 1! 

Because order matters, use permutauions, 


Because order does not matter, use combinations, 

32,760 73. 142,506 DS, =e Iv 77, Sebo 
710 81. 3744 $3. 292,600 

For some calculators, the answer is too large, 


Answers will vary. 


Section 7.6 (page 592) 


Skills Warm Up (page 592) 


9 ; ' | 
» 16 e ., bed * 80,740 


Sy 
804,722,688,000 


UOC 10. 0,997 





1, § = {H1, 71, H2, T2, H3, T3, H4, 74, H5, T5, H6, 76} 
3. S = {ABC, ACB, BAC, BCA, CAB, CBA} 
5, S = {AB, AC, AD, AE, BC, BD, BE, CD, CE, DE} 
2 a | 
) (i) 
(H) | (1) (1) | (1) 

(1) lay (C1) (i) | (T) G)=-CT) 

(HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} 
9, A i c D 

es Jabieeeay 

(AB, AC, AD, BA, BC, BD, CA, CB, CD, DA, DB, DC} 
1.4 13% 182% 17% 194 22a 
23.4 254 2.82 28 315 33.3% 
3.5 31.7 32 44 475 445% 
47,4 494 Sie 83.025 55.4 57,088 
59,5 61.022 68.) bo) CH 
6. (a): b+ Oe @t OFM OF 
69. (a) te (tb) CO) HO (a) 4) f 
3.ca, 3% a w# ©8 
mat bf oe 914 


" 524,288 
3. Mutually exclusive events have no outcomes in common, Two 


« (a) 0.1089 


16,545 
; 0. 145998001 | 


events are independent when the occurrence of one event has 
no effect on the occurrence of the other event, 
(b) 0.2601 


Review Exercises (page 600) 


13, 


l2s4s | lo 16 
5,9,13,17,21 3444¢% 5. 1,-$2,-8% 
l 
a, = 2" 9. a, Lae (ee an 
vl 
43,680 1.n+5 17.51 19, 100 


Answers to Selected Exercises A81 


12 116) * 
Hb irene : = 23. S (= 1)F- 128 Appendix B 
k k=] 
25. (a) A, = $4060.00, A, = $4120.90, A; = $4182.71, Appendix B.1 (page A16) 
A, = $4245.45, A, = $4309.14, A, = $4373.77, 
A, = $4439.38, A, = $4505.97 
(b) Agy = $7256.07 


Skills Warm Up — (page A716) 


(Oy Agg = $23,877.29 1. 9x2 + 16y?= 144 9-2, x? + y’? 
27. Arithmetic;d=5 29, Arithmetic; d = —4 3. 16x? — y? A, 243x2 + 4y? 
Bie 4019,24,29 33. —6, —1,4,9, 14 eae Po ae a 
B5010;254: 6, 8 ST ap=3n 1 39a, Non = 3 = C 4/5 ; 10. 2 





Mingo —=5n+2 43.192 45. 765 
47. (a) Company A: $40,500 





Company B: $40,500 : ; ; ; z : x ; 

(b) $219,000  (c) $205,500 th Bae ieee tee 
49. Geometric; r = —3; a, = (—3)""! " as 00, 0) \ 
51. Geometric; r = 4;a, = 16(4)""' 53. 3, 6, 12, 24, 48 Focus: (0, i) | 

2 2 

Doo, = 2, = -< 195 57. din = a 59. diy = = 
61. 8184 63.~222 65.1.5 
67. The sum does not exist; 3 alk 
69. (a) $16,469.87 





(b) No; it will be more because the interest is compounded. 
71. (a) on 11. Vertex: (0,0 





) 

= 1800 4 

E is00 Focus: (—3, 0) 

% 1400 + i 
4 6, 12004 i 
& F 1000 + 
& & 800+ 

= 600- 

— 400+ 

& 200+ anni! 

6 OOOMOMOLILIILALL, 

O23) 45 6 7) 8 9) 1011 12 


Year (0 < 2000) 


(b) $6157.79 million 

Ws 35) We Al ie 192, 
79, x® + 6x° + 15x4 + 20x32 + 15x? + 6x + 1 
Bias aA 0oxy + 270xy* + 90x2y? + 15xy4+ ye 
Bom vlon y + 112x%) — 44853 + 1120x47 

S920 > 1792x277" — 1024xy’ + 256y° 
85. 90a%b? 87. 25,344 89. 210 
91. (a) 7000 =(b) 3528 -~=—s (c) 4500 93. 120 
95. 504 97. 40,320 99. 1,663,200 
101. (a) 42,504 (b) 1,961,256 (c) BEETS 


R01, 2,3, 4,5, 6,7, 8,9} 105. ‘107. 


109m) 111.75 113.043 115.3 


mae () im (©) 119. ates 13. Vertex: (0, 0) 15. Vertex: (0, 0) 
a) 5 Focus: (0, —2) Focus: (~%, 0) 
3 











iba heare 62 13@4 ®¢4 ©F 


Test Yourself (page 604) 
eso 595 11 ps SN ONG, = 2S 
eno, 24, 120,720 4. 4,4, 4a 35 
5. Arithmetic; d = 5 6. Neither 7. Geometric; r = 2 
8. Neither 9 Gi 8h = 3} a5. = 157 10. 10 
11. a, = 4(7)"—!; ag = 3,294,172 12. ay, ~ 20.22 
13. 2600 14. ~ 29,918.311 Gy. ; 16. $13,176.08 ; 











17. 32x5 — 240x4 + 720x3 — 1080x2 + 810x — 243 7) RA eae Pr gt hig ey 
18. —192,456 19. (a) 72 (b) 328,440 ee 

20. (a) 330 =(b) 8,936,928 21.60 22. 5040 CAR VE VL | ey Lala dal 

23. 640 24. 16,777,216 25. 45,000 _—-26. 40,320 alt Se 2 1 2 


arg oS ee Se 
wre20 28. a ED Sy ka he A Dirt 1 33. eT he 


ad XIGNHddV 


A82 Answers to Selected Exercises 



































35. Center: (0, 0) 37. Center: (0, 0) 67. ) 
Vertices: (+5, 0) Vertices: (+3, 0 0) 
| Ne 
Sey 
=k SSS 
x J 71. The ellipse is nearly circular 
because the foci are closer to 
27 the center than to the vertices. 
39. Center: (0, 0) 41. Center: (0, 0) 
Vertices: (+3, 0) Vertices: (0, ac 5) 
f 
3 + 34+ 
33 cals 
; ; 73. (/216 — 72/5, 0) ~ (7.42, 0) 
Appendix B.2 (page A24) 
Bate 
: ' = Skills Warm Up (page A24) 
43% -~=1 45,.—-~=1 
ae: Bl 45) 1. Hyperbola 2. Ellipse 3. Parabola 
47. Center: (0, 0) 49. Center: (0, 0) 4. Ellipse Seeitcle 6. Hyperbola 
Vertices: (+1, 0) Werticescm | ()metiy) 7. Parabola 8. Parabola 9. Ellipse 


10. Hyperbola 







































1+ ape 1. Shifted one unit up and two units to the left 
See 3. Shifted three units down and one unit to the right 
alas 5. Shifted two units down and one unit to the right 
Tee ee 7. Vertex: (152) OM Vertex: (5, —}) 
| Focus: (1, —4) Focus: (4, —1) 
Directrix: y = 0 Directrix: x = : 
5 F hs ar i y y y. 
1 Center (0, 0) ; ' 1 . 
Vertices: (0, +5) <2 o 2c zi ii 
ss ¥ 4+ Sera “i 2 3 ; 
Pe ee ; | a 
ye i+ ; 
Pace od) ae 0h 810 5a ela Loe | er arr eerarey Ae a 
bo e -4 Sine —h+ “Lit 23 418¢6 7 9ee 
. -6 ¥ =2 —2+ } 
oa -3+ 1 
53. Center: (0, 0) , als 3: 
Vertices: (+-~/3, ( 2 
Sag ( )) 11. Vertex: (1, 1) 13. Vertex: (8, —1) 
ss a <P aie Focus: (1, 2) Focus: (9, —1) 
Directrix: y = 0 Directrix: x = 7 
2 2 2 h A 
g.--~=1 57,2-->7=1 6+ 
fo” “Gas 16/5 64/5 or | 
4 
> .) i) 
y? o 
9. = . x? = 12y 2+ 
39. 6 9/4 l 61. x 12y 
. 4 ~ : > Sy ——F ++ > x 
63. The tacks should be placed 5 feet to the left and right of the -2 2 4 61 ¢el0 
center along the base. The string should be 5 feet long. rik 
—4 + 1 
' 











15. Vertex: (—2, —3) 
BocuUSsa(=—4, —3) 
Directrix: x = 0 








17. (y = 2)? = 4(-2)@ — 

21. (y — 2)? = 4(2)x 

25. Center: (1, 5) 
Foci (179), (1, 1) 
Vertices: (1, 10), (1, 0) 


ey 


10 








3) 


23. x2 = 4(—4)(y — 4) 


i + 4 t f$— pm X 
yy) 2 4 6 
27. Center: (—2, 3) 
Foci: (-2 30> J5), (—2, 
Vertices: (—2, 0), (—2, 6) 
h 
(Yig 
(ii ee 
—6 4 2 





29. Center: (1, —1) 
Foci: (4, = 1), (Z, = 1) 
Vertices: (-i, = 1), (2 





Answers to Selected Exercises 
31. Center: (5, = 1) 


Foci: (5 fe + 7 
Vertices: (3 — J/5, - 1), (3 + /5, -1) 


i) 





33. Center: (1, —2) 
Vertices: (— 1, —2), (3, —2) 


Foci: (1 — /5, —2), (1 4 








35. Center: (2, —6) 
Vertices: (2, —7), (2, —5) 


Foci: (2, -6 — 2), (2, -6 + V2) 


y 


4 








37. Center: (2, —3) 
Vertices: (3, —3), (1, —3) 


Foci: (2 - Wick —3),(2 + /10, -3) 








A83 


ad XIGNAddV 


A84 


Shy. 


41. 





Answers to Selected Exercises 
Center: (1, —3) 


Vertices: (1, —3 — J/2), (1, —3 de “/2) 
Foci: (1, -3 — 2V5), (1, -3 + 2V5) 


Center) (—15 —3)) 


















































Vertices: (—1 — 3/3, 3), ( 1+ 3/3, —3) 
Foci: (—1 30, —3),(—1 + /30, —3) 
tishH + G : 
? a 79 
ES De. = Be (Ce he 
43. + = += 
43 i i 1 45 16 19 i 
ele 2 
Ailey? 
9 
C= SP . (p= Qe 
a: 36 By) 
i ae a 
4 12 
we (G2 we 
se ~ 
Pir aes Seana 
Ge Sie (ipse DP 
61. : = 
. 4 4 
Circle 
1 
-5 + 
ogee eau — Ay 3 
1/4 1/3 
Ellipse Parabola 
’ r 





69. 


Tle 


° Wise 


75. 
Vids 


(a) ~ 24,748.74 miles per hour 


(b) x* = —16,400(y — 4100) 
Ea es 
25 16 


Perihelion: ~ 9.138 = 107 miles 

Aphelion: ~ 9.454 x 107 miles 

oc shila) x Oe 

(x aa rn (y — k)? 
a b? 

(x sal f \y = BE 
a Oe = 

(x — hy (y — k? 
a (aa — ec) 

(y — k)? 

a a1 — c2/a2) 

(y — k? 





=] 





= | 





= | 











Answers to Checkpoints A85 


PAN aT=\"Vi=) g-¥a Colm @7 a=167,¢ fe) | alc) 7 


Chapter 0 
Checkpoints for Section 0.1 


1 x = 7 denotes all real numbers greater than or equal to 7. 


eee oee(b) ak ysl (c) -1szs 10 
3912 4 (a) —|-6|/=—-|6| () —-|5| < |-5| 
5 8 6 No 


Checkpoints for Section 0.2 

ee(ayacelox (Cb) 4x7, —3y,—7 (Cc) z* —10z3, 1 
2. 29 Smee) oom (b) il (CO) SPA 

4 (a) Multiplicative Identity Property 
(b) Commutative Property of Addition 
ae 

2 12 

7 Scientific calculator: 6 &) (© 8 W 3 © 481 OC) ©) 

Graphing calculator: 6 (O 8 (3 ©) 481 Q) (ENTER) 

8 5.87 











Checkpoints for Section 0.3 


4 Le 7 
ie Bo 57, 28 Oaes 
(b) 3.45 x 10-3 


(b) 0.0025 6 12.72 min 


naie256. _(b)-128 





4 (a) 6.318 x 10° 
5 (a) 428,000 


fae 0.0545 (b6)5 8 $1110.12 9 2.9% 
Checkpoints for Section 0.4 

fees) 5) (ch) 2 Bx 2x = 8 3x 3/2 
4 2 SS ore eee ee ee ee 

9 2.621 10 4.164 11 No 


Checkpoints for Section 0.5 
Ov oa 7. degree 2 2 Nota polynomial 
6} Dx? de Shy ae a 
Aeon + l4x+45. (b) 3x7 - 2x — 1 

Beet — 242 + 2x? — 11x + 4 6 =x?+9 

Wane ce ox 16) (by x2 — 9x2 + 27x — 27 

Bae 10x — y* + 25 9 $12,282.98 

O Volume = 4x3 — 44x? + 120x 


x = 2 inches: V = 96 cubic inches 


1 


x = 3 inches: V = 72 cubic inches 


Checkpoints for Section 0.6 

eee (3x - 1) eG (Xen) (eh) 

3 4(5 + y)(5 — y) 4 (a) (es A) eG) 
See 1)(y? = 1) Ob) Se — 2)* + 2z +4) 
Gm (Coe S)) (2) Th (Che SN\Ge — Ih) 

Si xe + 5) O25) Geen) 


Checkpoints for Section 0.7 


1. (a) All real numbers except x = 5 
(c) All nonnegative real numbers 


\ 


6./x 


(b) All real numbers 


26 1 3 + 
2 & ) xr # | x | 
3 Xe ce 119) 
| 8 2 ; 
r #2 ah Ree Ge =) 6 sdb 
Meats 5 3 
9 | 
Loe 8 =x #3 
\ 3 
Chapter 1 
Checkpoints for Section 1.1 
1 Identity (2) ee nD) 3 (a) -11 (b) 4 
4 Infinitely many solutions 5 No solution 6 30 
7 No solution 8 6 9 ().794 10 2003 (t = 3) 


Checkpoints for Section 1.2 


{ 
4 
6 
8 
9 


$950 2 p= 6800 + 0.05(6800) 3 20% 
1.5% 5 15 feet x 45 feet 
1.1 hours 1 32 feet 


$1200 was invested at 1% and $1300 was invested at 2%. 
About 1.27 feet 


Checkpoints for Section 1.3 


1 (a) — SA a (b) Oe PY XV)? 3 2 

4 +2 tS) Si) 6 6 feet x 14 feet 

7 3-seconds 8 8.5 feet 9 2010 (t ~ 10.80) 
Checkpoints for Section 1.4 

1 One real solution ie 1+ /3 3 ; 

4 OD Fcses emir) lal 5 2:00 p.m. 6 5.1 seconds 


Checkpoints for Section 1.5 


Tie Olea less S21 8 47 12 
a) tl (3) TiO 8 5 friends 
9 =45% 10 4,010,025 copies 
Checkpoints for Section 1.6 
1 (a) 2=x<7;bounded (b) —co < x < 6; unbounded 
ie 
hd ee (6) 4 | ge 
[——— —oo 
& 7 6 ] | il 0 | 2 4 
5 Dees Oxy = =A ior tee 
,  -_eR SJ | < | ba 
12 9 6 } 0 j 6 5 | i) Nig OH 9 2 4 
7 More than 3.5 miles 8 At most 12; weeks 
9 Undercharged by as much as $0.08 or overcharged by as 


1 
3 


4 


op) 


much as $0.08 


Checkpoints for Section 1.7 


(oe aye.) ain 


(a) The solution set is empty. 


oo} NON PFs=) 


(b) The solution set consists of all real numbers except 1. 
(— 00, 2] U (3, o0) 5 At least $35 and at most $75 


(a) [—2,2]  (b) (—00, 00) 


A86 Answers to Checkpoints 


Chapter 2 
Checkpoints for Section 2.1 











57 
4 
a 
ay 24 
(—4, 1) 
1+ 
+—+—+—_—_—+—++- +—}>- x 
—4 PY at 45 
2 (0, —2) 
nee 
| 
44 
=e 
2 
4 
5 (b) 

















6 (a) (—2,0),(0,7) (b) (1,0), (1, 0), (0, -1) 


7 y-axis symmetry 
8 (a) (b) 





NEDWOW 





at 

















$++¥+ 44+ 4+4+4> «x 
z= 9, 123. 4 5 6 





Checkpoints for Section 2.2 

1 1 

2 (a y= 2th Ss, aD) y=3x+9 
3 y=02x+1 








(c) y= 1 


(b) i 

















(2) VS eet (D) ta O 6 y=—-4x+4 


Checkpoints for Section 2.3 
41 The model approximates the weight of the puppy best for 
t = 2 months and worst for t = 10 months. 
2 y= 0.06x 3 y = 33.84615x 4 6PM. 
5 836,821 people 6 V=—195t + 2300 
7 (a) y=1.97x + 121.4 (jay) ee 
(c) = 143,000,000 tax returns 





800 + 
750 
700 
650 
600 - 
55075 
500 


(in thousands) 





Alternative-fueled 
vehicles in use 


13: 14 15° 16. 17) 18 
Year (13 < 2003) 


Answers will vary. Sample answer: v = 50t — 150 


Checkpoints for Section 2.4 

1 (a), Now (b)) Yes) () No 

(a) Yes (b) No sy = 3 4 10,2 
All real numbers 6 V= ee 7 No 


9 10 Hl 13 si 
E 160.2 | 168.9 | 177.6 | 186.2 a 


16 17 aE 
221.9 | 239.3 | 247.3 | 246.0 35.39 |\i2is 


Checkpoints for Section 2.5 


1 Domain: (— co, co) Z5r (a) VeSwaee( D)seXes 
Range: [—3, oo) 





oo dy 























Je 


: 3 
3 Decreasing on (—co, — 2) and increasing on (- 35 00) 


Aw (242) 5 (a) (b) 8 days or less 


Total cost of rental 
(in dollars) 





b 23th 3:56:77 S350 


Length of rental (in days) 


6 Neither 


Checkpoints for Section 2.6 
1 ‘ 








2 (a) The graph of g is a reflection of the graph of fin the x-axis. 
(b) The graph of h is a reflection of the graph of fin the y-axis. 
3 (a) (b) 1 














g(x) =-(x+ 2) 











Ari ——G — 2)? — 1 
5 (a) The graph of g is a vertical stretch of the graph of f by a 
factor of 4. 


(b) The graph of h is a vertical shrink of the graph of f by a 
factor of 7. 











Checkpoints for Section 2.7 
i) Dee ae Seal Pe aie = TS = NO 
3 Domain of f/h: All real numbers except x = 3 
Domain of h/f: All real numbers except x 
Am@yecit 2°— 1 (b) x7—1 
Sees x; |—J3, V3] 
6 Answers will vary. 
Sample answer: f(x) = x? + 2, g(x) =x — 1, 
gx — 1)? +2 = f(x — 1) = fle) 
7 frepresents the number of Independent senators. 
8 About | hour and 21 minutes 


II 
= 





Chapter 3 
Checkpoints for Section 3.1 


st 


Compared with the graph of 
y = x’, each output of f(x) = 4x? 
vertically stretches the graph by a 
factor of 4. 





Cop 








Answers to Checkpoints A87 














2 (a) (Dae 
zi 
| 
| 
eT 
3+ 
al 
i (3,2) 
1+ 
aii a a oe a ener ae 

{eae LI len —1 2 8) 4 US <6 

=H 4 <3 2 zg db 2 8 “1 


Weltexem(on) 
Fs) = x2 — 6x + 13 
= 39.7 feet 
30 moth sites; 


Answers will vary. 
7 30 units 


ou hf 








Vertex: (2, 13) 


Checkpoints for Section 3.2 
1 vi 


A 








2 (a) Rises to the left; Rises to the right 
(b) Falls to the left; Falls to the right 









3 Rises to the left; Falls to the right 4 +2 By Ose tl 
6 4 i P 
> 2200 t 
5 3 2000 + 
= Ss 1800 + 
BE 1600+ 
oe 3 & 1400 + 
= Fe 1200 +- 





1000 + 
SSS SS 
2) Seino) sO saee, 


Year (0 <> 2000) 


2006 (t ~ 5.9) 








Checkpoints for Section 3.3 
(Ge = AGe = Bor ak Al) PL 5 = Dye ap 4 
ye sp 116} 


2 ——— 2x? + 3x + 15 — 
5x Ly re 4 x Bye ap ike) we 





3 
5 3 
62-2 6 1 =On = 8 





1 Q = 0 


F(x) = (& + 2)@ + 4)@? — 1) 
= (+ 2a + 4)(e + 1)@ — 1) 


SINTOdMOWHO 


A88 


Answers to Checkpoints 


7 (a) ~ 106% (b) ~ 15.9% 
Checkpoints for Section 3.4 
1 Norational zeros 2 —2,1 3 -2,-1,5 4-2 
5 The function has a zero between 1.3 and 1.4. Gi 290) 
1 01247, 1.445, 2:802 8 x= 1.89 9 ~ $289,000 
Checkpoints for Section 3.5 
i GW ayer () 7 7) (@)) =Bisr Wy  ((o) IO = AO 
3 7 
3 44+i 4 4431 5 ee 
2 2 
6 Imaginary 7 The complex number —3 is 
; lee eae not in the Mandelbrot Set 
because for c = —3, the 
2 corresponding Mandelbrot 
ee sequence is —3, 6, 33, 1086, 
on $—+—+ + +> Rea IRI79393 ee ee wiichiis 
-14 _ unbounded. 
+o —31 


Checkpoints for Section 3.6 


1 
2 


Four zeros: +/6,+/6i 
(a) £1,431: (Ga = DG 1) — 30) @ 37) 
(oO) Sy 3 = 2 

Ba) = a — 3) — 3) a LG =) Goat) 
(a) Answers will vary. Sample answer: f(x) = x* — Sx? — 36 
(b) Answers will vary. 

Sample answer: f(x) = x° — 11x? + 36x — 26 


(a) (x2 + 4)(x2 — 3) (b) (x2 + 4)(x — V3)(x + V3) 


Checkpoints for Section 3.7 


1 


ih 


The domain of f is all real numbers except x = 1. As x 
approaches | from the left, f(x) decreases without bound. As x 
approaches | from the right, f(x) increases without bound. 
Horizontal asymptote: y = 1; No vertical asymptotes 

; 4 y 


A 
} 





4+-------= 


| 
: 
Soi 


r 
b 


10-8 -6 —4 








$1,066,667 8 ~ 6.8 acres per person 














Chapter 4 
Checkpoints for Section 4.1 
oleae (co) enon Pd i G3) 5 = KO) 
3 x —6P +6=x% YO? +6) -6=x 
‘ Sey eee 5 
AT EC) iS One Ut) ear 
6 ‘ if ; 
ey s 
& 124 t Ms 
f 8 Ri i 
: é H 0 ou a 2S 
744 ttt it 
-6 -4 7) 2 4 67 '8 TOM2aTe 
2 
reel 





8 (a) f does not have an inverse function. 
(b) fhas an inverse function. 


Checkpoints for Section 4.2 


1 3.918 
2 














ols ae eA 2}. 9 BED 


5 403.4287935; 0.0301973834 
6 4 





+4 
-8 -6 -4 -2 2 4 6 8 


—+—_}-> x 





7 (@) 3792715 
8 ~ 9.971 pounds 


(b) $7935.08  (c) $7938.78 


Checkpoints for Section 4.3 
41. (a) 2 (bh) —2, = 425 2.301 30 





Answers to Checkpoints A89 




















4 2 $4000 is invested at 3% and $11,000 is invested at 5%. 
(S45, =P, Sy) 4 No solution 5 (4,0) 
6 ~ 4702 pairs of shoes 7 2006 (t ~ 6.7) 
; Checkpoints for Section 5.2 
Jee eee) one oe2) OS  (=3 3) 
4 (1, -4) 5 No solution () (a, =e = 5) 
7 Speed of plane: ~ 471.18 miles per hour 
Speed of wind: ~ 16.63 miles per hour 
6 8 (2,000,000, 290) 
Checkpoints for Section 5.3 
ab (il, = 3.49) (i DB) 3 No solution 
4 (—2a = = —ja t+ ‘, a) 5 (fa,tta — |, a) 
6 Answers will vary. Sample answer: $650,000 at 5%, $150,000 
at 7%, $200,000 at 8%, $200,000 at 10% 
YM ID reli ies oa 
7a) 7. %)0 © 2 8 ~-2303 us teams Checkpoints for Section 5.4 
10 103.0 in., 114.0 in., 128.2 in., 132.8 in., 141.7 in. 1 ay ae Pt 2 
‘a { 44 
Checkpoints for Section 4.4 bo sf 34 
feet 2 1936 3 21og,,5 — logic3 b oT i 
9) 4 " | a | | ‘ 
4 —-In-= -—(In2 - Ine) 5 iIn2+ lim +2Inn be | of 1-3 ee ee 
e 
= —In2 + Ine ; ii ans 
=1—In2 4-3-2 -1, oe 
(x + 1)2 | ' 
6 Pei G 1)3 7 Iny= 5 In x 8 30 decibels 3 4 
yf 
Checkpoints for Section 4.5 Tl d 
caus (b) 216 (ce) 5 aC 
2 (a) log, 84 ~ 2.473 = (b) log, 38 ~ 1.580 : a 
3 In15~2.708 4 +(7 + log, 24) ~ 4.646 i | 
5 In3~1.099,In4~1386 6 (a)5 (b) = 5-4 m4 
if 8 8 et = 54.598 9 4 10 =~ 2.70 years Po Re seat ey ee 
11 2001 (¢ = 11.01) 
5 y 
Checkpoints for Section 4.6 4 
1 2013 (t= 23.89) 2 y= 3e%!%I7% 3 = 7671 years FY 
y ne a | M 
4 4 ++— Bi To x 
0.0040 5-4 3* ~1 mm 638lUw 4S 
0.0035 ' be 4 
= 0.0030 on ' 
3 2s rf hi ; 
E 0020 | | 
A oto se cine, 
0.0005 = 
cg A an a ge 6 Consumer surplus: $60,000,000 
“ai Producer surplus: $60,000,000 
reading score 7 No. The combination of 4 cups of dietary drink X and | cup of 
Average score: 501 dietary drink Y does not meet all the minimum daily requirements. 
5 9 days 6 ~ 31,622,777; 100 times greater Checkpoints for Section 5.5 
7 1x 10~° mole of hydrogen per liter qo Maximauaiyaluesat (03)08 
8 Logistic growth model 2 (a) Maximum value at (27, 0): 135 


Chapter 5 2 


Checkpoints for Section 5.1 
th (GI) 


(b) Minimum value at (0, 0): 0 
No maximum value 


SINTOdMOAHO 


A90 Answers to Checkpoints 


4 The maximum profit would be $2925, and it would occur 
at monthly production levels of 1050 units of product I and 
150 units of product IL. 

5 The minimum cost would be $0.56 per day, and it would 
occur when | cup of drink X and 4 cups of drink Y were con- 


sumed each day. 


Chapter 6 
Checkpoints for Section 6.1 
ees 
4—3: -§ =—§ i 
2 3 6 4D 3 Multiply the second row by 3. 
2x3 
4 Yo Dyeing 3 5 Row-echelon form 
y+4 3 
2 
(—29, —11, 2) 


6 (-1,0, —1, 3) 7 No solution Sie(Onoqo)) 
9 (—-9a 10; =5a a) 


Checkpoints for Section 6.2 




















(ey 3) 
1 a, =5,4), = 2,4, = —l1, 4a, =3 2 gy a 
4 8 =2 D9) = 
3 (a) 0 a 6 op} fy 6 5) 
6 4 10 Hel 4 12 
1 | 246 = 4 
* 12 ‘| 2 | Wee eee) 
5 ] Cy Sate he 
6, ee 4 16) a eee 
ae: =10 94 =5 10 
. as 
9 Not possible 10 AB =[6], BA = _9 ‘| 
2 3\|x — = 
11 | sa | age alli 
6 lee —=30 6 








12 Women’s team: $2490; Men’s team: $2871 
Checkpoints for Section 6.3 


| | 
AB é é 
1 Ai land BA ! Z |: | 





w 
—- NMS 
Ke NON 

pay 


Checkpoints for Section 6.4 
1. (8) =7 (b) 10 (c) O 


2 Minors: M,, = —9, M,. = —10, M,, = 2, M2, =5, 
M,, 2, M,, = —3, M3, = 13, Mg = 5, 
‘My, l 
Cofactors: C,, = —9, Cy = 10, C1; = 2, Cy = 5, 
Cop = = 2; Coy * 3, Cy, = 13) Cp == 5 
Cis | 


Checkpoints for Section 6.5 


1 14 2 Not collinear 4} se Pap? a’ 
A (i5ieege2 12] Oe eG ei) [183 = 5.220) 
(4s es ono. 18) 4 ts 12) 





5 110; 39, = 59, 25) = 215-3237 18,5, 4 eee 


[49 N= 56 15,80 ro) ao 
6 OWLS ARE NOCTURNAL 


Chapter 7 


Checkpoints for Section 7.1 
eo eS 


AM 63 toe) 55. 
Ail 
7, 44> V8.8) = 
= 


9 (a) $1007.50, $1015.06, $1022.67 (b) $1126.99 


he 30 4 = 7 
Des, XG 6 4(n + 1) 


joo Wie 





; Not unique 


Checkpoints for Section 7.2 
1 (a) Arithmetic sequence; d = 2 
(b) Not an arithmetic sequence 


(c) Arithmetic sequence; d = —3 
PI Weis = Pape) 3 28 4 (a) 4 (b) —23 
by (6), 9), ID, IIS MS oo 6 175 


7 30,100 8 $2,500,000 


Checkpoints for Section 7.3 

1 Geometric; 4 A Gy ites, Sy4h, MG 

3 ~ 104.021 4 a, =4(5)"-1; 195,312,500 
5 U2 6 59048 7 F 8 $1168.81 





Checkpoints for Section 7.4 


24, 


ieee (2) LC) (>) ime (cl) Oe (0) aa) 3 84, 126, 36 


4 x5 + 10x4 + 40x32 + 80x? + 80x + 32 
5 243x5 + 405x4 + 270x3 + 90x? + 15x + 1 
6 (a) 8064a°b° ~— (b): 67,500a*b* 


Checkpoints for Section 7.5 

1° 3 A” 3 17,576 4 2,600,000 
5 24 6 120 7 1260 8 10 

9 22,100 10 Permutations 


Checkpoints for Section 7.6 


1 S={1)203,4,5,6} 2 B=4 315, Same 


I 4 
—— ~ 0.135 — 
962,508 8 ~ 13 


8 &=0125 9 0.4225 


~“ 
u 
o 
Ww 
S 
oo 


Answers to Tech Tutors 


Answers to Tech Tutors AQ1 





Section 0.2 (page 11) 
11; 23 


Section 1.2 (page 85) 
$143.75 


Section 1.4 (page 106) 
1.854, —4.854 


Section 2.2 (page 175) 


y = 2.2x + 11.3 


Section 2.6 (page 221) 


(a) g(x) is shifted four units to the right. 


h(x) is shifted four units to the right and three units upward. 





(b) g(x) is shifted one unit to the left. 
h(x) is shifted one unit to the left and two units downward. 





(c) g(x) is shifted four units to the left. 
h(x) is shifted four units to the left and two units upward. 





Section 3.6 (page 307) 
(eae (Db) x = 3-0 8(c)x = 0 (d) x= 21 


Section 4.6 (page 388) 


C = 138.78e°:!97'; the models are the same. 


Section 5.1 (page 411) 





Solution: (3, 1) 


Section 5.2 (page 423) 
(16, 14) 


Section 6.2 (page 489) 


6 6° 12] 
(a9) OSs 
6 3 6 





-2 -1 -2 
AP oe 12 
(c) |-10 4 -6 
slots Me) 


Section 7.1 (page 542) 


For increasingly large values of n, the calculator displays the 
values in scientific notation. 


A92 Index 


Index 


A 


Absolute value, 6 
function, graph of, 215 
inequality, solving, 131 
properties of, 6 

Adding fractions 
with like denominators, 14 
with unlike denominators, 14 


least common denominator method, 


15 

Addition, 12 

of complex numbers, 298 

of a constant in an inequality, 128 

of inequalities, 128 

of matrices, 488 

properties of, 490 

of polynomials, 41 
Additive identity 

for complex numbers, 298 

for matrices, 491 

for real numbers, 12 
Additive inverse 

for complex numbers, 298 

for real numbers, 12 
Algebra, basic rules of, 12 
Algebraic equation, 80 
Algebraic expression(s), 10 

constant terms of, 10 

constants, 10 

domain of, 55 

equivalent, 55 

evaluating, 11 

terms of, 10 

variable terms of, 10 

variables, 10 
Algebraic function, 346 
Approximately equal to, 3 
Area 

common formulas for, 86 

of a triangle, 521 
Arithmetic sequence, 550 

common difference of, 550 

finite, sum of, 553 

nth partial sum of, 553 

nth term of, 551 
Associative Property of Addition 

for complex numbers, 299 

for matrices, 490 

for real numbers, 12 
Associative Property of Multiplication 

for complex numbers, 299 

for matrices, 494 

for real numbers, 12 
Associative Property of Scalar 

Multiplication, 490, 494 

Asymptote(s) 

horizontal, 315, 316 


of a hyperbola, Al4 

oblique, 319 

slant, 319 

vertical, 315, 316 
Augmented matrix, 475 
Average value of a population, 391 
Axis 

imaginary, 302 

of a parabola, 251, A9 

real, 302 

of symmetry, 251 


B 


Back-substitution, 411 
Balance in an account, 25 
Base 
of an exponential expression, 20 
of an exponential function, 346 
natural, 350 
Basic rules of algebra, 12 
Additive Identity Property, 12 
Additive Inverse Property, 12 
Associative Property of Addition, 12 
Associative Property of Multiplication, 
12 
Commutative Property of Addition, 
Commutative Property of 
Multiplication, 12 
Distributive Property, 12 
Multiplicative Identity Property, 12 
Multiplicative Inverse Property, 12 
Bell-shaped curve, 391 
Binomial, 40 
cube of, 43 
expanding, 571 
square of, 43 
Binomial coefficient, 568 
Binomial Theorem, 568 
Bounded, 302 
interval(s), 126 
on the real number line, 126 
sequence, 302 
Branches of a hyperbola, A1l3 
Break-even point, 415 


~~) 


C 


Cartesian plane, 158 
Center 
of a circle, 166 
of an ellipse, Al] 
of a hyperbola, A1l3 
Certain event, 586 
Change-of-base formula, 369 
Characteristics of exponential functions, 
348 
Characteristics of logarithmic functions, 
361 


Checking a solution, 72 
Circle, 166 
area of, 86 
center of, 166 
circumference of, 86 
general form of the equation of, 167 
radius of, 166 
standard form of the equation of, 166, 
Al9 
Circular cylinder, volume of, 86 
Closed interval, 126 
Coded row matrices, 524 
Coefficient 
binomial, 568 
leading, 40 
of a term of a polynomial, 40 
of a variable term, 10 
Coefficient matrix, 475 
Cofactors of a square matrix, 515 
expanding by, 516 
Collinear points, test for, 522 
Column matrix, 475 
Column of a matrix, 474 
Combinations of n elements taken r at a 
time, 580 
Common difference, 550 
Common formulas, 86 
for area, 86 
miscellaneous, 86 
for perimeter, 86 
for volume, 86 
Common graphs of functions, 215 
Common logarithmic function, 359 
Common ratio, 558 
Commutative Property of Addition 
for complex numbers, 299 
for matrices, 490 
for real numbers, 12 
Commutative Property of Multiplication 
for complex numbers, 299 
for real numbers, 12 
Complement of an event, 593 
probability of, 593 
Completely factored, 48 
Completing the square, 104, 167 
Complex conjugate, 300 
Complex fractions, 59 
Complex number(s), 297 
addition of, 298 
additive identity, 298 
additive inverse, 298 
Associative Property of Addition, 299 
Associative Property of Multiplication, 
299 
Commutative Property of Addition, 299 
Commutative Property of 
Multiplication, 299 
Distributive Property, 299 


equality of, 297 

imaginary number, 297 

pure imaginary number, 297 

standard form of, 297 

subtraction of, 298 
Complex plane, 302 

imaginary axis, 302 

real axis, 302 
Complex zeros occur in conjugate pairs, 

309 

Composite number, 15 
Composition of two functions, 232 
Compound interest, 121, 351 

formulas for, 25, 121, 352 
Condensing a logarithmic expression, 371 
Conditional equation, 70 
Conic(s) (conic section(s)), A8 

degenerate, A8 

ellipse, Al 1 

hyperbola, Al3 

parabola, A9 

standard forms of the equations of, A19 

standard position, A19 
Conjugate axis of a hyperbola, Al4 
Conjugate(s), 309 

complex, 300 

of a radical expression, 32 
Consistent system, 424 
Constant(s), 10 

function, 211, 215, 250 

of proportionality, 184 

term, 10 

of a polynomial, 40 

of variation, 184 
Constraints, 454. 
Consumer surplus, 449 
Continuous, 262 
Continuous compounding, 351 
Continuously compounded interest, 351 
Coordinate(s), 158 

axes, reflection in, 222 

of a point on the real number line, 4,158 

x-coordinate, 158 

y-coordinate, 158 
Correlation coefficient, A6 
Co-vertices of an ellipse, Al | 
Critical numbers 

of a polynomial inequality, 138 

of a rational inequality, 142 
Cross-multiplying, 75 
Cryptogram, 524 

decode, 524 

encode, 524 
Cube(s) 

of a binomial, 43 

difference of two, 49 

perfect, 30 

root, 29 

sum of two, 49 

volume of, 86 
Cubing function, graph of, 215 


Curve 
bell-shaped, 391 
logistic, 392 
sigmoidal, 392 
Cylinder, volume of, 86 


D 
Decimal 

repeating, 3 

rounded, 3 

terminating, 3 
Decision digit, 17 
Decoding messages, 524 
Decreasing function, 211 
Defined function, 202 


egenerate conic, A8 


of a polynomial, 40, 41 
of a term, 40, 41 
Denominator, 12 
least common, 15 
rationalizing the, 31, 32 
Dependent system, 424 
Dependent variable, 196, 202 
Determinant 
of a 2 x 2 matrix, 506, 513 
area of a triangle, 521 
of a matrix, 516 
of a square matrix, 513, 51 
test for collinear points, 52 
two-point form of the equation of a 
line, 523 
Diagonal matrix, 519 
Difference 
of two cubes, factoring, 49 
of two functions, 230 
of two squares, factoring, 49 
Dimension of a matrix, 474 
Direct variation, 184 
Directly proportional, 184 
Directrix of a parabola, A9 
Discriminant, 105 
Distance 
between two numbers, 6 
traveled, formula for, 86 
Distance Formula, 159 
Distinguishable permutations, 579 
Distributive Property 
for complex numbers, 299 
for matrices, 494 
for real numbers, 12 
Divides evenly, 273 
Dividing fractions, 14 
Division, 12 
Algorithm, 273 
Factor Theorem, 277 
long, 272 
Remainder Theorem, 276 
synthetic, 275 
uses of the remainder in, 277 
Divisors, 15 


6 
2 


Index AQ93 


Domain 
of an algebraic expression, 55 
of a function, 195, 199, 202 
implied, 199, 202 
of a rational function, 314 
Double inequality, 5, 130 
Double solution, 94 
Double subscript notation, 474 


= 


e, natural base, 350 
Eccentricity of an ellipse, A26 
Elementary row operations, 476 
for systems of equations, 433 
Elimination 
Gaussian, 433 
with back-substitution, 480 
Gauss-Jordan, 481 
method of, 420, 422 
Ellipse, Al] 
center of, Al] 
co-vertices of, All 
eccentricity of, A26 
foci of, Al] 
latus rectum of, A18 
major axis of, Al] 
minor axis of, All 
standard form of the equation of, Al1, 
Al9 
vertices of, All 
Encoding messages, 524 
Endpoints of an interval, 126 
Entry of a matrix, 474 
main diagonal, 474 
Equal matrices, 487 
Equality 
of complex numbers, 297 
hidden, 80 
properties of, 16 
Equation(s), 16, 70 
algebraic, 80 
checking a solution, 72 
circle, general form, 167 
circle, standard form, 166, A1l9 
conditional, 70 
conics, standard form, A19 
ellipse, standard form, All, A19 
equivalent, 71 
graph of, 161 
hyperbola, standard form, Al3, Al9 
identity, 70 
of a line 
general form, 177 
horizontal, 177 
intercept form, 181 
point-slope form, 174, 177 
slope-intercept form, 176, 177 
summary of, 177 
two-point form, 175, 523 
vertical, 177 
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linear, 71 


parabola, standard form, A9, A19 


polynomial 
second-degree, 93 
solution of, 266 
position, 97, 109 
quadratic, 93 
quadratic type, 116 
recognition, 166 
solution(s) of, 70, 161 
solving, 70 
system of, 410 
solution of, 410 
true, 70 
Equation editor, Al 
Equilibrium, point of, 427, 449 
Equivalent 
algebraic expressions, 55 
equations, 71 
forming, 71 
fractions, 14 
generate, 14 
inequalities, 128 
systems of equations, 421, 433 
operations that produce, 433 
Escape velocity, 35 


Evaluating an algebraic expression, 11 


Even function, 214 
test for, 214 
Event(s), 585 
certain, 586 
complement of, 593 
impossible, 586 
independent, 591 
mutually exclusive, 589 
probability of, 586 
Existence theorem, 306 
Expanding 
a binomial, 571 
by cofactors, 516 
a logarithmic expression, 371 
Experiment, 585 
Exponent(s), 20 
properties of, 21, 33 
rational, 33 
Exponential 
decay model, 387 
equation 
Inverse Property, 377 
One-to-One Property, 377 
strategies for solving, 377 
form, 20 
function, 
with base a, 346 
characteristics of, 348 
natural, 350 
growth model, 387 
notation, 20 
Exponentiating, 380 
Expression(s) 


algebraic, 10 


domain of, 55 

equivalent, 55 

fractional, 56 

radical, simplest form of, 31 

rational, 56 

simplified, 63 
Extracting square roots, 95 
Extraneous solution, 74, 117 
Extrapolation, linear, 175 


F 


Woe as, WOH 


Factor(s), 15 
of a polynomial, 266, 310 
Factor Theorem, 277 
Factorial, 542 
Factoring, 48 
difference of two cubes, 49 
difference of two squares, 49 
by grouping, 52 
perfect square trinomial, 49 
special polynomial forms, 49 
sum of two cubes, 49 
Falling object 
position equation for, 97, 109 
Family of functions, 221] 
Feasible solutions, 454 


Finding a determinant, expanding by 


cofactors, 516 
Finding inverse functions, 339 
Finding an inverse matrix, 504 


Finding test intervals for a polynomial, 138 


Finding zeros of a polynomial 


Intermediate Value Theorem, 285 


Rational Zero Test, 282 
zoom-and-trace technique, 287 
Finite 
sequence, 540 
series, 544 
Fixed costs, 91 
Focus (foci) 
of an ellipse, Al] 
of a hyperbola, Al3 
of a parabola, A9 
FOIL Method, 42 
Forming equivalent equations, 71] 
Formula(s) 
change-of-base, 369 
common 
area, 86 
miscellaneous, 86 
for distance traveled, 86 
for simple interest, 86 
for temperature, 86 
perimeter, 86 
volume, 86 


for compound interest, 25, 121, 352 


Distance, 159 
Midpoint, 160 
Pythagorean Theorem, 98 


Quadratic, 104 
recursion, 552 


Fractal, 302 
Fractal geometry, 302 
Fraction(s), 3 


adding 

like denominators, 14 

unlike denominators, 14 

least common denominator 
method, 15 

complex, 59 
denominator, 12 
dividing, 14 
equivalent, 14 

generate, 14 
least common denominator, 15 
multiplying, 14 
numerator, 12 
properties of, 14 
rules of signs, 14 
subtracting 

like denominators, 14 

unlike denominators, 14 

least common denominator 
method, 15 


Fractional expression, 56 
Function(s), 195, 202 


absolute value, graph of, 215 
algebraic, 346 
common graphs of, 215 
composition of, 232 
constant, 211, 215, 250 
continuous, 262 
cubing, graph of, 215 
decreasing, 211] 
defined, 202 
dependent variable, 196, 202 
difference of, 230 
domain of, 195, 199, 202 
even, 214 
exponential, 346 
characteristics of, 348 
natural, 350 
family of, 221 
graph of, 209 
greatest integer, 213 
identity, graph of, 215 
implied domain, 199, 202 
increasing, 211 
independent variable, 196, 202 
inverse, 336, 337 
finding, 339 
linear, 250 
logarithmic, 358 
characteristics of, 361 
common, 359 
natural, 362 
properties of, 359, 362, 370 
name of, 202 
notation, 197 
objective, 454 


odd, 214 

piecewise-defined, 198 

polynomial, 250 

product of, 230 

quadratic, 250 

quotient of, 230 

range of, 195, 202, 209 

rational, 314 

guidelines for graphing, 317 

relative maximum of, 212 

relative minimum of, 212 

square root, graph of, 215 

squaring, graph of, 215 

step, 213 

sum of, 230 

terminology, summary of, 202 

test for even and odd, 214 

transcendental, 346 

undefined, 202 

value at x, 197, 202 

Vertical Line Test for, 210 

zero of, 209, 266 
Fundamental Counting Principle, 576 
Fundamental Theorem of Algebra, 306 
Fundamental Theorem of Arithmetic, 15 


G 


Gaussian elimination for a system of 
linear equations, 433 
with back-substitution, 480 
Gaussian model, 387, 391 
Gauss-Jordan elimination, 481 
General form of the equation 
of a circle, 167 
of a line, 177 
Generating equivalent fractions, 14 
Geometric sequence, 558 
common ratio of, 558 
finite, sum of, 561 
nth term of, 559 
Geometric series, 562 
sum of, 562 
Graph 
of an absolute value function, 215 
continuous, 262 
of a cubing function, 215 
of an equation, 161 
intercept of, 163 
symmetry of, 164 
of an exponential function, 347 
of a function, 209 
horizontal shift of, 220 
of an identity function, 215 
of an inequality, 126 
in two variables, 445 
of an inverse function, 340 
of a logarithmic function, 360 
nonrigid transformation of, 224 
of a rational function, 317 
reflection of, 222 


rigid transformation of, 224 
of a square root function, 215 
of a squaring function, 215 
turning points of, 266 
vertical shift of, 220 
vertical shrink of, 224 
vertical stretch of, 224 
Graphical interpretation of solutions of 
systems of linear equations, 424 
Graphing, point-plotting method, 161 
Graphing utility 
equation editor, Al 
features 
intersect, AS 
maximum, A7 
minimum, A7 
regression, A6 
root, A4 
table, A2 
trace, A3 
zero, A4 
zoom, A3 
uses of, Al 
viewing window, A2 
square setting, A3 
Greater than, 4 
or equal to, 4 
Greatest integer function, 213 
Guidelines for graphing rational 
functions, 317 


H 


Half-life, 353 
Hidden 
equality, 80 
product, 85 
Horizontal asymptote, 315 
of a rational function, 315, 316 
Horizontal line, 177 
Horizontal Line Test, 341 
Horizontal shift, 220 
Human memory model, 364 
Hyperbola, 315, Al3 
asymptotes of, Al4 
branches of, A1l3 
center of, A13 
conjugate axis of, Al4 
foci of, A1l3 
standard form of the equation of, A13, 
A19 
transverse axis of, A13 
vertices of, A13 


Identity, 70 
function, graph of, 215 
matrix, 494 
If and only if, 14 
Imaginary axis, 302 
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Imaginary number, 297 
pure, 297 
Imaginary unit i, 297 
Implied domain, 199, 202 
Impossible event, 586 
Improper rational expression, 273 
Inclusive or, 14 
Inconsistent system, 424 
Increasing annuity, 563 
Increasing function, 211 
Independent events, 591 
probability of, 591 
Independent system, 424 
Independent variable, 196, 202 
Index 
of a radical, 29 
of summation, 544 
Inductive, 516 
Inequalities, 5 
absolute value, solving, 131 
double, 5, 130 
equivalent, 128 
graph of, 126 
linear, 129 
in two variables, 445 
properties of, 128 
rational, 142 
satisfy, 126 
solution set of, 126 
solutions of, 126 
solving, 126 
symbols, 5 
in two variables 
graph of, 445 
sketching the graph of, 445 
solution of, 445 
Infinite 
geometric series, 562 
sum of, 562 
sequence, 540 
series, 544 
wedge, 448 
Infinity 
negative, 127 
positive, 127 
Integers, 2 
irreducible over, 48 
negative, 2 
positive, 2 
Intercept 
of a graph, 163 
x-intercept, 163 
y-intercept, 163 
Intercept form of the equation of a line, 181 
Interest 
compound, 25, 121, 351, 352 
continuously compounded, 351, 352 
simple, 25, 86 
Intermediate Value Theorem, 285 
Interpolation, linear, 175 
Intersect feature, AS 
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Intersection 
of A and B, 589 
point of, 414 
Interval 
bounded, 126 
closed, 126 
endpoints of, 126 
open, 126 
unbounded, 127 
Inverse 
of a real number 
additive, 12 
multiplicative, 12 
of a square matrix, 502 
finding, 504 
Inverse function, 336, 337 
finding, 339 
Horizontal Line Test for, 341 
Inverse Property 
of exponential equations, 377 
of logarithmic equations, 377 
Invertible matrix, 503 
Irrational numbers, 3 
Irreducible 
over the integers, 48 
over the rationals, 310 
over the reals, 310 


E 


Latus rectum of an ellipse, A18 
Law of Trichotomy, 5 
Leading 1, 478 
Leading coefficient of a polynomial, 40 
Leading Coefficient Test, 264 
Least common denominator method for 
adding or subtracting fractions, 15 
Less than, 4 
or equal to, 4 
Like radicals, 34 
Like terms of a polynomial, 41 
Line(s) 
equation of 
general form, 177 
intercept form, 181 
point-slope form, 174, 177 
slope-intercept form, 176, 177 
summary of, 177 
two-point form, 175, 523 
horizontal, 177 
parallel, 178 
perpendicular, 179 
slope of, 172, 173 
vertical, 177 
Linear equation, 71 
Linear extrapolation, 175 
Linear Factorization Theorem, 306 
Linear function, 250 
Linear inequality, 129 
in two variables, 445 
system of, 447 


Linear interpolation, 175 
Linear programming, 454 
Linear programming problem 
optimal solution of, 454 
solving, 454 
unbounded, 457 
Linear regression, 188 
Locus, A8 
Logarithmic equation 
Inverse Property, 377 
One-to-One Property, 377 
solving, 377 
by exponentiating, 380 
strategies for solving, 377 
Logarithmic expression 
condensing, 371 
expanding, 371 
Logarithmic function 
with base a, 358 
change-of-base formula, 369 
characteristics of, 361 
common, 359 
natural, 362 
properties of, 362, 370 
properties of, 359, 370 
Logarithmic model, 387, 393 
Logistic curve, 392 
Logistic growth model, 387, 392 
Long division of polynomials, 272 
Lower limit of summation, 544 
Lower triangular matrix, 520 


M 


Main diagonal entries, 474 
Major axis of an ellipse, Al1 
Mandelbrot Set, 302 
Mathematical model, 80, 183 
Mathematical modeling, 80 

translating key words and phrases, 81 
Matrix (matrices), 474 

addition of, 488 

properties of, 490 

additive identity, 491 

augmented, 475 

coefficient, 475 

column, 475 

column of, 474 

determinant of, 506, 513, 516 

diagonal, 519 

dimension of, 474 

Distributive Property, 494 

elementary row operations, 476 

entry of, 474 

equal, 487 

finding an inverse, 504 

identity, 494 

invertible, 503 

multiplication of, 492 

properties of, 494 
nonsingular, 503 


product of two, 492 
row, 475 
coded and uncoded, 524 
row-echelon form, 478 
reduced, 478 
row-equivalent, 476 
row of, 474 
scalar, 488 
multiple, 488 
multiplication, 488 
properties of, 490 
singular, 503 
square, 474 
cofactors of, 515 
determinant of, 513, 516 
inverse of, 502 
main diagonal entries of, 474 
minors of, 515 
stochastic, 501 
triangular, 520 
lower and upper, 520 
zero, 491 
Maximum feature, A7 
Method of elimination, 420, 422 
Method of substitution, 410 
Midpoint Formula, 160 
Midpoint of a line segment, 160 
Minimum feature, A7 
Minor axis of an ellipse, All 
Minors of a square matrix, 515 
Miscellaneous common formulas, 86 
Mixture problem, 85 
Model 
mathematical, 80, 183 
verbal, 80 
Monomial, 40 
Multiplication, 12 
by a constant in an inequality, 128 
matrix, 492 
scalar, 488 
Multiplicative Identity Property for real 
numbers, 12 
Multiplicative Inverse Property for real 
numbers, 12 
Multiplicity, 267 
Multiplying fractions, 14 
Mutually exclusive events, 589 
probability of, 589 





N 


n factorial, 542 
Name of a function, 202 
Natural base, 350 
Natural exponential function, 350 
Natural logarithmic function, 362 
properties of, 362, 370 
Natural numbers, 2 
Negation, properties of, 13 
Negative 

infinity, 127 





integers, 2 
numbers, 4 
Nonnegative real numbers, 4 
Nonrigid transformation of a graph, 224 
Nonsingular matrix, 503 
Nonsquare system, 436 
Normally distributed population, 391 
Not equal to, 3 
Notation 
exponential, 20 
function, 197 
scientific, 23 
sigma, 544 
summation, 544 
nth partial sum, 544 
of an arithmetic sequence, 553 
nth root of a number, 29 
principal, 29 
nth term 
of an arithmetic sequence, 551 
of a geometric sequence, 559 
Number(s) 
of combinations of n elements taken r 
at a time, 580 
complex, 297 
composite, 15 
imaginary, 297 
pure, 297 
irrational, 3 
natural, 2 
negative, 4 
nonnegative real, 4 
nth root of, 29 
of permutations of n elements, 577 
taken r at a time, 578 
positive, 4 
prime, 15 
principal nth root of, 29 
rational, 3 
real, 2 
nonnegative, 4 
of solutions of a linear system, 434 
whole, 3 
Number line, real, 4 
Numerator, 12 


O 


Objective function, 454 
Oblique asymptote, 319 
Odd function, 214 
test for, 214 
One-to-One Property 
of exponential equations, 377 
of logarithmic equations, 377 
Open interval, 126 
Operations that produce equivalent 
systems, 433 
Optimal solution of a linear programming 
problem, 454 
Optimization, 454 
Order of operations, 62 


Order on the real number line, 4 
Ordered pair, 158 
Ordered triple, 432 
Origin, 4 
of the real number line, 4 


of the rectangular coordinate system, 


158 
symmetry, 164 
Outcomes, 585 


P 


Parabola, 250, A9 
axis of, 251, A9 
axis of symmetry, 251 
directrix of, A9 
focus of, A9 


standard form of the equation of, A9, 


Al9 
vertex of, 251, A9 
Parallel lines, 178 
Pascal’s Triangle, 570 
Perfect 
cubes, 30 
square trinomial, factoring, 49 
squares, 30 
Perimeter, common formulas for, 86 
Permutation(s), 577 
distinguishable, 579 
of n elements, 577 
taken r at a time, 578 
Perpendicular lines, 179 
Piecewise-defined function, 198 
Point of diminishing returns, 271 
Point of equilibrium, 427, 449 
Point of intersection, 414 
Point-plotting method of graphing, 161 
Point-slope form of the equation of a 
line, 174, 177 
Polynomial(s), 40 
addition of, 41 
binomial, 40 
completely factored, 48 
complex zeros of, 309 
constant term of, 40 
degree of, 40, 41 
division of 
long, 272 
synthetic, 275 
equation 
second-degree, 93 
solution of, 266 
factor(s) of, 266, 310 
Factor Theorem, 277 
factoring of, 48 
finding test intervals for, 138 
finding zeros of 
Intermediate Value Theorem, 285 
Rational Zero Test, 282 
zoom-and-trace technique, 287 
FOIL method, 42 
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function, 250 
real zeros of, 266 
of x with degree n, 250 
inequality 
critical numbers of, 138 
test intervals of, 138 
Intermediate Value Theorem, 285 
irreducible over the integers, 48 
leading coefficient of, 40 
like terms of, 41 
monomial, 40 
prime, 48 
product of, 42 
Remainder Theorem, 276 
special products of, 43 
standard form of, 40 
subtraction of, 41 
term 
coefficient of, 40 
degree of, 40, 41 
trinomial, 40 
in x, 40 
x-intercept of, 266 
zero, 41 
zeros of, 138 
Position equation, 97, 109 
Positive 
infinity, 127 
integers, 2 
numbers, 4 
Power, 20 
Present value of money, 355 
Prime 
factorization, 15 
number, 15 
polynomial, 48 
Principal nth root of a number, 29 
Principal square root of a negative 
number, 301 
Probability, 585 
of a complement, 593 
of an event, 586 
properties of, 586 
of independent events, 591 
of mutually exclusive events, 589 
of the union of two events, 589 
Producer surplus, 449 
Product 
of polynomials, 42 
of two functions, 230 
of two matrices, 492 
Proper rational expression, 273 
Properties 
of absolute value, 6 
of Equality, 16 
Reflexive, 16 
Symmetric, 16 
Transitive, 16 
of exponents, 21, 33 
of fractions, 14 
of inequalities, 128 
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Inverse, 377 

of logarithms, 359, 370 

of matrix addition, 490 

of matrix multiplication, 494 

of natural logarithms, 362, 370 

of negation, 13 

One-to-One, 377 

of the probability of an event, 586 

of radicals, 30 

of scalar multiplication, 490 

of sums, 545 

of zero, 14 

Zero-Factor, 14, 93 
Proportion, 84 
Proportionality, constant of, 184 
Pure imaginary number, 297 
Pythagorean Theorem, 98 


Q 


Quadrants, 158 
Quadratic equation, 93 
double solution, 94 
repeated solution, 94 
solutions of, 105 
solving 
by extracting square roots, 95 
by factoring, 93 
using Quadratic Formula, 104 
Quadratic Formula, 104 
discriminant, 105 
Quadratic function, 250 
standard form of, 253 
Quadratic type, 116 
Quotient of two functions, 230 


R 


Radical(s) 
conjugate, 32 
index of, 29 
like, 34 
properties of, 30 
simplest form, 31 
symbol, 29 
Radicand, 29 
Radius of a circle, 166 
Range of a function, 195, 202, 209 
Rate, 172 
Rate of change, 172, 186 
Ratio, 84, 172 
Rational, 3 
exponents, 33 
properties of, 33 
expression, 56 
improper, 273 
proper, 273 
undefined values of, 142 
zeros of, 142 
function, 314 
domain of, 314 


guidelines for graphing, 317 
horizontal asymptote of, 315, 316 
slant asymptote of, 319 
vertical asymptote of, 315, 316 
inequality, critical numbers of, 142 
numbers, 3 
irreducible over, 310 
Rational Zero Test, 282 
Rationalizing the denominator, 31, 32 
Real axis, 302 
Real number(s), 2 
absolute value of, 6 
basic rules of algebra for, 12 
irreducible over, 310 
nonnegative, 4 
Real number line, 4 
bounded intervals on, 126 
coordinate, 4 
order on, 4 
origin of, 4 
unbounded intervals on, 127 
Real zeros of polynomial functions, 266 
Reciprocal, 12 
Rectangle 
area of, 86 
perimeter of, 86 
Rectangular coordinate system, 158 
origin of, 158 
quadrants, 158 
x-axis, 158 
y-axis, 158 
Rectangular solid 
volume of, 86 
Recursion formula, 552 
Red herring, 92 
Reduced row-echelon form, 478 
Reflection, 222 
in the x-axis, 222 
in the y-axis, 222 
Reflexive Property of Equality, 16 
Regression feature, A6 
Relative maximum, 212 
Relative minimum, 212 
Remainder Theorem, 276 
Repeated solution, 94 
Repeated zero, 267 
Repeating decimal, 3 
Rigid transformation of a graph, 224 
Root 
cube, 29 
nth, 29 
principal, 29 
square, 29 
principal, 308 
Root feature, A4 
Rounded, 3 
Rounding decimals, 17 
decision digit for, 17 
Row-echelon form 
of a matrix, 478 


reduced, 478 
of a system of linear equations, 432 
Row-equivalent matrices, 476 
Row matrix, 475 
coded, 524 
uncoded, 524 
Row of a matrix, 474 
Row operations 
elementary 
for matrices, 476 
for systems of equations, 433 
Rules of signs for fractions, 14 


Ss 


Sample space, 585 
Satisfying an inequality, 126 
Scalar, 488 
Identity Property, 490 
multiple, 488 
multiplication, 488 
properties of, 490 
Scatter plot, 188 
Scientific notation, 23 
Second-degree polynomial equation in x, 
93 
Sequence, 540 
arithmetic, 550 
common difference of, 550 
nth term of, 551 
bounded, 302 
finite, 540 
geometric, 558 
common ratio of, 558 
nth term of, 559 
infinite, 540 
terms of, 540 
unbounded, 302 
Series 
finite, 544 
geometric, 562 
infinite, 562 
infinite, 544 
Sete 
of real numbers, 2 
Shift 
horizontal, 220 
vertical, 220 
Sigma notation, 544 
Sigmoidal curve, 392 
Simple interest formula, 25, 86 
Simplest form of a radical, 31 
Singular matrix, 503 
Slant asymptote, 319 
Slope-intercept form of the equation of a 
line, 176, 177 
Slope of a line, 172, 173 
Solution(s) 
double, 94 
of an equation, 70, 161 
checking, 72 


extraneous, 74, 117 
feasible, 454 
of an inequality, 126, 445 
of a polynomial equation, 266 
of a quadratic equation, 105 
repeated, 94 
set of an inequality, 126 
of a system of equations, 410 
of a system of linear inequalities, 447 
Solve 
an equation in x, 70 
an inequality in x, 126 
Solving 
an absolute value equation, 119 
an absolute value inequality, 131 
an equation, 70 
an equation with fractions, 118 
cross-multiplying, 75 
an equation of quadratic type, 116 
an equation with radicals, 117 
an equation with rational exponents, 
(AC7 
an exponential equation, 377 
an inequality, 126 
a linear programming problem, 454 
a logarithmic equation, 377 
exponentiating, 380 
a quadratic equation 
by extracting square roots, 95 
by factoring, 93 
using Quadratic Formula, 104 
a system of equations, 410 
by Gaussian elimination, 433 
by Gaussian elimination with 
back-substitution, 480 
by method of elimination, 420, 422 
by method of substitution, 410 
Special products of polynomials, 43 
cube of a binomial, 43 
square of a binomial, 43 
sum and difference of two terms, 43 
Sphere, volume of, 86 
Square(s) 
area of, 86 
of a binomial, 43 
completing the, 104 
factoring difference of two, 49 
perfect, 30 
perimeter of, 86 
Square matrix, 474 
cofactors of, 515 
determinant of, 513, 516 
inverse of, 502 
minors of, 515 
Square root(s), 29 
extracting, 95 
function, graph of, 215 
principal, 301 
Square setting, A3 
Square system, 436 
Squaring function, graph of, 215 


Standard form 
of a complex number, 297 
of the equation of a circle, 166, A19 
of the equation of an ellipse, All, A19 
of the equation of a hyperbola, A13, A19 
of the equation of a parabola, A9, A19 
of the equations of conics, A19 
of a polynomial, 40 
of a quadratic function, 253 
Standard position of conics, A19 
Step function, 213 
Stochastic matrix, 501 
Strategies for solving exponential and 
logarithmic equations, 377 
Strategy for solving word problems, 87 
Subset, 2 
Substitution, method of, 410 
Substitution Principle, 11 
Subtracting fractions 
with like denominators, 14 
with unlike denominators, 14 
least common denominator method, 15 
Subtraction, 12 
of complex numbers, 298 
of polynomials, 41 
Sum(s) 
of a finite arithmetic sequence, 553 
of a finite geometric sequence, 561 
of a geometric series, 562 
of an infinite geometric series, 562 
of matrices, 488 
nth partial, 544 
of an arithmetic sequence, 553 
properties of, 545 
of two cubes, factoring, 49 
of two functions, 230 
Sum and difference of two terms, 43 
Summation 
index of, 544 
lower limit of, 544 
notation, 544 
upper limit of, 544 
Surplus 
consumer, 449 
producer, 449 
Symmetric Property of Equality, 16 
Symmetry, 164 
axis of, 251 
tests for, 165 
with respect to origin, 164 
with respect to x-axis, 164 
with respect to y-axis, 164 
Synthetic division, 275 
for a cubic polynomial, 275 
uses of the remainder, 277 
System of equations, 410 
equivalent, 421, 433 
point of intersection, 414 
solution of, 410 
solving, 410 
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Gaussian elimination with 
back-substitution, 480 
by method of elimination, 420, 422 
by method of substitution, 410 
with a unique solution, 507 
System of linear equations 
consistent system, 424 
dependent system, 424 
graphical interpretation of solutions, 424 
inconsistent system, 424 
independent system, 424 
nonsquare, 436 
number of solutions of, 434 
row-echelon form, 432 
row operations, 433 
solving 
by Gaussian elimination, 433 
square, 436 
System of linear inequalities, 447 
solution of, 447 


T 


Table feature, A2 
Temperature formula, 86 
Term(s) 
of an algebraic expression, 10 
constant, 10 
of a polynomial, 40 
of a sequence, 540 
sum and difference of two, 43 
variable, 10 
Terminating decimal, 3 
Test(s) 
for collinear points, 522 
for even and odd functions, 214 
for symmetry, 165 
Test intervals of a polynomial inequality, 
138 
Trace feature, A3 
Transcendental function, 346 
Transformations of graphs 
horizontal shift, 220 
nonrigid, 224 
reflection, 222 
rigid, 224 
vertical shift, 220 
vertical shrink, 224 
vertical stretch, 224 
Transitive Property of Equality, 16 
Transitive Property of Inequalities, 128 
Translating key words and phrases, 81 
Transverse axis of a hyperbola, A13 
Tree diagram, 585 
Triangle 
area of, 86, 521 
perimeter of, 86 
Triangular matrix, 520 
lower, 520 
upper, 520 
Trinomial, 40 
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True equation, 70 
Turning points of a graph, 266 


Two-point form of the equation of a line, 
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U 


Unbounded 

interval, 127 

region, 457 

sequence, 302 
ncoded row matrices, 524 
ndefined function, 202 
nion of two events, probability of, 589 
pper limit of summation, 544 
pper triangular matrix, 520 
ses of a graphing utility, Al 
ses of the remainder in synthetic 

division, 277 
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V 
Value of f at x, 197, 202 
Variable, 10 
costs, 9] 
dependent, 196, 202 
independent, 196, 202 
term(s), 10 
coefficient of, 10 


Variation 
constant of, 184 
direct, 184 
Vary directly, 184 
Verbal model, 80 
Vertex (vertices) 
of an ellipse, Al] 
of a hyperbola, A13 
of a parabola, 251, A9 
Vertical asymptote, 315 
of a rational function, 315, 316 
Vertical line, 177 
Vertical Line Test, 210 
Vertical shift, 220 
Vertical shrink, 224 
Vertical stretch, 224 
Viewing window, A2 
square setting, A3 
Volume, common formulas for, 86 


W 


Whole numbers, 3 

With replacement, 575 

Without replacement, 575 

Word problems, strategy for solving, 87 


X 


x-axis, 158 


reflection in, 222 

symmetry, 164 
x-coordinate, 158 
x-intercept, 163 


ry) 


y-axis, 158 
reflection in, 222 
symmetry, 164 

y-coordinate, 158 

y-intercept, 163 


Z 


Zero(s), 2 
of a function, 209, 266 
matrix, 491] 
multiplicity of, 267 
of a polynomial, 138 
polynomial, 41 
properties of, 14 
of a rational expression, 142 
repeated, 267 
Zero-Factor Property, 14, 93 
Zero feature, A4 
Zoom feature, A3 
Zoom-and-trace technique, 287 


Applications (continued from front endsheets) 


Satellite orbit, A25, A26 
Skydiving wind resistance, 101 
Sound intensity, 373, 376, 399 
Speed 

of light, 24, 28 
Stream carrying power, 38 
Temperature, 182 
Thawing a package of steaks, 399, 407 
Throwing an object, 111, 112, 246 

baseball, 111 

on the moon, 109, 111, 112 
Work, 366 


CONSTRUCTION 


Brick pattern, 556, 557 
Fireplace arch, Al17 
Mountain tunnel, A18 

Nail length, 375 

Power line installation, 125 
Suspension bridge, A17 
Wheelchair ramp, 182 


CONSUMER 


Annual salary, 80 
Camera packages, 604 
Camping outfitters, 419 
Charitable contributions, 257, 268 
Choice of two jobs, 419 
Comparative shopping, 136 
Comparing taxi fares, 132 
Computer systems, 602 
Consumer price index, 190 
Cost 

of forklift rental, 213 

of internet access, 207 

of MP3s, 549 

of overnight delivery, 219 
Discount, 81, 88, 91, 152, 239 
Food portion size increases, 89 
Health care plans, 501 
Home mortgage 

monthly payment, 367 
Job offer, 419, 556, 601 
List price, 90, 152 
Market value of a home, 207 
Markup, 91 
Movie theatre admission price, 345 
Percent of a raise, 82 
Pet spending, 19 
Property tax, 191, 245 
Salary, 88, 89 

and bonus, 247 

increase, 81, 82, 136, 152, 567 
Sales commission, 192 
Sales tax, 191, 207 
Satellite television, 501 
Sharing the cost, 120, 124, 154 
Weekly paycheck, 88 
Wholesale price, 90 


GEOMETRY 


Allowable width of a package, 136 
Area 

of the base for a tank, 247 

of a building, 281 

optimal, 259, 330 

of a room, 281 

of a square, 137 

of a trapezoid, 91 

of a triangle, 88, 91, 521, 537, 538 
Area and circumference of a circle, 208 
Cutting across the lawn, 98 
Depth 

of an underwater cable, 153 

of water in a trough, 92 

of a whale, 102 

of a whale shark, 102 
Diagonals of a polygon, 443 
Dimensions 

of a billboard, 101, 153 

of a box, 293 

of a building, 101 

of a child care play area, 111 

of a cube, 37, 39 

of a cylindrical beaker, 200 

of a lot, 101 

of a picture frame, 90 

of a room, 83, 90, 96, 153 

of a square base, 111, 114, 154 

of a square classroom, 37 

of a storage bin, 293 

of a swimming pool, 111 

of a terrarium, 293 

of a volleyball court, 153 
Floor plan, 47 
Fractals, 574 
Geometric modeling, 54 
Height 

of a balloon, 205 

of a shipping barrel, 87 
Length 

of a field, 146, 155 

of the legs of an equilateral triangle, 102 

of the legs of an isosceles right triangle, 102 

of a propane tank, 92 

of a room, 54 
Liters and gallons, 191 
Patterns in Pascal’s Triangle, 574 
Perimeter of a rectangle, 88, 91 
Ripples in a pond, 207, 239 
Volume 

of a box, 45, 47, 205, 246, 271 

of a cube, 125 

of a rectangular prism, 91 

and surface area of a sphere, 22 
Weather balloon, 22 
Width 

of a deck, 101 

of a path, 101 


INTEREST RATE Game show, 584, 594, 603 
Balance in an account, 25, 28, 39, 66, 246, 368, 394, 397, 546, Hair product sales, 441 

548. 567, 600, 601, 604 Heads or tails?, 585, 586, 592 
House painting, 125 
Humidity control, 137 
IQ scores, 135, 397 


Becoming a millionaire, 28 
Bond investment, 510 
Borrowing money, 124 


Cash advance, 124, 154 Land area of crops, 296 
Compound interest, 47, 91, 121, 124, 146, 155, 352, 355, 396, Law enforcement, 584 
404, 408, 565, 566 Letter mix-up, 594 


Letter pairs, 576 
License plate numbers, 582 
Loans, earnings, expenses, and depreciation, 182 


Doubling and tripling an investment, 382 
Increasing annuity, 563 


Investment 
mix, 85, 91, 412, 417, 452, 472 Lottery, 584, 588 
plan, 404 Mandelbrot Set, 303, 305 
portfolio, 430, 441, 463, 469 Marketing a book, 122 
time, 367, 405 Media usage, 90 

Loan mix, 437, 440, 486, 534 Multiple choice quiz, 604 


Monthly payment, 61 Notes on a musical scale, 38 
Present value of money, 355 Offshore drilling attitudes, 595 
Rate of inflation, 26 Olympic diver, 101 


Savings plan, 44, 47 Payroll mix-up, 594 


Simple interest, 90, 91, 137, 153, 191 Pin numbers, 581 
Stock mix, 91 Pizza toppings, 604 
Poker hand, 584, 594, 603 
MISCELLANEOUS Population, 
3000-meter speed skating winning times, 325 of a city, 208, 356, 395, 396, 406, 407, 408 
Accuracy of a measurement, 133, 137, 154 of Japan, 192 
Aircraft boarding, 602 of North America, 171 
Alumni association, 594 of South America, 171 
Australian football, A26 of a town, 356, 366, 398, 404 
Baking as a leisure activity, 472 of the world, 147 
Baseball player getting a hit, 595 Preparing for a test, 594, 603 
Bike race, 583 Prescriptions filled, 430 
Candle sales, 441 Random number generator, 592, 593, 594, 603 
Choice of newscasts, 467 Red herring, 92 
Choosing officers, 583 Research, 19, 92, 239, 305, 376, 431, 529 
College bound, 593, 603 Sales tax, hall rental, refrigerator cost, car rental, 194 
College class makeup, 595 Seating capacity, 111,556, 601 
Combination lock, 583 Singapore Flyer observation wheel, 171 
Comparing calories, 89 Single file, 583 
Concert seating arrangement, 583 Snow removal, 405 
Contest for season ticket holders, 593 Softball team expenses, 496 
Counting card hands, 581 State income tax, 184 
Course grade, 90 Stone cutting, 182 
Course schedule, 582 Sugar production, 125 
Cryptography, 524-526, 528, 529, 537 Taste testing, 592 
Dance video game, 194 Telephone numbers, 576, 603 
Digital cinema screens, 356 Temperature, 9, 103 
Drawing a card, 586, 589, 592, 593, 594, 603 Test scores, 391, 407 
Drawing marbles, 592, 593 Texting survey, 595 
Drawing pieces of paper, 575 Time study, 137 
Drug enforcement, 324 Toboggan ride, 582 
Early childhood development, 103 Tossing 
Exercise program, 132 a coin, 595, 603 
Floral design, 511 a coin and a die, 592 
Flour production, 125 a die, 592 
Flower arrangements, 581 three dice, 604 
Football player salaries, 136 two dice, 587, 591 
Football players’ weights, 603 True-false exam, 582 
Forming a committee, 584 Tutor facility utilization, 397 


Forming an experimental group, 583 Van seating arrangement, 604 


Voting preference, 501 

Wage the doubles daily, 566 
Weight loss program, 136 
Wimbledon tennis winnings, 102 
Winning an election, 593 

World internet users, 90 


TIME AND DISTANCE 


Airplane speed, 429 
Distance 
from a dock, 112 
of a hit baseball, 261, 330 
miles and kilometers, 191 
to a star, 91 
traveled by a car, 88, 191 
English and metric systems, 185 
Feet and meters, 245 
Flying distance, 102, 112 
Flying speed, 112, 426 
Height 
of a building, 91 
of a mountain climber, 186 
of a parachutist, 191 
of Petronas Tower, 84 
‘OL a tree; 91 
Navigation, A18 
Travel, 9 
Travel time, 88, 91, 152 


U.S. DEMOGRAPHICS 


ACT scores, 391 
Age at first marriage, 357 
Air transportation employees, 385 
Alternative-fuel vehicles in use, 189 
Autistic children, 192 
Cable TV industry revenue, 566 
Cell sites, 67 
Children’s Health Insurance Program, 79 
Colleges and universities by region, 588 
Comparing populations 
Alabama and Colorado, 419 
Arizona and Indiana, 419 
Kentucky and South Carolina, 467 
Corn used to produce ethanol, 468 
Cost 
of college, 28 
to stay in college dormitory, 147, 330 
Electric power revenues, 99 
Electromedical exports, 103 
Federal 
farmland, 206 
fast food industry revenues, 125 
government expenses, 19 
income tax returns filed, 188 
payroll for civilian employees, 156 
school breakfast program, 152, 368 
school lunch program, 208 
student aid, 47 


Gold prices, 170, 218 
Grade level salaries for federal employees, 219 
Gross domestic product, 357 
Health care expenditures, 194, 325 
Health care practitioners, 238 
Health services industry employees, 194 
Home mortgage debt, 229 
Hospital expenses, 383 
Hourly earnings in manufacturing, 76 
Houses sold, 201 
Houses sold by region, 594 
Human heights, 386 
Hunting and firearms spending, 442 
Licensed drivers, 486 
Life expectancy, 124, 125 
Medicare enrollees, 444 
Men’s heights, 397 
Migrant interdictions, 206 
Miles traveled by vehicles, 170 
Minimum wage, 79 
Mobile home prices, 67 
Movie prices, 68 
New car dealership advertising expenses, 549 
New vehicle sales, 89 
Non-wage earners, 190 
Oil 
imported, 153 
strategic reserve, 219 
Per capita 
land area, 321 
spending on video games and newspapers, 419 
Personal income in West Virginia, 79 
Political makeup of the U.S. Senate, 234 
Population 
foreign-born, 271 
median age of U.S., 367 
projection for children under five, 248 
projection for people 85 and older, 397 
ratio of males to females, 549 
of San Francisco, 187 
of U.S., 47, 103 
Prescription drug prices, 135, 136, 444 
Prescriptions filled, 357, 385 
Public college enrollment, 136 
Restaurant sales, 430 
Retail sales 
of DVDs, 324 
of food and beverage stores, 419 
of general merchandise stores, 419 
Revenue of golf courses, 260 
Sailboats sold, 469 
Sales of electricity, 325 
Sales of petroleum and coal products, 218 
Solar energy, 294 
Text messages sent annually in U.S., 566 
VCR use, 112 
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Save your students money by customizing course 
materials tailor-fit to your course. Learn more at 
www.cengage.com/custom. 
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rather than a standard textbook. Save your 
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Browse options available at www.cengage.com. 


3. Send your students to CengageBrain.com. 

At CengageBrain.com, students select from a la carte 
supplements and a wide range of digital money-saving 
options, including the option to buy eBooks and 
individual chapters. 


TIME SAVING RESOURCES 


COLLEGE ALGEBRA 


4. Use eSAMPLING. View and evaluate electronic 
chapters of selected titles and associated resources 
at coursesmart.com. This easy way to narrow down 
textbook selection saves time and money in shipping 
and returns. 


5. RECYCLE your unwanted Instructor's Editions. 


Send books back to Cengage Learning. 


HOW TO RECY 


w a Lh. & F 
"4 


-CYCLE YOUR UNWANTED 
INSTRUCTOR'S EDITIONS ) 


a 


Use the return label included with your Instructor's Edition. 


Postage is paid. If you can’t locate the label, contact your 


Cengage Learning Representative to pick up your copy or go 


to www.cengage.com/recycle to print out a return label. 


Removing or altering the copyright control and quality assurance information, , 
on this cover is prohibited by law. 


\ 


This textbook has been licensed to you, as an instructor, to consider for classroom use only. 
Under no-circumstances may this book or any portion be sold, licensed, auctioned, 
given away, or otherwise distributed. Distributing free examination copies violates 

this license and: serves to drive up the costs of textbooks for students. 


e about Brooks/Cole 


any of our | J s at your local college store or at our 
rred online store www.cengagebrain.com 


visit www.cengage.com/brookscole 


ISBN-13: 978-1-133-11185-6 
ISBN-10: 1-133-11185-8 








